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Project Abstract

Our research objective is to enable guided wave monitoring for inaccessible, complex geometric
structures. These systems have a significant potential to improve the sustainability and survivability
of United States Air Force aircraft and munitions. However, current guided wave structural health
monitoring systems are designed for simple geometric structures, such as large, rectangular plates.
Aircraft and other structures are more geometrically complex and contain common structural
elements, including fasteners and stiffeners that complicate wavefields. Complexity is one of the Air
Force’s foundational challenges for creating enhanced damage detection systems.

Numerical simulations have helped us to understand wave propagation in complex structures.
Yet, these simulations rarely match experimental data. As a result, these simulations cannot
significantly improve data analysis. We address this technical gap by integrating large numerical
guided wave models with experimental data to predict wave propagation and to exploit geometric
complexities for damage localization and characterization. Our approach is fundamentally different
from previous work because our algorithms require no explicit parameterizations (e.g., Young’s
modulus, temperature, etc.) that restrict models to very specific solutions. We instead exploit the
sparse, modal representations of waves that implicitly describe parameters.
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Introduction

Guided wave structural health monitoring systems have the potential to significantly improve the
sustainability and survivability of United States Air Force aircraft and munitions by monitoring
inaccessible and critical components. In the last decade, fundamental tools for guided wave monitoring
have been created. Yet, these tools are still limited to monitoring simple geometric structures,
such as large, rectangular plates. For example, current guided wave technology cannot reliably
monitor structures with stiffeners or stringers, which are integral to the structure of the airplane. To
resolve this challenge, there has been recent research [1-3] into creating simulation tools to analyze
guided waves in complex structures. Yet, there is a significant obstacle to using these simulations:
simulations rarely match experimental data.

Simulations rarely match experimental data due to uncertainties: environmental variations [4],
structural changes [5], degradation of sensors [6], and other factors that are unknown or unreasonable
to model. A common approach to this challenge is to parameterize and model all of these factors to
create many possible “alternative” models [7-9]. Yet, the computational requirements for tuning
and constructing vast model libraries for each application are computationally and monetarily
prohibitive. Ideally, we can instead use machine learning algorithms to extract these uncertainties
from a combination of guided wave models and experimental data. If successfully, these hybrid
simulation systems can predict data from simulation-like information with characteristics (i.e., these
uncertainties) extracted from the experimental data.

Truly predictive nondestructive testing and structural health monitoring models will improve
inspection accuracies, minimize inspection costs, improve safety, reduce the need for excessive data,
and create pathways for new system-wide monitoring methods [1]. Predictive models will allow us to
interrogate inaccessible, interconnected regions deep within a structure, such as a wing, that cannot
easily be monitored or inspected. This will reduce costs associated with the need to disassemble
many components for inspection through manual processes. Predictive models will also enable us to
transition diagnostic information into prognostic information by enabling us to predict the future
behavior of a tuned structural model from diagnostic data.

Hence, the objective of this project was to inestigate predictive models that fit numerical
simulations with experimental data. Our predictive models are fundamentally different from previous
modeling work [1, 3, 10, 11] because the original simulations act only as a guide for data analysis
and we require no explicit parameterizations (e.g., Young’s modulus, temperature, etc.) that restrict
models to very specific solutions.. Our models integrate experimental data with either analytical
(theoretically derived), numerical (obtained from numerical simulations), or experimental (measured
from surrogate systems) models. We combine our models using sparse, modal information (i.e., a
dictionary and its coefficient) that characterize how waves behave.

To achieve our objective, we created a collection of novel algorithms that combine simulated and
experimental data under different circumstances. These algorithms are illustrated in Figure 1. The
algorithms are divided into two categories a “Model-fitting Paradigm,” where we have an underlying
analytical wave propagation model, and a “Transfer Learning Paradigm,” where that underlying
model is learned from simulations or related experiments. The “Model-fitting Paradigm” utilizes
a combination of wave physics knowledge with compressive sensing theory [12, 13] to learn the
underlying representation of data. The “Transfer Learning Paradigm” uses dictionary learning [14]
and sparse coding algorithms to learn an underlying model of the data. Throughout this project, we
created these models and then demonstrated how they can be used for damage detection, localization,
and characterization.
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Figure 1: Ilustration of our strategy and the algorithms created from this strategy.

