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2020 ANNUAL PROGRESS SUMMARY 
 
Subject: Annual Progress Summary PM: Dr. Erik Blasch, erik.blasch@gmail.com     
Contract/Grant Title: Dynamic Data-driven Prediction, Measurement Adaptation, and Active Control 
      of Combustion Instabilities in Aircraft Gas Turbine Engines  
Contract/Grant No: FA9550-15-1-0400  Reporting Period: September 30, 2019 to September 29, 2020  
PI: Prof. Asok Ray, axr2@psu.edu  Co-PI: None    Senior Research Personnel: Dr. Shashi Phoha 
Current Graduate Students (2): C. Bhattacharya and X. Chen who have passed their PhD 
comprehensive and PhD qualifying examinations, respectively.  

Former Graduate Students (9) (graduated with PhD):  2020 Y. Fu and S. Mondal 
2019 N.J. Ghalyan 
2018    M. Hauser and P. Chattopadhyay 
2017    N. Virani and S.  Xiong;  
2016 Y. Li and D.K. Jha. 

 
Annual Accomplishments 

Theoretical Research: 
Scientific advancements in the development of fast dynamic data-driven tools for forecasting and 
detection of thermo-acoustic instabilities as well as of fatigue damage in aircraft structures:  
The DDDAS paradigm has been used with streaming sensor data for forecasting & detection, and 
classification of emerging anomalies. The algorithmic advancements are achieved using 
differential-geometric concepts of deep neural networks and statistical learning with hidden 
Markov models for sequential pattern classification, as an alternative to symbolic time series 
analysis. The proposed methods have been validated on time-series data, generated from a 
laboratory-scale combustor apparatuses, operating under different protocols at varying air-fuel 
premixing levels.  Applicability of the proposed method has been demonstrated with respect to 
anomaly detection and regime identification with limited data requirements, making it a potential 
candidate for near-real-time monitoring and active control of thermo-acoustic instabilities in 
commercial-scale combustors. 

Experimental Research and Validation:  
A computer-instrumented and computer-controlled laboratory apparatus has been designed for 
operation under nominal and off-nominal anticipated & unanticipated transient operating 
conditions as well as emergency situations in typical combustors of aircraft gas-turbine engines. 
Construction of a laboratory apparatus under AFOSR DURIP Grant No. FA9550-18-1-0135 has been 
completed. This apparatus serves as a test facility for near-real-time prediction and active control 
of combustion instabilities in aircraft gas-turbine engines.   
 

Changes in research objectives, if any:  None.  
Change in AFOSR program manager, if any:   None.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                               
Extensions granted or milestones slipped, if any:  None. 
Honors and awards, if any:   
 Fellowship Award of American Association for Advancement of Science (AAAS) to Dr. Asok Ray (PI) 
 Best paper award among all issues of the following Journal in the year 2018:  
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N. Virani, D.K. Jha, Z. Yuan, I. Sekhawat and A. Ray, "Imitation of Demonstrations using Bayesian Filtering 
with Nonparametric Data-Driven Models," ASME Journal: Dynamic Systems, Measurement and  Control, 
140(3), March 2018, pp. 030906 (1 to 9).                

Include any new discoveries, inventions, or patent disclosures during this reporting period:  
Technology innovation for efficient and fault-mitigating design of gas turbine engine combustors using 
dynamic data-driven tools:  

S. Sarkar, T. Damarla, and A. Ray, Apparatus and Method for Activity Detection and Classification from 
Sensor Data, U.S. Patent No. 10,621,506, April 14, 2020. 

Description of the Laboratory Apparatus for Experimental Validation of the Theoretical Results 

A defense university research instrumentation program (DURIP) proposal was funded from March 01, 2018 
to February 29, 2020. The funds were used to procure mechanical & electronic components and 
computational hardware & software for construction of a computer-instrumented and computer-
controlled experimental apparatus that serves as a test bed for early prediction and real-time active 
control of (emulated) combustion instabilities in aircraft gas turbine engines. This Rijke tube test 
apparatus was specifically designed to be capable of emulating nominal and some of the critical 
anticipated & unanticipated off-nominal transient operating conditions as well as emergency situations 
in typical combustors of aircraft gas turbine engines. Figure 1 and Figure 2 respectively present a 
functional diagram and a schematic diagram of the Rijke tube test apparatus.  The apparatus is now fully 
operational within the tenure of the current research project FA9550-15-1-0400, which has been no-
cost extended to September 29, 2021.  

 
Figure 1. Functional diagram of the Rijke tube test apparatus 

 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 2. Schematic diagram of the Rijke tube test apparatus 
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The test apparatus is currently supporting experimental validation of the results of theoretical 
research in DDDAS, which include algorithms of the following five areas:  
 Real-time knowledge extraction from heterogeneous dynamic data in stochastic settings;  
 Reduced-order modeling trained by experimental data of spatio-temporal dynamics; 
 Machine learning and information fusion at multiple scales of space and time; and 
 Uncertainty quantification in real-time monitoring & control of combustion instabilities. 
 Reinforcement learning and control of thermos-acoustic oscillations and the concept validation 

on the Rijke tube experimental apparatus. 

Technical Progress in the Last Year (09/30 2019 to 09/29/2020) of the Research Project 
The basic research conducted during the last year (09/30 2019 to 09/29/2020) of this research 

project, which has advanced the theoretical framework of dynamic data-driven application systems 
(DDDAS) for machine perception & learning for aircraft gas-turbines, has been reported in fourteen (14) 
archive journal publications, and another ten (10) publications are under review.  Some of the results 
of the theoretical research have been experimentally validated on the experimental apparatus that has 
been recently constructed under AFOSR DURIP Grant No. FA9550-18-1-0135.  

List of Archive Journal Publications Citing the Grants (October 2019- September 2020) 

The following publications have been produced in the last year of the research grant:   

 (A) Theoretical research in dynamic data-driven application systems (DDDAS) with experimental validation 
1. N.F. Ghalyan and A. Ray, "Symbolic Time Series Analysis for Anomaly Detection in Measure-Invariant 

Ergodic Systems, " ASME Journal of Dynamic Systems, Measurement, and Control, vol. 142, June 2020, 
pp. 061003 (1 to 11). doi: 10.1115/1.4046156 

2. C. Bhattacharya and A. Ray, "Online Discovery and Classification of Operational Regimes from an 
Ensemble of Time Series Data," to appear in ASME Journal of Dynamic Systems, Measurement, and 
Control, vol. 142, November 2020, pp. 114501 (1 to 7). doi: 10.1115/1.4047449  

3. D.J. Miller, N.F.Ghalyan, S. Mondal and A. Ray, "HMM Conditional-Likelihood Based Change Detection 
with Strict Delay Tolerance," to appear in Mechanical Systems and Signal Processing, vol. 147, January 
2021, pp. 10719 (1 t0 17). doi: 10.1016/j.ymssp.2020.107109   (Collaboration with another DDDAS 
Project under Grant: FA9550-17-1-0070) 

4. C. Bhattacharya and A. Ray, "Data-driven Detection and Classification of Regimes in Chaotic Systems via 
Hidden Markov Modeling," ASME Letters in Dynamic Systems and Control, vol. 1, no. 2, April 2021, p. 
021009 (5 pages) doi: 10.1115/1.4047817  

(B) Dynamic data-driven prediction of combustion instabilities in aircraft gas-turbines  
5. C. Bhattacharya, S. Mondal, A. Ray and A. Mukhopadhyay, "Reduced-order Modeling of Thermoacoustic 

Instabilities in a Two-heater Rijke Tube," Combustion Theory and Modeling, vol. 24, no. 3, June 2020, pp. 
530-548. doi: 10.1080/13647830.2020.1714080 . (Collaboration with Jadavpur University, India)  

6. C. Bhattacharya, S. De, A. Mukhopadhyay, S. Sen, and A. Ray, "Detection and Classification of Lean Blow-
Out and Thermoacoustic Instability in Turbulent Combustors," Appled Thermal Engineering, in press. doi: 
10.1016/j.applthermaleng.2020.115808 (Collaboration with Jadavpur University, India) 

7. S. Mondal, S. De, A. Mukhopadhyay, S. Sen, and A. Ray, "Early Prediction of Lean Blowout from 
Chemiluminescence Time Series Data," Combustion Science and Technology, in press. doi: 
10.1080/00102202.2020.1804380  (Collaboration with Jadavpur University, India) 

8. C. Bhattacharya, J. O'Connor and A. Ray, "Data-driven Early Detection of Thermoacoustic Instability in a 
Multi-nozzle Combustor," Combustion Science and Technology, in press. doi: 
10.1080/00102202.2020.1820495  
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(C) Technology innovation for design of gas turbine engine combustors using dynamic data-driven tools 
9. S. Ghosh, S. Mondal, E. Farnandez, J.S. Kapat, and A. Ray, "Parametric Shape Optimization of Pin-Fin 

Arrays Using a Surrogate Model based Bayesian Method," AIAA Journal of Thermophysics and Heat 
Transfer , in press. (Collaboration with University of Central Florida, Orlando, Florida) 

(D) Technology innovation in related fields using dynamic data-driven tools 
10. N.F. Ghalyan, I.F. Ghalyan and A. Ray, "Modeling of Microscope Images for Early detection of Fatigue 

Cracks in Structural Materials," The International Journal of Advanced Manufacturing Technology, 
Springer Nature, vol. 104, November 2019, pp. 3899-3913. doi: 10.1007/s00170-019-04108-z   

11. X. Chen and A. Ray, "On Singular Perturbation of Neutron Point Kinetics in the Dynamic Model of a PWR 
Nuclear Power Plant," Sci: An MDPI Journal (ISSN 2413-4155), vol. 30, no. 2, April 2020, pp. 1-10. 
doi:10.3390/sci2020030  

12. S. Mondal, D. Gwynn, A. Ray and A. Basak, "Investigation of Melt Pool Geometry Control in Additive 
Manufacturing using Hybrid Modeling," Metals: An MDPI Journal, vol. 10, no. 5, May 2020, pp. 1-24. 
doi:10.3390/met10050683  

13. S. Dharmadhikari,, E. Keller, A. Ray, and A.Basak, "A Dual-Imaging Framework for Simultaneous 
Measurements of Short and Long Crack Initiation and Propagation in Metallic Materials," International 
Journal of Fatigue , in press. doi: 10.1016/j.ijfatigue.2020.105922 

14. H. Alqatani, S. Bharadwaj, and A. Ray, "Classification of Fatigue Crack Damage in Polycrystalline Alloy 
Structures Using Convolutional Neural Networks," to appear in Engineering Failure Analysis 

Potential Applications of Research Results and Technology Transfer to DoD/Industry 
■ Potential projects for future technology transfer include:  

• Joint Strike Fighter (JSF)  
• Unmanned Compact Air System (UCAS)  
• Versatile Affordable Advanced Turbine Engines (VAATE) 
• Next Generation Product Family commercial engines.  

Coordination with AFRL and other organizations 
AFRL Collaboration POC:   Dr. Alireza Behbahani, Turbine Engine Division at WPAFB, OH 

DOD Collaboration POC Dr. Thyagaraju Damarla, Army Research Laboratory at Adelphi, MD 
Other DDDAS Project PIs:   Dr. David Miller (Grant No.FA9550-17-1-0070) 
Other Universities:   Dr. J.S. Kapat, University of Central Florida, Orlando, Florida 

Dr. A. Mukhopadhyay, Jadavpur University, India 

Research Plan for Next Year (October 2020 - September 2021) 

The research plan for the next year is outlined below: 
Theoretical Research on Dynamic Data-driven Application Systems (DDDAS): 
A summary of the theoretical research for the next year is planned in the following areas: 

1)  Continuation of the research activities on development of information fusion algorithms based on 
multimodal sensor (e.g., acoustic pressure and flame image) data for monitoring and control of 
thermo-acoustic instabilities. 

2)  Continuation of the research activities on development of robust and resilient algorithms of 
dynamic data-driven pattern recognition based on the concepts of symbolic time series analysis, 
convolutional neural network (CNN), and generalization of Markov model construction. These 
algorithms will address operations under (emulated) nominal and critical anticipated & 
unanticipated off-nominal transient conditions as well as emergency situations in typical 
combustors of aircraft gas-turbine engines.  
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3)  Continuation of the research activities including development of statistical learning with hidden 
Markov models (HMM) for sequential pattern classification, for a fast dynamic data-driven method 
to detect early onsets of thermo-acoustic instabilities. 

4)  New research on development of a reinforcement learning concept for active control of thermo-
acoustic oscillations and the concept validation on the Rijke tube experimental apparatus. 

A brief description of the new research to be conducted on the above item 4 is presented below. 

Passive controllers of combustion instabilities, which are largely restricted to acoustic dampers (e.g.  
Helmholtz resonators) and variable combustor geometry, have been extensively studied. However, 
there are significant limitations of these techniques, because of complex designs of actual combustors, 
geometry modifications are unreliable in practice. Addition of extra hardware like dampers can 
significantly increase weight of combustors and thus negatively affect the vehicle performance. 
Moreover, passive control mechanisms have a limited frequency range of application. 

The dynamics of combustion process in aircraft applications have been traditionally described by 
coupled nonlinear partial differential equations, which cause significant challenges in modeling and thus 
may render the model-based controllers unreliable. Therefore, we propose to use reinforcement 
learning algorithms to directly learn an optimal policy for active control of the secondary flame from 
data. Before applying these algorithms to actual combustors, it is logical to first evaluate their 
performance with simulation and experimental data from the Rijke tube apparatus in Figure 1 and 
Figure 2. Reinforcement learning will determine how agents ought to take actions based on the 
observations, received from environment, so that the cumulative reward is maximized. In this case, the 
controller is the agent and the combustor is the environment. The schematic plot of reinforcement 
learning for active control of combustion instabilities using the secondary heater of the Rijke tube 
apparatus is shown in Figure 3.  

 

Figure 3. Active control of combustion instabilities in the setting of cyber-physical systems 
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One of the reinforcement learning algorithms under consideration is trust region policy optimization 
(TRPO), which is a model free policy search algorithm. It directly models the control policy with a neural 
network and attempts to maximize the lower bound of the cumulative reward for each iteration. In this 
application, the controller is represented by a gated recurrent neural network. The input of the 
controller is the pressure time series observed between the current and the previous action. For 
example, the output of the controller may take one of the three preassigned values  
 
Experimental Research on Dynamic Data-driven Application Systems (DDDAS):  
The Rijke tube apparatus, constructed under AFOSR DURIP Grant No. FA9550-18-1-0135, will continue 
to serve as a test facility for experimental validation of the theoretical results for near-real-time 
monitoring and active control of combustion instabilities in aircraft gas-turbine engines. 
 
