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AN EXPLICIT BISTATIC GLINT SOLUTION FOR AN ARBITRARY NUMBER
OF SCATTERERS USING THE PHASE GRADIENT METHOD

1. INTRODUCTION

When considering the tracking of targets, by radar, it is often convenient to model individual targets
as single points and that separate targets will always produce separate (resolved) detections. However, in
many instances, such a single-point approximation is insufficient. When multiple closely-spaced targets, or
multiple scatterers on a single target, are unresolved in angle, range, and range-rate, and superresolution
algorithms are not used, measurements can be biased, with biases and measurement amplitudes varying
notably over time. The biases are known as “glint” and the amplitude variations are deemed “scintillation.”
This report provides explicit formulae for the apparent location and range rate of a group of unresolved
moving scatterers in a bistatic measurement system under a narrowband model and a single polarization.

Though true targets are complex, extended structures that produce complicated resonant returns [1],
it can be mathematically convenient to represent a single target (or a collection of unresolved targets) as
a collection of non-interacting discrete scatterers (points) in space whose returns can be described as the
superposition of the returns of each individual scatterer. Such discrete scatterer models have been used to
describe glint errors going into target tracking algorithms [2].

Some of the oldest models describing radar returns that have been corrupted with glint (when expecting
only a single resolved target) are stochastic in nature [3], [4]. Real data has shown that noisy glint-corrupted
measurements are not well modeled using Gaussian probability distributions, but rather require distribution
with long tails [5]. Stochastic modeling has continued to the present day leading to the development of
target tracking algorithmic components in the presence of glint such as in [5–10]. Interestingly, the target
tracking literature has treated the problem of tracking in the presence of glint independently of that of tracking
unresolved targets. The tracking of unresolved targets typically focusses on the problem of assigning a single
measurement to multiple targets. However, in numerous publications on unresolved target tracking [11–15],
[16, Ch. 7.1], it is simply assumed that the mean apparent measurement of the two unresolved targets is the
weighted average of their individual noise free measurement components. However, that is not how glint
behaves and the unresolved tracking literature might be able to benefit from the inclusion of glint models.

For modeling the effects of glint for the purpose of target tracking simulations, the use of a deterministic
model based on individual point scatterers can be useful: scatterers can be positioned representing real target
geometries and the geometries of scatterers on real targets. Additionally, the computation of glint-biased
measurements under such models is fast and simple and can be used as a minimal basis of validating the
choice of stochastic parameters in glint-aware tracking filters in the absense of real data. Though higher-
fidelity glint models, such as [17], utilizing more advanced target models exist, we choose the scattering
point model here, since it can be used without recourse to detailed models of the shape of targets.

The modeling of glint implicitly assumes that superresolution algorithms that detect and estimate the
presence of more than one target, such as [18–21] are not used. At the same time, it is assumed that some
Manuscript approved December 23, 2021.
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2 David Frederic Crouse

type of refined estimation besides performing detections over range-range-Doppler beams is done. While
this might be a form of generalized monopulse estimation in angle [22], such refine is also possible in range
and Doppler, as in [23] and as one can infer from the Barankin bounds of range estimates, which can be far
lower than the accuracy implied by the range resolution of a radar [24]. If no such refinement is performed
in range and Doppler, then one would not expect the analysis of this paper to necessarily be valid for the
errors produced there.

Given a set of non-interacting scatterers that cannot be resolved in range, range-rate, and angle by a
radar, and assuming that no algorithms for detecting the presence of unresolved targets is used and that only
a single polarization is used in detection, the two most prevant techniques for computing the (noise-free)
measurement of a radar are the phase gradient method (PGM), originating in [25] and the Poynting vector
method (PVM), originating in [26].

The differences and similarities between the PGM and PVM techniques are debated in [27–29]. Here,
the PGM method is chosen due to its simpler formulation. The PGM method is based on the notion that the
measured range, direction, and range rate of the target are related to derivatives of the phase of the received
signal. This is demonstrated for a single point scatterer in a monostatic scenario [30] and Section 2 derives
the same thing for a bistatic scenario.

