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Abstract:  

  Peridynamics is a new continuum mechanics formulation and has several advantages with respect 

to classical continuum mechanics formulation which is widely used in structural analysis. 

Peridynamics is based on integro-differential equations and does not contain any spatial derivatives 

which makes it suitable for predicting failure initiation and propagation. It also has a length scale 

parameter called horizon which gives peridynamics a non-local character. Numerical implementation 

of peridynamics is usually done by using meshless method. Therefore, the solution domain is 

discretised into volumes represented by a material point at its center. Due to the non-local nature of 

peridynamics, material points are interacting with each other even if they are far apart. The interaction 

range is defined by the horizon size and shape. The horizon size should be chosen depending on the 

nature of the problem.  

  First, we focus on problems showing classical deformation behaviour. Therefore, the selected 

horizon size should allow the peridynamic solution to capture the same behaviour as the classical 

solution. Currently, there are three main peridynamic formulations available in the literature including 

bond-based peridynamics, ordinary state-based peridynamics and non-ordinary state-based 

peridynamics. In this study, the optimum horizon size is determined for all these three formulations by 

using uniform discretisation and under dynamic and static conditions. Application of boundary 

conditions is different in peridynamics with respect to classical continuum mechanics formulation. An 

elegant approach is presented for representing displacement constraints and traction boundary 

conditions using a fictitious region approach.   

  In practical applications, it is not always suitable to use uniform discretisation in all parts of the 

solution domain. Instead, non-uniform discretisation can be utilised. In peridynamics such formulation 

can introduce numerical error if variable horizon sizes are used at different parts of the domain since it 

can cause lack of interactions at the interfaces. In this study, a new formulation is presented in 

dual-horizon peridynamic framework for non-uniform discretisation and variable horizon sizes. It is 

shown that the horizon sizes selected as optimum sizes for uniform discretisation can also be used for 

non-uniform discretisation without introducing significant error to the system. 

The effect of the shape of the horizon is also investigated. It is concluded that the square shape 
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horizon is not suitable for bond-based and ordinary-state based peridynamics. On the other hand, 

non-ordinary state-based peridynamics is not sensitive to the shape of the horizon.  

  Next, we investigate aspects of peridynamics related to non-local material behaviour without 

considering damage. A new multi-horizon formulation is introduced. The new formulation has a 

potential of both improving accuracy and capturing non-local effects. In addition, the horizon size is 

determined for various materials by using dispersion relationships and compared against experimental 

data and lattice dynamics model. Analytical expressions of dispersion relationships from peridynamic 

theory are also provided. Moreover, application of peridynamics to surface elasticity is demonstrated 

which is especially important for modelling structures at nano-scale. 

  Dual Horizon Peridynamics formulation is also extended for thermal diffusion analysis. 

Lagrangian formalism is utilised to derive the governing equations. The proposed formulation allows 

utilisation of variable discretisation and horizon sizes inside the solution domain which can result in 

significant benefits in terms of computational time. To demonstrate the capability of the Dual Horizon 

Peridynamics formulation, three different example problems are considered including a square plate 

with temperature and no flux boundary conditions, a square plate under thermal shock loading, and a 

square plate with an insulated crack. For all problems that are considered good agreement is obtained 

between peridynamics (PD) predictions and finite element method (FEM) results. 

  For the cases with damage, horizon size is determined by comparing peridynamic results with 

nonlocal elasticity solution. Moreover, horizon size is also determined by considering the plasticity 

field around the crack tip. In addition, a computational homogenization framework is presented for 

non-ordinary state-based peridynamics. Finally, to reduce the computational time of peridynamic 

simulations, static condensation of the peridynamic heat conduction model is introduced. 

Keywords: peridynamics; non-local; horizon; crack 

Introduction:  

  Peridynamics [1] is a non-local continuum mechanics formulation and it has a length scale 

parameter called horizon. Determination of the size of the length scale parameter is an essential step to 

obtain accurate results from peridynamic simulations. In this project, we both determine the horizon 

sizes for both ordinary-state based peridynamics formulation and non-ordinary state based 

formulations [2]. Different conditions exist in practice and each condition requires a different 

approach to determine the length scale parameter. In this project, these conditions are split into three 

different categories, so that we can eliminate the simultaneous influence of different effects on each 

other. Hence, the primary objective of this study is to determine the length scale parameter for the 

following conditions: 

1. Classical deformation behavior in problems without damage: We start with a condition that there is

no existence of damage in the structure and non-local effects are insignificant. For such a condition, 

peridynamic solution should converge to the classical continuum mechanics solution as horizon size 

converges to 0 [2]. Therefore, in this case, classical continuum mechanics solution can serve as a 

reference solution for peridynamics. Comparing peridynamic results against analytical and finite 
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element method solutions is sufficient to make decisions on the suitable value of horizon size.  

 Several important aspects are explored: 

➢ For uniform discretization, what should be the size of the horizon with respect to the grid 

spacing and the size of the solution domain?  

➢ For non-uniform discretization, what should be the horizon size that we can use at different 

parts of the solution domain?  

➢ For the shape of the horizon, it is a general trend to choose a spherical domain for 

3-Dimensional problems and a circular domain for 2-Dimensional problems. What happens if 

a different shape is chosen? 

2. Non-classical (non-local) deformation behavior in problems without damage: In the second task, we 

look into problems inheriting non-local characteristics without considering damage. Note that as 

opposed to the Task 1 where horizon being considered as a numerical parameter, in this task, it 

corresponds to a physical parameter which requires a careful selection of this parameter to capture the 

actual physics of the problem.  

In this task, we investigate several important aspects: 

➢ How many length scale parameters that we will need to describe non-local behavior?  

➢ How can we determine horizon size by comparing against dispersion relationships obtained 

from experiments and lattice models? 

➢ In nano-materials, material properties close to the surfaces can be different than bulk 

properties. This variation causes surface stresses. How can we incorporate surface elasticity 

models in peridynamic framework? 

3. Non-locality in problems with damage: In the third task, we look into problems with damage. The 

occurrence of damage introduces a new length scale to the problem especially around the damage 

region. Therefore, it is essential to determine the value of this length scale parameter and relate it to 

the horizon size. It is also important to investigate if the length scale parameter changes as the damage 

size changes. We compare peridynamics with non-local elasticity to determine the horizon size 

suitable to represent the non-local behavior around the damage region.  

 Linear Elastic Fracture Mechanics (LEFM) assumes sharp crack tip and the formulation ignores 

process zone which leads to unphysical stresses at the crack tips. The infinite stresses can disappear by 

considering the process zone at the crack tip regions as demonstrated by Dugdale [3]. Peridynamics 

can also yield non-singular stresses at the crack tip and can capture the process zone at the crack tip 

(see Fig. 1).  
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Figure 1. Peridynamic prediction of process zone at the crack tips. 

In this part of the project, based on the peridynamic plasticity model developed by Madenci and 

Oterkus [4], horizon size is determined to capture accurate plasticity behavior around the crack tip 

region.  

   For each of the three tasks described earlier, necessary mathematical proofs are provided in a way 

that such proofs can also be easily adapted by engineering community. Moreover, the mathematical 

proofs are supported by numerical solutions and these solutions are compared against analytical, 

numerical and experimental data corresponding to benchmark cases which are produced during the 

project or available data from the literature are utilized.  

  

  

Experiment:   

 

   This section provides detailed information about the methods, assumptions and procedures for 

bond-based peridynamics, state-based peridynamics, dual-horizon peridynamic formulation, 

multi-horizon peridynamic formulation, peridynamic dispersion relationships and determination of 

horizon size with/without considering the effect of damage and nonlocal effects, surface elasticity, 

computational homogenization framework for non-ordinary state-based peridynamics and static 

condensation of the peridynamic heat conduction model. 