 

Appendix: Three Samples of Publications under this grant 
 
Copies of the following three journal publications under the AFOSR Grant No: FA9550-15-1-0400 

are attached in the next pages: 
 

1. C. Bhattacharya and A. Ray, "Online Discovery and Classification of Operational Regimes from 
an Ensemble of Time Series Data," to appear in ASME Journal of Dynamic Systems, 
Measurement, and Control, vol. 142, November 2020, pp. 114501 (1 to 7). doi: 
10.1115/1.4047449  

2. D.J. Miller, N.F.Ghalyan, S. Mondal and A. Ray, "HMM Conditional-Likelihood Based Change 
Detection with Strict Delay Tolerance," Mechanical Systems and Signal Processing, vol. 147, 
January 2021, pp. 10719 (1 t0 17). doi: 10.1016/j.ymssp.2020.107109 

3. C. Bhattacharya and A. Ray, "Data-driven Detection and Classification of Regimes in Chaotic 
Systems via Hidden Markov Modeling," ASME Letters in Dynamic Systems and Control, vol. 1, 
no. 2, April 2021, p. 021009 (5 pages) doi: 10.1115/1.4047817  
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Online Discovery and Classification

of Operational Regimes From

an Ensemble of Time Series Data

Chandrachur Bhattacharya
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Asok Ray
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One of the pertinent problems in decision and control of dynami-
cal systems is to identify the current operational regime of the
physical process under consideration. To this end, there has been
an upsurge in (data-driven) machine learning methods, such as
symbolic time series analysis, hidden Markov modeling, and artifi-
cial neural networks, which often rely on some form of supervised
learning based on preclassified data to construct the classifier.
However, this approach may not be adequate for dynamical sys-
tems with a variety of operational regimes and possible anoma-
lous/failure conditions. To address this issue, the technical brief
proposes a methodology, built upon the concept of symbolic time
series analysis, wherein the classifier learns to discover the pat-
terns so that the algorithms can train themselves online while
simultaneously functioning as a classifier. The efficacy of the
methodology is demonstrated on time series of: (i) synthetic data
from an unforced Van der Pol equation and (ii) pressure oscilla-
tion data from an experimental Rijke tube apparatus that emulates
the thermoacoustics in real-life combustors where the process
dynamics undergoes changes from the stable regime to an unsta-
ble regime and vice versa via transition to transient regimes. The
underlying algorithms are capable of accurately learning and
capturing the various regimes online in a (primarily) unsuper-
vised manner. [DOI: 10.1115/1.4047449]

Keywords: pattern discovery and classification, symbolic
dynamics, anomaly detection

1 Introduction

Large-scale dynamical systems, depending on their complexity,
may exhibit a variety of operational regimes and a number of pos-
sible anomalous/failure conditions. Thus, when a control com-
mand is issued, it needs to be conditioned on both present and
intended operational regimes. Accordingly, traditional classifica-
tion techniques are often based on the concept of supervised learn-
ing, wherein the classifier is trained on labeled data corresponding
to various regimes and anomalous characteristics of the underly-
ing process.

Pattern recognition is a mature field of research, which has
found its applications in many aspects of machine learning. Sev-
eral methods [1,2] exist for identification of various classes that
the observed data emanate from. Many researchers have made use
of several machine learning techniques for time series

classification in diverse applications. Bagnall et al. [3] have
reported a comprehensive review of time series analysis for online
detection, classification, and decision and control. Sugimura and
Matsumoto [4] have reported feature extraction from time series
to generate a decision tree for pattern classification. The concepts
of reduced-order Markov modeling and probabilistic finite state
automata (PFSA) have been studied for analysis of combustion
instabilities [5], failure prognosis of structural materials [6] and
rolling-element bearings [7], as well as usage of sensor networks
for detection of moving targets [8]. Several researchers have also
used deep neural networks [9] as well as recurrent neural networks
for time series classification [10]. However, not all of these tech-
niques are suitable for online detection, which requires real-time
classification (e.g., by using as short a time series window as pos-
sible). Online regime detection and classification have been dem-
onstrated by Mondal et al. [11], in the setting of hidden Markov
models and by Lim and Harrison [12] in the setting of neural net-
works, for example.

In a vast majority of the methods mentioned previously, the
models are trained offline (i.e., no simultaneous learning and clas-
sification). Furthermore, all of the above algorithms belong to the
category of supervised or semisupervised learning in the sense
that they need labeled data, where the labeling is done by (human)
domain experts. Even when using an unsupervised technique such
as K-means [2] for time series analysis [13], a human expert must
decide the number of regimes (i.e., the parameter K). Other algo-
rithms such as Gaussian mixture models are also used for learning
subclasses in populations; however, for this approach to work,
data from all possible classes need to be considered during offline
training. These methods are flexible for learning multiple classes
only if a human supervisor pre-informs the algorithm about the
actual number of classes the given data needs to be divided into.
In such a situation, if the algorithm comes across a hitherto unfa-
miliar anomaly or signal during the online classification phase, it
may misclassify the operation as one of the trained regimes.
Often, it is not possible to have a training dataset containing all
possible events, especially in systems that may be subjected to
occurrence of rare events.

This technical brief proposes a low-computational-cost method-
ology that is built upon a concept that adaptively learns new pat-
terns and signal forms in an online fashion (i.e., in real-time)
without the need to know the total number of classes a priori. The
efficacy of the proposed methodology is demonstrated on both
synthetic data from an unforced Van der Pol oscillator and experi-
mental data of pressure time series from an electrically heated
Rijke tube apparatus [11,14,15] that emulates thermoacoustic
instabilities (TAI) in real-life combustors, which can lead to fail-
ure of mechanical structures, loud noise, and flow-reversal in the
combustion system. From these perspectives, major contributions
of the technical brief are delineated below.

� Novelty of the algorithms: The classifier is trained offline
only on a single ensemble of time series data corresponding
to an a priori known regime. Subsequently, other regimes
are autonomously identified and learned as they are encoun-
tered online, which enable the algorithms to decide whether
or not a block of time series belongs to one of the trained
regimes.

� Experimental validation: The proposed algorithms have
been tested and validated with time series of both synthetic
data and experimental data to establish their feasibility for
potential commercial applications.

2 Mathematical Theory

Before embarking on an explanation of the proposed algo-
rithms, it is necessary to provide the background for construction
of PFSA (see Sec. 2.1) [16,17] and D-Markov machines (see
Sec. 2.2) [18].
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2.1 Probabilistic Finite State Automata. Time series of the
measured signal is quantized and then symbolized as a symbol
string. In this process, the signal space is partitioned into a finite
number of cells, where the cardinality jRj of the (symbol) alphabet
R is identically equal to the number of cells. A symbol from the
alphabet R is assigned to each (signal) value corresponding to the
cell to which it belongs [19,20]; the details are reported in Ref.
[18]. Thus, a symbol is associated with a data point at a given
instant of time when the value of that data point is located in the
particular cell corresponding to that symbol. The following defini-
tions, which are available in standard literature (e.g., Refs. [16]
and [18]), are recalled for completeness of the technical brief.

DEFINITION 1. A finite state automaton (FSA) G, having a deter-
ministic algebraic structure, is a triple ðR;Q; dÞ where:

� R is a (nonempty) finite alphabet, i.e., its cardinality jRj is a
positive integer.

� Q is a (nonempty) finite set of states, i.e., its cardinality jQj
is a positive integer.

� d : Q� R! Q is a state transition map.

DEFINITION 2. A symbol block, also called a word, is a finite
length string of symbols belonging to the alphabet R, where the
length of a word w¢s1s2 � � � s‘ with every si 2 R is jwj ¼ ‘, and
the length of the empty word � is j�j ¼ 0. The parameters of FSA
are extended as:

� The set of all words, constructed from symbols in R and
including the empty word �, is denoted as R?.

� The set of all words, whose suffix (respectively, prefix) is the
word w, is denoted as R?w (respectively, wR?).

� The set of all words of (finite) length ‘, where ‘ is a positive
integer, is denoted as R‘.

Remark 3. A symbol string (or word) is generated from a (finite
length) time series by symbolization.

DEFINITION 4. A PFSA K is a pair ðG; pÞ, where:

� The deterministic FSA G is called the underlying FSA of the
PFSA K.

� The probability map p : Q� R! ½0; 1� is called the morph
function (also known as symbol generation probability func-
tion) that satisfies the condition:

P
r2R pðq; rÞ ¼ 1 for all

q 2 Q.
� The ðjQj � jRjÞ morph matrix P, which is converted into

the ðjQjjRj � 1Þ morph vector � to serve as a feature in the
sequel, is generated by the morph function p.

Equivalently, a PFSA is a quadruple K ¼ ðR;Q; d; pÞ.

2.2 D-Markov Machines. The PFSA representation of a D-
Markov machine generates symbol strings fs1s2 � � � s‘ : ‘ 2
Nþ and sj 2 Rg on the underlying Markov process. In the con-
struction of a D-Markov machine, it is assumed that the genera-
tion of the next symbol depends only on a finite history of at most
D consecutive symbols, i.e., a symbol block of length not exceed-
ing length D. A D-Markov machine [18] is defined as follows.

DEFINITION 5. A D-Markov machine [16] is a PFSA in the sense
of Definition 4 and it generates symbols that solely depend on the
(most recent) history of at most D consecutive symbols, where the
positive integer D is called the depth of the machine. Equivalently,
a D-Markov machine is a statistically stationary stochastic process
S ¼ � � � s�1s0s1 � � �, where the probability of occurrence of a new
symbol depends only on the last consecutive (at most) D symbols,
i.e.,

P½snj � � � sn�D � � � sn�1� ¼ P½snjsn�D � � � sn�1� (1)

Consequently, for w 2 RD (see Definition 2), the equivalence class
R?w of all (finite length) words, whose suffix is w, is qualified to
be a D-Markov state that is denoted as w.

As the proposed D-Markov algorithms need a uniform dimen-
sion of the feature vectors, the concept of state-merging [18] has
not been included. There are four primary parameters in the algo-
rithms as enumerated below:

(1) Alphabet size (jRj): Larger is the alphabet size, more dis-
tinct are the different regimes, but more training data would
be needed. There are several algorithms for selection of the
optimal alphabet size (e.g., Ref. [21]); but, to demonstrate
efficacy of the algorithms, an alphabet size jRj ¼ 16 is cho-
sen in the technical brief for the synthetic dataset and an
alphabet size jRj ¼ 6 for the experimental dataset. The
choice of alphabet size is dependent primarily on how
closely spaced the data are from each regime, with higher
alphabet sizes typically yielding better regime separability
(if needed).

(2) Partitioning method: While there are many data partition-
ing techniques, maximum entropy partitioning (MEP)
[18–20], which is a commonly used partitioning technique,
has been chosen in this technical brief.
Depth (D) in the D-Markov machine: Higher values of the
positive integer D may lead to better results at the expense
of increased computational time due to larger dimension of
the space and need for more training. In this technical brief,
D¼ 1 has been chosen in order to keep lower word lengths
and smaller PFSAs, which lead to faster training and
testing.

(3) Choice of feature: The feature needs to be one that best
captures the nature (e.g., texture) of the signal. The morph
vector � (see Definition 4) has been chosen in this technical
brief as the feature, because it is not only easily computed
but also captures pertinent dynamics embedded in the
signal.

3 The Proposed Algorithms

To address the problem of online discovery and classification
of operational regimes, the proposed algorithms are first executed
upon a time series at a given time epoch, not in its entirety, but in
a windowed fashion with or without an overlap. The algorithms
require only a single regime to be labeled, where a (human) expert
is required to label a part of the ensemble of training time series
data, which corresponds to a specific regime, called the base
regime. Typically, this regime would represent the nominal oper-
ating condition of the physical process under consideration; how-
ever, it is not restricted to be so.

The algorithms have two learning phases: the first is the (off-
line) learning/training phase of the base regime and the second is
the (online) discovery-classification phase for learning and classi-
fying the remaining regimes.

3.1 Learning the Base Regime. A windowed segment of
time series from the training data (e.g., corresponding to the base
regime) is first analyzed. Each segment is symbolized by MEP
[19] with a preset alphabet size, followed by construction of a
PFSA1 as described in Sec. 2. The boundaries of MEP are com-
puted for every window. Training is done for assigned time series,
where each time series possibly comprises of multiple windowed
segments and the corresponding morph vector serves as the fea-
ture of each windowed time series, and is stored. After training,
the mean of all morph vectors is taken as the centroid correspond-
ing to the regime under consideration in the higher dimensional
space, similar to what is done in K-means [1]. The Euclidean dis-
tance jj•jje of each of the training morph vectors from the base
centroid is obtained as

1The PFSA codes used in this paper are developed in-house by the authors and
are available at: https://github.com/Chandrachur92/PFSA
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di
j ¼ jjCj � vi

jjje; i ¼ 1;…;Nj (2)

where vi
j is the morph vector of segment i in regime j (¼ 1 for this

phase), and Cj is the centroid of regime j defined as:

Cj¢
1
Nj

PNj

i¼1 vi
j. It is noted that the segment number i runs from 1

to Nj, which is the number of windowed segments used to train
regime j. A neighborhood of the base regime (i.e., j¼ 1) is gener-
ated about its centroid with radius q1 that is computed by setting
j¼ 1 in the following equation:

qj ¼
1

Nj

XNj

i¼1

di
j þ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNj

i¼1

di
j

� �2

Nj � 1

vuuuut
(3)

where the first term on the right hand of Eq. (3) is the mean of all
distances in regime j, and the second term is the standard devia-
tion multiplied by a user-selected parameter c. The rationale for
choosing the specific structure in Eq. (3) is that the distribution of
di

j is assumed to be nearly Gaussian, because the cumulative
effects of many independent random variables in the construction
of a PFSA tend to yield a Gaussian distribution. For a Gaussian
distribution, the 4r band contains almost 100% of the data and
also ensures that obvious spurious outliers do not contaminate the
estimate of the radius; the parameter c¼ 4 is chosen in this techni-
cal brief. However, for a non-Gaussian (e.g., fat-tailed) distribu-
tion, c should be appropriately chosen.

It is noted that, at the end of this primary training, the algo-
rithms are only aware of the feature centroid and neighborhood
corresponding only to the base regime and are unaware of any
other regimes (e.g., anomalies or other operational states). At this
point, the number of trained regimes is T¼ 1.

3.2 Online Discovery and Classification. The algorithms
executes on a window of data, hereafter referred to as a data seg-
ment, from an unknown time series. The partitioning parameters
of MEP are recomputed with the same alphabet size to construct a
PFSA from the data segment and to compute the morph vector to
serve as an extracted feature. If the morph vector is within the
neighborhood of a known regime, the time-window is classified to
belong to that regime; otherwise, the algorithms treat the data seg-
ment as belonging to a newly discovered regime.

