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Abstract 

Modeling the propagation of radiofrequency signals over irregular terrain 
is both challenging and critically important in numerous Army applica-
tions.  One application of particular importance is the performance and ra-
dio connectivity of sensors deployed in scenarios where the terrain and the 
environment significantly impact signal propagation.  This report investi-
gates both the performance of and the algorithms and assumptions under-
lying the Delta-Bullington irregular terrain radiofrequency propagation 
model discussed in International Telecommunications Union Recommen-
dation P.526-15.  The aim is to determine its suitability for use within sen-
sor-planning decision support tools.  After reviewing free-space, spherical 
earth diffraction, and terrain obstacle diffraction losses, the report dis-
cusses several important tests of the model, including reciprocity and geo-
graphic continuity of propagation loss over large areas of rugged terrain.  
Overall, the Delta-Bullington model performed well, providing reasonably 
rapid and geographically continuous propagation loss estimates with com-
putational demands appropriate for operational use. 

DISCLAIMER: The contents of this report are not to be used for advertising, publication, or promotional purposes. 
Citation of trade names does not constitute an official endorsement or approval of the use of such commercial products. 
All product names and trademarks cited are the property of their respective owners. The findings of this report are not to 
be construed as an official Department of the Army position unless so designated by other authorized documents. 
 
DESTROY THIS REPORT WHEN NO LONGER NEEDED. DO NOT RETURN IT TO THE ORIGINATOR. 
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1 Introduction 

1.1 Background 

Modeling the propagation of radiofrequency (RF) waves over irregular ter-
rain has been the subject of research for roughly 80 years (Bullington 
1947; Kasampalis et al. 2015).  Such work, originally developed to ensure 
adequate separation of broadcast towers to avoid co-channel interference 
and support frequency reuse, has expanded to include analysis of radar 
range and ground-clutter contributions (Ayasli 1986; Lin and Reilly 1997); 
prediction of the performance of mobile communications systems 
(Neskovic, Neskovic, and Paunovic 2000); and, of course, planning the 
layout of cellular telephone networks (Lee 1985). 

Other aspects of RF propagation modeling of direct importance to the 
Army include determining optimal placement of RF-sensing devices and 
estimating the performance of networked communications between sen-
sors, particularly those deployed in complex terrain.  The Environmental 
Awareness for Sensor and Emitter Employment (EASEE) decision sup-
port tool software developed at the U.S. Army Engineer Research and De-
velopment Center’s Cold Regions Research and Engineering Laboratory 
(ERDC-CRREL) enables realistic, physics-based modeling and simulation of 
signal emission, propagation, and sensing for a number of different modali-
ties (Wilson, Bates, and Yamamoto 2008; Wilson and Yamamoto 2014).  The 
goal of EASEE is to provide timely and operationally relevant guidance on 
optimal sensor placement and sensor performance to military and home-
land security operators in the field, where computational resources may 
be limited. 

EASEE has utilized external, commercially produced RF propagation soft-
ware (Yamamoto, Reznicek, and Wilson 2015) in the past, but this placed 
significant constraints on the ability to distribute the software and in-
curred significant computational overhead to correctly georeference and 
spatially interpolate the propagation losses predicted by the external soft-
ware.  To fully realize capabilities for the RF domain and to avoid issues 
associated with an external propagation model, it is necessary to fully inte-
grate a propagation loss model capable of accounting for irregular terrain 
and over-the-horizon conditions into EASEE itself.  This report documents 
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the underlying algorithms and overall performance of a RF propagation 
loss model suitable for implementation within EASEE. 

1.2 Overview of terrestrial radiofrequency propagation models 

Tropospheric RF propagation models can be roughly divided into two 
groups: those that explicitly account for the terrain over which the signal 
must propagate and those that ignore the specifics of the terrain.  The for-
mer are often called “site-specific” or “terrain-integrated” models, of which 
the Integrated Terrain Model (ITM; Hufford, Longley, and Kissick 1982) 
and Terrain Integrated Rough Earth Model (TIREM; Powell 1983) are ex-
amples.  The latter “non-site-specific” models generally depend on only dis-
tance and some very general characterization of the propagation terrain 
and are typically used in cases where the terrain is too complex or only or-
der-of-magnitude results are required.  The Okumura-Hata urban propaga-
tion model (Okumura et al. 1968) is an example of such a non-site-specific 
model. 