 

Peridynamic theory  

Bond-based peridynamics 

   Peridynamics (PD) was introduced by Silling [1] as a new continuum mechanics formulation. As 

opposed to Cauchy’s classical continuum mechanics (CCM) formulation, Silling relaxed the condition 

of interaction of material points which are directly in contact with each other. Instead, all material 

points inside the structure can interact with each other. In peridynamics, an influence domain is 

defined to limit the range of interactions which is called horizon, Hx (Fig. 2). Moreover, the equation 

of motion doesn’t contain any spatial derivatives. Therefore, these equations are always valid 

regardless of discontinuities. The equation of motion of peridynamics can be expressed as 

 

 ( ) ( ) ( ) ( ), , ,
H

t dV t   = − − +
x

x u x f u u x x b x

                

(1) 
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where ( ), − −f u u x x represents the interaction (bond) force between material points x and x  

and u  is the displacement of the material point x . 

Figure 2. Peridynamics and horizon concept 

The definition of the interaction force depends on the material behaviour. For linear elastic isotropic 

materials, it can be considered as a spring force. However, it is represented in a slightly different form 

as 

( ), c s
 −

 − − =
 −

y y
f u u x x

y y
(2) 

where = +y x u is the position of the material point x in the deformed configuration. In Eq. (2), c

denotes bond constant and s  is the stretch of the bond which can be defined as 

s
 − − −

=
−

y y x x

x x
. (3) 

The interaction force is calculated in the deformed configuration. In the original peridynamic 

formulation (bond-based peridynamics), it is assumed that the force between two points are equal and 

opposite to each other (Fig. 3). Bond constant is the material parameter of peridynamics and can be 

expressed in terms of material constants of CCM. These relationships can be established by 

considering a common parameter used in both approaches. For instance, strain energy density of a 

material point can be used for this purpose. An imaginary structure can be considered and this 

structure can be subjected to a simple loading condition. A material point inside this structure should 

be identified and its strain energy density can be calculated by using both peridynamics and CCM. 

Since the value of strain energy density calculated from both approaches should be the same, a 

relationship between peridynamics parameters and material constants of CCM can be established. For 

a linear elastic isotropic material, this relationship can be expressed for 3-Dimensional models as 

4

12E
c

 
= (4) 

where  is the size of the horizon. Note that there is only one peridynamic parameter used in the 

bond-based peridynamics formulation as opposed to two independent material parameters of CCM 

which can be chosen as elastic modulus, E  and Poisson’s ratio,  . Because of this mismatch, one 

of the parameters of CCM is constant. In other words, it is not possible to freely define Poisson’s ratio 

value since peridynamic formulation automatically captures a constant Poisson’s ratio value which is 

1/ 4  for 3-Dimensional models. For materials which have Poisson’s ratio value different than this 

value, advanced versions of peridynamic formulations should be used. Currently the most common 
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advanced peridynamic approaches are ordinary state-based peridynamics and non-ordinary state-based 

peridynamics.  

 

Figure 3. Bond-based peridynamics  

 

Ordinary state-based peridynamics 

   As mentioned earlier, the original bond-based peridynamic formulation encounters a limitation on 

material constants since it was assumed that the peridynamic force between two material points are 

equal and opposite to each other. Moreover, the peridynamic force between two material points only 

depends on the motion of associated material points. In order to eliminate the limitation of bond-based 

peridynamic formulation, its assumptions should be relaxed. In other words, it can be assumed that the 

magnitude of the force between two materials do not have to be equal to each other (Fig. 4). In 

addition to this, this force can depend on not only the motion of associated material points, but also 

the motion of their family members. Based on these new assumptions, the equation of motion of a 

material point can be written as 

( ) ( ) ( ) ( )  ( ), , , ,
H

t t t dV t
− −

   = − − − +
x

x u x T x x x T x x x b x      (5) 

or 

( ) ( ) ( ) ( ), ,
H

t dV t  = − +
x

x u x t t b x                     (6) 

where 
−
•T  represents the force state which is a new terminology in state-based peridynamics [2] 

and t is the peridynamic force that material point x is exerting on x .  

 

Figure 4. Ordinary state-based peridynamics  
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State is basically an infinite dimensional array or matrix and stores information about a particular 

parameter of peridynamic bonds associated with a particular material point. Therefore, force state 

stores the peridynamic forces belonging to peridynamic bonds. When the state operates on a particular 

bond, it only returns the stored value for that particular bond. For a linear elastic isotropic material, the 

force state can be expressed as 

 

( ) ( )
2

, ,
ad

t t b s



−

   −
 − = = +   − − 

y y
T x x x t x

x x y y
                  

(7)

 

 

where a , b  and d  are peridynamic parameters and ( ),t x  is peridynamic dilatation term which 

can be defined as 

 

( ) ( ),
H

t d s dV  = 
x

x

                    

(8) 

 

Non-ordinary state-based peridynamics 

 As mentioned earlier, in ordinary-state based peridynamics formulation, although the peridynamic 

forces between two material points can have different magnitudes, their directions are assumed to be 

along the bond direction. This assumption can be disregarded by allowing the direction of 

peridynamic forces in arbitrary directions (Fig. 5). By doing this, it is essential to explicitly impose a 

condition on conservation of angular momentum since it is not automatically conserved as in 

bond-based and ordinary-state based formulations. Therefore, the following relationship must hold: 

 

( ) ( ) , 0
H

t dV
−

  −  − =
x

y y T x x x

                       

(9) 

 

Moreover, the peridynamic force between two material points can be expressed in terms of 

appropriate stress definitions of CCM. Such an approach can allow direct integration of material 

models in CCM into peridynamics. For instance, a peridynamic force can be related to the first 

Piola-Kirchhoff (Lagrangian) stress tensor, P  as 

 

( ) ( )1, t w −

− −
  − = = − −T x x x t x x PK x x

                   

(10)

            

 

where K  is the shape tensor which is defined as 

 

( )
H

w dV
− −−

   = − −  −
x

K x x X x x X x x

                    

(11) 
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Figure 5. Non-ordinary state-based peridynamics  

where 
−
•X is the position state which contains the relative position of material points associated 

with a particular bond and w
−
• state contains the influence function information which defines the 

strength of interactions. 

In order to incorporate material models of CCM in peridynamics, it is essential to relate the stress 

components to associated strain components. The definition of deformation gradient will be necessary 

to calculate the strain tensor. The deformation gradient, F, can be approximated in peridynamic 

framework as 

( ) 1

H

w dV −

− −−

 
   = − −  − 

  


x

F x x Y x x X x x K (12) 

where 
−
•Y is the deformation state containing the relative position of bonds in the deformed 

configuration. Non-ordinary state-based peridynamics is a useful and practical approach. However, it 

encounters zero-energy mode problem and several techniques were proposed to overcome this 

problem [5]. In this study, the approach proposed by Silling [6] is used to remove the zero-energy 

mode problem by adding a stabilisation term to non-ordinary state-based peridynamic force term 

given in Eq. (10) as 

( ) ( )1

0

,
Gc

t w
w 

−

− −−

 
   − = − − + − 

 
T x x x x x PK x x z x x (13) 

where G is a positive constant, c is the bond-based peridynamic bond constant given in Eq. (4),  is 

the horizon size and 0w is defined as

0

H

w w dV
−

 = −
x

x x (14)

−
z in Eq. (13) is the nonuniform part of the deformation state which can be expressed as 

( )
−

  − = − − −z x x Y x x F x x (15) 
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Numerical implementation 

Spatial integration 

 Solution of peridynamic equation of motion by using analytical techniques is usually not possible. 

Therefore, numerical techniques are utilized and meshless approach is widely used for this purpose. 

The solution domain is discretized into finite number of volumes and each volume can be represented 

by a point located at its center (Fig. 6). The peridynamic equation of motion in integral form can then 

be expressed in terms of a finite summation form as 

( ) ( )   ( )
1

, ,
kN

k k kj jk j k

j

t V t
=

= − +x u x t t b x                                              (16)                                                   

where kN  is the number of points inside the horizon of the material point k.  