The algorithms keep track of the number of segments that they
receive corresponding to the new regime and store the feature vec-
tor for each data segment; it is noted that the segments need not
be observed consecutively. As the algorithms discover a new
regime, the feature vector (v1

new) is taken to be the initial guess for
the centroid of the new regime (Cnew). However, there may not be
enough data to estimate the radius of the neighborhood. To allow
for larger initial search regions, the parameters, aj > 1, are defined
as follows:

aj¢

1

Nj

XNj

i¼1

di
j þ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNj

i¼1

di
j

� �2

Nj � 1

vuuuut

1

Nj

XNj

i¼1

di
j � b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNj

i¼1

di
j

� �2

Nj � 1

vuuuut
; j ¼ 1; 2;…;T (4)

where T is the number of trained regimes and the user-set parame-
ter b determines how much of the symmetric tail of the probability
density is removed. The value of the parameter b ¼ 1:5 has been
used for both the cases (i.e., synthetic data and Rijke tube data) in
Sec. 4. For each trained regime, aj is computed, and a single
parameter a is obtained as the minimum of a1 (corresponding to

the base regime j¼ 1) and the average of aj for all T trained
regimes

a¢min a1;
1

T

XT

j¼1

aj

0
@

1
A (5)

A restriction a1 � ða1Þmin is imposed to ensure numerical stabil-
ity, where the user-set lower bound is selected in this paper as
ða1Þmin ¼ 1:5.

Now, the yet unknown radius, (qnew), of a newly discovered
regime is initially assigned a value computed as the mean of qj’s,
over all T trained regimes, multiplied by the factor a (see Eq. (5)),
as below:

qnew ¼
a
T

XT

j¼1

qj as the first initialð Þ guess (6)

For the subsequent ðM1 � 1Þ online training segments, (where
M1 � 1 is a user-defined parameter) the radius qnew is updated as

qnew  
qnewNnew þ a jjCnew � vNnew

new jje
Nnew þ 1

� �
(7)

where Nnew is number of segments in the discovered regime; and
vNnew

new is the observed morph vector from the Nnewth segment that
was classified to belong to the “new” discovered regime.

The procedure in Eqs. (6) and (7) allows for larger initial search
regions until the algorithms yield a better estimate of the radius of
the new regime. This is necessary because each regime may have
a different variance and would need a different neighborhood for
accurate classification. The updating of a in Eq. (5) ensures that,
as the algorithms become more confident, it attempts to make less
conservative (i.e., tighter) estimates of the neighborhood radius.

The next M2 online training segments, where M2 is also a user-
set parameter, the radius qnew is updated as

qnew  
1

Nnew

XNnew

i¼1

di
new þ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNnew

i¼1

di
new

� �2

Nnew � 1

vuuuut
(8)

For each of the above ðM1 þM2Þ online training segments, the
centroid of the regime is shifted as Cnew¢ 1

Nnew

PNnew

i¼1 vi
new as the

mean of all observed feature vectors of that regime changes.
Once the number of training segments in a given regime

reaches the set number of M1 þM2, the training for that regime is
deemed completed and no further parameter updating occurs for
that regime. The values of M1 and M2 largely determine how long
the algorithms will consider a given detected regime as untrained.
Low values of M1 and M2 may degrade the quality of training. On
the other hand, high values of M1, and M2 would enhance learning
in general; however, it may cause poor learning in the presence of
an unknown regime (e.g., a rare event) occurring for a short dura-
tion, because of insufficient data.

In the event that a feature vector of an observed segment (vobs)
lies in the intersection of two or more yet untrained regimes, the
segment is assigned to the regime, in which it has a higher proba-
bility of belonging to, as described below:

classified regime ¼ arg max
j

jjCj � vobsjje
qj

 !
(9)

After the classifier has seen most of the typical regimes, it can
decide on one of these regimes or detect a new regime. These
algorithms are capable of learning and augmenting the regime
library, and the operation can be executed in real-time for simulta-
neous learning and classification.
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The pseudo-code of Algorithm 1 describes the first phase of
base regime training, which is repeatedly followed by the second
phase of discovery and classification for each new segment of
time series as described in the pseudo-code of Algorithm 2.

Remark 6. The proposed method is also capable of merging
regimes when they are too close to each other. This task of merging
is achieved by checking if the new centroid of an untrained regime
lies within the neighborhoods of any trained regime. In that case, all
morph vectors corresponding to the untrained regime are assigned to
the trained regime and the new values of centroid and radius of the
amalgamated regime is recomputed using Eqs. (4)–(8).

Algorithm 1 Base regime training from ensemble of data

Input: Time series dataset corresponding to the base regime
Initialization: (#segments in base regime dataset) N1; (#untrained
regimes) U¼ 0; (#trained regimes) T¼ 1

User-set parameters: b, c, and ða1Þmin

Output: Base regime information: Centroid C1; Neighborhood radius
q1; (#Segments) N1; Parameters a1 and a

1: for i¼ 1 to N1 do

2: Symbolize time series segment i and generate PFSA

3: Store morph vector vi
1 as the extracted feature

4: end for

5: C1 ¼
1

N1

XN1

i¼1

vi
1

6: for i¼ 1 to N1 do

7: di
1 ¼ jjC1 � vi

1jje % Euclidean norm

8: end for

9: q1 ¼
1

N1

XN1

i¼1

di
1 þ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN1

i¼1

ðdi
1Þ

2

N1 � 1

vuuut

10: a1 ¼ max ða1Þmin;

1
N1

PN1

i¼1

di
1
þb

ffiffiffiffiffiffiffiffiffiffiffiffiPN1

i¼1

ðdi
1
Þ2

N1�1

s

1
N1

PN1

i¼1

di
1
�b

ffiffiffiffiffiffiffiffiffiffiffiffiPN1

i¼1

ðdi
1
Þ2

N1�1

s
0
BBBBBB@

1
CCCCCCA

11: a ¼ a1

12: return C1, q1, N1, a1, a

Algorithm 2 Regime identification from time series window

Input: Time series data segment windowed from the process

Initialization: (# Untrained regimes) U; (# Trained regimes) T;
Parameter a1 generated in Algorithm 1; Parameter a generated in
Algorithm 1 and possibly updated in a previous execution of Algo-
rithm 2; (# Segments) Nj, Centroid Cj, and neighborhood radius qj,
j ¼ 1;…;U þ T

User-set parameters: b, c, M1 and M2

Output: Regime that the time series data belong to (i.e., the classified
regime); (# Untrained regimes) U; (# Trained regimes) T; Centroid Cj

and neighborhood radius qj, j ¼ 1;…;U þ T; Parameter a

1: Symbolize time series and generate D-Markov Machine

2: Extract morph vector vnew to serve as a feature

3: for j¼ 1 to ðT þ UÞ do

4: if jjCj � vjje � qj then

5: if Nj > ðM1 þM2Þ then

6: Classified regime¼ j % as trained regime j

7: else

8: Cj¼ 1
Njþ1

XNj

i¼1

vi
j þ vnew

0
@

1
A

9: d
Njþ1

j ¼ jjCj � vnewjje and v
Njþ1

j ¼ vnew

10: for i¼ 1 to Nj do

11: di
j ¼ jjCj � vi

jjje % Euclidean norm

12: end for

13: if Nj � M1 then

14: qj  
qjNjþa d

Njþ1

j

Njþ1

15: Nj ¼ Nj þ 1

16: else if M1 < Nj < M2 then

17: Nj ¼ Nj þ 1

18: qj ¼
1

Nj

XNj

i¼1

di
j þ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNj

i¼1

ðdi
jÞ

2

Nj � 1

vuuuut
19: end if

20: if Nj � M1 þM2 then

21: T  T þ 1 %#trained regime increased by 1

22: U  U � 1 %#untrained regime decreased by 1

23: for ~j ¼ 1 to T do

24: a~j ¼

1

N~j

XN~j

i¼1

di
~j
þ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN~j

i¼1

ðdi
~j
Þ2

N~j � 1

vuuuut

1

N~j

XN~j

i¼1

di
~j
� b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN~j

i¼1

ðdi
~j
Þ2

N~j � 1

vuuuut
25: end for

26: a ¼ min a1;
1

T

XT

~j¼1

a~j

0
@

1
A

27: end if

28: Classified regime¼ j % as untrained regime j

29: end if

30: else

31: NTþUþ1 ¼ 1 ZNTþUþ1 ¼ 1; CTþUþ1 ¼ v; qTþUþ1 ¼ a� 1

T

XT

j¼1

qj

32: Classified regime¼T þU þ 1 % as a new regime

33: U ¼ U þ 1 %#untrained regime increased by 1

34: end if

35: end for

36: return Classified regime

4 Results and Discussion

This section addresses testing and validation of the proposed
algorithms, where time series data have been obtained from two
sources. The first source is synthetically designed using the
(unforced) Van der Pol equation [22], wherein the change-points
are very firmly defined. The second source generates an ensemble
of experimental data of pressure oscillations, collected from an
electrically heated Rijke tube apparatus [11,23], where the opera-
tional regimes of the physical process are changed from stable to
unstable and vice versa through various stages of transience.

4.1 Synthetic Data. The synthetic time series consist of data
points of length 50,000 corresponding to an observation period of
10,000 s at a sampling frequency of 5 Hz. This ensemble of data-
sets is constructed from the standard unforced Van der Pol oscilla-
tor whose governing equation is given below:

d2y

dt2
þ l y2 � 1
� � dy

dt
þ y ¼ 0 for l > 0 (10)

The generated dataset comprises of four regimes, each corre-
sponding to a distinct value of the damping parameter l, where l
takes the values of 0:1; 1:0; 1:5, and 2.5. The change-points have
been randomly selected for each time series that has at most nine
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sections, where each section has any one of the above regimes
randomly assigned to it. Sixty such time series have been gener-
ated. This ensemble of time series serves as the ground truth for
testing the proposed algorithms, because it is generated by a
known algorithm with specified regimes and the associated
change-points. In order to verify whether an algorithm is working
as expected, the ensemble of time series is split into three parts:
(i) the first part (30% of total data) for training the base regime,
which is randomly chosen as any one of the above-mentioned four
regimes, (ii) the second part (60% of total data) to learn the other
regimes online, and (iii) the third part (the remaining 10% of total
data) to test whether the regimes have been learned correctly by
verification against the ground truth.

For conversion of the time series into online data, individual
datasets are windowed, with the windowing occurring every 100
data points and each window having a size of 1000 data points. In
this analysis, the PFSA has an alphabet size jRj ¼ 16 and depth
D¼ 1. Values of the parameters M1 and M2 have been chosen as
50 and 250, respectively. The average error has been computed
over 20 different runs, where each of these runs is executed on a

newly generated dataset, a new randomly selected base regime,
and newly trained algorithm centroids and radii.

The results are presented in Table 1 as a confusion matrix,
where the failure to correctly identify a classified regime (i.e., the
algorithms erroneously deciding that the given data belongs to
none of the four actual regimes) is called an error (regime 5), with
the algorithms having an overall average error-rate below 10%.
This is considered to be a low error because the assigned regimes
are very close to each other in the feature space. While the algo-
rithms could have identified more than four regimes in the first
few trials, it has been capable of refining the results to the four
true regimes by merging of regimes in subsequent runs.

4.2 Experimental Rijke Tube Data. This subsection demon-
strates the efficacy of the proposed methodology by showing its
capability to perform on an emulated real-life problem. To this
end, the underlying algorithms have been tested and validated on
experimental data of pressure time series from an electrically
heated Rijke tube apparatus [11,23]. The Rijke tube [14] is a
commonly used experimental apparatus that emulates the phe-
nomena of TAI [15] encountered in real-life gas-turbine combus-
tors. It is known that occurrence of TAI can be detrimental to the
safe operation and health of a combustor. Thus, there is a need to
be able to detect and identify the regime that the combustor is
presently operating at and identify the transient regime,
wherein the combustor is expected to move either from a stable
regime to an unstable regime or vice versa. Regime identification
is also the first step to perform monitoring and control on the
combustor system. Several techniques have been suggested
for detection of TAI using different algorithms (e.g., Refs. [5],
[11], [24], and [25] to name a few). However, as mentioned in
Sec. 1, all these techniques need the assistance of a human expert

Table 1 Confusion matrix: regime classification using syn-
thetic data

Classified As

True regime Regime 1 Regime 2 Regime 3 Regime 4 Regime 5 (error)

Regime 1 89.14% 0.1% 3.66% 0.1% 7.00%
Regime 2 0.19% 84.27% 7.18% 0.23% 8.13%
Regime 3 0.06% 0.67% 93.11% 0.34% 5.82%
Regime 4 0.11% 0.11% 2.75% 93.95% 3.08%

Fig. 1 Detection and classification from Rijke tube data: (a) time series 1 with separate transient regimes, (b)
time series 1 with amalgamated transient regimes, (c) time series 2 with separate transient regimes, and (d) time
series 2 with amalgamated transient regimes
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for classifying the training samples and to create appropriate
labels.

The Rijke tube apparatus, described by Mondal et al. [11], has
been used to generate transient signals described above. In this
work, the detection algorithms are trained for the nominal stable
condition as the base regime. Using the methodology described
above, other transient and unstable regimes are identified as
shown in Fig. 1.

The ensemble of data consists of a total 40 time series that were
collected at a sampling rate of 8192 Hz and subsequently filtered
with a cut-off frequency of 40 Hz [11]. Then, data windowing has
been done at 	10 Hz, i.e., the length of each data window is
	800. The time series is split into three groups, 20% of total data
for training the base regime (i.e., regime 1), 70% for online iden-
tification, and the remaining 10% for testing.

The D-Markov machines (see Sec. 2.2) have been constructed
from the ensemble of above windowed data with an alphabet size
jRj ¼ 6 and depth D¼ 1. The parameters M1 and M2 (see Sec.
3.2) have been chosen as 20 and 180, respectively; the rationale
for choosing these low values is that transience occurs over a very
short time span and so the algorithms need to train quickly (e.g.,
within 36 datasets), and the reduced values of M1 and M2 achieve
the goal. In this process, there is no available ground truth as to
when the transient state begins and ends. Various researchers have
used different approximations for deciding the change-points for
similar events. For example, a cumulative sum approach has been
commonly used to approximately determine the change-points
([11]), for which the regimes identified by the algorithm have
been cross-checked.

The four plates in Fig. 1 show regime predictions for two sets
of time series of experimental data. The two left-hand plates, (a)
and (c), in Fig. 1 show the actual regimes (i.e., the a priori esti-
mated ground truth) for the time series 1 and 2, respectively. The
objective here is to identify the change of regime from stable to
transient and then to unstable. In this study, the algorithms also
identify a transient regime that is not apparent otherwise. In the
right-hand images in the plates, (b) and (d), of Fig. 1, the two pre-
dicted transient regimes have been amalgamated into a single
transient regime for ease of comparison with the estimated ground
truth, where it is seen that the ground truth and the predictions
match closely, but not perfectly, because the ground truth itself
may be flawed. However, the algorithms are capable of correctly
detecting the changes and still have good accuracy, especially in
identifying the learned unstable regime. This is seen in the confu-
sion matrix (computed as an average over four test series across
20 repeated runs) in Table 2. Figure 1 also shows that the algo-
rithms identify the most important change (i.e., from stable to
transient states nearly perfectly). This capability is very useful for
initiating a control action to prevent instability, because the tran-
sient regime is where the active controller should quench the pres-
sure oscillations as early as possible.