Primary challenges to site-specific modeling include  

• the necessary simplification of the propagation terrain to make the 
problem tractable; 

• evaluation of multiple diffracting obstacles and approximately sum-
ming their losses; and 

• correctly combining multiple, sometimes competing, loss mechanisms 
in different regions of the propagation path. 

Significant effort has gone into developing various approaches to address 
these challenges (Bullington 1977; Deygout 1966; Egli 1957; Giovaneli 
1984; Lebherz, Wiesbeck, and Krank 1992; Vogler 1982; Yang et al. 1998; 
Powell 1983), and it is from these numerous approaches that I chose an 
appropriate method to use within EASEE. 

1.3 Objectives 

EASEE must rapidly supply believable, physics-based RF predictions using 
limited computational resources and input data.  Therefore, the goal of 
this work was to find and test a radio propagation model that is straight-
forward to implement in computer code, suitable for the needs of a tactical 
user in terms of input data and processing speed, and compatible with the 
data structures already present within EASEE. 
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Given these constraints and having reviewed numerous other open-
source models for RF propagation, I decided upon the Delta-Bullington 
method (described in International Telecommunications Union Recom-
mendations P.452-16 [ITU 2015] and P.526-15 [ITU 2019]) as an algo-
rithm that strikes a reasonable balance between fidelity and computa-
tional expense when compared against other methods (Bibb et al. 2014).  
Further, it is reasonably well documented, and proper operation of the 
EASEE implementation can be tested against a comprehensive set of test 
propagation paths and verification values for intermediate and final val-
ues of the path loss computation. 

The Delta-Bullington method includes three major loss mechanisms: 
free-space or direct transmission losses, diffraction losses over the 
(smooth) spherical surface of the earth, and diffraction losses from obsta-
cles.  This report discuss each of these losses in the following sections, 
documenting the main techniques and important assumptions contained 
within this method. 

1.4 Approach 

Many other open-source RF propagation models exist with widely vary-
ing levels of accuracy, technical rigor, computational cost, and quality of 
documentation.  I therefore took a two-stage approach to this study to 
evaluate the model from both technical and completeness-of-documen-
tation standpoints.  

The first stage was to verify that the ITU diffraction model as documented 
in ITU (2015, 2019) was comprehensible and mathematically consistent.  
After satisfactorily completing the first stage, the second stage was to actu-
ally implement (in the Python programming language) and test the model 
for both the ITU-provided point-to-point test cases and for the more com-
prehensive, multiazimuth use cases typically required for propagation 
mapping by EASEE.  Sections 2 through 5 of this report summarize my ef-
forts in the first stage, while sections 6 and 7 describe the results found in 
the second stage. 
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2 Free Space or Direct Transmission 

Free-space or direct transmission losses account for only the geometrical 
spreading of radio power density over the surface of a sphere.  When com-
bined with the expression for effective antenna aperture, one obtains (as-
suming matched impedance and polarization) the Friis equation (Friis 
1946) for received power  

𝑃𝑃𝑟𝑟 =
𝑃𝑃𝑡𝑡𝐺𝐺𝑡𝑡𝐺𝐺𝑟𝑟𝜆𝜆2

(4𝜋𝜋)2𝑟𝑟2
, 

where  

 Pt = the transmit power,  
 Gt = the transmitter antenna gains,  
 Gr = the receiver antenna gains, 
 λ = the wavelength, and  
 r = the separation distance between transmitter and receiver.   

In practical units, this can be written as 

𝑃𝑃𝑟𝑟,dBm = 𝑃𝑃𝑡𝑡,dBm + 𝐺𝐺𝑡𝑡,dB + 𝐺𝐺𝑟𝑟,dB − 20 log10(𝑟𝑟km) − 20 log10(𝑓𝑓MHz) − 32.44, 

which is valid with separation distance r expressed in kilometers and fre-
quency f in MHz.  The Delta-Bullington method uses this model of propa-
gation loss whenever the receiver has a clear line of sight (LOS) to the 
transmitter and no objects (including the bulge of the earth) reduce the 
clearance to less than 60% of the first Fresnel zone, which I discuss next. 
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3 Smooth-Earth Diffraction 

3.1 Fresnel zones 

The behavior of diffraction over the surface of the earth relies on under-
standing the size and clearance of the Fresnel zones over the surface of the 
earth or of obstacles existing upon the earth’s surface.  The Fresnel zones 
are ellipsoids with foci at points A (transmitter) and B (receiver); the direct 
ray is along the ellipsoid’s major axis.  The defining equation is 

𝐴𝐴𝐴𝐴����� + 𝑀𝑀𝑀𝑀����� = 𝐴𝐴𝐴𝐴���� + 
𝑛𝑛𝑛𝑛
2

, 

where  

 n = an integer 1, 2, 3, …; 
 λ = the wavelength; and  
 M = the set of points on the ellipsoid.   

