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INTRODUCTION

We want to intercept an airborne target, or a target on the surface with a
homing missile.

The missile has a seeker and an attitude control system.

There is a platform, such as a ship, which has a radar to track the missile and
the target. This platform possibly launches the missile.

We will discuss two parts of the intercept guidance problem: midcourse
guidance and terminal guidance.

In midcourse guidance the target is not in the field of view of the missile, since
they are too far apart.

In terminal guidance, the target is in the field of view of the missile seeker.
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MIDCOURSE GUIDANCE
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MIDCOURSE GUIDANCE

In midcourse guidance, we want to set-up the end game so
that the intercept has the best chance of success.

When we transition to terminal guidance, we want the
target within the seeker’s field of view.

Missile —

The midcourse guidance guides the missile to the PIP.

PIatforin Typically, the platform calculates the PIP. The radar on the

platform can see both the target and the missile.
As the missile and target fly, the PIP is continually updated.
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MIDCOURSE GUIDANCE

9

t  Tangent vector K = curvature; one over the radius of curvature.
> T = torsion; the rate of change of the binormal with s. In the normal direction.
n Normal vector
9

b Binormal vector

Formulas of Frenet

R E:KTL

Z A dﬁ N -
E = —kt+71h
db .
E=—TTL

A good strategy is to fly to the PIP

S while minimizing the curvature. This is

called kappa guidance.
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MIDCOURSE GUIDANCE

There are some smoothness conditions.

With these conditions, to each smooth curve there corresponds a unique k and t;
and vise-versa.

In particular,
» Continuous «k(s) and t(s) give unique continuous and differentiable tangent,

normal and binormal vectors (according to the formulas of Frenet) and a
unique curve in space, up to a translation and vice-versa.
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MIDCOURSE GUIDANCE

<V

THE PITCH PLANE Formulas of Frenet |

y = velocity vector angle

z

I

I I

& = heading errorangle ' df | '

I —=kn |

[ ds I

X & I dn 2y 7 |
— = —xt

: s Kt+T :

o | odb_

missile asT ™ :

L e e e e e - = J

PIP
y
R- K sec(d) O 1
) tan(s) A [tan((S)/R] = sec(d) [1] «

= —Kksec(d) —

dR R
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MIDCOURSE GUIDANCE

]3]

dap [tan(S)/(RO p)]+sec(6) HE

Ry

J(v,6,P,k) = | ((k?/2) + w?)sec(5) dP
0
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MIDCOURSE GUIDANCE

2 = lan)/tr, - |+ 2@ 3] = Lo

Ry

J(v,6,P,k) = | ((k?/2) + w?)sec(5) dP
0

ly] B [zl —tan"1(Rz,)
| —tan"1(Rz,)

d
sin(8)(cos?(8) + 1) dpP Eﬂ - 8 (1)] lZz] u l(ﬂ u

B = —R cos>(5) (R R2 w2 R? |
]=j 2 + > —ZRzzu-I—?u dP + H.O.T.
0

R
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MIDCOURSE GUIDANCE

missile

Free Final Angle of Approach

k=F(w,R,y,8)

Yy = )/((1), R, RO! Yo, 50)

x(s + As) = x(s) + As - cos(y)

z(s + As) = z(s) + As - sin(y)

PIP

Fixed Final Angle of Approach

K= F(a),R,y, 6, yf)

Yy = )/((l), R, RO: Yo, 50! ]/f)

x(s + As) = x(s) + As - cos(y)

z(s + As) = z(s) + As - sin(y)
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MIDCOURSE GUIDANCE

THE PITCH PLANE

|
y4 t | |
______________________ , bodt |
L= =g Lods o !
X
| an E+1b |
- | — = —K T |
( " | ds I
I db I
T T T, I —=—1n |
1 dt 1
L dy _ s KN, ! | ds !
| — = ——sin7(t,) = =—=-kK | L J
&7 N A PP
I_S__d_deT(d? _1_r__v________5';
1 °>° dR_dsdth/ - VcosS o sec |
e e A e - -
du 1 dz dx
0 =tan~! (—) = tan" 1 (u) ar  2\Yar " ar
d
do 9 dt X

_X (A dz dx N\ L s Vsiny v (—DRsin( — 7)) = Zsin
dt X R2 _RZ 2 xdt dtZ _RZ CosS Y smy Cosy Sin Y —Rsm

a0 _49_1 —V'5 ! = 1t 6 Iﬁ:—ltanS—K-secé‘l
dR_dth/dt_Rsm “Vecoss R LdR _ R I
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MIDCOURSE GUIDANCE

: Formulas of Frenet : 3D Kappa Guidance

: d_? e I * In3D, we use the Formulas of Frenet for the plant equations. Omit b
; ds : since b=t xXn.