The solutions derived in this report assume far-field targets. Some expressions for glint for near-field
targets are given in [31] and much more sophisticated (and complicated) polarimetric electromagnetic
solutions for generally shaped targets or surfaces are available, such as [32]. The majority of the literature
addresses glint purely as a phenomenon affecting direction measurements. Thus, the notion of “bistatic”
glint discussed in this paper might sound a bit odd, because the location of the transmitter does not affect
the angular component of glint (not considering how the radar cross section [RCS] of scatterers might vary).
However, range glint is a phenomenon that exists and is discussed, for example, in [33–37]. There is,
however, less documentation on how well the PGM or PVM methods model range and range rate glint biases
with the outputs of modern detection algorithms.

Glint errors for multiple scatterers in the monostatic case are considered in 2D in [34]. This paper
derives a more practicable bistatic solution in 2D and 3D for an arbitrary number of scatterers in Section 3
using Cartesian coordinates rather than the polar coordinates used in [34]. In [36], bistatic and monostatic
solutions for the range and angle glint of two unresolved scatterers in 2D are considered using the PGM
method. However, the bistatic solution is based on an incorrect expression of the range gradient (a monostatic
expression was used instead of a bistatic expression). In [4, Ch. 1.2], monostatic solutions in 2D are
considered. Section 4 provides similar 2D expressions using the Cartesian solution of this paper. Section 4
also derives glint offset extrema in 2D and plots a number of examples.

The results of this paper are concluded in Section 5.

2. THE SINGLE POINT-SCATTERER CASE

Under a narrowband model (focussing on a single frequency) and considering only a single polarization,
the (real) received signal model in the time domain is

𝑒1(𝑡) = 𝐸1 cos (𝜔 (𝑡 − 𝑡1) + 𝛿1) (1)
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where 𝑡 is time, 𝑡1 is the delay from the transmitter, to the target and then to the receiver, 𝐸1 is the (real,
positive) received signal amplitude, and 𝛿1 is a phase shift. The angular frequency 𝜔 is

𝜔 =2𝜋 𝑓 (2)

=
2𝜋𝑐
𝜆

(3)

where 𝑓 is the frequency of the narrowband wave, 𝑐 is the propagation speed (assumed constant over the
entire path) and 𝜆 is the wavelength. Equation (1) can be rewritten as

𝑒1(𝑡) =𝐸1 cos (𝜔𝑡 − 𝜓1) (4)
𝜓1 =𝜔𝑡1 − 𝛿1 (5)

Let lTx, lRx, and t1 be the 2 × 1 (in 2D space) or 3 × 1 (in 3D space) locations of the transmitter, receiver
and the single point scatterer of the target. The time delay is thus

𝑡1 =
1
𝑐
(∥t1 − lRx∥ + ∥t1 − lTx∥) (6)

so

𝜓1 =
𝜔

𝑐
(∥t1 − lRx∥ + ∥t1 − lTx∥) − 𝛿1 (7)

We consider the derivatives of the phase 𝜓1
1

𝜕𝜓1
𝜕𝜔

=
1
𝑐
(∥t1 − lRx∥ + ∥t1 − lTx∥) (8)

=
1
𝑐
𝑟𝐵 (9)

𝜕2𝜓1
𝜕𝜔𝜕𝑡

=
1
𝑐

((
t1 − lRx
∥t1 − lRx∥

+ t1 − lTx
∥t1 − lTx∥

) ′
¤t1 −

(
t1 − lRx
∥t1 − lRx∥

) ′
¤lRx −

(
t1 − lTx
∥t1 − lTx∥

) ′
¤lTx

)
(10)

=
1
𝑐
¤𝑟𝐵 (11)

∇lRx𝜓1 = − 𝜔

𝑐

(
t1 − lRx
∥t1 − lRx∥

)
(12)

= − 𝜔

𝑐
u (13)

where ¤lTx, ¤lTx and ¤t1 are the respective velocity vectors of the transmitter, receiver, and target, and 𝑟𝐵 is the
bistatic range to the target, ¤𝑟𝐵 is the bistatic range rate, and u is a unit vector from the receiver to the target.