Background: Challenges and Prior Art

Guided Waves

Guided waves, i.e., waves that are guided by the geometry of a structure or waveguide, are a widely
researched tool for detecting, locating, and characterizing damage in physical structures [15-17].
Over the last two decades, in situ guided wave structural health monitoring research has established
robust tools for the continuous inspection and monitoring of large structural areas. However, current
guided wave structural health monitoring tools are mostly designed for simple geometric structures,
such as large, rectangular plates. The multiple modes and multiple reflections of guided waves in
complex geometric structures significantly reduce the effectiveness of current damage localization and
characterization algorithms. As a result, guided wave technologies are not yet adequate for a large
variety of complex, mechanical structures that would be invaluable to monitor. This project addressed
this challenge with predictive models that merge numerical simulations of complex structures with
experimental observations.

Guided waves can interrogate large areas with relatively low attenuation and are sensitive to
most forms of damage. Guided waves have been implemented in a large variety of structural systems,
including pipelines [16, 18-23|, bridges [24, 25|, concrete [26], steel cables [27-29], metal aircraft
components [30, 31|, and composite aircraft components [1, 32-34]. One of the most significant
challenges for working with guided waves is the complexity of measured signals.

Guided wave damage detection, localization, and characterization methods can be classified as
sparse array |35-38|, dense array (i.e., beamforming) 39, 40|, or wavefield methods. We focus on
sparse arrays and wavefield methods. Sparse arrays can monitor large areas as they provide unique
information about the wavefield at each sensor. The most popular sparse array localization methods
include time-reversal [41-43|, delay-and-sum [36, 44, 45|, and delay-and-sum variants [38, 46]. Time
reversal uses prior experimental wavefield measurements to achieve super-resolution performance in
complex structures. However, obtaining experimental wavefields is often impractical and time-reversal
can be very sensitive to environmental variations. Delay-and-sum methods assume the waves are
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represented by a single dominant mode traveling at a single velocity. In these methods, the signal’s
envelopes (instead of the raw data) are often processed to reduce errors between the model (a delay)
and measured data, although this results in high location uncertainty. The delay-and-sum variants
aim to often reduce this uncertainty through the incorporation of known physics.

Wavefield methods capture a spatial region of propagation, usually with a laser Doppler vibrometer
[32] or air-coupled ultrasonic transducer [47]. Methods such as local energy analysis [48] or local
wavenumber analysis [49, 50| have been used to detect and locate damage with this data. While
wavefield data is considerably more difficult to obtain than array data, it is a leading approach for
detecting many types of hidden defects, such as delaminations [51], in composite materials.

Inadequacy of Simulations

Many similar platforms now exist for generating guided waves [52]. These platforms provide invaluable
insights and guides for analyzing and processing data. However, these platforms are alone inadequate
for the direct processing of experimental data. This is because seemingly small variations between
experimental and simulated data cause large changes in the data processing.

As an example, we can consider subtraction. Baseline subtraction (subtracting data from a
healthy specimen with data from a damaged specimen) is a common approach for isolating reflections
from damage [6]. Collecting a useful baseline is a challenge due to the baseline needing to be collected
early in the life of the system and all of the benign variations (which change the data) between then
and the time the damage forms. Figure 2 visually illustrates how small changes in guided wave
parameters can adversely affect processing capabilities. We illustrate a guided wave simulation with
velocity v and Gaussian enveloped frequency response, the same guided wave simulation with a
small variation in velocity (1%) as well as a scatterer in the center of the space, and the difference
between these two simulations. Ideally, the difference would isolate the reflections from the scatterer.
However, the small variations keep the reflections mostly hidden. This illustrates the need to adapt
the simulations to better match our the uncertainties within the data.