I dn L s * There is a lot more bookkeeping. We must use quaternions.

: ds —kt + b : * We don’t have a solution to the optimal control problem in 3D at this
L 4i I time.

: = —1n I * As afirst cut, we use the 2D optimal solution for the curvature and
L J' proportional control for the torsion.
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TERMINAL GUIDANCE
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TERMINAL GUIDANCE

O Target

A = line of sight angle

Missile .
B If vi,,, =V, , then A remains a constant

and by similar triangles: (A,B,C) and
(A,D,E), a collision will occur. This is
1 sometimes called the “collision triangle.”

v

a,,, = N-ZEM/t,,?
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TERMINAL GUIDANCE

m Missile acceleration

ar

ap

Target acceleration

Desired acceleration

PLANT
Z 1
> .
52
AUTO-PILOT GUIDANCE SEEKER
Ay ap /1
1 €«<—— N:-V, [ S

tan~1! (

VC tgo

)
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TERMINAL GUIDANCE

PITCH PLANE DYNAMICS

6 = gq :
= C1a+C20(3 +C35+C40(25
§ = TS+TS,

Input: d,
where, a=60-— (I;M) =0—-v/V Output: 8

We design a pitch plane control system 6,.= G(6,, states), e.g., using feedback linearization; obtaining 8 — 6, .

We make the assumption that a,4; = a),. With a desired lateral acceleration a7 p = nV;A, we want to determine a
desired pitch angle 6, = T(aLAT,D) . We linearize the dynamics for use with this part of the control system.

ay = Kl(H—U/V)+K35 =K1a+K36
Then,
o = (aLAT,D - K35)/
. = Ky
Finally,
QD =a+ Y
This 8,, is used as input in the pitch plane control system. 6p = T(aLAT is a transducer: 1/0 of different units.
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TERMINAL GUIDANCE

PITCH PLANE DYNAMICS
ay = KiO-v/V)+K,(0—v/V)2+ K36+ Ky(0—v/V)25
6 = q
= GO —-v/V)+C(0—v/V)3+C36+C(8—v/V)%S
§ = TS+TS,

Input: J,
a
Uaw) _,_ v/V  Output: 8

We design a pitch plane control system .= G(8,), e.g., using feedback linearization; obtaining 6 — 6.

We make the assumption that a,4; = a),. With a desired lateral acceleration a7 p = nV;A, we want to determine a
desired pitch angle 6, = T(aLAT,D) . We linearize the dynamics for use with this part of the control system.

ay = Kl(H—U/V)+K35 =K1a+K36

Then,
o = (aLAT,D - K35)/
= K,

Finally,
QD =a+ y

This 8,, is used as input in the pitch plane control system. 6p = T(aLAT ) is a transducer: 1/0 of different units.
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TERMINAL GUIDANCE

PLANT DYNAMICS COST TERMINAL CONSTRAINT

00 0 1zt 0 N N RPN

Z1 [0100 0 qrzqr 07 vy 72200 0 oz(t) =0

z 0010 —=1 || 2" || © L ) B P .
dlar{=loo01 0 [|ar|+ O |qp, L---—------
“lar’| o000 0 flar'{| 0 | "1 aciowrowames | HAMILTONIAN

Layd  10000—1/Tilam ]t [1/T. cd Il 1
- ~ - i :_E__Ap: :- H 5 ac + (p,Ax + Ba,)

____________________________ I — e e e e e e e e e e e e e e =

* The solution to this optimal control problem is, after a few simplifications, proportional
navigation.