 

Figure 6. Meshless discretization  

 

Dual Horizon Peridynamics for Non-uniform Discretisation and Variable Horizon 

   Peridynamic forces given in Eq. (16) can be written in terms of micropotentials between 

interacting material points,  , as 

( )1

1 1

2

kN

ki

kj i

ij j k

V
V



=

 
 =
  −
 
t

y y
                                                       (17)                                    

( )1

1 1

2

jN

ji

jk i

ik k j

V
V



=

 
 =
  −
 
t

y y
                                                      (18)                        

where 
kN and 

jN represent the number of family members within the horizon of material points 

k and j . For ordinary-state based peridynamics, peridynamic forces can be rewritten for variable 

size horizon case as 

 

( )
2

,
j k

kj kj k k kj

j k j k

ad
t b s


 

  −
 = +
 − −
 

y y
t x

x x y y
                   

(19)

 

( )
2

,
k j

jk jk j j kj

j k k j

ad
t b s


 

  −
 = +
 − −
 

y y
t x

x x y y
                             

(20) 

with 
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1, 0

0, 0

kj

kj

kj







= 

=
                                    

(21) 

1, 0

0, 0

jk

jk

jk







= 

=
                                    

(22) 

 

Figure 7. Non-uniform discretization with different horizon sizes. 

Note that in Eqs. (21) and (22), the micropotential being zero means one of the material point is not 

within the horizon of the other material point (see Fig. 7). For non-ordinary state-based peridynamics, 

peridynamic forces for variable horizon can be expressed as 

 

   ( ) 1

kj kj j k k k j kw −

−
= − −t x x P x K x x x

                   

(23) 

( ) 1

jk jk k j j j k jw −

−
   = − −   t x x P x K x x x

            

(24) 

For bond-based peridynamics, peridynamic force between two interacting material points is only 

influenced by the motion of these two material points. In other words, only micropotentials which 

belong to both interacting points exist, i.e. 0,ifik ki i j = =  . Therefore, peridynamic forces given 

in Eqs. (17) and (18) can be simplified as 

 
( )

1

2

kj

kj

j k

 
 =
  −
 

t
y y

                                                            (25)                                             

( )
1

2

jk

jk

k j

 
 =
  −
 

t
y y

                                                             (26)                                                   

These forces can be expressed as 

( ) j k

kj kj kj

j k

c s
−

=
−

y y
t

y y
                                  

(27)
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( ) k j

jk jk kj

k j

c s
−

=
−

y y
t

y y
(28)

Since state-based peridynamic equation of motion given in Eq. (16) has two force components, each 

force component can be represented by a bond and each bond can break independently (see Fig. 8). 

Figure 8. Schematic diagram for two different bonds between two material points. 

Hence, for the stretch kjs between two material points k and j, it can be written as 

( ) 0kj c k kjs s  → =t (29) 

and 

( ) 0kj c j jks s  → =t (30) 

where k and j are horizon sizes of material points k and j, respectively. The critical bond stretch

for two dimensional structures can be expressed in terms of horizon size as 

( )
4

9

c

c

G
s

E





= (31) 

                                 Determination of Horizon Size Without Considering Damage and Nonlocal Effects 

For the special condition that there is no existence of damage in the structure and non-local 

effects are insignificant, peridynamic solution should converge to the classical continuum mechanics 

solution as horizon size converges to 0 [2]. In this case, classical continuum mechanics solution can 

serve as a reference solution for peridynamics. Comparing peridynamic results against analytical and 

finite element method solutions will be sufficient to make decisions on the suitable value of horizon 

size. Several important aspects are explored to determine the horizon size for both constant and 

variable horizon sizes and uniform and non-uniform discretisation. 

Horizon Size for Uniform Discretisation 

In this task, we explore how to determine the optimum size of the horizon with respect to the grid 

spacing and the size of the solution domain for uniform discretization. Peridynamic equations are in 

the form of integro-differential equations and analytical solutions for such equations are limited. 

Therefore, numerical solution based on meshless discretization is a common practice. For simplicity, 

uniform discretization is utilized by dividing the solution domain into equal volumes with finite size 

and each volume is represented with a point located at its center. Therefore, in practice, it is not 
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possible to obtain a condition where horizon size becomes infinitely small. In such cases, Silling and 

Askari [7] suggested to use a horizon size equivalent to three times of the discretization size, i.e. 

smallest distance between two neighboring points based on their experience and observations of the 

results that they obtained using bond-based peridynamics (see Fig. 9).  

 

Figure 9. Meshless uniform discretization and horizon of a material point with a size 

equivalent to three times of the discretization size 

 To make decisions on the horizon size, there are several important aspects to be considered. The 

first one is to take into account sufficient number of interactions between material points to capture all 

possible deformation modes. For instance, if a material point is only interacting with its nearest 

neighbors except the ones located at its diagonals, it is not possible to capture shear deformation 

especially in bond-based peridynamic formulation. The second important aspect is the dependence of 

horizon size on the discretization size. Using smaller discretization size will increase the accuracy of 

the numerical calculations. However, this will also increase the computational time. Therefore, it is 

important to determine an optimum discretization size providing sufficient accuracy and leading to 

reasonable computational time. Since horizon size should be bigger than discretization size, achieving 

efficiency in computational time introduces additional restriction on the horizon size approaching to 

its ideal size, i.e. becoming infinitely small. Currently, a common approach is to perform m- and - 

convergence analysis by changing the discretization size and horizon size, respectively. However, 

since such convergence studies are time consuming especially for large scale problems, it is essential 

to determine a horizon size which can be safely used in all applications and leading to minimum 

computational time. Another important aspect is the nature of the problem being static or dynamic. It 

is necessary to determine if the same size of horizon is suitable for both conditions. Moreover, 

dynamic problems may experience unphysical wave reflection which can lead to inaccurate results as 

the waves are travelling inside the solution domain. Finally, it is important to investigate if the same 

horizon size is applicable for all 1-Dimensional (1-D), 2-Dimensional (2-D) and 3-Dimensional (3-D) 

models. Note that circular and spherical domains are commonly used for the shape of the horizon for 

2-D and 3-D cases, respectively, which is considered for this part of the investigation. Moreover, both 

ordinary-state based and non-ordinary state-based formulations are utilised and it is important to 
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investigate if same horizon size can be used in both formulations. This investigation can also show if 

state-based formulations will have a different tendency with respect to bond-based formulations since 

in state-based peridynamic formulations the effect of family members are taken into account which is 

ignored in bond-based peridynamic formulation. 

 To determine the horizon size, first, simple geometries, boundary and loading conditions are 

considered under both static and dynamic conditions. To demonstrate the general applicability of the 

determined horizon sizes more complicated problem cases are considered. Finite element solutions for 

the same cases are also evaluated as a reference solution. Details of this analysis can be found in [8]. 

Horizon Size for Non-uniform Discretization 

 In this task, we explore how to determine the optimum size of the horizon that we can use at 

different parts of the solution domain for non-uniform discretization. Uniform discretization is simple 

and widely used in peridynamic simulations. However, for certain problems, uniform discretization 

becomes unfeasible such as a sub-region with a very small thickness. Moreover, as in the finite 

element simulations, it may be computationally advantageous to use different grid sizes at different 

parts of the domain (Fig. 7). Since grid size and horizon is directly related, it is essential to determine 

horizon sizes which can be applicable for these cases. Note that such a case is more prone to 

numerical errors. Details of this analysis can be found in [9]. An extension of dual-horizon 

peridynamic formulation to be used for thermal diffusion analysis is also developed as part of this task 

and presented in [10]. 

The Effect of Shape of the Horizon 

 In this task, we investigate the effect of the shape of the horizon. For the shape of the horizon, it is 

a general trend to choose a spherical domain for 3-Dimensional models and a circular domain for 

2-Dimensional models. However, it is important to explore what happens if a different shape is 

chosen. 

 After determining a suitable horizon size for uniform and non-uniform discretizations for circular 

(2-D) and spherical (3-D) shaped horizons, we considered other horizon shapes including square and 

irregular shaped horizons (see Fig. 10). We investigate if any of these horizon shapes introduce 

numerical inaccuracies especially for dynamic problems which may cause unphysical wave reflections. 

Details of this analysis can be found in [11]. 
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Figure 10. Horizons with irregular shapes. 