1In [30, 34], the partial derivative used for range is taken with respect to 𝑓 . In [36], it is with respect to 𝜔. We take it with
respect to 𝜔 to avoid multiplicative constants.
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Consequently the gradients relate to typical target parameters

𝑟𝐵 =𝑐
𝜕𝜓1
𝜕𝜔

(14)

¤𝑟𝐵 =𝑐
𝜕2𝜓1
𝜕𝜔𝜕𝑡

(15)

u = − 𝑐

𝜔
∇lRx𝜓1 (16)

where the unit direction vector can be converted into whatever rotated measurement coordinate system is
used by the receiver.

The combination of 𝑟𝐵 and u can be converted into a target position in global coordinates [38, 39] is

t1 = lRx +
𝑟2
𝐵
− ∥lTx − lRx∥2

2 (𝑟𝐵 − u′ (lTx − lRx))
u (17)

The results in this section have essentially shown some of the same basic things shown in [30], but in a
Cartesian, bistatic manner and without being beholden to a 2D coordinate system.

3. THE MULTIPLE POINT-SCATTERER CASE

The notion behind the PGM is that the same gradients that lead to (noise-free) range, range rate, and
direction parameters for a single scatterer can adequately describe what one would expect to measure given
multiple, unresolved, closely-spaced scatterers when no superresolution is performed. Note that the general
idea is that the gradient with respect to lRx will point in the apparent direction of the receiver from the target
(as in (13)). However, the scale factors will be different. Thus, to get a unit vector, it must be normalized.

Let there be a total of 𝑁 unresolved scatterers. The received signal model is

𝑒𝑆 (𝑡) =
𝑁∑︁
𝑖=1

𝐸𝑖 cos (𝜔 (𝑡 − 𝑡𝑖) + 𝛿𝑖) (18)

=

𝑁∑︁
𝑖=1

𝐸𝑖 cos (𝜔𝑡 − 𝜓𝑖) (19)

=𝐸𝑆 cos (𝜔𝑡 − 𝜓𝑆) (20)

where

𝜓𝑖 =𝜔𝑡𝑖 − 𝛿𝑖 (21)

=
𝜔

𝑐
𝑟𝑖 − 𝛿𝑖 (22)
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and where 𝐸𝑖 is the (positive, real) amplitude of the return from the 𝑖th scatterer, 𝑡𝑖 is the bistatic delay from
the transmitter to the 𝑖th scatterer to the receiver, and 𝛿𝑖 is the phase shift associated with the return from the
𝑖th scatterer. The bistatic range of the 𝑖th scatterer is

𝑟𝑖 = ∥t𝑖 − lRx∥ + ∥t𝑖 − lTx∥ (23)

The composite magnitude 𝐸𝑆 and the composite phase 𝜓𝑆 are

𝐸𝑆 =

√√√√(
𝑁∑︁
𝑖=1

𝐸𝑖 cos(𝜓𝑖)
)2

+
(

𝑁∑︁
𝑖=1

𝐸𝑖 sin(𝜓𝑖)
)2

(24)

𝜓𝑆 = arctan2

(
𝑁∑︁
𝑖=1

𝐸𝑖 sin(𝜓𝑖),
𝑁∑︁
𝑖=1

𝐸𝑖 cos(𝜓𝑖)
)

(25)

where t𝑖 is the Cartesian location of the 𝑖th scatterer. Noting that the scaled partial derivatives of 𝜓𝑘 can be
expressed in terms of ranges are

𝑐
𝜕𝜓𝑘

𝜕𝜔
=𝑟𝑖 (26)

𝑐
𝜕2𝜓𝑘

𝜕𝜔𝜕𝑡
=
𝜕𝑟𝑖

𝜕𝑡
= ¤𝑟𝑖 (27)