Reflections inside the first (n = 1) Fresnel zone can go from A to reflector 
M and thence to B with a path length λ/2 (or less) longer than the direct 
ray.  For a signal reflecting from an object on M then, one could expect a 
maximum phase difference of π radians between direct and reflected rays.  
Because this phase shift can lead to total or partial cancellation of the di-
rect ray, interactions within the first Fresnel zone are generally quite im-
portant for determination of losses along a given path.  

Propagation is assumed to be LOS if there is no obstacle anywhere within 
the first Fresnel zone.  Practically speaking, if obstacles are cleared by 
more than 60% of the first Fresnel zone radius R1, then diffraction losses 
are ignored (Levis, Johnson, and Teixeira 2010).  The general formula for 
the nth Fresnel zone radius is 

𝑅𝑅𝑛𝑛 = �
𝑛𝑛 𝜆𝜆 𝑑𝑑1𝑑𝑑2
𝑑𝑑1 + 𝑑𝑑2

, 

where d1 and d2 are distances along the straight-line path connecting a 
transmitter and receiver separated by a distance (d1 + d2).  The Fresnel 
zone radius is a maximum at the midpoint where d1 = d2.  In practical 
units, the nth Fresnel zone radius can also be written as 
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𝑅𝑅𝑛𝑛,m = 550�
𝑛𝑛 𝑑𝑑1,km𝑑𝑑2,km

𝑓𝑓MHz (𝑑𝑑1,km + 𝑑𝑑2,km)
, 

which assumes d1 and d2 are in kilometers, f is in megahertz, and yields a 
radius expressed in meters. 

Surfaces with irregularities smaller than 10% of the first Fresnel zone max-
imum radius can be considered smooth for the purposes of modeling. 

3.2 Radio horizon 

The distance to the radio horizon depends on antenna height and the radio 
refraction characteristics of the troposphere.  Tropospheric refraction is 
generally accounted for through use of an “effective” radius for the earth, 
ae, which is larger than that of the real earth.  Under standard atmospheric 
conditions, ae is 4/3 times the actual earth radius, such that ae is approxi-
mately 8500 km (Levis, Johnson, and Teixeira 2010).  Variations in at-
mospheric conditions and weather events can cause the effective radius to 
change, but these conditions are not included in the model implemented 
within EASEE. 

The distance to the radio horizon for a single antenna at height h1 above 
ground level, then, is  

𝑑𝑑𝐿𝐿𝐿𝐿𝐿𝐿,1 = �2𝑎𝑎𝑒𝑒ℎ1; 

and the shared radio horizon distance between one antenna at height h1 
and another at height h2 is 

𝑑𝑑𝐿𝐿𝐿𝐿𝐿𝐿 = �2𝑎𝑎𝑒𝑒��ℎ1 +  �ℎ2�. 

3.3 Smooth-earth diffraction loss 

There are two important cases to consider when calculating diffraction 
losses accrued due to propagation over a smooth earth: 

1. The separation between transmitter and receiver exceeds the distance to 
the shared radio horizon dLOS, otherwise known as “over-the-horizon” 
propagation. 
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2. The separation between transmitter and receiver is less than the shared ra-
dio horizon, but the earth’s bulge reduces the clearance of the first Fresnel 
zone to less than 60%. 

The smooth-earth diffraction loss method outlined in ITU Recommenda-
tion P.526-15 uses a simple interpolation procedure to smoothly join these 
two cases at dLOS (ITU 2019). 

3.3.1  Case 1: Over-the-horizon propagation 

In the case of over-the-horizon propagation, the diffraction losses in deci-
bels relative to the free-space losses can be expressed as 

20 log10
𝐸𝐸
𝐸𝐸0

= 𝐹𝐹(𝑋𝑋) + 𝐺𝐺(𝑌𝑌1) + 𝐺𝐺(𝑌𝑌2), 

where  

 X = the normalized path length between the terminals,  
Y1 and Y2 = the normalized heights of the terminal antennae, and  
 E = the field strength relative to the free-space field strength E0.   