Determination of Horizon Size by Considering Nonlocal Effects Without Damage Based on 

Dispersion Relationships 

The equation of motion in bond-based peridynamic theory for the material point x can be written as 

( ) ( ) ( ), ,
V

u x t c x x s u u x x dV   = − − − (32) 

where ,x x are the coordinates of the paired material points, ,u u are the displacements of the 

material points, ( )c x x − is the bond constant,  is the mass density, ( ),s u u x x − − is the 

stretch of the paired material points, which can be expressed in 1-D as 

( ),
u x u x

s u u x x
x x

 + − −
 − − =

−
(33) 

The equation of motion can be solved with plane wave solution ( ),u x t as

( ) ( )
,

i kx t
u x t Ue

−
= (34) 

where U is the constant amplitude vector, k is the wavenumber,  is the angular frequency in 

rad/sec. Substituting the plane wave solution given in Eq. (34) in Eq. (32) leads to 

( )
( )( )2

0

2 1 cospd

C
k Ad

 
  


= − (35) 

where is the horizon size, A is the cross-sectional area, and x x = − . Bond constant for

isotropic materials in a one-dimensional bar can be written as 

( ) 2

2E
C

A



= (36) 
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where E is the elastic modulus. Substituting the bond constant expression given in Eq. (36) in the 

peridynamic equation of motion with the plane wave solution given in Eq. (35), the analytical solution 

of the wave dispersion relationship for one-dimensional structures in terms of wave number and the 

horizon size can be obtained as 

( ) ( )( )2

2

4
cosintegral lnpd

E
k k   


= − + (37) 

where  is the Euler gamma constant. Note that dispersion of the peridynamic wave is only related to 

the micromodulus function, density, and horizon. These parameters are inherent properties of the 

material. Dispersion relationships for 2-Dimensional and 3-Dimensional problems, and state-based 

peridynamic formulations can be obtained similarly. For 2-Dimensional ordinary state-based 

formulation, the dispersion relationships in longitudinal and transverse directions can be written, 

respectively, as 

( )  ( )  
2

4 3

1 0, 2 1,2
16 24L

BesselJ k BesselJ k

k k

   
 

 

 −   −
= + −   

    

    (38)             

   ( )

   ( )
3

1, 2 StruveH 0,

24

0, 2 StruveH 1,

Tr

BesselJ k k k

k

BesselJ k k

   





   

  − +    
− − 

=  
    −   

(39) 

For 3-Dimensional ordinary state-based formulation, the dispersion relationships in longitudinal, 

transverse and vertical directions can be written, respectively, as 

   

( )( )
( )

2
2

2 6 2

0

2 2

4 3

5

Sec StruveH 0, Cos StruveH 1, Cos3
81

16

12sin
2 6 6cos

30

3

L

k k k
d

k

k
k k k

k






       


 



  





 
−   − −  − 

 
=

 
− + + + 
 +



(40) 

   

 
2

2

4 2

0

2 StruveH 1, Cos StruveH 1, Cos
Tan

Cos StruveH 2, Cos30
Tr

k k

k k
d

k



     


    
 



 − − − +
 
 
 = 

(41) 
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( )( )3 3

4 3

2 6 6sin30

3
Vr

k k k

k

   


 

− + +
=                                                                                   

                                                                              (42) 

                                  

Peridynamic horizon size can be obtained by comparing peridynamic dispersion relationships with the 

dispersion relationships obtained from experiments or lattice dynamic models. The details of the 

derivation of peridynamic dispersion relationships can be obtained in [12,13].   

Determination of Horizon Size by Considering Damage  

Stress intensity factor 

Irwin found that the stresses around a crack could be expressed in terms of a scaling factor called the 

stress intensity factor. The stress intensity factor, K, is used in fracture mechanics to predict the stress 

state ("stress intensity") near the tip of a crack or notch caused by a remote load or residual stresses. 

The magnitude of K depends on specimen geometry, the size and location of the crack or notch, and 

the magnitude and the distribution of loads on the material.  

For Mode I opening mode, a tensile stress is normal to the plane of the crack and the crack surfaces 

move directly apart. The stress intensity factor for an infinite size plate and Mode I condition is given 

as 

K a =                                                                    (43)            

while the form of stress intensity factor for a finite size plate can be written as 

( )/K a f a b =                                                            (44)        

where  is the applied tension stress, a  is the half width of the crack, and b is the half width of 

the finite plate. ( )/f a b is a function in terms of width of the crack and width of the finite plate, 

one of the suggested functions is provided as 

( )

2

1 0.326
2

/

1

a a

b b
f a b

a

b

 
− +  

 =

−

                                                 (45)                 

The relationship between ( )f n  and /n b a= is presented in Fig. 11. 

 

Figure 11. Variation of ( )f n with /n b a= .  
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As can be observed from Fig. 11, the function reaches close to a constant value of 1 when 10n  . 

Thus, 10b a can offer a suitable numerical domain model to represent infinite plate. In this 

occasion, 20b a= is adopted. 

 

Griffith crack 

An elastic plate with a line crack, located at , 0l x l y−   = and subjected to a uniform tension 

loading 0yy = at infinity, is known as the Griffith crack (see Fig. 12). 

 

Figure 12. Griffith crack problem. 

It is reported that the maximum nonlocal stress predicted by the nonlocal theory occurs slightly away 

from the crack tip [14]. According to a lattice model [15] and with computer simulations [16], this 

result is also confirmed. In this study, the horizon size at the crack tip is determined by comparing the 

stress field at the crack tip obtained from peridynamics and non-local elasticity. 

 

Stress evaluation by using peridynamics 

Stress evaluation in peridynamics can be summarized as: 

Step 1 : The deformation gradient tensor, F, in peridynamic is defined as 

 

( ) ( ) 1

H

w Y dV −
 

=  
 
 ξ

F ξ ξ ξ K                                                   (45)            

 

where ( )w ξ  is the weight function, ( )Y ξ  is the bond vector between two material points in the 

deformed configuration, ξ , is the bond vector between two material points in the undeformed 

configuration, and K is the shape tensor, which is defined as  

( )
H

w dV
 

=  
 
 ξ

K ξ ξ ξ                                                         (46)            
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Step 2 : In classical theory, the Green-Lagrange strain tensor can be written as 

( )
1

2

T= −E F F I                                                               (47)            

Step 3 : The Second Piola-Kirchhoff (Kirchhoff) stress tensor S  can be obtained as 

=S CE                                                                       (48)            

where C  is the stiffness matrix  

Step 4 : Second Piola-Kirchhoff (Kirchhoff) stress tensor S  in terms of the Cauchy stress σ  can be 

written as 

1 TJ − −=S F σF                                                                  (49)            

where J is the determinant of F  

Step 5: The Cauchy stress σ  can be achieved as 

1 T

J
=σ FSF                                                                   (50)            

 

Crack Tip Damage Zone Investigation 

 

A domain T around crack tip C shown in Fig. 13 is created with a length 
96 10 mL −=   and width 

96 10 mW −=  . The T field is discretized with 4 in length and 4 in width, where   is the 

horizon size with n x =  , 3,6,12,24n = , and x represents the spacing between material 

points. To allow material points at the edge of the T domain to interact with its family of material 

points, the domain T is wrapped with a boundary layer of  . An example of the domain 

discretization is also shown in Fig. 13. 

 

 
 

Figure 13. Crack tip region and the discretization 

 

The analytical solution for displacement fields around the tip of a slit-like plane crack in an ideal 
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Hookean continuum solid for Mode-I loading is given as 

( ) ( )

( ) ( )

3
1 2 1 cos cos

2 2

2 3
1 2 1 sin sin

2 2

x

y

k
u K r

u E
k

 


  


     
+ − −     

       
=  

       + + −         

                               (51) 

 

In plane stress condition, 

3

1
k





−
=

+
                                                                     (52) 

K is the stress intensity factor, E is the Young's modulus, r , are the distance and angle from the 

crack tip, respectively,  is the Poisson's ratio. The stress intensity factor K determines the intensity 

of the local field and depends on the applied loading and specimen geometry. The remaining factors 

depend only on the spatial coordinates about the crack tip. It is assumed that 1K = . Defining a 

quantity G called the mechanical-energy-release rate, the relationship between stress intensity factor 

K and mechanical-energy-release rate for the described crack model can be represented as 

2

IK
G

E
=                                                                      (53) 

In peridynamic framework, the bond is broken once the stretch between two material points exceeds 

the critical stretch. The material properties are specified as 1PaE = and 1/ 3 = . 