− 𝑐

𝜔
∇lRx𝜓𝑖 =∇lRx𝑟𝑖 (28)

using

¤𝑟𝑖 =
(

t𝑖 − lRx
∥t𝑖 − lRx∥

+ t𝑖 − lTx
∥t𝑖 − lTx∥

) ′
¤t𝑖 −

(
t𝑖 − lRx
∥t𝑖 − lRx∥

) ′
¤lRx −

(
t𝑖 − lTx
∥t𝑖 − lTx∥

) ′
¤lTx (29)

∇lRx𝑟𝑖 =
t𝑖 − lRx
∥t𝑖 − lRx∥

(30)

then the measurement components are obtained from the composite phase gradients as

𝑟𝐵 = 𝑐
𝜕𝜓𝑆

𝜕𝜔
=

1
𝐶2 + 𝑆2

𝑁∑︁
𝑘=1

𝐸𝑘 (𝐶 cos(𝜓𝑘) + 𝑆 sin(𝜓𝑘)) 𝑟𝑘 (31)

¤𝑟𝐵 = 𝑐
𝜕2𝜓𝑆

𝜕𝜔𝜕𝑡
=

1
𝐶2 + 𝑆2

𝑁∑︁
𝑘=1

𝐸𝑘 (𝐶 cos(𝜓𝑘) + 𝑆 sin(𝜓𝑘)) ¤𝑟𝑘 (32)
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u =
ũ
∥ũ∥ (33)

ũ = − 𝑐

𝜔
∇lRx𝜓𝑆 =

1
𝐶2 + 𝑆2

𝑁∑︁
𝑘=1

𝐸𝑘 (𝐶 cos(𝜓𝑘) + 𝑆 sin(𝜓𝑘)) ∇lRx𝑟𝑘 (34)

where

𝐶 =

𝑁∑︁
𝑖=1

𝐸𝑖 cos(𝜓𝑖) 𝑆 =

𝑁∑︁
𝑖=1

𝐸𝑖 sin(𝜓𝑖) (35)

Consequently, given the scattering locations, the transmitter and receiver location, and the phase shifts
imparted by the scatterers, assuming a lossless atmosphere with a constant permittivity, one can use (31),
(32), and (33) to get the apparent measurement. The amplitude and phase of the measurement are from (24)
and (25).

4. SIMPLIFIED SOLUTIONS FOR TWO-POINT BISTATIC GLINT

4.1 Simplified Solution

In the case of two scatterers,

𝑟𝐵 =𝑐1𝑟1 + 𝑐2𝑟2 (36)
¤𝑟𝐵 =𝑐1 ¤𝑟1 + 𝑐2 ¤𝑟2 (37)
ũ =𝑐1

(
∇lRx𝑟1

)
+ 𝑐2

(
∇lRx𝑟2

)
(38)

𝐸𝑆 =

√︃
𝐸2

1 + 𝐸2
2 + 2𝐸1𝐸2 cos(Δ) (39)

where

𝑐1 =
𝐸1 (𝐸1 + 𝐸2 cos(𝜓1 − 𝜓2))

𝐸2
1 + 𝐸2

2 + 2𝐸1𝐸2 cos(𝜓1 − 𝜓2)
(40)

=
𝑧2

0 + 𝑧0 cos(Δ)
𝑧2

0 + 1 + 2𝑧0 cos(Δ)
(41)

𝑐2 =
𝐸2 (𝐸2 + 𝐸1 cos(𝜓1 − 𝜓2))

𝐸2
1 + 𝐸2

2 + 2𝐸1𝐸2 cos(𝜓1 − 𝜓2)
(42)

=
1 + 𝑧0 cos(Δ)

𝑧2
0 + 1 + 2𝑧0 cos(Δ)

(43)

𝑧0 =
𝐸1
𝐸2

(44)

Δ =𝜓1 − 𝜓2 (45)

Note that if 𝐸1 = 𝐸2, then 𝑐1 = 𝑐2 = 1
2 and the relatives phases 𝜓1 − 𝜓2 do not matter. Additionally, in (36)