The functions F and G empirically account for distance and antenna height 
gain effects respectively; little physical insight can be gained from the form 
of these functions, so this report will not review them here.   

The normalized path length X is given by 

𝑋𝑋 = 𝛽𝛽𝛽𝛽 �
𝜋𝜋
𝜆𝜆𝜆𝜆𝑒𝑒2

�
1/3

, 

and the normalized antenna height Yi is given by 

𝑌𝑌𝑖𝑖 = 2𝛽𝛽ℎ𝑖𝑖 �
𝜋𝜋2

𝜆𝜆2𝑎𝑎𝑒𝑒
�
1/3

, 

where  

 d = the path length between the transmitter and receiver,  
 λ = the wavelength,  
 ae = the effective radius of the earth, and  
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 hi = the antenna heights (i = 1 for transmitter, i = 2 for receiver) 
above the smooth surface of the earth.    

𝛽𝛽 is a constant, used at all locations within the domain of interest, related 
to the electrical properties of the earth and the polarization of the propa-
gating wave.  For most conceivable use cases of EASEE, 𝛽𝛽 will be equal to 
1; the main exception would be for vertically polarized signals lower than 
300 MHz over a significant path length of ocean.   

For completeness, this report includes the equations defining 𝛽𝛽 for both 
horizontal and vertical polarizations.  For circular polarization, the value 
of 𝛽𝛽 should lie somewhere between that of the vertical and horizontal val-
ues; but as stated above, 𝛽𝛽 will be unity for any polarization, linear or cir-
cular, for all practical cases encountered within EASEE.   

In the horizontal case, the effective surface admittance of the earth is  

 𝐾𝐾𝐻𝐻 = �2𝜋𝜋𝑎𝑎𝑒𝑒
𝜆𝜆
�
−1/3

((𝜀𝜀𝑟𝑟 − 1)2 + (60 𝜆𝜆 𝜎𝜎)2)−1/4; 

and in the vertical polarization case, the surface admittance is 

𝐾𝐾𝑉𝑉 = 𝐾𝐾𝐻𝐻(𝜀𝜀𝑟𝑟2 + (60 𝜆𝜆 𝜎𝜎)2), 

where  

 𝜀𝜀𝑟𝑟 = the effective dielectric permittivity of the earth’s surface 
relative to vacuum and  

 𝜎𝜎 = the effective conductivity of the earth’s surface in siemens per 
meter.   

The model can then determine 𝛽𝛽 from 

𝛽𝛽 =
1 + 1.6𝐾𝐾2 + 0.67𝐾𝐾4

1 + 4.5𝐾𝐾2 + 1.53𝐾𝐾4. 

Typical values of K are between zero and 1; higher values indicate increas-
ing importance of the electrical characteristics of the ground.  If K turns 
out to be greater than 1, probably the approximate formulas above are not 
good enough, and the numerical code GRWAVE (available from the ITU) 
should be used to evaluate K.  However, this is only a concern for vertically 
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polarized signals with wavelengths greater than 60 m, far from the antici-
pated use case for any RF propagation models within EASEE. 

3.3.2  Case 2: Within-horizon PROPAGATION 

Diffraction losses can still occur for terminals within their shared radio 
horizon if the first Fresnel zone interacts with the bulge of the earth itself.  
The analysis of this scenario begins by first defining the length of the path 
over the curved surface of the earth between transmitter and receiver an-
tennae as d (Figure 1). 

Figure 1.  Sketch of geometry for within-horizon propagation over a smooth, 
spherical earth of radius ae. 

 

Then the model calculates the smallest clearance height h between the 
earth and the straight-line path between the terminals, which involves first 
evaluating three geometrical parameters m, c, and b: 

𝑚𝑚 =
𝑑𝑑2

4𝑎𝑎𝑒𝑒(ℎ1 + ℎ2)
, 

𝑐𝑐 =
ℎ1 − ℎ2
ℎ1 + ℎ2

, 

𝑏𝑏 = �
4(𝑚𝑚 + 1)

3𝑚𝑚
�
1/2

cos �
𝜋𝜋
3

+
1
3

 acos �
3𝑐𝑐
2
�

3𝑚𝑚
(𝑚𝑚 + 1)3

��. 