The displacement fields and stretches at several spacing arrangements, n x =  , 3,6,12,24n = are 

examined. The size of the horizon is fixed in each scenario, while the mesh configuration is refined 

with increasing n . 

 

Determination of Horizon Size Based on The Plasticity Field Around Crack Tip  

   The horizon size can also be determined based on the plasticity field around the crack tip by 

calculating the stresses at the crack tip. For a 2-Dimensional model, the stiffness matrix can written as 

0

0

0 0

   

   



+ − 
 

= − +
 
  

C                                                       (54)                        

 

in which is bulk modulus and  is shear modulus and for two-dimensional models, they are defined 

as 

( )2 1

E



=

−
                                                                 (55)                        

and 
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( )2 1

E



=

+
                                                                 (56)                        

where E  is Young's Modulus. 

The stress state has three normal stresses , ,xx yy zz    and three independent shear stresses 

, ,yz zx xy    . The stress field is defined in vector form as 

T

xx yy zz yz zx xy      =  σ                                          (57)                                                    

 

Under plane stress assumption, the thin flat plate is subject to in-plane forces only and the stresses in 

the thickness direction vanishes, i.e. 

0zz yz zx  = = =                                                             (58)                                                    

 

Therefore, the von Mises stress in plane stress condition can be calculated as 

2 2 23VM xx xx yy yy xy     = − + +                                               (59)                                                                

 

Multi-horizon Peridynamic Formulation 

 

    When the size of the horizon increases, the contribution of the Taylor expansion remainder 

related to the numerical procedure becomes significant. When the analysis is under requirement of 

high precision, ignoring remainders inappropriately may lead the results to deviate from expected 

results. The errors, which are dominated by remainders, are in direct proportion to the distance 

between the main material point and its family members. In other words, decreasing the horizon size 

will enhance accuracy. However, adopting this measure will reduce the nonlocal characteristic of the 

PD function. Moreover, for the numerical analysis, decreasing the horizon size suggests more material 

points are required as part of discretization and the computational time can high. 

 
 

Figure 14. Multi-horizon for one-dimensional structures 

 

    In this section, a multi-horizon approach is introduced, which not only ensures the accuracy the 

PD function, i.e. decreases the effect of the Taylor expansion remainder as mentioned above, but also 

keeps the nonlocal characteristic of the PD function and achieve reasonable computational time in 

numerical analysis. More specifically, the family of the PD material point, H x , is constructed by two 

horizons, 1H  and 2H , as shown in Fig. 14. Here, the choice of the size of the total horizon,  , 

has no limit, and the horizon size of 1H ,  , is suggested to be a small value. The purpose of 
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introducing a small horizon, 
1H , is to ensure the errors of bond forces in this region, which are 

generated by Taylor expansion remainder, are negligibly small. The errors of bond forces in 

region 2H  are corrected at a similar small degree with those in region 1H  by a kernel function. 

According to this approach, the final form of the PD function can be written as 

 

( ) ( ) ( ) ( )
1 2

1 1 2 2,
H H

t w dH w k dH = +  + u x t x t x b x                                       (60)                                                         

 

where ( )t x is the bond force density vector, 1w and 2w  are the weight function for horizon 

1H and 2H , respectively, which are required to satisfy normalization condition as 

1 2 1w w+ =                                                                      (61)                                                                       

The values of the weight functions are related with the proportion of their horizon size in the total 

horizon. Note that if 2 0w = , Eq. (60) will reduce to the classical PD function; if 1 0w = , the PD 

horizon will become an annular region and the main PD material point looses interactions with the 

material points in the inner region, 1H .  

 

Surface Elasticity 

    In nano-materials, material properties close to the surfaces can be different than bulk properties. 

This variation causes surface stresses. In this study, modified core-shell model (MC-S) is utilised to 

define the variation of material properties in the surface region. Based on the MC-S model [17], for a 

rectangular nanowire, an exponential increase of surface elasticity in the surface between the bulk 

region and the surface region is assumed to have no jump by using following expression of surface 

elasticity that describes this behaviour as:  

               
( )( )

( ) ,   by W

s bulk b b sE y E e W y W W
 −

=   +                         (62) 

where bulkE is the bulk elasicity of the rectangular nanowire and  is the surface factor related to 

surface thickness sW as / sW = where  is the dimensionless constant which represents the 

degree of inhomogeneity transitioning from the bulk region to the external surface layer and its sign 

(positive or negative) describes the stiffening or softening of the surface layer.  
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Figure 15. a) continuous model b) discrete model 

The equivalent elastic modulus in the longitudinal direction with surface effects can be found by using 

static theory of elasticity for the continuous model (see Fig. 15a) when the plate is subjected to 

constant strain in the x direction: 

                    

( )
1

( )
( ) ( )

sW

b bulk
eq bulk

s b s b

W E e
E E

W W W W





 −
= +   + + 

               (63) 

Similarly, the equivalent elastic modulus in the longitudinal direction with surface effects can be 

found by using static theory of elasticity for the discrete model (see Fig. 15b) when the plate is 

subjected to constant strain in the x direction: 

                        1( )

( ) ( )

N

i i

b i
eq b

s b s b

EW
W

E E
W W W W

== +
+ +


                          (64) 

with 

              
( )( )

,   i by W

i bulk b i b sE E e W y W W
 −

=   +                          (65) 

The equivalent elastic modulus in the transverse direction with surface effects can be found by using 

static theory of elasticity for the continuous model when the plate is subjected to constant stress in the 

y direction: 

                  

( )( )1( )1 1 1

( ) ( )

sW

b

eq bulk s b bulk s b

eW

E E W W E W W





−
−

= −
+ +

                    (66) 

Similarly, the equivalent elastic modulus in the transverse direction with surface effects can be found 

by using static theory of elasticity for the discrete model when the plate is subjected to constant stress 

in the y direction: 

                     
1

1

( )1 1

( ) ( )

N

i

ib i

eq b s b s b

W
W E

E E W W W W

=
= +

+ +


                       (67) 
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with 

                        
( )( )

,   i by W

i bulk b i b sE E e W y W W
 −

=   +                (68) 

The details of peridynamics surface elasticity formulation based on modified core-shell model (MC-S) 

can be found in [18]. 

 

A Computational Homogenization Framework for Non-Ordinary State-Based Peridynamics 

 

The homogenization procedure developed in this work is a two-scale scheme: a microscopic scale 

represented by a Representative Volume Element (RVE), and a macroscopic scale represented by a 

homogeneous effective medium. The constitutive law of the microscale model is assumed to be 

explicitly known at every point of the micro-domain while the constitutive law of the micromodel is 

not known everywhere. The objective is to retrieve a constitutive law of the macroscale substitute 

medium from a numerical solution of an initial volume constraint problem (IVCP) at the level of the 

underlying microstructure. In this multiscale framework, an RVE is assigned to each integration point 

of the macro continuum. A peridynamic equilibrium solution of the RVE is sought using boundary 

condition generated by the macroscale deformation gradient. The solution of the RVE IVCP yields the 

microscale stress field which is then homogenized to produce macroscale stresses and associated 

material tangent tensor. The coupling of the micro and macro scale is achieved through averaging 

relationships and the energetic equivalence statement of the Hill-Mandel micro-homogeneity 

condition. 

Consider a heterogeneous medium 
0B  with characteristic size of heterogeneities to be hetrol . 

Momentarily, let this medium be replaced by a homogeneous ‘effective’ medium 
hB  . The original 

heterogeneous medium is the microscale, and the geometrical arrangement and material characteristics 

of the heterogeneities constitute the microstructure while the effective medium is the macroscale. 