– (38) 𝑐1 and 𝑐2 are the only values that depend on the 𝜓𝑖 values.
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lRx

lTx

t2

t1

t0

𝑙
2

𝑙
2

𝑟

𝑟0

𝜃

𝜃0

𝜃𝑎
𝜃𝑏

(a)

lRx

t2

t1

𝜃𝑡
2
𝜃𝑡
2

(b)

Fig. 1—The two 2D geometries when considering the parameterization for 2D analysis and plotting.
General solutions are given in the geometry of (a), whereby the 𝑥 axis is the midpoint between the
scatterers and the scatterers are tiled by an angle 𝜃. However, normally, 𝜃𝑎 ≠ 𝜃𝑏 . Thus, (b) is an alternate
geometry ensuring symmetry in those angles, but focussing only on direction in a situation where the
transmitter location does not matter.

In order to plot the offsets as a function of a minimal number of parameters in 2D, Fig. 1a, shows the
relative geometry between the transmitter, the receiver and the two scatterers for a generic 2D scenario. This
is the same geometry formulation used in [36]. The scatterers are a distance 𝑙 apart. The midpoint between
the scatterers t0 is separated from the receiver by a distance of 𝑟 and the transmitter by a distance of 𝑟0.
The line between t1 and t2 is tilted. Using the geometry of Fig. 1, the “correct” solution against which
glinted solutions will be compared will consist of the bistatic range and angle values associated with t0.
Additionally, the “correct” range rate will be the range rate associated with a target at t0 having a velocity
that is the average of the velocities of t1 and t2.

Letting lRx = [0, 0] ′ and placing tmid = [𝑟, 0] on the 𝑥 axis, the points t1, t2, and lTx can be found as

t1 =t0 − v (46)
t2 =t0 + v (47)

v =M

0
𝑙

2

 (48)

M𝜃 =

[
cos(𝜃) − sin(𝜃)
sin(𝜃) cos(𝜃)

]
(49)

lTx =t0 + M𝜃0

[
− 𝑟0

0

]
(50)

Since the phases 𝛿1 and 𝛿2 are typically random, one might want to consider what the maximum errors
introduced by the worst-case choice of 𝜓1 − 𝜓2, which is done in the next section.
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4.2 Extrema

Let 𝑟𝐵,0 be the bistatic range of t0. We want the maximum and minimum offsets in either direction. In
terms of range, the cost function to maximize and minimize the offset is

L𝑟 = 𝑟𝐵,0 − 𝑐1𝑟1 − 𝑐2𝑟2 (51)

The values of Δ such that 𝑑L𝑟/𝑑Δ = 0 (the stationary points) are

Δ =0 (52)
Δ =𝜋 (53)

Thus, the two extrema that might produce a solution of interest are Δ1 and Δ2 which lead to values of

L𝑟𝐵

��
Δ=0 =𝑟𝐵,0 −

𝑟2 + 𝑟1𝑧0
1 + 𝑧0

(54)

L𝑟𝐵

��
Δ=𝜋

=𝑟𝐵,0 −
𝑟2 − 𝑟1𝑧0

1 − 𝑧0
(55)

Similarly, due to the equivalent structure of (37), the extrema for range rate are also for Δ = 0 and Δ = 𝜋 with

L ¤𝑟𝐵
��
Δ=0 = ¤𝑟𝐵,0 −

¤𝑟2 + ¤𝑟1𝑧0
1 + 𝑧0

(56)

L ¤𝑟𝐵
��
Δ=𝜋

= ¤𝑟𝐵,0 −
¤𝑟2 − ¤𝑟1𝑧0
1 − 𝑧0

(57)

Let the two components of the 𝑖th range gradient∇lRx𝑟𝑖 be designated [𝑑𝑖,1, 𝑑𝑖,2] ′. Then, th 𝑘th component
of ũ is

𝑢̃𝑘 = 𝑐1𝑑𝑘,1 + 𝑐2𝑑𝑘,2 (58)