Simulated wavefield Simulated wavefield
Velocity v Velocity v (1.01)v
No point scatterer Contains a point scatterer Difference in wavefields

i, P

€
S
£ 6 6
o -—
=
© 4 4
L
o 2 2

0 0

0 5 10 0 5 1 0 5 10
Plate Length [cm] Plate Length [cm] Plate Length [cm]

Figure 2: Illustration of how small changes in guided wave parameters can adversely affect processing
capabilities. From left to right, we illustrate a guided wave simulation with velocity v, the same guided wave
simulation with a 1% variation in velocity as well as a scatterer in the center of the space, and the difference
between these simulations.
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Sparse Representations: The Model-fitting Paradigm

Our framework is based on the fact that waves, at each frequency, can be represented by a linear
(often sparse) combination of modes [53, 54]. By discretizing the frequencies and modes, this
statement can be mathematically expressed as

X =®V (1)

where X is an M x @ (measurements by frequencies) data matrix, ® is an M x N (measurements
by user-determined elements) basis matrix or dictionary of modes, and V is a sparse N x @ (user-
determined elements by frequencies) matrix that defines what modes are at each frequency. So, for
example, in a one-dimensional string, each mode (i.e., a column of ®) corresponds to a wavenumber.
For a standing wave, only harmonic wavenumbers exist. For a traveling wave, an infinite number of
wavenumbers / modes may exist. Yet, at any given frequency, the traveling wave only ever has one
wavenumber / mode present. For more complex waves, such as guided waves, additional modes are
often present at each frequency. These modes may have complex spatial shapes depending on the
structure of interest.

In our “Model-fitting Paradigm,” we determine ® from theory and assume V to be sparse.
Since V is sparse, we can use compressive sensing and sparse coding methods [12, 55, 56| to solve
this problem. Sparse representations have been used in a wide variety of applications, including
compressive sensing [12, 55|, single-pixel cameras [57|, image [58] and video [59] processing, magnetic
resonance imaging [60], and seismology [61]. Once V is learned, ® can be changed based on the
known analytical formula for wave propagation. The two matrices are then multiplied to predict
new wave behavior.

Dictionary Learning

In our “Transfer Learning Paradigm,” we use dictionary learning to extract possible full wavefield
modes from numerical simulations. Mathematically, this means we extract both D and V from
data. We usually learn from some form of surrogate data, which may be simulation or experimental.
The matrix D represents the “modes” of the waves. The term V represents the linear combination
coefficients of those modes in the data. We learn D (and a structure-specific V) from our surrogate
data (such as a simulation). Then given D, we can learn a new V that is tuned specifically to a
different experimental dataset.

The term “mode” here represents a spatial (not necessarily orthogonal) wavefield component. We
use sparse coding to determine the modes and amplitudes present in experimental data (i.e., V). As
an illustrative example, a standing wave on a fixed string is represented by a sum of harmonic wave
modes with amplitudes corresponding to some excitation. If the mode amplitudes are unknown,
we can simulate an impulsive excitation in the string, determine the possible string modes through
dictionary learning, and then determine the experimental mode amplitudes with sparse coding. If
the string length and mode amplitudes are unknown, we can simulate an impulsive excitation in an
infinite string, determine new possible modes (i.e., a subset of all possible wavelengths), and then
determine the experimental mode amplitudes with sparse coding. This demonstrates how we can
implicitly incorporate uncertainty (e.g., the string length) into our framework.
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Model-Fitting Paradigm: Methods and Result Snapshots

This section describes the model-fitting paradigm methods studied and created throughout this
project. These methods use a known analytical model to learn the underlying wave representation.