Define a grid on 
hB  and let each point x  on this grid be associated with a neighborhood s . Let 

s be bounded by a region c  of positive volume in 
n

. Let a sample of 
hB occupying the 

regions s  and c be denoted as
0

s  and 
0

c , respectively. Also, let a sample of 
0B occupying 

s  be denoted as 
0

s  as shown in Fig. 16.  

 

Figure 16. Homogenisation process. 
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Now, define a grid on s  and let the position of points on this grid in the reference configuration be 

denoted as x . The grid associated with x  is called the macroscale and the grid associated with x  

is the microscale. Let the characteristic lengths associated with the macroscale and the microscale be 

macrol and microl , respectively. The morphology and material properties of the constituents of 
0B  in 

the microscale are called the microstructure of 
hB . If 

0

s  exists such that  

hetro micro macrol l l                                                            (69)            

then 
0

s  is referred to as an RVE associated with the macro point x  where Eq. (69) is the 

statement of the principle of separation of scale. This principle requires that the scale of the 

microstructure (or fluctuation of micro field such as stress and strain) should be much smaller than the 

size of the RVE considered which in turn should be much smaller than the characteristic length scale 

of the macro domain (or fluctuation of macro field variables). 

Let 
hB  be subjected to an affine deformation at its boundary. This will produce a homogeneous 

strain ε (for small deformation). This homogeneous strain will in turn generate a homogeneous stress 

field σ everywhere in 
hB . For simplicity, we will assume linear elastic material response in both 

scales, then the material model that relates σ  and ε  given by the generalised Hooke’s law 

*=σ C ε  or 
*=ε S σ                                                            (70)            

is the effective or homogenised constitutive law, where 
*

C  and 
*

S are the effective stiffness and 

compliance tensors, respectively. At the microscale, the constitutive relation in each phase of the 

microscale is given by  

( ) ( ) ( )=σ x C x ε x or ( ) ( ) ( )=ε x S x σ x                                          (71)            

If the condition for the existence of the RVE is satisfied (henceforth, this condition will be assumed to 

be satisfied), then the microscopic deformation will be assumed to admit the following 

decomposition: 

( ) ( ) ( )*= +u x ε x x u x or ( ) *= +ε x ε ε                                          (72)            

where 
*

u and
*
ε are the displacement and strain fluctuation due to the presence of the microstructure, 

respectively. Details of this analysis can be found in [19]. 

 

Static Condensation of The Peridynamic Heat Conduction Model 

Peridynamic heat conduction model can be expressed in the discrete form as: 

( )
1

N

j i j i

i

K V h  
=

= − +                                                        (73)                                                                

where 
i

t





=


 and N is the number of nodes in the neighbourhood of node i .  

The assembled peridynamic transient heat conduction equations for the body in matrix form is given 
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by: 

h + =I K                                                                   (74)                                                                

where I  and K are the identity and diffusivity modulus matrices respectively and n  is the total 

degrees of freedom in the system. In this context, Eq. (74) is referred to as the full order model of the 

system or simply full model. The objective of the model reduction is to replace the full model having 

n degree of freedom with a reduced order system having m  degree of freedom, such that m n . 

The reduced model is expected to preserve the heat conduction characteristics of the full model. To 

proceed with the model condensation, the degree of freedom of the system are separated into retained 

and truncated degrees of freedom. The retained degrees of freedom are those to be preserved while 

truncated degrees of freedom are those to be condensed out in the reduced model. Let r  denote the 

retained degrees of freedom and let t  denote the truncated degrees of freedom, then Eq. (74) can be 

partitioned as follows: 

 

rr rt r rr rt r r

tr tt t tr tt t t

         
+ =        

         

I I τ K K τ h

I I τ K K τ h
                                      (75)                                                                                 

Neglecting the transient term and assuming there is no heat source at the truncated degrees of freedom, 

then the solution of the second submatrix equation for tτ  yields  

t G r=τ R τ                                                                     (76)                                                                                  

where GR is the condensation matrix, defined as 

1

G tt tr

−= −R K K                                                                 (77)                                                                                     

The condensation matrix relates the retained degrees of freedom and truncated degrees of freedom and 

is load independent because it is assumed there is no heat source at the truncated degrees of freedom. 

Also note that in arriving at Eq. (76), the transient term in Eq. (75) have been neglected, hence this 

method is called static condensation method. The temperature state of the full model may be 

expressed as 

 

r

G r

t


 

= = 
 

τ
τ T

τ
                                                               (78)                                                                                      

where GT  is a transformation matrix given by: 

G

G

 
=  
 

I
T

R
                                                                   (79)                                                                                      

If the transformation matrix is assumed to be independent of time, differentiating Eq. (78) with respect 

to time gives: 

G r=τ T τ                                                                       (80)                                                                                      
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Substituting Eqs. (79) and (80) into Eq. (74) and pre-multiplying by 
T

GT  yields  

G r G r G+ =I τ K τ h                                                              (81)             

where GI , GK and Gh  are the reduced identity matrix, reduced diffusivity matrix and reduced load 

vector respectively associated with the reduced model, defined as 

T

G G G=I T IT , 
T

G G G=K T KT , 
T

G G=h T h                                          (82)                                  

Details of this analysis can be found in [20]. 

Results and Discussion:   

Since numerous results are generated to determine the optimum horizon size and shape for 

peridynamics, several important observations are summarized and discussed in this section.  

Determination of Horizon Size Without Considering Damage and Nonlocal Effects 

For the case without considering damage and non-local effects, first, uniform discretization is 

utilized to discretize the solution domain and several benchmark problems are considered including 

vibration of a plate (2-D), plate under tension (2-D), vibration of a 3-Dimensional block (3-D) and 

block under tension loading (3-D). Hence, both dynamic and static conditions are explored. Solutions 

are obtained by using bond-based, ordinary state-based and non-ordinary state-based peridynamics. 

2-Dimensional and 3-Dimensional analysis show similar behavior which is expected since 

peridynamic formulation is based on interactions between material points and 2-D or 3-D analysis is 

based on same form of calculations. Dynamic analysis and static analysis results also yield similar 

conclusions about the horizon size selection. Based on numerical results, it is confirmed that horizon 

size of  = 3x (x is the discretization size) is an optimum horizon size for bond-based peridynamic 

analysis as Silling and Askari [7] suggested earlier. For ordinary-state based peridynamic analysis, 

same horizon size, i.e.  = 3x is also obtained as the optimum horizon size. Although bond-based 

peridynamics is a special case of ordinary-state based peridynamics, the outcome is not intuitive since 

the peridynamic force in ordinary-state based peridynamics is dependent on motions of family 

members rather than only motions of interacting material points as in bond-based peridynamics 

formulation. For non-ordinary state-based peridynamics, it was concluded that  = 2x is the most 

optimum choice for horizon size. This will result in significant reduction in computational time 

especially for 3-Dimensional analysis since there are much less material points inside a horizon of  = 

2x than a horizon with a size of  = 2x. Based on the numerical results, it should also be noted that 

for non-ordinary state-based formulation the horizon should be small since the non-ordinary state 

based model used in this study, i.e. correspondence model, has a direct connection with classical 

(local) continuum mechanics and requires determination of deformation gradient in peridynamic 

framework as the first step.  