The implied angle (measured from the 𝑥 axis, taking the receiver to be at the origin) is thus

𝜙 = arctan2 (𝑢̃2, 𝑢̃1) (59)
= arctan2

(
𝑐1𝑑1,2 + 𝑐2𝑑2,2, 𝑐1𝑑1,1 + 𝑐2𝑑2,1

)
(60)

Consider the geometry of Figure 1. In this instance, the angle of t0 is 0, so any nonzero 𝜙 is an angular
deflection. In this geometry, the angular offset is not going to be over 𝜋/2 radians in magnitude (otherwise
the detection would be behind the receiver), so one needn’t use a four-quadrant inverse tangent and one can
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optimize over tan(𝜙) instead of 𝜙 directly. Taking ∇lRx𝑟𝑖 = [𝑔𝑥,𝑖 , 𝑔𝑦,𝑖] ′, one can write

tan(𝜙) =
𝑔𝑦,2 + 𝑔𝑦,1𝑧

2
0 + (𝑔𝑦,1 + 𝑔𝑦,2)𝑧0 cos(Δ)

𝑔𝑥,2 + 𝑔𝑥,1𝑧
2
0 + (𝑔𝑥,1 + 𝑔𝑥,2)𝑧0 cos(Δ)

(61)

The zeros of the derivative of tan(𝜙) with respect to Δ, which would correspond to maximum and minimum
offsets, are again 0 and 𝜋. The corresponding values of tan(𝜙) using (46) and (47) are

tan(𝜙) |Δ=0 =
𝑙 cos(𝜃) (𝑟1 − 𝑧0𝑟2)

𝑟1(2𝑟 − 𝑙 sin(𝜃)) + 𝑧0(2𝑟 + 𝑙 sin(𝜃))𝑟2
(62)

tan(𝜙) |Δ=𝜋 =
𝑙 cos(𝜃) (𝑟1 + 𝑧0𝑟2)

𝑟1(2𝑟 − 𝑙 sin(𝜃)) − 𝑧0(2𝑟 + 𝑙 sin(𝜃))𝑟2
(63)

with

𝑟1 =
√︁
𝑙2 + 4𝑟2 + 4𝑙𝑟 sin(𝜃) (64)

𝑟2 =
√︁
𝑙2 + 4𝑟2 − 4𝑙𝑟 sin(𝜃) (65)

Thus, in all instances, the minimum and maximum offsets are obtained with Δ = 0 and Δ = 𝜋. From
(39), the value for Δ = 0 maximizes the received amplitude and for Δ = 𝜋 minimizes the amplitude. That is

𝐸𝑆 |Δ=0 =

√︃
𝐸2

1 + 𝐸2
2 + 2𝐸1𝐸2 (66)

𝐸𝑆 |Δ=𝜋 =

√︃
𝐸2

1 + 𝐸2
2 − 2𝐸1𝐸2 (67)

Note that in the monostatic case, when 𝑧0 = 1 (equal strength), if 𝜃 = 0, then there is no angular glint
error regardless of the phase. Also note that 𝐸𝑆 tends to decrease as |Δ| increases. Thus, in practice, there
will exist a maximum value of Δ for which the received amplitude will be large enough for a detection to
even be possible. Consequently, a reasonable analysis for a particular sizes target, defined by 𝐸𝑆 would
only allow Δ to reach a maximum value such that the target could still be detected. If 𝐸min is the minimal
detectible amplitude and 𝐸1 = 𝐸2 = 𝐸 , then from (39), the bounds on the magnitude of Δ are

|Δ| ≤ arccos

(
2𝐸2 − 𝐸2

min
2𝐸2

)
(68)

4.3 Example

Consider a monostatic (lRx = lTx) scenario, placing the receiver at the origin and using the geometry
of Fig. 1 with 𝑓 = 100 MHz, 𝑙 = 50 m, 𝑧0 = 1/2, and 𝑟 = 1km, and 𝐸1 = 1. Also let the velocities of
the scatterers both be set to t1 = [100 m/s, 20 m/s] ′. Under these conditions, Figure 2 shows the effects of
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(a) Angular Deflection
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(b) Round-Trip Range Deflection
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(c) Round-Trip Range-Rate Deflection
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(d) Amplitude