5 Summary, Conclusions, and Future Work

This technical brief has developed a (partially) unsupervised
methodology for online identification and classification of opera-
tional regimes in dynamical systems. An objective here is to dis-
cover new regimes in an online fashion, based on the a priori
knowledge of only a single selected regime. Although the pro-
posed method constructs centroids and regime-radii (in the feature
space) representing each regime, it is not iterative like the

standard K-means [1,2] and thus can be used for online discovery.
As a new time series from an unknown regime is observed, the
algorithm is updated online (without the need to iterate) until the
regime model converges. The underlying algorithms have been
tested and validated with synthetic data from an unforced Van der
Pol equation and also with experimental data from an electrically
heated Rijke tube apparatus that emulates pressure oscillations in
real-life combustors.

While there are many areas of theoretical and experimental
research, which must be investigated before the proposed method-
ology can be implemented in real-life applications, the following
topics of future research are suggested.

� Enhancement of the algorithms to accommodate smaller
data window lengths, i.e., faster detection and identification
of regimes.

� Modification of the algorithms for guaranteed robustness to
noise and uncertainties.

� Usage of other machine learning tools (e.g., hidden Markov
models, Gaussian process modeling or neural networks
[1,2]) as alternatives to symbolic dynamics.

� Verification of the algorithms’ efficacy to be able to classify
other standard dynamical systems, especially chaotic sys-
tems like the forced Van der Pol oscillator and the R€ossler
dynamical system.

� Autonomous learning of the algorithms’ hyper-parameters,
namely jRj, c, b, ða1Þmin, M1, and M2.

� Further investigation within a sensor fusion framework to
improve identification of unforeseen regimes that may
emerge under rare events.
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Hidden Markov models (HMMs) have been widely used for anomaly and change point
detection due to their representation power and computational efficiency in capturing sta-
tistical dependencies in time series. However, often information is integrated over rela-
tively long observation windows, with detections made when the observed sequence’s
likelihood under the (null) HMM deviates significantly from its typical range. Three related
limitations are: i) use of long windows entails large decision delay, which may e.g. fail to
prevent machine failure/damage; ii) typical approaches do not narrowly identify an inter-
val within which the change point occurred. Such information could be useful e.g. for pro-
cess control, where one wants to know how long it takes for control inputs to induce
desired change points; iii) The decision statistic is usually the likelihood of the data in
the current window, without consideration of past observations. This is suboptimal – this
likelihood should be conditioned on past observations to optimally account for statistical
dependency in the time series. In this paper, we propose a framework for change point
detection which overcomes all of these limitations: i) it applies a standard HMM
Forward recursion, but used to evaluate the likelihood of an observation subsequence con-
ditioned on the subsequence’s entire past. This approach is used to efficiently evaluate the
conditional likelihoods of all intervals of fixed length (hence with fixed delay, d), until a
change point is first detected. Here d is a design parameter whose proper value (needed
to have a quick response/mitigate damage) may be known for a given application domain;
ii) the algorithm narrowly estimates the interval within which a detected change point lies;
iii) we propose a novel performance criterion well-matched to low-delay, narrowly local-
ized change point detection – the true detection interval rate (TDIR) – and also evaluate the
false positive rate (FPR) and the bias and variance of the estimated change point, all as a
function of d. The proposed method is shown to outperform a CUSUM algorithm, symbolic
time series analysis (STSA) methods, and a standard HMM method (evaluating the uncon-
ditioned likelihood) for instability onset in combustion systems and fatigue failure initia-
tion in a material.

� 2020 Elsevier Ltd. All rights reserved.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ymssp.2020.107109&domain=pdf
https://doi.org/10.1016/j.ymssp.2020.107109
mailto:djmiller@engr.psu.edu
https://doi.org/10.1016/j.ymssp.2020.107109
http://www.sciencedirect.com/science/journal/08883270
http://www.elsevier.com/locate/ymssp


2 D.J. Miller et al. /Mechanical Systems and Signal Processing 147 (2021) 107109
1. Introduction

1.1. Detection literature review

Change point detection [1] has important applications e.g. to speech recognition, radar systems, condition-based main-
tenance, fatigue failure detection, geology signals, and even to DNA analysis and malware detection (see, e.g., [2,3] and ref-
erences therein). If the distribution of observations before a change point occurs (the null distribution) and the distribution
after a change point are both known, the problem can be treated e.g. as a standard (two-class) hypothesis testing problem.
However, as is more realistic in practice, the distribution after change is typically unknown. In this case, change point detec-
tion involves choosing a cost function that measures goodness-of-fit of the generated time series to the null model, and iden-
tifying signal segments for which the goodness of fit falls below a threshold. One of the standard methods is the cumulative
sum (CUSUM) technique, developed by Page [4], which has been widely used [5–7]. CUSUM is a sequential method which
involves the calculation of a cumulative statistic, thresholded to decide whether a change has occurred or not. The decision
threshold can be chosen to fix the false alarm rate based on a collection of time series for which it is known that no change
point has occurred. In another approach, Bai and Perron [8] considered a time series generated by a linear regression model
that undergoes multiple structural changes (breaks) at unknown times with the goodness of fit the sum of squared residuals
between the regression model outputs and the observed time series. Later, in [9] they addressed the problem of estimating
the change points, introducing a computationally-efficient algorithm that finds the global minimum of the sum of squared
residuals using dynamic programming. Bai [10] also proposed a likelihood-ratio model that can detect multiple structural
changes in (generally non-stationary) regression models based on hypothesis testing. The null hypothesis is that there are
l (known or estimated) breaks in the time series, while the alternative hypothesis is that there are lþ 1 breaks. When
l ¼ 0 a single break/change point is sought.

The approach in [9] considers the entire time series in making change point detections and thus imposes no constraint on
the amount of allowed delay in making detections. In many applications, detection needs to be achieved with low delay and/
or using short observation windows, e.g. in order to trigger machine damage mitigation. If the true change point occurs at
time s, detection should occur using observations only up to time sþ d, where d, a delay tolerance design parameter, is cho-
sen sufficiently small that detection can result in e.g. expedient damage mitigation. The maximum tolerable value of d may
in fact be known for a given application based on past experience [11]. While some detection algorithms such as CUSUM
possess optimality properties in minimizing the expected detection delay (given a fixed false positive detection rate)
[6,12], this is not the same as the strict delay requirement (d) considered here – achieving an average detection delay of
d, or even a value significantly below d, does not ensure that the probability of detection delay exceeding d is small. More-
over, such optimality results assume something is known about the distribution after change, e.g. that the distribution para-
metric form is the same, post-change, but with a change in the mean parameter, or the variance parameter. More generally,
nothing is known about the post-change distribution. Moreover, since d may be very small, a generalized likelihood ratio
detection framework, where one estimates the putative distribution post-change and uses it in a likelihood ratio test,
may not be feasible, since there will in general be too few observations (d) post-change to accurately estimate the post-
change distribution.

Various scenarios are considered in the change point detection literature. First, as aforementioned, one may have knowl-
edge of the observed data distribution both before and after a change has occurred [6]. We do not assume such information
here. Second, there may be at most one change point or possibly multiple change points (each possibly to different states,
with different data distributions). In the latter case, if there is no delay requirement, one can view the problem as signal seg-
mentation given the whole observed time series [6], as is done in [9]. In [11], the authors distinguish a quickest change
detection (QCD) problem and a transient change detection (TCD) problem. In the former, the duration of the change state
is infinite, whereas in the latter, the duration of the change state is finite, before a return to the null/normal state or perhaps
to a failure state. In this latter (TCD) problem setting, for particular applications, strict detection delay tolerance is needed,
while strict delay tolerance is not usually considered in the QCD setting. Some works that establish theoretically optimal
detectors, minimizing average detection delay, again based on knowledge of what statistics are changing, include [13,14].
In this work, we address detection problems where the change state duration may be finite or infinite; regardless, we impose
strict delay tolerance in order to ensure that true detections will allow damage mitigation. More specifically, we consider a
non-Bayesian scenario1 that well-captures certain machine/process failure for condition-based maintenance applications: the
machine is first operating in a normal state and may continue to do so for its entire operating cycle. Alternatively, at some point,
there may be a change to an abnormal state. This abnormal state may itself be a system fault/failure state or it may be a tran-
sient state prior to entering fault/failure. Either way, there is no transition back to the normal state. The former case is a QCD
problem and the latter essentially a TCD one because the duration of the (transient) change state is finite.2 Irrespective, strict
detection delay tolerance may be needed to ensure that damage mitigation (or recovery of normal state) is possible.
1 The change point treated as deterministic but unknown, i.e. even if the change point is random we have no knowledge of its distribution.
2 It may be possible to force the system back to the normal state if a proper control action is made in a timely fashion (although in this paper we are not

addressing such control actions, and therefore in our case the final transition is to a failure state, not back to the normal state).
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1.2. STSA-based detection

Symbolic time series analysis (STSA) has been efficiently used for anomaly detection [15–19]. In STSA, the time series is
converted to a symbol sequence from a finite-cardinality alphabetA. The resulting discrete-valued sequence is modeled as a
Probabilistic Finite State Automata [20] (PFSA) that mirrors (tracks) the original discrete-time dynamical system [21]. The
PFSA states are concatenations of symbols from A. Anomaly detection using STSA is done by first training a null PFSA on
data generated from the nominal phase. The resulting states’ stationary probability vector is used as a null phase ”reference”.
Once new data arrives, a new PFSA is constructed, whose states’ stationary probability vector is computed and compared
with that of the null. Based on the Kullback–Leibler ”distance” between these two vectors, an anomaly is declared if this dis-
tance exceeds a user-defined threshold. One main drawback of STSA anomaly detection is that it discards information in the
initial discretization (quantization) step that yields a (finite cardinality) symbol sequence.

1.3. HMM-based detection

Alternatively, Hidden Markov models (HMMs) have been widely used for both change point and anomaly detection (AD)
in diverse applications (see e.g. [22–35]). In contrast to STSA, HMMs exploit a latent discrete symbol sequence representation
that does not require (hard, information-lossy) quantization of the time series. Moreover, in HMMs one sums over all pos-
sible discrete state sequences, in evaluating the log-likelihood fit of the observed data to the (null) model, unlike in STSA – an
HMM’s joint probability (or joint likelihood) for an observation sequence xn:nþM ¼ xn; xnþ1; . . . ; xnþMð Þ, starting at time n, is
found by marginalizing over the set of all possible hidden state sequences. This computation is made efficiently via the iter-
ative Forward algorithm [36], which can be used to assign likelihoods to observation sequences in an on-line manner, as each
observation arrives. In an AD setting the (null) HMMmodel is trained using observed time series known to represent normal
behavior (using the same (null phase) data used to estimate a null STSA model). Then, when the HMM is applied opera-
tionally, if a change point occurs within an observation sequence, the likelihood under the HMM of an observed subsequence
that contains the change point is expected to deviate significantly from the typical likelihood [37], once enough observations
following the change point are included in the subsequence.3 Based on a properly chosen threshold (fixed e.g. to a specified
false detection rate), one can decide whether change has occurred within a given subsequence. Using HMM inference to narrow
down the change point in a long time series to within a small interval requires computing the joint-likelihoods of many possible
observation subsequences. However, these many evaluations can be efficiently made by exploiting the standard HMM Forward
recursion. Therefore, HMMs have been efficiently used for anomaly detection with the observation subsequence likelihood the
decision statistic [22,38].

1.4. Low-delay detection

In this paper, we introduce a detection algorithm specifically designed to make strictly low-delay detections and to accu-
rately identify a narrow interval within which the true change point is estimated to lie. The algorithm exploits the standard
Forward recursion for HMM inference to successively evaluate the likelihoods of the observation subsequences
xn:nþd�1 ¼ xn; . . . ; xnþd�1ð Þ, conditioned on x1; x2; . . . ; xn�1ð Þ;n ¼ 1;2; . . ., until a change point is detected, where d is a detection
delay parameter that controls the subsequence size and which is user-chosen, based on the delay tolerance of the applica-
tion. Note that there is a tradeoff in the choice of d – if d is very small, only very low delay detections are tolerated, but the
true detection rate may be too low (due to an insufficient number of post-change samples in the window). On the other
hand, choosing larger d tends to increase the true detection rate, but may introduce an unacceptable delay in making detec-
tions. Note that past works such as [25–28,34,35] use HHMs with a sliding window for detection. However they do not con-
dition on the past, in evaluating an observation subsequence’s likelihood, for detection/inference purposes. In Appendix A,
we theoretically support our use of the conditional likelihood for detection by proving that use of the true Bayes class pos-
terior, conditioning on all available observations, is optimal not only in the well-known sense of minimum expected classi-
fication error but also in the sense of maximum true detection rate given a fixed false positive rate. Moreover, we prove that
the true detection rate for such a detector, given fixed false positive rate, is non-decreasing as d is increased. Note also that
evaluating likelihoods for a fixed window size, d, rather than for a growing window starting at the beginning of the time
series, is expected to yield both quicker detection (many ‘‘normal” samples will ‘‘contaminate” a growing window’s anomaly
decision statistic, which should lead to delayed detections) and narrow identification of the change point interval.

1.5. Novel performance criteria

Furthermore, for our strictly low-delay setting, care is needed in defining detection events. Specifically, suppose the true
change point occurs at time tc. Then, we define a true detection interval event as one wherein the change is detected at a
time t (based on observations up to t) such that t P tc and t 6 tc þ d, i.e. detections that are either too premature or too late
3 Note that this use of a time-domain window of observations is commonly applied, both for detection as well as for estimation, i.e. Wiener filter smoothing,
to estimate one random process given a window of observations from a statistically related process.
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are not considered to be true. Also, consider a time series (corresponding to a machine cycle) that does not contain a change
point. If a change point is detected anywhere in this time series (which is finite-length for a given machine’s cycle, but may
still be quite long), this we consider to be a false positive detection event. This is in contrast to a definition of false positives
that includes events involving time series that do contain a change point, but where the detection is made too prematurely,
or too late. Our false positive rate is meaningful in real applications because detection of even a single change may lead to a
(costly) interruption of the machine’s cycle, which is warranted only if the detection is likely to be that of a true change point.