Sparse Wavenumber Analysis: Sparse Representations For Isotropic Media

Sparse wavenumber analysis determines the global wavenumber (and velocity) characteristics of
isotropic materials [62]. For sparse wavenumber analysis, the measurements are usually undersampled
(not satisfying the Nyquist-Shannon sampling criteria) in space but densely sampled in time (or data
is initially measured in frequency). We model guided Lamb waves Y (w, ) between two points (i.e.,
a transmitter and receiver) of distance r by [62]

Vi) =30 iy Gl @)

The functions k,(w) and G,(w) represent the frequency-dependent wavenumbers and complex
amplitudes for each mode. For an ideal, isotropic plate, k,(w) is the solution to the Rayleigh-Lamb
equation [63] and is described by the structure’s dispersion curves.

To solve for k,(w) and Gy, (w), we represent this expression as a matrix multiplication

Y =&V (3)

where Y is a matrix of data in space and frequency, V is a dispersion curve matrix, and ® relates
the two. The location of elements in V correspond to the values of k,(w) present in the Y and the
complex amplitudes of V correspond to the complex amplitudes of G, (w).

An example dispersion curve matrix for an isotropic plate is shown in Figure 3. The figure also
illustrates the 50 spatial locations used to extract those dispersion curves. Note that each point has a
signal that is densely sampled in time. Figure 4 illustrates our ability to predict full wavefields from
this approach information. Note that since reflection information is not included in the analytical
model, it does not get predicted. In related work, this fact has been used to create baselines for data
without any prior measurements [64-66].
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Figure 3: Recovered sparse representation on the right of a set of spatially sparse experimental data on the
left. Note that each point in space also have a dense time component. The sparse representation closely
resembles the dispersion curves but with amplitudes assigned to each frequency-wavenumber pair.
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Figure 4: Predicted wavefield on the right from a set of spatially sparse experimental data on the left. Note
that each point in space also has a dense time component. The sparse representation closely resembles the
dispersion curves but with amplitudes assigned to each frequency-wavenumber pair.

Two-Dimensional Sparse Wavenumber Analysis: Reducing Constraints

Sparse wavenumber analysis can be extended to two dimensions [67, 68|, according to

Y(UJ, xZ, y) = Z Gn (w) e‘j(k;m(w)x'i_k%y)(w)y) (4)

where x and y are now spatial locations in the two-dimensional space and there are two wavenumbers
kﬁ{r) (w) and k,(ly) (w) for these corresponding directions. The advantage of this approach is that we do
not need to know the source location of the waves and it can address anisotropic wave behavior.
The disadvantage is the it requires more data to make an accurate prediction than standard sparse
wavenumber analysis. In matrix notation, this setup can be expressed by three matrices

Y=%,V®, (5)

where ®, and ®, translate the two-dimensional dispersion curves in V in guided wave data in Y.
We can also adapt this setup to consider polar coordinates [69] rather than Cartesian coordinates,
which simplifies the sparse representation for non-plane wave signals.

Figure 5 illustrates the single-frequency two-dimensional dispersion curves from two-dimensional
sparse wavenumber analysis. The left subplot illustrates the results for the Cartesian form and the
right subplot illustrates the result for the polar form. Figure 6 illustrates the reconstruction of an
anisotropic wavefield (e.g., from a composite material) from approximately 500 sparsely sampled
data with two-dimensional sparse wavenumber analysis. Note that standard sparse wavenumber
analysis will not work with this data.
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Figure 5: Examples of two-dimensional sparse wavenumber analysis dispersion curves. (Left) illustrates the
Cartesian coordinate version and (right) illustrate the Polar coordinate version.
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Figure 6: Illustration of prediction of anisotropic guided waves with two-dimensional sparse wavenumber
analysis. (left) the measured spatially undersampled data, (center) the true wavefield, (right) the predicted
waveform from the two-dimensional dispersion curves learn with the undersampled data.