Fig. 2—The offset in angle 𝜙 in (a), the round-trip range offset Δ𝑟𝐵 in (b), the round-trip range rate Δ ¤𝑟𝐵
offset, and the amplitude 𝐸𝑆 in (b) as a function of the orientation of two scatterers in 2D as well as the
upper and lower bounds of Section 4.2. Parameters are given in the text. At 𝜃 = 0◦, the angular separation
between scatterers is about 2.8◦, so the angular defection is outside the bounds of the target.
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glint in angle, (round-trip) range, range-rate, and amplitude as a function of the relative orientation of the
scatterers given by 𝜃.
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Fig. 3—The sample plot as in Fig. 2a, except the “truth” point has been moved to the weighted average
of t1 and t2 rather than the unweighted center point.

Note that shifting the "truth" values to a weighted average of t1 and t2, does not make the errors average
around zero, as can be seen for angle in Fig 3, which is drawn at the same scale as 2a. A nearly identical
plot is obtained if one takes as truth a weighted average of the angles of t1 and t2 rather than averaging
the Cartesian position and then finding the angles. Thus, the assumption in many papers on unresolved
target tracking that the unresolved measurement is an unbiased weighted average of the positions of the two
unresolved scatterers is incorrect. A bias will exist and the bias depends on 𝑧0.

The plots of angle and range are similar to those given in [36] (though the definition of 𝜙 is opposite),
which uses the same parameters except a frequency of 10 GHz. Increasing the frequency increases the
density of the oscillations of the black line, but it does not change the bounds; no bounds were given in [36].
The black line was created using a Δ that varies naturally with 𝜙1 and 𝜙2 for fixed target-induced phase shifts
of 𝛿1 and 𝛿2. Though such detailed information could be useful in a simulation of the effects of glint induced
by two unresolved scatterers, the extremely high sensitivity to the relative orientation 𝜃, indicates that it is
not particularly useful for any type of deterministic estimation and the bounds provided here are of more use.

There are practical limits to 𝜃 and 𝑙. Though 𝑙 can often large with 𝜃 = 0, 𝜃 cannot be large enough that
the range difference between t1 and t2 would mean that the two scatterers would be resolved. Thus, when
analyzing only the angular errors, which tend to be the largest errors, it can be useful to consider only the
angular offset bounds with respect to the angular separation of the scatterers without explicitly considering l.

Now, consider the same scenario with 𝑧0 = 1 as in Fig. 4. Though the amplitude varies, the deflections
in angle are minimal and similarly small deflections exist in range and range rate. However, the variations
in amplitude 𝐸𝑆 can be notable and will reduce the detectability of the target compared to there being only
a single scatterer.

5. CONCLUSION

This paper used the phase gradient method to derive expressions for the direction, bistatic range, and
bistatic range rate one would expect given an arbitrary number of unresolved scatterers in 2D or 3D. This
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(a) Angular Deflection
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(b) Amplitude

Fig. 4—Angular deflection and amplitude under the same scenario as in Fig. 2, but with 𝑧0 = 1.

allows one to rapidly simulate glinty-fluctuating returns from a simple target modeled as a collection of point
scatterers or from multiple unresolved targets, as might be common when using a radar with a small antenna
and poor range resolution, as would be the case with HF and LF systems.

In 2D, a simplified solution is derived, correcting the typos for the bistatic solution in [36]. Additionally,
bounds for the maximum and minimum errors in 2D are presented. Since errors can exceed the separation
between scatterers, the simple weighting algorithms in unresolved tracking algorithms could be insufficient
in some instances and should be reconsidered.

The analysis presented here was generic, simply assuming that no superresolution is performed to detect
multiple unresolved scatterers. A more detailed analysis would take into account more assumptions regarding
the signal processing algorithms used to obtain the detections.
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