Accordingly, we propose to evaluate several criteria that give a rich characterization of low-delay tolerant change point
detection performance. Specifically, as a function of delay tolerance, d, we propose to evaluate: 1) bias of the estimated
change point; 2) variance of the estimated change point; 3) We define the event that an estimated interval contains the true
change point. Accordingly, we then evaluate a novel criterion proposed here, the true detection interval rate (TDIR), the prob-
ability that the true change point lies in the estimated interval. TDIR is a more demanding measure of performance than the
true detection rate (TDR), which for successful detection would simply require a detection to be made after the change point
has occurred; 4) Finally, we evaluate the false positive rate (FPR), the probability that a detection is made when in fact there
is no change point in the given time series.

Contributions of the paper: The main contributions of the paper are:

� Detection algorithm: A novel HMM-based detection algorithm is developed that makes strictly low-delay change point
detections and identifies a narrow interval within which the true change point is estimated to lie. The algorithm applies
the standard HMM Forward recursion, but to evaluate the conditional likelihoods of all successive observation subse-
quences of length d, given the entire past of the time series relative to the subsequence, with the algorithm terminated
either when a detection is first made or when the observation sequence has been exhausted with no detection made.
� Detection evaluation criteria: Criteria for evaluating performance in our strict delay setting, with at most one change
point, are proposed, including the novel TDIR, FPR, and bias and variance in estimation of the change point, all as a func-
tion of delay tolerance (d) and the associated observation window length (also d).
� Evaluation on real-life application domains: Performance of the proposed algorithm is experimentally validated and com-
pared with a CUSUM, STSA, and standard HMM detection techniques [38,22] on two different applications: detection of
combustion instability onset and detection of fatigue failure start in polycrystalline alloys. The results for both applica-
tions show excellent performance of the proposed scheme to detect and estimate the change point and to define a narrow
interval within which the change point lies. Substantial performance gains, with respect to all four criteria, are achieved
compared with the abovementioned detection methods.

Organization of the paper: Section 2 introduces an algorithm for change point detection and performance criteria suitable
for low-delay detection. Section 3 experimentally validates the proposed scheme in comparison with several popular meth-
ods. Section 4 summarizes and concludes the paper along with recommendations for future research. Appendix A presents a
proof that theoretically supports our use of the conditional likelihood for detection and that detection performance improves
with increasing d.

2. A conditional likelihood based HMM change point detection algorithm

2.1. Conditional likelihood calculation

Consider a null first-order HMM (learned using the standard Baum-Welch re-estimation algorithm for HMMs [39] based
on a null time series, containing ‘‘normal” observations with no change point), described by K ¼ pif g; aj=i

� �
; bj xð Þ
� �� �

, where
pif g is the initial state probability vector, aj=i

� �
is the state-transition probability matrix, and bj xð Þ

� �
are the state-

conditional observation densities. Consider a new time series x1:N ¼ x1; . . . ; xNð Þ being operationally interrogated for possible
detection of a change point. Let s1:N ¼ s1; s2; . . . ; sNf g be a particular hidden state sequence realization that could have been
used to generate the given observed time series, under the null HMMmodel. Recall the standard Forward variable for HMMs
[39], i.e. an i½ � ¼ P x1:n; Sn ¼ i;K½ �; i ¼ 1; . . . ; L; L the number of HMM states. Here, Sn is a random variable representing the state
at time n and i is its (state) realization. These Forward variables can be recursively computed and used to evaluate the joint
likelihood of an observation sequence, as follows [39]4:

� Initialization:
a1 i½ � ¼ pibi x1ð Þ; i ¼ 1; . . . ; L ð1Þ

� Recursion:
4 To a
in comp
void numerical underflow, we apply the scaling procedure for the Forward algorithm suggested in [39], which does not introduce any loss in precision,
uting the log-likelihood.
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anþ1 j½ � ¼
XL

i¼1
an i½ �aj=i

" #
bj xnþ1ð Þð2Þ

j ¼ 1; . . . ; L; n ¼ 1; . . . ;N � 1

� Termination:

P x1; x2; . . . ; xN;K½ � ¼
XL

i¼1
aN ið Þ ð3Þ

Now consider the potential application of this Forward algorithm to detection of a change point within a given subse-
quence xn:nþd�1. An approach that has been commonly applied in prior works [38,22] is to make the approximation that
the time series in fact begins at time n. Thus, the Forward recursion above is run, but with the initialization step replaced
by: ân i½ � ¼ pibi xnð Þ; i ¼ 1; . . . ; L. Here, we use ^ to denote the fact that an approximate Forward variable is being computed.
The result of running the Forward recursion starting from this approximate initialization at time n is an approximation of

the joint likelihood: bP xn:nþd�1;K½ � ¼
PL

i¼1ânþd�1 i½ �. Use of this in making detections will be referred to as standard HMM infer-
ence for detection.

There are in fact two limitations of this standard approach. First, bP xn:nþd�1;K½ � is clearly only an approximation of the joint
likelihood – the true joint likelihood can only be obtained by marginalizing out the random variables X1; . . . ;Xn�1 from
P X1; . . . ;Xn�1; xn; xnþ1; . . . ; xnþd�1;K½ �. In general, this is analytically intractable. Second, it would in fact be suboptimal to per-
form such marginalization (see Appendix A). Rather, it is optimal to account for the observed past by conditioning on it, i.e.
evaluating the conditional likelihood P xn:nþd�1jx1:n�1;K½ �. This conditional likelihood can in fact be efficiently evaluated. Note
in particular that
Fig. 1.
P xn:nþd�1jx1:n�1;K½ � ¼ P x1:nþd�1;K½ �
P x1:n�1;K½ � ¼

PL
i¼1anþd�1 i½ �PL
i¼1an�1 i½ �

; ð4Þ
The latter equality is achieved simply by realizing that the joint likelihoods in the numerator and denominator are effi-
ciently computed by running the Forward HMM recursion described above in (1)–(3), i.e. starting from the beginning of the
time series, and terminating at the appropriate times for the numerator and denominator likelihood calculations, respec-
tively. We have seen little prior work using the conditional likelihood for HMM-based inference and HMM-based anomaly
detection.

2.2. Detection algorithm based on the conditional likelihood

Consider a time series x1:N , and assume there is at most one change point. Such an assumption is reasonable in many real-
life applications, such as fault and machine failure detection. In these examples, it is valuable to be able, with low delay, to
detect the beginning of the change from nominal behavior so as to make a proper action to avoid further consequences of
such change. Therefore, we want to detect the start of the change, which corresponds to a single time point within the time
series.
Schematic representation of the sliding window in Algorithm 1, illustrating d subintervals of length d containing a given candidate change point, n.
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To do so for allowed delay tolerance d, we consider intervals of length d that contain a candidate change time point, n.
There are d such intervals, as indicated in Fig. 1. We evaluate the conditional log-likelihood of each such interval, using
(4), and make a detection at time point n if the minimum absolute deviation from a (null) reference log-likelihood value,
over all the d intervals, exceeds a threshold. Thresholding the minimum deviation is a conservative detection rule, with
the resulting algorithm called HMM(2)-min. At the other extreme, an aggressive detection rule would be to threshold the
maximum of the d deviations, with the resulting algorithm called HMM(2)-max. Both such detection rules are in fact eval-
uated in the sequel. If a detection is made, the detection interval is chosen as n� dþ 1;nþ d� 1½ � and the change point itself
is estimated as n. If no detection is made, the window (in Fig. 1), centered on n, is slid one position to the right, with the new
candidate change point as nþ 1. Pseudocode for our detection procedure is given below in Algorithm 1.

Algorithm 1 Proposed Detection Approach

Input: Time series x1:N , a null HMM K, delay tolerance d, null (reference) normalized (by d) log-likelihood L, and
threshold d.

Output: Either a ‘‘no change point” decision (zd ¼ 0) or a ‘‘change point detected” decision (zd ¼ 1) and the estimated
change point n̂, which determines the estimated interval n̂� dþ 1; n̂þ d� 1½ �.

1: zd  0, n d;
2: Run the Forward recursion to compute a1 i½ �; . . . ;a2d�2 i½ �; i ¼ 1; . . . ; L.

3: Set
PL

i¼1a0 i½ � ¼ 1.
4: do
5: Take one Forward recursion step to compute anþd�1 i½ �; i ¼ 1; . . . ; L.

6: Compute logP xn�dþ1þj:nþjjx1:n�dþj;K
� �

¼ log
PL

i¼1anþj i½ �PL

i¼1an�dþj i½ �

� �
; j ¼ 0;1; . . . ; d� 1.

7: D minj2 0;1;...;d�1f gj 1d log P xn�dþ1þj:nþjjx1:n�dþj;K
� �

� Lj.
8: if D > d then
9: n̂ n
10: Estimated interval is: n̂� dþ 1; n̂þ d� 1½ �.
11: zd  1
12: end if
13: n nþ 1
14: while n < Nð Þ AND zd ¼¼ 0ð Þð Þ

Comments:

1. The algorithm starts by considering the candidate change point n ¼ d, with associated observation window 1; . . . ;2d� 1½ �.
The first interval evaluated for this window is 1; . . . ; d½ �. For this interval, there are no past observations. Thus, the ‘‘con-
ditional” likelihood is actually the unconditioned likelihood P x1:d;K½ �. The algorithm computes this likelihood by usingPL

i¼1a0 i½ � in the denominator term in (4), which in fact equals 1.
2. For each candidate change point, just one new forward recursion step is needed. Thus, the detection algorithm complexity

scales with the complexity of the Forward algorithm which, for a sequence of length M, is O L2M
� 	

.

3. The reference normalized log-likelihood L can be computed in different ways, customized to the application domain of
interest: i) We can simply set L ¼ 0 if we expect the conditional likelihood of the sliding interval to significantly change
once the change point is involved in the interval, ii) We can compute an ensemble average L from multiple ‘‘normal” time
series that are known to contain no change point. Moreover, since this reference average log-likelihood may be a function
of both n and d, we can compute an ensemble average value for each n; dð Þ pair; iii) L can be time series realization depen-
dent and can again be a function of n and d (for example, it can be evaluated by locally, temporally averaging the log-
likelihoods for each of the d time intervals of length d in the window n� dþ 1;nþ d� 1½ �), for all values n that are ‘‘early
enough” such that it is known that 1; . . . ;n½ � does not contain a change point; iv) It can again be time series dependent and
a function of d but not a function of n. In this case, we assume that L does not change much, as the past context (as n)
increases; v) For each time series and at any given time n, we can compute L as the time-average of the conditional like-
lihoods of all intervals of length d up to (but not including) time n (i.e., including all times up until the present that have
been rejected as change points). In the sequel we will exposit how we chose L in our experiments.

4. We use the absolute deviation from a null reference log-likelihood because for some applications anomalies will be asso-
ciated with lower likelihoods than typical under the null whereas, for others, anomalies will actually yield higher likeli-
hoods than are null-typical. This will be seen in our fatigue failure experiments.

5. The detection threshold d can be set in one of several ways, e.g. to control the FPR for a given d.
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3. Experimental results

In this section we validate the proposed HMM-based detection method using experiments from two different domains:
instabilities in combustion systems and fatigue failure in a polycrystalline alloy material. In both cases we have time series
generated from experiments with failures (instabilities) and with no failures (no instabilities). For simplicity, we assume
there are two hidden (null) HMM states and we use Gaussian mixtures for the state-conditional density functions. The num-
ber of mixture components for each state is selected using the Bayesian Information Criterion (BIC) [40]. We also apply a
CUSUM algorithm and the symbolic time series analysis technique (STSA) [41] with K-means and maximum entropy parti-
tioning (MEP) [42] used to perform the symbolization (quantization) required by STSA. Finally, we compare with standard
use of HMMs for detection, evaluating the joint likelihood of observations in the window [38,22], as described in 2.1, rather
than the conditional likelihood. We will compare the results for these methods with our proposed method.

In this paper, we evaluate an STSA change point algorithm that mimics the structure of Algorithm 1. Specifically, a null
time series (known to contain exclusively ‘‘normal” observations) is quantized into a discrete symbol sequence (e.g., using
the K-means algorithm), which is then used to estimate a null PFSA. Then, operationally, for any new (test) window of obser-
vations, a new PFSA is estimated using the same quantizer partition as was used to construct the null PFSA. Therefore, we
have a null PFSA (and its steady state probability vector), which was estimated based on an observation window for which it
is known no anomaly is present, and a new PFSA, which is estimated based on a test observation window. The states’ sta-
tionary probability vector at a given time n is obtained from the new PFSA at time n, and a surrogate for the log-likelihood
deviation defined in Algorithm 1 is obtained by computing the Kullback–Leibler (KL) divergence between the new probabil-
ity vector at time n and the probability vector obtained from the null PFSA. Then, mirroring the HMM-based algorithm, we
find the minimum KL value over all dwindows of length d that contain the point n and compare this to a detection threshold.
Hence, for STSA, we apply the proposed Algorithm 1 structure (unlike previous change point detection algorithms based on
STSA), but based on the KL measure rather than the absolute log-likelihood deviation. The KL measure is expected to increase
when an anomaly occurs.

3.1. Detection of thermoacoustic instability onset in combustion systems

Thermoacoustic instabilities (TAI) in combustion systems are usually caused by spontaneous excitation of one or more
natural modes of acoustic waves [43]. TAI are typically manifested by large-amplitude self-sustained chaotic pressure oscil-
lations in the combustion chamber [44], which may lead to damage in mechanical structures if the pressure oscillations
match one of the natural frequencies of the system. Traditional techniques of pressure-oscillation measurement for TAI
detection, reported in the literature [45,46], attempt to extract the growth-rate information using the entire envelope of
pressure oscillations. These techniques thus observe the entire acoustic time series and may not be suitable for online esti-
mation of transient growth of oscillations and early detection of instability. Moreover, the time scales of TAI are on the order
of milliseconds, which, given practical sampling rates, mandates an algorithm that can accurately detect an onset of TAI
based on short-length sensor data.

The detection approach given by Algorithm 1 is our proposed candidate for such detection. The performance of this
method is compared here with CUSUM and STSA techniques based on K-means and MEP [42] partitions. We also evaluate
the standard HMMmethod, in which the conditional likelihood P xn�dþ1þj:nþjjx1:n�dþj;K

� �
used in Algorithm 1 is replaced by the

unconditioned likelihood bP xn�dþ1þj:nþjjK
� �

. This approach is consistent with the HMM detection approaches in [38,22]. In the

sequel, HMM 1ð Þ stands for the conventional HMM-based method, and HMM 2ð Þ stands for our conditional-likelihood HMM-
based method.