Anisotropic Sparse Wavenumber Analysis: Sparse Representations for Anisotropic Media

While two-dimensional sparse wavenumber analysis worked with anisotropic media, it required many
measurements for good results. One of the issues challenges is that the velocity of propagation varies
as a function of direction and we cannot easily estimate the velocity in every possible direction.
Therefore, we created an anisotropic sparse wavenumber analysis, which combines aspects of standard
sparse wavenumber analysis and two-dimensional sparse wavenumber analysis, to characterize the
dependencies between each direction. We created an analytical model for anisotropy [70] defined by

Y(w,2,y) =) Gulw)e (k5 ()P (ki (@))Py) 1/ (6)

where x represents a horizontal travel distance and y represents a vertical travel distance. The
functions .7 (w) and kY (w) represent the wavenumbers in the horizontal and vertical directions,
respectively. The variable p represents the shape of the wavefront. For example, if p = 1, the

wavefront is a diamond shape. If p = 2, the wavefront is a circle.
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The left-most subplot in Figure 7 illustrates V, the experimentally obtained 3D dispersion curves
from sparse wavenumber analysis from a glass fiber reinforced polymer plate with 4 aligned unidirec-
tional layers. Each dot in Figure 7 represents a recovered value in frequency(w)-wavenumber(k(*))-
wavenumber(k(y)) space and describes how the waves propagate in the composite. This sparse
representation characterizes the entire medium, not just the measured data. As a result, we can
use it to predict or extrapolate wave behavior anywhere in the medium. The other two subplots
illustrate the predicted wavefield from only 36 time-domain signals across the composite panel.
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Figure 7: Illustration of anistropic sparse wavenumber analysis. (left) Anisotropic dispersion curve. (center)
Sparsely sampled measurement locations in space. (right) Predicted wavefield reconstructed from the
anisotropic dispersion curve and sparse sampled data.

Temporal Sparse Wavenumber Analysis: Sparse Representations for Undersampling Time

Temporal sparse wavenumber analysis [67] determines the global frequency (and velocity) character-
istics of isotropic materials but sampled sparsely in time rather than space. Hence we can reduce the
amount of data needed by sampling measurements slower. For temporal sparse wavenumber analysis,
the measurements are usually undersampled (not satisfying the Nyquist-Shannon sampling criteria)
in time but densely sampled in space. The setup for temporal sparse wavenumber analysis is similar
to the setup for regular sparse wavenumber analysis, but to solve the inverse problem (identify &, (w)
and Gp(w)), we represent this expression as a different matrix multiplication

Y =Vveh (7)

where Y is a matrix of data of wavenumber and time, V is a dispersion curve matrix, and W relates
the two. The location of elements in V correspond to the values of k,(w) present in the Y and the
complex amplitudes of V correspond to the complex amplitudes of G, (w).

An example prediction from temporal sparse wavenumber analysis is shown in Figure 8. The left-
most subplot shows the undersampled time-domain signal with only 15 samples. The reconstructed
and true signals have 2000 samples. This demonstrates that we can learn and predict wave behavior
with very little input data.
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Figure 8: Ilustration of temporal sparse wavenumber analysis results. (left) The temporally undersampled
data. (center) The predicted temporal signal based on the dispersion curves learned by the undersampled
data. (right) The true densely sampled signal.

Spatio-Temporal Sparse Wavenumber Analysis: Undersampling in Time and Space

Spatio-temporal sparse wavenumber analysis [71] determines the global frequency-wavenumber char-
acteristics of isotropic materials. For spatio-temporal sparse wavenumber analysis, the measurements
are usually undersampled (not satisfying the Nyquist-Shannon sampling criteria) in both time and
space. To solve for k,(w) and G, (w), we represent this expression as a matrix multiplication

Y = oVl (8)

where Y is a matrix of data of space and time and V is a dispersion curve matrix. The matrix
® relates space to wavenumber. The matrix W relates time to frequency. An example prediction
is shown in Figure 9. The left-most subplot shows the undersampled spatial information, which
changes with each point in time (i.e., the data is not dense in time). We predict the signals with
40% less data than required by the Nyquist-Shannon sampling criteria.