From these parameters, the model determines d1 = (d/2)(1 + b), d2 = d – d1, 
and the smallest clearance height 

ℎ =  
𝑑𝑑2 �ℎ1 −

𝑑𝑑12
2𝑎𝑎𝑒𝑒

� +  𝑑𝑑1 �ℎ2 −
𝑑𝑑22

2𝑎𝑎𝑒𝑒
�

𝑑𝑑
, 
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where d1 and d2 are distances from transmitter and receiver, respectively, 
to the reflection point P at the closest point of approach between the 
curved earth and the straight-line path between the antennae.  This geom-
etry is shown in Figure 1.   

Next, the model must determine the required clearance height over the 
earth bulge such that there are no diffraction losses, 

ℎ𝑟𝑟𝑟𝑟𝑟𝑟 = 0.552�
𝜆𝜆 𝑑𝑑1𝑑𝑑2

(𝑑𝑑1 + 𝑑𝑑2)
, 

which is recognizable as a slightly modified form of the first Fresnel zone 
radius equation.  In the case where h > hreq, there are no diffraction losses; 
and the loss for this path would be simply calculated as the direct trans-
mission loss defined in an earlier section.  However, if h < hreq, then the 
model must smoothly account for blockage of the first Fresnel zone as de-
scribed below. 

First, calculate a modified effective earth radius 

𝑎𝑎𝑒𝑒𝑒𝑒 =
1
2
�

𝑑𝑑
�ℎ1 + �ℎ2

�
2

 

and then use aem in place of ae to evaluate the spherical earth diffraction 
loss parameters X, Y1, and Y2 described above in Case 1.  The diffraction 
loss associated with these parameters is designated Ah.  If Ah ≤ 0, then suf-
ficient clearance of the first Fresnel zone exists, and there are no diffrac-
tion losses on the path.  However, if Ah > 0, then the model interpolates to 
find the final diffraction loss over the entire path as 

𝐴𝐴 = 𝐴𝐴ℎ �1 −
ℎ
ℎ𝑟𝑟𝑟𝑟𝑟𝑟

�, 

which is expressed in decibels referenced to the free-space loss over the 
same path length d. 

3.3.3  Example calculation 

Figure 2 shows an example calculation performed at 3 GHz with both 
transmit and receive antenna heights at 10 m above the ground. 
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Figure 2.  Propagation losses relative to free-space losses using both 
Case 1 and Case 2 of the spherical earth diffraction model. 

 

For separation distances less than about 10 km, the antennae enjoy a 
purely line-of-sight link, and thus the only losses incurred are those associ-
ated with direct transmission.  Though the shared radio horizon does not 
occur until 26 km, the impact of within-horizon losses is observable start-
ing at around 10 km where the first Fresnel zone begins to interact with 
the spherical earth surface.  The within-horizon interpolation (Case 2) 
smoothly matches the over-the-horizon (Case 1) losses, which begin at the 
radio horizon. 
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4 Knife-Edge Diffraction 

One of the few diffraction geometries that lends itself to a compact, closed-
form solution is that of the semi-infinite plane obstacle oriented perpen-
dicular to the direction of incident wave propagation (Durgin 2008).  This 
scenario is generally referred to as “knife-edge” diffraction (KED) and has 
been substituted for more-complex obstacles in many propagation models, 
including the Bullington model.  The KED geometry can be analyzed in a 
number of different ways to arrive at a single, unitless parameter ν, which 
is the only argument to the KED loss equation.  The definition used in the 
diffraction models implemented in EASEE is 

𝜈𝜈 = ℎ�
2
𝜆𝜆
�

1
𝑑𝑑1

+
1
𝑑𝑑2
�, 

where  

 h = the height of the top of the obstacle above a straight line 
connecting the two ends of the path (if the obstacle top is 
below this line, then h < 0) and 

d1 and d2 = are the distances of the transmitter and the receiver, 
respectively, from the top of the obstacle.   

The exact KED loss, expressed in decibels, is 

𝐽𝐽𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝜈𝜈) = −20 log10 �
1
2
�[1 − 𝐶𝐶(𝜈𝜈) − 𝑆𝑆(𝜈𝜈)]2 +  [𝐶𝐶(𝜈𝜈) − 𝑆𝑆(𝜈𝜈)]2�, 

where  

 𝐶𝐶(𝜈𝜈) =  ∫ cos(𝑡𝑡2) 𝑑𝑑𝑑𝑑𝜈𝜈
0   

defines the Fresnel cosine integral evaluated at 𝜈𝜈 and  

 𝑆𝑆(𝜈𝜈) =  ∫ sin(𝑡𝑡2) 𝑑𝑑𝑑𝑑𝜈𝜈
0   

is the Fresnel sine integral evaluated at ν.  Plotting this as a function of ν in 
Figure 3, the KED solution shows oscillatory behavior near 0 dB when the 
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obstacle is well below the direct path and then rapidly increasing diffrac-
tion losses as the obstruction height increases. 