After determining optimum horizon sizes for all three peridynamic formulations, the 

performance of these horizon sizes is investigated for non-uniform discretization by considering the 

same benchmark problems for the uniform discretization analysis. By considering different scenarios 

having refined discretization on one side of the domain with same or different horizon size, it is 
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concluded that horizon sizes with the variable horizon peridynamic formulation presented in this 

report do not show significant change with respect to uniform discretization results. However, it 

should be noted that if there are more material points within a horizon, it reduces the numerical error 

due to numerical integration and leads to a more accurate solution. On the other hand, if the horizon 

size is getting larger and larger, the local behavior starts transforming into a non-local behavior which 

suggests that using a large horizon size with respect to the size of the solution domain is not suitable 

for problems showing classical (local) behavior. Moreover, if different horizon sizes are used in the 

solution domain, lack of interactions can introduce numerical error. In our numerical tests, it is 

observed that the effect of this numerical error is small. In addition, Dual Horizon Peridynamic 

formulation is developed for thermal diffusion analysis. Dual Horizon Peridynamics allows utilization 

of variable discretization and horizon size inside the computational domain which can bring 

significant advantages to peridynamic simulations in terms of computational time. To demonstrate the 

capability of the Dual Horizon Peridynamics formulation, three different example problems are 

considered including a square plate with temperature and no flux boundary conditions, a square plate 

under thermal shock loading, and a square plate with an insulated crack. For each of these problems, 

the solution domain is divided into two regions which can have different discretization and horizon 

sizes. Five different horizon sizes are considered to see the effect of the horizon size. For all the 

problems that are considered, good agreement is obtained between PD predictions and FEM results. If 

different discretization size or horizon size is utilized in different regions, a slight difference can be 

observed between PD and FEM results at the interface between the two regions and the difference 

increases as the horizons size increases. Hence, it can be concluded that presented Dual Horizon 

Peridynamic analysis can be effectively utilized for problems with different discretization and horizon 

sizes. 

Next, the shape of the horizon size is investigated by considering circular, square and 

irregular shaped horizons. Based on the numerical tests, it is observed that square horizon is not very 

suitable for bond-based and ordinary-state based analysis. On the other hand, non-ordinary state based 

formulation is not sensitive to the shape of the horizon which suggests that any suitable shape for 

convenience can be used. As mentioned earlier, since 2-D and 3-D peridynamic analysis show similar 

behavior, it is expected that same trend can be observed for 3-Dimensional configurations. 

The suggested horizon sizes are checked by considering more complex problems and 

comparison against reference FEM solution shows that suggested horizon sizes can provide accurate 

solutions with the advantage of computational efficiency.  

 

Determination of Horizon Size by Considering Nonlocal Effects Without Damage Based on 

Dispersion Relationships 

For the case with considering non-local effects and without damage, optimum horizon sizes 

for different materials including copper, gold, silver and platinum are obtained by comparing 

peridynamic dispersion curves against dispersion curves obtained either experimentally or from lattice 

model. Therefore, the obtained peridynamic ordinary state based dispersion relations given in Eqs. 
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(40-42) have been tested for copper, gold, platinum, silver and compared with the experimental data to 

determine the horizon size values for these materials. As shown in Fig. 17, the horizon size values for 

copper, gold, platinum, silver are determined as 
102.472 10 m, −= 

102.432 10 m− , 

102.587 10 m− and 
102.894 10 m− , respectively.  

  

                    (a)                                      (b) 

  

                    (c)                                      (d) 

Figure 17. Dispersion relationships (a) copper, (b) gold, (c) platinum, (d) silver 

Determination of Horizon Size by Considering Damage 

 

Figure 18. Plate with a central crack (Griffith crack problem). 
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In this study, the horizon size at the crack tip region is evaluated by comparing stress field obtained 

from peridynamics and nonlocal elasticity [14]. To demonstrate the process, a 2-Dimensional copper 

plate with a central crack is considered as shown in Fig. 18. The atomic distance for copper is 

103.598 10 ma −=  . The material properties of copper are specified as; mass density, 

38960kg/m = , elastic modulus, 
111.3 10 PaE =  and Poisson's ratio, 1/ 3 = . The applied 

tension loading is 200 MPa . For the plate dimensions of 600L W a= = , a central crack size of 

2 100l a= , and the horizon size of 
91.085 10 m −=   , the comparison of the vertical stress 

along the central x-axis is presented in Fig. 19.  

 
Figure 19. Comparison of the vertical stress along the central x-axis between peridynamics (PD) and 

nonlocal elasticity (Eringen [14]) solutions. 

Based on the maximum dimensionless stress at the crack tip defined by Eringen et. al. [14], the 

maximum stress values at the crack tip for various crack sizes 

2 20 ,40 ,60 ,80 ,100l a a a a a= obtained from peridynamics and nonlocal elasticity are compared 

in Fig. 20. As can be seen in this figure, a very good agreement is observed between the two solutions 

for different crack sizes. 

 

Figure 20. Comparison of the variation of the maximum stress values at the crack tip for various 

crack sizes between peridynamics (PD) and nonlocal elasticity (Eringen [14]) solutions. 
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Figure 21. Dual horizon numerical domain 

 

As shown earlier, the horizon size without damage can be obtained by using dispersion relationships. 

For regions away from the crack tip region, it will be more appropriate to use this horizon size. For 

copper, the horizon size is obtained as 
102.472 10 m −=  . Since two different horizon sizes are 

defined for two different parts of the solution domain, dual horizon peridynamics can be utilized as 

shown in Fig. 21. For a crack size of 2 40l a= , the comparison of the vertical stress along the 

central x-axis for peridynamic and non-local elasticity results is presented in Fig. 22. As can be seen in 

this figure, a good agreement is obtained between the two solutions.  

 

Figure 22. Comparison of the vertical stress along the central x-axis between peridynamics (PD) and 

nonlocal elasticity (Eringen [14]) solutions. 
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Crack Tip Damage Zone Investigation 

By using the displacement field at the crack tip given in Eq. (51), the broken bonds and damaged 

material points are obtained for different discretization sizes and same horizon sizes as shown in Fig. 

23.  

 = 3x  = 6x 

  
 = 12x  = 24x 

  
 

Figure 23. Damaged material points for different discretizations 

 

Based on the damaged material points shown in Fig. 23, the damaged region has a shape given in Fig. 

24. 

 

 
 

 

 

Figure 24. Shape of the damaged region around the crack tip.  
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In Fig. 24, C is the intersection point of line MCL  and line NCL , T  is the crack tip location, A is 

the centre of arc MN , D is the far endpoint of arc MN , the angle between line MCL  and line 

NCL  is MCN . 

To understand the meaning of the observed area, an investigation has been carried out for the horizon 

size when n x =   with 6,12,24,32n =  as shown in Fig. 25. In Fig. 25, 

the ○ in ‘green’ is the horizon draw from A, the centre of arc MN ; 

the ○ in ‘yellow’ is the horizon draw from the crack tip location T;  

the ○ in ‘red’ is the horizon draw from C , the intersection point of line MCL and line NCL . 

 

N=6 N=12 

  
N=24 N=32 

  
 

Figure 25. Investigation of damaged region for different discretizations. 

 

Determination of Horizon Size Based on The Plasticity Field Around Crack Tip  

   As shown in Fig. 26, an isotropic square plate with a line crack is subjected to a tension loading 

along its horizontal edges. The plate has in-plane dimensions of 1mL W= = and thickness of 

0.005mh = . The crack length is specified as 2 0.3ml = . Young’s modulus, Poisson’s ratio and 

density of the plate are given as 200GPaE = , 0.3 = and 
37850kg/m = , respectively. 

Spacing between material points is specified as 0.005mx = . Various horizon sizes are considered 

as 2 ,3 ,4 ,5x x x x =     . The plate is subjected to a tension loading of 150 MPa.  
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Figure 26. Plate with a central crack under tension loading  

 

 

The von mises stress VM  distributions for different horizon sizes are shown in Fig. 27. 

 

 

            2 x =                                       3 x =   

 

             4 x =                                     5 x =                  

Figure 27. von Mises stress distribution for different horizon sizes.  
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Next, von Mises stresses are compared with yield stress value of the material, 205MPay = . The 

material points whose stress values are beyond the yield stress value are shown in Fig. 28. The same 

problem is also solved by using finite element method (FEM). By comparing peridynamic results 

against FEM solution, it can be concluded that the horizon size values of 3 and 4x x =   yield 

the best match with FEM results. 

 

 
 

Figure 28. Material points whose stress values are beyond the yield stress value for different horizon 

sizes.  