True data Reconstructed data Subtraction ;
0.1 0.1 0.1
E F008 008 E°»°8 l 05
£ = = |
=N 5,0.06 ,0.06 £ 006
= = c c 0
g g 3 3
& © 0.04 © 0.04 » 004
E = ;. > 05
002, =.¢ £ 002 0002 %002 :
AR, ST I v 1
0.02 0.04 0.06 0.08 0.1 0.02 0.04 0.06 0.08 0.1 0.02 0.04 0.06 0.08 0.1 002 004 006 008 01
Plate width [m] Plate width [m] Plate width [m] Plate width [m]
Sampled data True data Reconstructed data Subtraction
0.1 e, @3 0.1 — 1 )
z [ -
&, ee 0t E008 008 .
S Sy o E o
S L. 5006 £ 006
ol & 5
‘2t V" 004 » 0.04
PRI =
sot w g, 1002 , % 002 )
ot . o
e " 0'" a e ”
0.02 0.04 0.06 0.08 0.1 0.02 0.04 0.06 0.08 0.1 0.02 0.04 0.06 0.08 0.1 002 004 006 008 01

Plate width [m] Plate width [m)] Plate width [m] Plate width [m)

Figure 9: Illustration of spatio-temporal sparse wavenumber analysis. From left to right, the columns show two
time snapshots of undersampled wavefields, the experimentally measured wavefields, the predicted wavefields
from the undersampled data dispersion curves, and the subtraction between the true and predicted data.
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Transfer Learning Paradigm: Methods and Result Snapshots

Dictionary Learning (Experiment-to-Experiment)

Sparse coding requires a known dictionary of modes ®. For complex structures, manually deriving ®
becomes very difficult very quickly. Therefore, we need a method to numerically determine ®. That
is, we need a method that will find an appropriate ® matrix of modes given a numerical simulation.
Algorithms that can determine ® are known as dictionary learning algorithms [14, 72-74]. Dictionary
learning methods such as K-SVD [14, 72, 73], MOD [75|, and Sparsenet [76] determine the dictionary
for which there is a sparse representation V. Although less well understood than the sparse coding
methods, theoretical and empirical results show that dictionary learning achieves accurate results as
long as there exists some matrix V that is sparse |77].

We can train our dictionary from either surrogate experimental data (measured data originating
from a similar structural geometry but different wave behavior) or similar simulation data. Figure 10
illustrates the prediction and baseline subtraction achieved using an experimental surrogate [78].
This considers data from a small 10cm by 10cm plate with abundant reflections. We refer to this
as an experiment-to-experiment approach. The top row in the figure illustrates the subtraction of
a wavefield from an aluminum plate with a mass, emulating a flaw, located on it (i.e., the white
dotted circle) and the surrogate steel structure. We observe that the subtraction does not improve
our ability to detect the reflections from the mass. The bottom row illustrates the same process, but
a dictionary ® was trained from the surrogate and the sparse representation V was learned from the
test structure. This enabled a better subtraction, where the reflection from the mass is observable.

Test Structure Baseline Subtraction
; 100

Width (mm)

Length (mm) Length (mm) Length (mm)

Test Structure Synthetic Baseline

Baseline Subtraction

i

W

Width (mm)

100 20 40 60 80 100
Length (mm) Length (mm} Length (mm)
Aluminum (with mass) Steel (no mass)

Figure 10: Illustration using dictionary learning to learn from the underlying representation of a wavefield
experimental data and then adapt it to different experimental data. The top row illustrates the subtraction
between two similar datasets without the dictionary learning adaptation. The bottom row illustrates the
subtraction between the same datasets with the dictionary learning adaptation.
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Dictionary Learning (Simulation-to-Experiment)