For each experiment, the null HMM K is estimated by the Baum-Welch algorithm [36] using the first 1/10-th of the obser-
vations generated in the stable phase. Since the observations’ variance increases as the system becomes unstable, the log
conditional likelihood is expected to significantly decrease. Therefore, we set L ¼ 0. The threshold d is computed as
d ¼ max
n2 1;...;df g

D nð Þ þ � ð5Þ
where D nð Þ is the anomaly measure, at time n, used in Algorithm 1, and � is a hyperparameter chosen by splitting the exper-
iments into two equal-sized sets; training and test set experiments. We evaluate a grid of candidate � values and pick the one
which achieves the best TDIR performance over the training experiments. Then, the performance of the proposed algorithm
is evaluated (for this � choice) using only the time series in the test set. For fair comparison, the same method is used for
computing the threshold for the STSA techniques. Moreover, for each specimen, the same observations used to train the null
HMM are also used to train the STSA null model.

3.1.1. Description of the experimental apparatus
Experiments in this subsection are obtained by using an electrically heated Rijke tube apparatus shown in Fig. 2 (see [34]

for more details), where the process starts with a stable combustion that gradually becomes unstable. Experiments have
been conducted by varying the air flow rate (Q) and the power input to the heater (Ein). A time series of pressure oscillations
is collected over 30 s for each experiment, sampled at 8192 Hz and high-pass-filtered to attenuate the effects of low-
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frequency environmental acoustics. For each experiment, the setup is heated to steady state with a power input of 200 W to
the heater. Then the power input is abruptly raised to a high value, which eventually showed a limit cycle behavior in each
experiment. A sample pressure signal is shown in Fig. 3, where instability is indicated by a large amplitude limit cycle. As
shown in the figure, the pressure signal starts with a relatively small amplitude, and once the process starts becoming unsta-
ble the amplitude starts growing due to the onset of a Hopf bifurcation in the system [47,45]. This is a TCD problem (as indi-
cated from the figure), with a short transient stage between the stable and unstable stages. Thermoacoustic instability is
triggered by changing Q (ranging between 130 LPM and 250 LPM at increments of 20 LPM) and Ein (ranging between
800 W and 2000 W at increments of 200 W). For some values of Q and Ein, instability does not set in, which is depicted
in the stability map of the system, as described in the work by Mondal et al. [34].

The onset time of Hopf bifurcation (m) changes from one experiment to another. To visually identify a unique change time
as ground truth, against which we compare our method’s estimate, we remove a small block of the time series that includes
the point xm. By doing so, we remove visual uncertainty, creating certitude that all the points in the time series up to the
beginning of the removed block are from the stable phase, with points after the removed block from the unstable phase.
However, the block removed is on the order of 100 points, while the total transient block is on the order of 10;000 points;
thus the removed block does not significantly change the gradual transition from stable to unstable combustion. Therefore
we consider the time point immediately after the removed block as the true change time. Since each original pressure signal
has millions of sample points, we consider the last 1=10-th of the signal before the transition from stable to unstable com-
bustion, the whole transient zone, and the first 1=10-th of the signal after the end of the transient zone. The resulting signal is
further downsampled by 100 so that the signal length is reduced while maintaining the main shape and features of the orig-
inal signal. This is for signals that do contain a transition from stable to unstable combustion. For signals with purely stable
combustion, we consider a 1=10-th segment of the signal and downsample by 100. We use the same process for the ultra-
sonic signals considered in the next subsection. Fig. 4 shows samples of the resulting pressure signals after downsampling.
Fig. 5 shows a sample pressure signal after downsampling, and a magnification of the transient part, which shows that the
transition from stable to unstable combustion is gradual, not abrupt.
3.1.2. Experimental validation
We conducted 145 experiments. In each, there is a single change from stable combustion to the unstable phase, with the

change time not fixed across the experiments. Then for each experiment we extract two pressure time series. One is safely
confined to cover a sub-interval of the stable phase, with the second one consisting of the full time series. Therefore, we have
290 time series: 145 with transitions from stable to unstable combustion (72 used in the training set for setting � and 73 in
the test set), and 145 with purely stable combustion (all in the test set). For each time series, we attempt to make a single
change point detection. By applying a detection algorithm to each of the time series, we can measure the TDIR, FPR, and bias
and variance of the estimator, for increasing values of the sliding window length d.

We start with the CUSUM method. One standardized version of the CUSUM algorithm returns the first index of the time
series x1:N that has drifted k standard deviations outside the nominal mean. This detection approach is suitable for a devia-
tion in mean. However, as shown in Fig. 3, our data shows a change in variance. Therefore, we use a CUSUM variant suitable
for change due to variance deviation. Inspired by [48] we introduce the modified CUSUM algorithm described by the follow-
ing stopping rule:
Ts ¼ inf n : jq nð ÞjP df g ð6Þ

q nð Þ ¼
Xn
k¼1

x2k � nr2
0 ð7Þ

r2
0 ¼

1
N0

XN0

k¼1
x2k ð8Þ
where Ts is the stopping time at which change detection is declared, N0 is the number of samples taken from the nominal
state to compute r2

0, and with the data shifted to have zero mean (so that r2
0 is a variance estimate). We tried different values

of the threshold d and picked the one with best TDIR performance. The results are shown in Fig. 6. At each value of the win-
dow size, d, the modified CUSUM is applied to the window xn:nþd�1 to make a detection, where the window xn:nþd�1 is slid from
the beginning until the end of the time series x1:N , until a detection is made. As shown in Fig. 6, the detection performance
generally improves with window size. Furthermore, TDIR achieves its maximum attainable value, 1.0, at d � 425, and FPR
achieves zero for the same value of d. These delay values are much larger than for the comparison methods, as will be seen
shortly.

Let us now apply STSA techniques. We consider two STSA methods; the first uses K-means clustering for partitioning and
the second uses the maximum entropy partition (MEP) [40,42]. The results for K-means are given in Fig. 7, and for MEP in
Fig. 8, both evaluated for different values of the symbol alphabet size (number of clusters, K). As shown in these two figures,
STSA performance is much better than modified CUSUM. We notice for both STSA methods how the TDIR converges close to
one with window size� 120, much less than � 425 required for the modified CUSUM. A comparison between the two figures
for K-means and MEP shows a little improvement for MEP in TDIR performance. However, the opposite is true for FPR, where
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Fig. 2. Rijke Tube combustion apparatus.

Fig. 3. A pressure signal showing the transition from a stable combustion to unstable limit cycle.
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MEP converges to zero at window size P 80 with alphabet sizes 3 and 4, while K-means achieves zero FPR at window size
P 60 (with alphabet sizes 3, 4, and 5), both having much better FPR performance compared to the modified CUSUM.

Next, we pick the K-means and MEP solutions with best TDIR performance (i.e., alphabet size = 5 for K-means and 3 for
MEP), and compare them with the results obtained for the proposed HMM-based detection method (Algorithm 1), denoted
by HMM 2ð Þ. The results are given in Fig. 9, which shows excellent results of the proposed HMM scheme for all performance
measures: TDIR, FPR, bias and variance of the estimated change time, with consistent improvement achieved over the STSA
techniques. Note also that the STSA results in Figs. 7 and 8 are much better than CUSUM in Fig. 6. Thus, the HMM method,
which dominates the STSA methods, is also substantially better than CUSUM, with respect to all four performance measures
Fig. 4. Samples of pressure signals after downsampling.
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Fig. 5. A sample pressure signal after downsampling, showing the gradual transition from a stable combustion to unstable limit cycle.

Fig. 6. Detection of thermoacoustic instabilities using modified CUSUM.

Fig. 7. Detection of thermoacoustic instabilities using STSA with K-means.
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Fig. 8. Detection of thermoacoustic instabilities using STSA with MEP.

Fig. 9. Detection of thermoacoustic instabilities using K-means (alphabet size = 5), MEP (alphabet size = 3), HMM 1ð Þ (number of states = 2), and HMM 2ð Þ

(number of states = 2).

D.J. Miller et al. /Mechanical Systems and Signal Processing 147 (2021) 107109 11
evaluated. The HMMmethod’s FPR goes to zero much faster than the STSA methods; the HMMmethod dominates at all win-
dow sizes. But most notable is the much better variance characteristic of the HMM method. Also, the figure shows the per-
formance of the standard HMM-based method, HMM 1ð Þ, which uses the approximate joint subsequence likelihood, i.e. which
ignores the past when evaluating the likelihood of a subsequence. Note that the conditional likelihood based approach out-
performs the joint likelihood based variant for all window sizes, d, with respect to all four performance measures, but espe-
cially with respect to TDIR.

Fig. 10 shows the performance of the proposed HMM-based method with the anomaly measure obtained by using the
min (denoted as HMM 2ð Þ-min) and max (denoted as HMM 2ð Þ-max) operators (over all subsequences of length d for the cur-
rent candidate change point). The figure shows generally comparable results, with HMM 2ð Þ-max giving better performance
for TDIR and HMM 2ð Þ-min giving better performance for FPR, the bias, and variance of the estimated change point. These
results are not surprising since ‘max’ is expected to be a more sensitive (but less specific) statistic than ‘min’. Note also in
Figs. 6–10 that, for all the methods, TDIR increases, and FPR decreases, with increasing window size, d. This experimental
observation is theoretically supported in Appendix A. This suggests one might want to choose d quite large. However, for
a given application, d must be restricted in order to achieve low-latency detection and the potential for damage mitiga-
tion/response.
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Fig. 10. HMM-based method performance with min and max operators used to compute the anomaly measure.
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3.2. Detection of fatigue crack initiation in a polycrystalline alloy material

Modeling fatigue failure in mechanical structures has received great attention by many researchers, e.g. [49,50]. In any
mechanical structure, millions of initial materials’ defects (such as dislocations, voids, inclusions and slip bands) exist inside
the microstructure even before the structure is used. In general, fatigue damage is critically dependent on these initial
defects, from which cracks start to nucleate and merge together, generating bigger cracks, leading to the failure of the struc-
ture [51]. These initial defects are usually distributed in a highly random fashion, producing large uncertainties in the crack
initiation and propagation process even under identical loading. Therefore, fatigue failure is considered an unpredictable and
highly stochastic process. In the following, we give a brief description of the apparatus we use to get ultrasonic signals cor-
related with fatigue damage.
3.2.1. Description of the experimental apparatus
Although structural fatigue damage is not easily measured directly, damage may be correlated with signals that can be

measured and used for fatigue damage detection. In this work we use ultrasonic signals, which have been commonly used for
real time damage sensing in the aerospace and nuclear power industries to detect flaws in structures [52]. Fig. 11 shows the
experimental apparatus, built upon an MTS 831.1 fatigue testing machine, which can be used to apply external load to test
specimens with the desired cyclic properties: amplitude, frequency, and the shape of the force function; it is also capable of
applying random loading. The other component is the ultrasonic part, which functions by emitting high frequency ultrasonic
pulses by using a piezoelectric transducer. A Matec TB1000 Gated Amplifier PC add-in card drives the piezoelectric trans-
ducer with a gated sine wave with amplitude of 300 V. The generated signal consists of short bursts of a sine wave of con-
stant amplitude interrupted by relatively long periods of 0 V. This signal propagates through the specimen and is captured by
transducers arrayed on the other side of the notch. The received signal is routed through a high frequency selector switch to a
National Instruments NI5911 Oscilloscope card in the PC. The acquisition of the ultrasonic signal is synchronized with the
load applied to the specimen so that data is acquired at the low load and at the high load (see [53] for more details). When
cracks occur, part of the ultrasonic signal will be reflected, and hence the received signal is attenuated. This attenuation
increases as more cracks initiate and propagate, until the specimen breaks and only noise signal is left. In this paper, data
are collected at a sampling rate � 21;800 Hz.

As we did for the combustion signals, we remove a small block from the signal at the visually assessed change point. We
then consider the last 1=10-th of the signal just before the transition from healthy to damaged state, the whole transient
zone (except for the small removed block), and the first 1=10-th segment of the signal just after the end of the transient zone.
Then the resulting signal is further downsampled by 100 so that the signal length is reduced while maintaining its main
shape and features. This is for signals that contain a transition from a healthy to a damaged state. For signals with purely
healthy state, we only consider a 1=10-th segment of the signal, and then downsample by 100. Thus the data are collected
at an effective sampling rate � 218 Hz.

Fig. 12 shows such ultrasonic signals, after this segmentation and downsampling, for 12 sample specimens made of steel-
aluminum alloy. As shown in the figure, the signal begins to significantly attenuate at a certain time instant. Such time
instants roughly estimate phase transitions in fatigue damage, where cracks reach critical lengths and the damage process
starts growing aggressively (until the specimen breaks and only a noise signal remains). As the figure indicates, this is a QCD
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Fig. 11. Apparatus for fatigue failure experiments.
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problem, with the system remaining in the transient (increasing damage, indicated by increasing signal attenuation) phase
until the specimen breaks (with the signal then flat). Although all the specimens used in this work have the same dimensions
and are made from the same material, the plots in Fig. 12 show that the change time is different from one specimen to
another. This difference is due to initial microstructural defects which are specimen-dependent.
3.2.2. Experimental validation
We conducted 17 experiments and proceeded in a similar way as for the combustion experiments to generate 34 ultra-

sonic time series – 17 with transitions from healthy to a gradually damaged state until the specimen breaks (8 used in the
training set for setting � and 9 in the test set); another 17 with healthy condition, for which there is no detectable fatigue
failure. As we mentioned, the ultrasonic time series obtained here are highly stochastic and highly noisy. Moreover, unlike
the pressure signals in the combustion experiments, the ultrasonic signals at the receiver tend to decrease in variance (ap-
proaching the null density mean value – zero) as damage accumulates in the specimens. In this situation, unlike for the com-
bustion experiment, the likelihood under the null is expected to (atypically) increase as the data variance decreases, because
after the change point the observations tend to hover close to the null mean – this is why we use the absolute deviation in
Algorithm 1. It covers both atypically small and atypically large log-likelihoods compared to the null (reference) log-
likelihood.
Fig. 12. Ultrasonic signals for sample specimens, with signal strength value on the y-axis and time on the x-axis.
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Fig. 13. Detection of fatigue failure onset using K-means (alphabet size = 3), MEP (alphabet size = 4), HMM 1ð Þ (number of states = 2), and HMM 2ð Þ (number of
states = 2).
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We applied STSA methods using K-means and MEP for partitioning, and HMM 2ð Þ inference with the proposed forward
recursion, both combined with the proposed detection approach in Algorithm 1. We also applied the standard HMMmethod,
HMM 1ð Þ, which uses the approximate joint likelihood instead of the conditional likelihood. Again, for STSA, the surrogate
quantity for the deviation in log-likelihood in Algorithm 1 is the Kullback divergence between the current PFSA states’ sta-
tionary probability vector and the null PFSA states’ stationary probability vector [41,42].