(tg0)’

3

2
ac = < - ) (Z(to) + tgoZ(to) + (th) ar(ty) + ar(ty) + T?(1—x — e‘x)aM(tO)>

(tg0)’ :

t ) e
with x = gO/T,where tgo =t — tf N(x) = ( 6x°(x +e*—1) )

6x(1 —2e %) + 2x3 + 3(1 — e™2%) — 6x2
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TERMINAL GUIDANCE

* The Zero Effort Miss (ZEM) is determined by setting a.=0 and calculating z(t=t;)
* Finding the state transition matrix facilitates this determination.

(tg0)2 (tgo)3

2 3

2(tf )| apy=0 = ZEM = z(to) + ty02(to) + ar(ty) + ar(ty) + T2(1 —x — e *)ay, (ty)

e This term appeared above. Substituting,

ac = (N(x)2> (ZEM)

(tg0

* Aninteresting case is when T — 0.

%1_r)16N (x) =3
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TERMINAL GUIDANCE

The variation of parameters solution to the time invariant differential equation,

t
X=AX+Bu Y=CX is Y()=cCeDX(ty)+C f eAt=DBy(t)dt

to

Note that the solution has a part due to the initial condition X(t,) and a forced part due to the input
u. In our case we have, with A and B as before,

Z

ZI
X=|%|;c=[100 0 0]

aT,

aym

(¢ — tO)Z

2

(¢ - t0)3

3 ar(to)

Z(tf) = z(to) + (tf - to)z(to) + ar(ty) +

_ t
+ T2 (1 — M — e_(tf_tO)/T> ay (to) + J ! (T — (5 —1) - Te_(tf_f)/T) u(t)dr
to
\ J
|

forced part

Note: t, = t;—t,
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TERMINAL GUIDANCE

The previous, setting the forcing term to zerois: (u=a,.=0),

3
(0] o t (0] —
Z.E.M.= z(t;) = z(ty) + tzoz(ty) + (tgz) ar(ty) + (tQB) ar(ty) +T? (1 — % —e tgo/T) ay (to)
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TERMINAL GUIDANCE

* Consider the line of sight angle A =z/Ry,, =z / V.- t,,. Then,

<goz (— 1)z> _z+tgl _ ZEM
VC (tQO) VC(tQO)Z VC(tgo)z

. ZEM
And N-Ve-A=N-——
(tg0)
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ALTITUDE

0.35

0.3

0.25

0.2

0.1

0.05

————

,’ DOTS = ORIGINAL METHOD \

DASH = LINEARIZED METHOD

1 1 1 | 1 1

| | 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
DOWNRANGE

FIGURE 6-1. 7o = 60 = 7/3,v; = FREE
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FIGURE 6-3. 70 = 60 = 7/3,v; = 0
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0.6

0.5
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FIGURE 6-2. 70 = 60 = 7 /3,75 = —7/2
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ALTITUDE

02 T i I T ¥ 1 I I T

0.15r e N DOTS = ORIGINAL METHOD

01 / ™ DASH = LINEARIZED METHOD
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-
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FIGURE 6-4. Yo = 60 = TT/3,"yf = 7r/2
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THREE DIMENSIONAL MIDCOURSE GUIDANCE

1.5 =

LN

Y (M)

0.5

NOTE: This is a mirror image. Mirror in the XY plane.
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TORSION 7

T

CURVATURE &
04 ’ u
03}‘ 1 Ak
0.2 1
(
010 1
= \
5 _— _3 -
< 'l =
o \ 2
% 0.1 r 1 - 4-
-02# 1
| -5
| I
'o.3r 1
| N
-0‘4{ 1
05 2 x
0 5 10 15 0
S (M)
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POSITION (M)

Pointing XYZ (RAD)

15

10

5

10

-10

POSITION XY Z

—Y

e——

5 10
S (M)

15

POINTING VECTOR X Y Z

e i

5 10
S (M)

Pointing TNB (RAD)

15

10
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70=arl4; 60=1rl4
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THE YELLOW AND BLUE
Sing to the colors that float in the light;
Hurrah for the Yellow and Blue!
Yellow the stars as they ride through the night
And reel in a rollicking crew;

Yellow the field where ripens the grain
And yellow the moon on the harvest wain;
-Hail!

Hail to the colors that float in the light
Hurrah for the Yellow and Blue!
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