Figure 11 illustrates the prediction and baseline subtraction achieved using a simulated surrogate.
This considers data from a 0.5m by 0.5m non-square aluminum panel (creating unusual boundary
reflections) and multiple (which create additional reflections) [79]. We refer to this as a simulation-to-
experiment (or sim-to-real) approach. The figure illustrates an experiment with a flaw and simulation
data of the same geometry but very different wave behavior. We train ® with the simulation data
and then train V with that dictionary and the experimental data. The reconstructed signal contains
the geometric information of the simulation but the wave behavior of the experiment. This enables
us to subtract away the incident wavefront and retain reflections from the defect.
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Figure 11: Illustration using dictionary learning to learn from the underlying representation of a wavefield
simulation data and then adapt it to visually different experimental data. From left to right, the subplot
columns show two different time snapshots of the original experimental data with a defect, the simulation
used to train the dictionary, the predicted wavefield from the dictionary and the experimental data, and the
difference between the experimental data and the prediction. This difference highlights the reflection from
the defect without any explicit baseline.

Transfer Learning with Sparse Autoencoders

In deep learning theory, a sparse autoencoder neural network has a close relationship with dictionary
learning algorithms. As a result, the sparse autoencoder can be used in much the same manner. The
difference is that the sparse autoencoder can exploit nonlinearity in the data whereas dictionary
learning assumes a purely linear machine learning model.

Figure 12 illustrates a preliminary result from a sparse autoencoder [80]. This example trains
the dictionary (the weights of the neural network) using simulated surrogate data and reconstructs
wavefield data with different wave behavior. The second subplot illustrates one set of weights from
the neural network to show that the neural network learns mode-like components from the surrogate
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simulation data. The results show that the autoencoder can also predict wave behavior. However, we
generally found dictionary learning to outperform the sparse autoencoder. We hypothesis that this
is because the neural network architecture cannot be used natively with complex numbers (necessary
since we work in the Fourier domain) whereas dictionary learning does. We believe the workarounds
needed to make the autoencoder work reduce its overall performance.

50 50

Width (mm)
Width (mm)
Width (mm)
Width (mm)

50
Length (mm) Length (mm) Length (mm) Length (mm)

Surrogate Data Transferred Knowledge Full Wavefield Test - Predicted

Figure 12: Tllustration using a sparse autoencoder learning to learn from the underlying representation
of a wavefield simulation data and then adapt it to visually different simulation data. From left to right,
the subplots show the simulation used to train the dictionary, an example weight generated in the neural
network, the different simulated data, and the predicted wavefield from the trained dictionary and the different
simulated data.

Wave-Informed Dictionary Learning

We have also had preliminary efforts into creating a wave-informed, or more generally a physics-
informed, dictionary learning algorithm. The advantage of this approach is that the dictionary
elements are required to satisfy the wave equation. In addition, we can extract our wave equation
parameters (namely, the wavenumbers of the learned dictionary element) directly from the algorithm.
This information is not extracted from the traditional dictionary learning algorithm. As a result, this
algorithm is more robust and more interpretable than the traditional dictionary learning algorithm.
Papers on this topic are still being prepared for eventual publication.

Conclusions and Future Work

This work establishes the fundamental theory for integrating analytical and numerical models with
experimental data. Future work aims to build on the preliminary wave-informed learning efforts
originated in this proposal. More generally, the Smart Diagnostics, Acoustics, and Time-series
Analysis (SmartDATA) Lab aims to use this technology to integrate physical properties and laws
of nature into state-of-the-art data analysis, machine learning, and signal processing techniques.
This will require us to address three critical challenges in analyzing and understanding complex,
physical systems and materials: (1) collecting sufficient amounts of data is often impossible for
practical and financial reasons, (2) capturing the data diversity for informed decision-making can be
impossible due to insufficient laboratory conditions or lack of observations (i.e., rare events), and (3)
data-driven analytics are not explainable like with physics-based techniques. Future work will focus
on addressing these three challenges.
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