We follow the same methods we used in the combustion experiments to compute the null models and the thresholds for
both HMM and STSA techniques. However, since the likelihood under the null is expected to increase as the data variance
decreases, it is not reasonable to set L ¼ 0, as we did in the combustion experiments. Alternatively, we compute L as follows.
For HMM 1ð Þ; L is the mean of the log-likelihoods of the first d intervals of length d, i.e.,
L ¼ 1
d

Xd

n¼1
L nð Þ ð9Þ
However, this choice of L is not plausible for HMM 2ð Þ. In this case, L should be time-varying, consistent with the condi-
tional log likelihood depending on the growing past. Therefore, we compute a time-varying L as
L nð Þ ¼

1
n

Xn

m¼1
L mð Þ; if n 6 T0

1
T0

XT0
m¼1

L mð Þ; otherwise

8>>>><>>>>: ð10Þ
for all n > 0, where T0 is chosen to be well within the normal phase (much less than the true change instant). We used T0 ¼ s
10

, where s is the true change instant.
Fig. 13 shows the results for STSA and HMM methods. For K-means and MEP, we used different values of alphabet size,

ranging from 2 to 5, and picked the one with the best TDIR performance. Specifically, we used alphabet size = 4 for MEP and 3
for K-means. The results show excellent performance of the HMM algorithms (HMM 1ð Þ and HMM 2ð Þ) in terms of TDIR, FPR,
and estimator bias and variance, with consistent improvement achieved over the STSA techniques. Again, it is seen that the
conditional likelihood based (proposed) method (HMM 2ð Þ) overall outperforms the joint likelihood based variant of our
approach (HMM 1ð Þ) with respect to TDIR and FPR. The bias of the two methods is comparable and the variance of HMM 1ð Þ

is smaller.
4. Conclusion

The proposed strictly low-delay, localizing, HMM conditional-likelihood based transient change detection algorithm has
been shown to achieve substantially improved performance over comparison methods with respect to appropriate perfor-
mance criteria proposed here: a novel TDIR, FPR, the bias in estimating the change point, and the variance of the change point
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estimate, all as a function of the delay tolerance parameter d. We also proved, within a supervised setting, that conditioning
(as we do) is required for optimal detection and that detection performance is monotonically non-decreasing with increasing
window size, d, consistent with our experimental results. Since many systems that involve change point detection involve
control inputs, in our future work we may consider the framework of input–output hidden Markov models (IOHMMs) [54] in
devising a scheme that chooses control inputs to e.g. maximize TDIR under strict detection delay given a fixed FPR. Such con-
trol inputs could also be used to induce desired change points (associated with improved performance, rather than with sys-
tem failure).
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Appendix A. Proof that i) conditioning on past observations is required for optimality in a (supervised) detection
setting and ii) detection performance is monotonically non-decreasing with increasing delay tolerance d

In this appendix, to simplify theoretical analysis, we consider detection based on a window of observations
xn ¼ xn; . . . ; xnþd�1f g. Further, solely for clarity’s sake, suppose that, if there is a change point in the time series, it is at xn,
i.e., in this case all the observations in xn; . . . ; xnþd�1f g were generated according to the new (change state) random process.
Also define the growing window vector xn ¼ x0; . . . ; xnþd�1f g. Denote the joint density of Xn under the null hypothesis by
f Xn=0

:;K0ð Þ. The alternative hypothesis is that x0; . . . ; xn�1f g was generated according to the nominal random process and

xn; . . . ; xnþd�1f g was generated according to the new process (starting with change point xn), f Xn=1
:;K1ð Þ, independent of past

observations. Suppose we wish to make optimal (minimum error rate) detection, given knowledge of f Xn=0
:ð Þ and f Xn=1

:ð Þ. The
error rate can be expressed as:
Pe n½ � ¼ P1

Z
R0

f Xn�d=0
zn�d;K0

� 	
f Xn=1

zn;K1ð Þdzn þ P0

Z
R1

f Xn=0
zn;K0

� 	
dzn; ð11Þ
where zn is a vector of dummy variables of integration and where R0 is the decision region assigned to the no-change state
and R1 is the decision region assigned to the change state. If the normal and changed state class priors P1 and P0 are
unknown, they can be set to 1=2; 1=2½ �. Using a standard simplification, this is re-expressed as:
Pe n½ � ¼ P0 þ
Z
R0

P1f Xn�d=0
zn�d;K0

� 	
f Xn=1

zn;K1ð Þ � P0f Xn=0
zn;K0

� 	� 	
dzn;
All the values for which the integrand is negative should be assigned to R0, to minimize Pe n½ �. All the values for which the
integrand is positive should be assigned to R1 (so that they do not make positive contribution to the integral). Thus, we have
the Bayes-optimal rule:
R0 ¼ x : P0f Xn=0
x;K0

� 	
P P1f Xn�d=0

xn�d
� 	

f Xn=1
xn;K1ð Þ

h i
;

with R1 the complement of this region in Rd. This can be rewritten, cancelling the common term f Xn�d=0
:;K0ð Þ, as
R0 ¼ x : P0f Xn=xn�d ;0
xn=xn�d;K0

� 	
P P1f Xn=1

xn;K1ð Þ
h i

:

Note that the minimum error rate rule is based on the (conditional) density, considering observations (from 0 to n� d)
outside the current window.
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Now, consider the more relevant (detection) problem, with the goal to minimize the missed detection rate given a fixed
false positive rate. That is, the problem:
min
R0

P1

Z
R0

f Xn�d=0

�
zn�d;K0

�
f Xn=1

zn;K1ð Þdzn
subject to
P0

Z
R0

f Xn=0
zn;K0

� 	
dzn ¼ c
The associated Lagrangian objective is:
L ¼ P1

Z
R0

f Xn�d=0
zn�d;K

� 	
f Xn=1

zn;K1ð Þdzn þ k P0

Z
R0

f Xn=0
zn;K0

� 	
dzn � c

� �

Now, dividing by P1 þ kP0, note that minimizing L with respect to R0 is equivalent to minimizing
P1

P1 þ kP0

Z
R0

f Xn�d=0
zn�d;K

� 	
f Xn=1

zn;K1ð Þdzn þ
kP0

P1 þ kP0

Z
R0

f Xn=0
zn;K0

� 	
dzn � c0

� �
ð12Þ
where c0 ¼ c=P0. Now simply recognize, ignoring the c0 term which does not affect the solution, Eq. (12) can be reinterpreted

as a probability of error expansion, just as Eq. (11), but with class priors P1
P1þkP0

kP0
P1þkP0

h i
.

Thus, our previous probability of error analysis also holds for Eq. (12), i.e. the optimal decision rule, minimizing Eq. (12)
and thus achieving least missed detection rate given fixed false positive rate, must use the (conditional) density, conditioning
on Xn�d ¼ xn�d ¼ x0; . . . ; xn�1f g, just as one must do to achieve the Bayes-optimal minimum error rate classifier.

Moreover, consider two window sizes d and d0; d0 < d. Note that making decisions based on the window of observations
xn; . . . ; xnþd0�1

� �
is equivalent to observing xn; . . . ; xnþd�1f g but only using the observations up to time nþ d0 � 1 to make deci-

sions. But the above formulation shows that the optimal detection rule, determining R0, makes use of all the observations in
the window xn; . . . ; xnþd�1f g. Thus, given a fixed false positive rate c, the true detection rate of any detector using just the
window xn; . . . ; xnþd0�1

� �
cannot be larger than the true detection rate of the optimal detector making use of

xn; . . . ; xnþd�1f g. This proves monotonically non-decreasing detection performance, with increasing window size, d.
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Data-Driven Detection and
Classification of Regimes in
Chaotic Systems Via Hidden
Markov Modeling
Chaotic dynamical systems are essentially nonlinear and are highly sensitive to variations
in initial conditions and process parameters. Chaos may appear both in natural (e.g., heart-
beat rhythms and weather fluctuations) and human-engineered (e.g., thermo-fluid, urban
traffic, and stock market) systems. For prediction and control of such systems, it is often
necessary to be able to distinguish between non-chaotic and chaotic behavior; several
methods exist to detect the presence (or absence) of chaos, specially in noisy signals. A
dynamical system may exhibit multiple chaotic regimes, and apparently, there exist no
methods, reported in open literature, to classify these regimes individually. This paper dem-
onstrates an application of standard hidden Markov modeling (HMM), which is a com-
monly used supervised method, as a technique to classify multiple regimes from a time
series of dynamical systems, where classified regimes could be chaotic or non-chaotic.
The proposed HMM-based method of regime classification has been tested using numerical
data obtained from several well-known chaotic dynamical systems (e.g., Hénon, forced
Duffing, Rössler, and Lorenz attractor). It is apparently well-suited to serve as a bench
mark for the development of alternative data-driven methods to enhance the performance
(e.g., accuracy and computational speed) of regime classification in chaotic dynamical
systems. [DOI: 10.1115/1.4047817]

Keywords: chaos, classification, hidden Markov modeling, Hénon map, Duffing, Rössler
systems, Lorenz attractor, chaotic system, machine learning, nonlinear systems

1 Introduction
Edward Lorenz introduced the concept of chaos in the form of the

Butterfly Effect [1], where he suggested that the atmospheric phe-
nomena are highly sensitive to exogenous perturbations. Chaotic
dynamical systems are essentially nonlinear and are usually deter-
ministic with an appearance of randomness, but having underlying
patterns, feedback loops, and a structure of repetitive order, which
are very sensitive to initial conditions and perturbations in the form
of parametric changes and/or impulse inputs.
Chaos has been studied in great details and initially observed in

several natural phenomena like weather fluctuations and climate
changes [2]. The presence of chaos has also been seen in several
other natural processes like heartbeat rhythms, which has helped
physicians and scientists to make predictions on patient health [3],
and anthropological studies to mathematically understand human
evolution [4]. Chaotic nature also shows up in human-engineered
processes such as urban traffic [5] and stock market [6]. Chaos is
also seen in physical systems [7] starting from the simple double-
pendulum going all the way up to thermo-fluid processes, electronic
circuits, and even the fairground Tilt-a-Whirl.
Chaotic systems do follow a deterministic map (often with addi-

tive noise), where the initial conditions, process parameters, excita-
tion inputs, and exogenous disturbances may significantly affect the
time evolution of system responses. Themap of a chaotic dynamical
system may show significantly different nature for different values
of process parameters. The state to which the system converges for a
given set of parameters is called an attractor for that regime, which
remains locally unchanged irrespective of the initial conditions or
exogenous perturbations. There are essentially three types of attrac-
tors: (i) fixed-point attractors, where the system function converges

to a single value, (ii) limit cycles, where the system shows a periodic
nature, and (iii) strange attractors, where the system shows complex
dynamical behavior that may be locally unstable and yet globally
stable, implying that the system output may diverge but never sig-
nificantly deviate from the attractor. This third kind of attractor is of
much interest in the field of chaos.
It is often important to be able to distinguish noise from chaos

and also to discriminate between the behaviors of a strange attractor
and a limit cycle, which is often a challenge because the differences
between these states may not be very apparent in the signal form,
because of the presence of hidden dynamics and dependencies.
Much work has been reported in literature in an attempt to make
these distinctions based on time series data from various sources.
The 0–1 test method [8] has been introduced in the last decade to

classify a given deterministic dynamical system as chaotic or non-
chaotic. This method has been used extensively to study chaos in
dynamical systems, including experimental plants (e.g., Ref. [9]).
Djurovíc and Rubez̆ić [10] proposed a different approach by
using short-time Fourier transform (STFT) to distinguish between
chaotic signals and periodic oscillations. Recently, the concept of
a simple decision tree structure is introduced by Toker et al. [11]
to distinguish between non-chaotic and chaotic signals, which mod-
ifies the standard 0–1 test to show its applicability to several stan-
dard chaotic systems as well as to biological data.
Nearly all of the above techniques involve binary detection tests to

study time series data from a system and decide whether it is chaotic
or not. Few other researchers have attempted to classify the type of
chaos but not with much rigor, because chaos occurs in complex
dynamical processes, and it is not easy to generate a single test
method to classify the various types of chaos occurring in the signal.
This study proposes regime classification in chaotic dynamical

systems in the setting of a standard supervised data-driven
method, called hidden Markov modeling (HMM) [12]. Several
other well-known data-driven methods are potentially applicable
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for regime classification; examples are symbolic time series analysis
(STSA) [13] and deep neural networks (DNN) using long short-
term memory (LSTM) [14]. However, HMMs provide a good
trade off with relatively smaller training times compared to that in
LSTM-based neural networks with similar accuracy and may
have higher accuracy than traditional STSA methods. Thus, in
this study, the authors have chosen to demonstrate the efficacy of
an HMM classifier in the context of performing the difficult task
of discriminating multiple regimes in chaotic systems. To the best
of authors’ knowledge, there is no reported literature that reports
classification of different regimes of a chaotic dynamical system.
The primary objective here is not only to detect the presence of

chaos but also to classify the operational regimes of the system,
after the classifier is trained with the knowledge of the regimes
(i.e., in a supervised fashion). As a classifier, HMMs are capable
of identifying the current regime of the system, regardless of
whether the regime is chaotic or non-chaotic. In the event that the
dynamical system is needed to be controlled, this information
could help in choosing a better control action to steer the system
to a preferred state. Efficacy of the HMM-based regime classifier
is demonstrated on several well-known chaotic dynamical sys-
tems that are sensitive to initial conditions and parametric perturba-
tions and that have very different structures of attractors depending
on their model parameters.
Contributions: Major contributions of the work reported in this

study are as follows:

(1) Development of a HMM-based regime classifier for chaotic
dynamical systems: The underlying algorithm takes time-
series signals as inputs for regime classification and does
not require the information on whether the classified
regimes are chaotic or not. The output is the identified
regime based on previously trained regime class data.

(2) Efficacy demonstration of the above HMM-based regime
classifier: The classification algorithm has been validated
on time series data, generated from four chaotic dynamical
systems—Hénon map, forced Duffing, Rössler, and Lorenz
attractor.

Organization: The study is organized in five sections. Section 2
introduces the essential concepts of chaos along with a

mathematical description of four different chaotic system models
that are investigated here. Section 3 provides a brief background
of HMM that is the backbone of the regime classification algorithm
in this study. Section 4 presents the results for various cases of each
of the four chaotic systems. Section 5 summarizes and concludes
the reported work along with a few recommendations for future
research.