 

Multi-horizon Peridynamic Formulation 

   Next, a new “multi-horizon” formulation is applied for a one-dimensional bar subjected to initial 

displacement. As shown in Fig. 29, the bar with clamped left end and free right end is studied. The 

length of the bar is 1mL = , with cross sectional area of 
20.001 0.001mA =  . Its elastic 

modulus and material density are specified as 200GPaE =  and 
37850kg/m = . The bar is 

discretized into one single row of material points with spacing of 0.002mx = . 

 

Figure 29. One-dimensional bar subjected to initial deformation.  

 

In order to verify the accuracy and advantage of this approach, numerical results of amendatory PD 

(multi-horizon formulation), is compared against the classical PD solution, and analytical solution. A 
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material point located at x=0.998 m is monitored and the displacement variation with time is shown in 

Fig. 30. It can be clearly seen that three solutions agree each other well at the beginning. However, the 

vibration behavior of classical PD solution starts deviating as the time goes by, and amendatory PD 

and analytical solution agree well all through. 

 

 

Figure 30. Variation of the displacement of the material point located at x=0.998 m. 

 

Surface Elasticity 

Peridynamics is also utilized for a surface elasticity problem to determine the effective modulus of a 

nanowire. In this section, the validity of the modified core-shell PD model by comparing with the 

MC-S discrete model for rectangular nanowires. The bulk elasticity of the rectangular nanowire is 

considered as 140 bulkE GPa= [21] the surface layer is modelled with 4 surface materials with elastic 

modulus of 
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( )( )i by W

i bulkE E e
 −

=      (83)                                                                        

with 
,

1

i

i b s k

k

y W W
=

= + and 0.63 = ( )1.26 = . The thicknesses of the surface layers are taken 

as , 0.4 ,  1, 2,3,4s iW nm i= = . The rectangular nanowire is subjected to a strain of 0.01 in the 

longitudinal direction. The total length of the nanowire is 10 L nm= . 

 
                                          (a) 

 
                                        (b) 

Figure 31. The size effect of the normalized elastic modulus in the longitudinal direction, /eq bulkE E  

for tension loading for [0001] oriented ZnO nanowires with 1.26 =  [21], (a) Normalized elastic 

modulus; (b) effective elastic modulus. 

 

As shown in Fig. 31, effective elastic modulus values obtained from peridynamics and MC-S 
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approach agree well with each other. 

 

Static Condensation of the Peridynamic Heat Conduction Model 

A homogeneous bar initially at zero temperature is subjected to a boundary temperature of 1 C at 

both ends as shown in Fig. 32. The bar has a length and thickness of 1m and 0.01m , respectively. 

The specific heat capacity, thermal conductivity and density of the bar are specified as 

64J/kgKvC = , 233W/mK = and 
3260kg/m = , respectively. The material of the bar is 

assumed to have a micro-conductivity function as 
22 / ( )k A = . 

 

Figure 32. A homogeneous bar subjected to heat at both ends. 

 
Figure 33. A discretized bar to illustrate condensation of the micro-conductivity functions. 

 

The bar is discretized into 100 nodes thus the spacing between nodes is 0.01x = . Model order 

reduction of the bar is achieved by retaining every fourth node of the full model as shown in Fig. 33. 

A time step size of 
210 st − = is used and the simulation was run for 3000 time steps. 

 

Figure 34. Temperature distribution in a homogeneous bar subjected to heat at both ends. 

DISTRIBUTION A: Distribution approved for public release. Distribution unlimited 



Temperature prediction for both full model and reduced model are presented in Fig. 34. The reported 

results are temperature distribution across the bar corresponding to time steps 

10s, 20sand30st = . These results show a good match between the full model and reduced model 

thus demonstrating the capability of the model order reduction scheme in preserving the dynamics of a 

one-dimensional transient peridynamic heat conduction model in-spite of using fewer degrees of 

freedom. 

   The model reduction scheme also allows for adaptive implementation of the condensation 

algorithm so that a more detailed model can be implemented in locations where higher resolution 

results are needed for greater insight into the numerical predictions.  

 

Homogenisation in non-ordinary state based peridynamics 

   A numerical example is presented in this section to benchmark the peridynamic correspondence 

homogenization theory (PDCHT). To pursue this goal, an RVE associated with a composite is 

assumed to consist of two constituent materials: a fiber material and a matrix. For the composite, a 

square RVE with a circular fiber as shown in Fig. 35 is assumed for simplicity.  

 

Figure 35. RVE geometry showing peridynamic discretization 

This RVE is assumed to consist of boron as the fiber material and aluminum as the matrix. The 

properties of these constituent materials are provided in Table 1 as quoted from [22]. The RVE 

problem is solved for a fibre volume fraction of 0.47.  

Table 1. Material properties of the constituents  
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The RVE is subjected to Periodic Boundary Condition (PBC). Although computational algorithm to 

implement this boundary condition in the framework of finite element analysis is well established and 

discussed by many authors, however, implementing it in a nonlocal boundary value constraint 

problem such as the RVE in the PDCHT framework requires special treatment. In order to implement 

the PBC in the PDCHT framework, the displacement driven approach to homogenization is utilized in 

this study. The expression for the effective elasticity tensor can be written as 

* 1
s

s s

ijkl ij

kl

dV
V






 

=                                                          (84)                                                                                             

where ij  is the stress field and kl  is the prescribed strain tensor on the boundary volume. For a 

two-dimensional problem, 
*

ijkl
 has six components. However, owing to its symmetric property, 

only three components are independent. Thus, to determine the components of 
*

ijkl
 for a 

two-dimensional problem require the application of three loading conditions that result in deformation 

modes which render all but one of the three independent components of the strain tensor to zero. For 

the purpose of this implementation, these deformation modes are given as 

11

0

0 0

c


 
=  
 

, 22

0 0

0 c


 
=  
 

, 12

0 1/ 2

1/ 2 0

c

c


 
=  
 

                                 (85)  

where c is the magnitude of the prescribed strain tensor. These strains are then used to generate 

displacement in the boundary volume. The determination of the effective elastic tensor proceeds under 

the assumption of small deformation and plane stress.  

For the purpose of validating the proposed framework, results from the Peridynamic homogenization 

scheme is compared with results from the following sources: a finite element model of the RVE by the 

authors, results from an ordinary state-based homogenization scheme developed by Xia et al. [23] and 

prediction from references [22, 24-26] as quoted in [22].  

 

Table 2. Effective elastic constants for boron/aluminium composite (fibre volume fraction = 0.47) 

 
 

Table 2 shows the effective elasticity modulus, shear modulus and Poisson’s ratio obtained from the 

PDCHT framework, alongside corresponding values from other refrences as listed above. A good 

agreement is observed between different approaches. 

 

   A further analysis of the results from this proposed scheme is also made by comparing the 
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evolution of the predicted effective material properties with those obtained from the Reuss and Voigt 

models. The objective is to show that the proposed methodology obeys the Reuss-Voigt bound. Based 

on the evaluated results, it can be concluded that the results comply with the so-called 

Hill-Reuss-Voigt bounds as well as agree with results from finite element simulation of the RVE. 

Validation of the numerical results with prediction using FEM analysis and data from the literature 

shows that the presented homogenization framework can provide good estimate of the effective 

properties of composites. 

  The advantage of PDCHT theory over homogenization frameworks based on the classical 

continuum theory, derives from the strengths of the peridynamic theory. This framework is therefore 

especially useful in circumstances involving evolution of the microstructure or problems in which 

nonlocal interaction plays important role in the overall response of the heterogenous media. Another 

advantage that can be leveraged with this development is that because the peridynamic 

correspondence model uses familiar quantities from the classical continuum theory, Once the effective 

material tangent is obtained, we are free to use either of peridynamic theory or the classical continuum 

theory to characterise the macroscopic response of the medium. Where the peridynamic theory is 

utilised at the macroscale, this result in a standard multigrid method we will call the PD2 method. In 

the case where the classical theory is utilised, this result in what is referred to in the literature as 

Heterogenous Multiscale Method (HMM) [27]. In this case, numerical schemes such as the finite 

element method or the finite difference method can be utilised to solve the macro model. 
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