2 Chaotic Dynamical Systems
Chaotic dynamical systems are essentially deterministic; they are

sensitive to the initial conditions, only for chaotic regimes, and to
system parameters for (possibly) all regimes. This study focuses on
chaotic dynamical system models with parameters that can be
varied to obtain multiple regimes of operation, including both
chaotic and non-chaotic. This section presents the four chaotic dyna-
mical systems used to generate time-series data from various operat-
ing regimes, obtained by varying the parameters (see Table 1 for
details).
The first chaotic system is the Hénon map [15] that has the fol-

lowing set of governing equations:

xn+1 = 1 − ax2n + yn
yn+1 = bxn

(1)

The second chaotic system is the forced Duffing system [16], repre-
senting a nonlinear spring, whose governing equation is given as

ẍ + δẋ + αx + βx3 = γ cosωt (2)

The third chaotic system is the Rössler attractor [17], which repre-
sent chemical reaction kinetics, has the following set of three
coupled first-order differential equations:

ẋ = −y − z

ẏ = x + ay

ż = b + z(x − c)

(3)

The fourth chaotic system is the Lorenz attractor which is derived
by reducing the Navier–Stokes equation [1] and has the following

Table 1 Results of case studies for the different chaotic maps; listing the fixed and varying parameters and initial conditions for
training and testing data; the last (right hand) column indicates the total HMM classification error

Case
Chaotic
system

Fixed parameter
values

Varying parameter
values

Initial conditions
for training data

Initial conditions
for testing data

HMM
error

I Henon b= 0.3 a= 1 to 1.4 in increments of 0.05 (x0, y0)= (1, 1) (x0, y0)= (1, 1) 0.97%
I-A Henon b= 0.3 a= 1 to 1.4 in increments of 0.05 (x0, y0)= (1, 1) (x0, y0)= (0, 0) 12.24%
II Duffing γ= 0.2, δ= 0.5,

α= 1, β=−1
ω= 0 to 2 in increments of 0.5 (x0, ẋ0) = (0, 0) (x0, ẋ0) = (0, 0) 0%

II-A Duffing γ= 0.2, δ= 0.5,
α= 1, β=−1

ω= 0 to 2 in increments of 0.5 (x0, ẋ0) = (0, 0) (x0, ẋ0) = (0.1, 0) 0%

III Duffing α=−1, β= 1,
δ= 0.3, ω= 1.2

γ= 0.2 to 0.60 in increments of 0.1 (x0, ẋ0) = (0, 0) (x0, ẋ0) = (0, 0) 4.48%

IV Duffing α=−1, β= 1,
δ= 0.3, ω= 1.2

γ= 0.2, 0.28, 0.29, 0.37, 0.50 & 0.65 (x0, ẋ0) = (0, 0) (x0, ẋ0) = (0, 0) 1.11%

V Duffing α= 1, β= 1,
γ= 22, ω= 5

δ= 0.1 to 0.35 in increments of 0.05 (x0, ẋ0) = (0, 0) (x0, ẋ0) = (0, 0) 30.77%

VI Rossler b= 2, c= 4 a= 0.25 to 0.55 in increments of 0.05 (x0, y0, z0)= (1, 1, 1) (x0, y0, z0)= (1, 1, 1) 1.69%
VI-A Rossler b= 2, c= 4 a= 0.25 to 0.55 in increments of 0.05 (x0, y0, z0)= (1, 1, 1) (x0, y0, z0)= (0, 1, 1) 1.69%
VII Rossler b= 2, c= 4 a= 0.3547, 0.398, 0.410,

0.458, 0.503, and 0.550
(x0, y0, z0)= (1, 1, 1) (x0, y0, z0)= (1, 1, 1) 1.17%

VIII Rossler a= 0.2, c= 5.7 b= 0.2 to 1.8 in increments of 0.4 (x0, y0, z0)= (0, 0, 0) (x0, y0, z0)= (0, 0, 0) 0.85%
IX Rossler a= 0.1, b= 0.1 c= 5 to 45 in increments of 5 (x0, y0, z0)=

(0.2, 0.3, 0.2)
(x0, y0, z0)=
(0.2, 0.3, 0.2)

0.10%

X Lorenz σ= 10, β= 8/3 ρ= 50 to 250 in increments of 20 (x0, y0, z0)= (1, 1, 1) (x0, y0, z0)= (1, 1, 1) 0%
X-A Lorenz σ= 10, β= 8/3 ρ= 50 to 250 in increments of 20 (x0, y0, z0)= (1, 1, 1) (x0, y0, z0)= (0, 1, 1) 0%
XI Lorenz σ= 10, β= 8/3 ρ= 13, 14, 15, 28, 99.96, 100.3,

155, 193, 228, 229, 230.5, and 240
(x0, y0, z0)= (1, 1, 1) (x0, y0, z0)= (1, 1, 1) 0%
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governing equations:

ẋ = σ(y − x)

ẏ = x(ρ − z) − y

ż = xy − βz

(4)

Depending on the parametric values in Eqs. (1)–(4), the evolution of
the system state variables may drastically change. Therefore, it is
necessary to understand, especially for regime classification,
exactly which parametric condition a system is currently in. Some
of the challenges related to these phenomena are exemplified in
Figs. 1 and 2.
Figure 1 shows the bifurcation diagram for the Rössler system in

Eq. (3) by varying the parameter c, while the other system param-
eters are kept fixed at a= 0.1 and b= 0.1. It is seen that as c is
varied, the system behavior changes drastically, with different
attractor basins for different ranges of c. Non-chaotic attractors
cause the system to come to respective equilibria, irrespective of
initial conditions; for chaotic attractors, the initial conditions may
play a major role in the system evolution while the chaotic attractor
remains the same irrespective of the initial conditions. Figure 2
shows the phase plots of signals for nine selected values of the
parameter c along with a mention of the type of system regime
that it belongs to. It is seen that changes of the parameter c from
8.5 to values in the range of 8.7–9 alters the system behavior

from periodic with period 4, to periodic with period 8 to chaotic.
This demonstrates possible sensitivity of a chaotic system to
certain parameters. The plots in Figs. 1 and 2 show that it is not
always easy to distinguish between the regimes by traditional anal-
ysis of time-series data, and perhaps that is why it is not reported in
the current literature.
Section 3 addresses the usage of HMM [12] for detection and

classification of the exact regime of operation by analyzing the
time series of system responses.

3 Hidden Markov Modeling
While the details of HMM are extensively reported in technical

literature (e.g., Refs. [12,19]), this section briefly introduces the
underlying concept for completeness of this study. HMMs have
found applications primarily in speech recognition [20], time
series classification [21] and even in image classification [22]. In
all of these problems, the HMM method has shown high classifica-
tion accuracy. Since HMM is a well-known and well-reported tech-
nique, the mathematical details are not presented here in detail for
brevity; interested readers are referred to the cited references.
In the training phase of a HMM [12], time series data from each

regime, i.e., classes k = 1, . . . , K, are used to learn the HMM. Sub-
sequently, in the testing phase, the learned HMMs are compared to
the HMM trained from the unknown regime. A succinct description
of HMM is outlined below.
During training, the Baum-Welch algorithm [12,19] has been

used to learn the HMM models of K classes. For each class
(regime), an ensemble of time-series windows is obtained from
the available time-series data. This is done by first downsampling
the long data with a downsampling rate DS, and then taking data
windows of length L shifted by a distance S; the parameters, DS,
L, and S are user-specified [23]. Then, the Baum-Welch algorithm
[12,19] is applied to train the HMM λk which is a triplet λk= {Ak,
Bk, πk} [12], where

(1) A≜ [aij] is the N ×N state-transition probability matrix where
N is the assumed finite number of hidden states belonging to
a set of symbols ∈ Q:

aij = p(zt+1 = qj|zt = qi): qi, qj ∈ Q
where

∑
j aij = 1 ∀i.

(2) B≜ [bj(yt)] is the probability density of the observation given
the state:

bj(yt) = p(yt|zt = qj)

(3) π≜ [πi] is the probability distribution of the initial state z1:
πi = p(z1= qi), where π is a 1 ×N vector with

∑
i πi = 1.

This procedure is repeated for each of the K classes.
During the testing phase, data windows of the signal from an

unknown regime, with the same parameters, DS, L, and S, as in
the training phase, are provided as inputs to the algorithm. Then,
the Forward Procedure [12,19] of HMM is used to compute the
log likelihood (Lk) of a given window of unknown time series
data belonging to each of the K classes. The final decision, as to
which class the unknown data belongs, is made by selecting the
class with the largest log likelihood as follows:

Selected Class = argmax
k∈{1,2,...,K}

Lk (5)

In this study, a continuous HMM formulation has been used,
where the emission is assumed to follow a Gaussian mixture
model withM Gaussian components and N hidden states. The algo-
rithms and theory for all the above HMM procedures are available
in the literature (e.g., Refs. [12,19]).
Remark 1. Although dynamical systems may have multiple
regimes of operation, a real-life system would probably show
only a few chaotic and periodic regimes. The HMM-based

Fig. 1 Bifurcation diagrams of the Rössler system
for the varying parameter “c,” from Alvarez et al. [18]: a=0.1, b
=0.1, (x0, y0, z0)= (0, 0, 0)

Fig. 2 Phase diagrams of the Rössler system for the varying
parameter c indicating the system regime for that value: a=
0.1, b=0.1, (x0, y0, z0)= (0, 0, 0)
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classification should be applicable to those cases as a subset of the
dynamical systems demonstrated in this study.

4 Results and Discussions
This section presents the results of analysis for each of the four

chaotic dynamical systems (see Eqs. (1)–(4)). Multiple cases are
considered, each having a different set of fixed and varying param-
eters. For each case, time-series data are obtained numerically for
the system parameters using a set of initial conditions of the
states. In some cases, the initial conditions are varied to examine
robustness of the HMM-based classifier to capture the attractor
behavior when the initial conditions are perturbed in the chaotic
system.
In the Hénon map (see Eq. (1)), the time evolution is accom-

plished by forward integration. For Duffing, Rössler and Lorenz
systems (see Eqs. (2)–(4)), the signals are generated using the
fourth-order Runge–Kutta formulation at a fixed time-step size of
1 × 10−3 s. Data of 5000 s have been generated corresponding to
each parameter set, for both training and testing phases, yielding
5,000,000 data points per condition. Furthermore, the signals are
artificially contaminated with 10% noise (amplitude ratio formula-
tion), which corresponds to a signal-to-noise ratio (SNR) of 20 dB.
For both HMM training and testing (see Sec. 3), the data are first

downsampled by DS= 100. This is necessary because the time-step
of integration is intentionally made very small, which leads to over-
sampling. The processed data are then windowed with a moving
window formulation (see Sec. 3) with a window size of L= 1000
and a shift value of S= 100 data points. The parameters DS, L,
and S are held constant across all training and test cases.
The HMM parameters, namely, number of Gaussian components

(M) and number of hidden states (N), also need to be assigned. The
optimal values for each system of equations are slightly different.
To allow for easy comparison, a common set of values are taken
and then kept unchanged for all tested cases; these parameters are
M= 4 and N= 30. Higher values of N degrade the performance
due to over-fitting and needing more data for proper training.
Also computational time increases with increasing N.
Table 1 lists the results for each case, which show both fixed and

varying parameters for individual systems. The initial conditions for
generation of training and testing data are also given. These param-
eters and their ranges are taken from cited research publications
(e.g., Refs. [1,13,15–17,24,25]) and are reported here for reproduc-
ibility of the results.
For the same map, multiple cases have been presented with dif-

ferent fixed and varying parameters. The last (right hand) column
in Table 1 provides the overall classification accuracy for various
classes, where the varying data are used for both training and
testing. The total error is defined as the ratio of the number of
data windows erroneously classified, to the total number of data
windows analyzed.
Majority of the cases are trained and tested using data from a

range of values of the varying parameter, as obtained from literature
or from the bifurcation diagrams of the dynamical systems. For
cases I, II, VI, and X in Table 1, a second analysis is done, where
the initial conditions for the testing data are made different from
those of the training data. These cases are appended with “-A” in
the first (left hand) column of Table 1. Certain cases, namely, IV,
VII, and XI, have been analyzed using specific values of the
varying parameter. These values are taken from literature as
regions of interest and have been analyzed for illustrating the
strengths and weaknesses of HMM-based classification. In
general, it is seen that HMM-based classification yields low error
rates (e.g., less than 2%). However, it is important to know why
HMM-based classification performs somewhat poorly for cases
I-A, III, and V, as explained below.
The poor performance in Case I-A is explained by the fact that, as

these systems are chaotic, changing the initial conditions causes the
system behavior to change significantly. This possibly leads to

incorrect classification, especially for the regions that have
strange attractors.
For case III, the chosen range of values of γ is such that several

values correspond to signals coming from the same regime with
possibly a minor difference in the signal form (e.g., γ= 0.3 and
γ = 0.4 have very similar signals); this leads to poor classification.
However, in the next case IV, the same fixed parameters are used,
with the values of the varying parameter chosen to match regions
where the signal nature varies. Here, a better classification accuracy
is achieved.
In case V, the signals are from a region where the parameter δ

ranges from 0.1 to 0.35. For δ= 0.1 to 0.3, the time signals are
very similar, and the signal bifurcates to a different regime when
δ≈ 0.35, as seen in Figs. 3 and 4. Here too, HMM-based classifi-
cation is unable to capture the difference between the signals
when δ= 0.1 to 0.3. Thus, in this region of interest [13], the
HMM method is apparently insufficient.

5 Summary, Conclusions, and Future Work
This study has demonstrated the applicability of the HMM-based

time-series analysis in an attempt to classify regimes of operation
in chaotic dynamical systems, which is not apparently explored
much in literature. The proposed data-driven regime classification
does not need the knowledge of whether the classified regime is
chaotic or non-chaotic; this property has been demonstrated by con-
sidering various operational cases from four standard chaotic maps,
namely, Hénon, Duffing, Rössler, and Lorenz attractor systems. The
study has been conducted on global ranges as well as local ranges of
interest near bifurcation zones.
The proposed HMM-based method of regime classification

yields good accuracy, in general, and it performs sub-par only for
a few specific cases, the possible causes for which are discussed

Fig. 3 Phase plots for the generated signal for δ=0.10 to 0.35 in
increments of 0.05, where α=1, β=1, γ=22, ω=5

Fig. 4 Phase-aligned noise-less signal for δ=0.10 to 0.35 in
increments of 0.05, where α=1, β=1, γ=22, ω=5
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in Sec. 4. Thus, this method, coupled with the standard tests for
chaotic nature could help not only to identify chaos but also to clas-
sify chaotic “sub”-regimes.
The above results evince that the proposed HMM-based method

is expected to be well-suited to serve as a bench mark for develop-
ment of alternative data-driven methods of regime classification in
chaotic dynamical systems.
While there are many areas of research to enhance the work

reported in this study, the following topics are suggested to be con-
ducted in the near future.

(1) Development of other data-driven methods (such as Sym-
bolic Time Series Analysis [13,26]) that can improve upon
the accuracy of HMM-based classification, especially in
closeby regions of interest, typically seen just prior to
bifurcation.

(2) Enhancement of robustness of data-driven regime classifica-
tion to initial conditions of chaotic systems.

(3) Application of the proposed classification method to real-life
systems that display multiple chaotic regimes.

(4) Development of a data-driven method to identify chaos type
with no or partial knowledge of system dynamics (e.g., unsu-
pervised or semi-supervised classification).
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