Figure 3.  Knife-edge diffraction, at 440 MHz and d1 = d2 = 100 m, as a 
function of obstruction height. (TX = transmitter; RX = receiver.) 

 

Evaluating the Fresnel integrals can become computationally expensive, 
and therefore previous studies have developed several approximations.  
One of the simplest approximations, valid for ν > −0.78, is 

𝐽𝐽(𝜈𝜈) = 6.9 + 20 log10 ��(𝜈𝜈 − 0.1)2 + 1 +  𝜈𝜈 − 0.1�, 

which returns the diffraction loss in decibels and is the approximation 
used within the EASEE implementation of KED.  For ν < −0.78, our imple-
mentation simply returns zero, as this is well into the portion of the solu-
tion that oscillates rapidly about zero. 
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5 Bullington Diffraction Model 

The Bullington diffraction model (Bullington 1947, 1977) uses a very sim-
ple geometric construction (see Figure 4) to determine the visual horizons 
of both the transmitter and receiver.  From these horizons, the model gen-
erates a single, effective knife-edge obstruction used to estimate the dif-
fraction losses over the entire path, regardless of the actual number or 
height of obstructions.   

Figure 4.  Sketch of the Bullington diffraction model geometry. The transmitter horizon is 
defined by the obstacle on the far left, the receiver horizon is defined by obstacle on the far 

right, and the effective knife-edge obstruction is shown as a dashed heavy line near the 
center. 

 

The general premise behind this model is this: the obstacles that define the 
transmitter and receiver horizons are those that should have the greatest 
impact on the diffraction losses over the path.  In practice, because the 
Bullington model ignores all but the horizon-defining obstructions, it gen-
erally underestimates the losses over a given path (Giovaneli 1984; 
Pogorzelski 1982).  Nevertheless, this report presents details of the 
Bullington model as it is used (twice) within the Delta-Bullington model 
described in the next section. 

5.1 Elevation definitions and profiles 

A primary input to the Bullington method is the elevation profile of terrain 
lying in a vertical plane containing both the transmitter and receiver an-
tennae, similar to both ITM (Hufford, Longley, and Kissick 1982) and 
TIREM (Eppink and Kuebler 1994).  However, unlike ITM and TIREM, 
this elevation profile need not have uniform spacing of elevation points 
within the profile.   

The elevation profile for the Bullington method must therefore be defined 
by two arrays: di=1..n stores the distance (in kilometers) along the propaga-
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tion path, and hi=1..n stores elevations above mean sea level (m ASL), corre-
sponding to the appropriate distances di=1..n.  The elevations of the ground 
(m ASL) underneath the transmitter hgt and receiver hgr are stored in h1 
and hn, respectively.  The heights of the transmitting and receiving anten-
nae in meters above ground level (m AGL) are htg and hrg, respectively.  
The transmit and receive antenna heights (m ASL) are defined as hts = hgt 
+ htg = h1 + htg and hrs = hgr + hrg = hn + hr, respectively.  These definitions 
are seemingly tedious but become important later on when the Delta-
Bullington method mixes Bullington and spherical earth diffraction eleva-
tion parameters.  ITU Recommendations P.526-15 and P.452-16 must be 
studied together to clearly understand the definitions and nomenclature 
used (ITU 2019, 2015). 

5.2 Bullington Step 1: Is the path LOS or transhorizon? 

The transmitter visual horizon is defined simply as the point on the entire 
elevation profile that has the greatest slope relative to the ground at the 
transmit point, 

𝑆𝑆𝑡𝑡𝑡𝑡 = max
𝑖𝑖=2..(𝑛𝑛−1)

�
ℎ𝑖𝑖 − ℎ𝑡𝑡𝑡𝑡 + 500𝐶𝐶𝑒𝑒𝑑𝑑𝑖𝑖�𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑖𝑖�

𝑑𝑑𝑖𝑖
�. 

Here Ce = 1/ae is the effective curvature of the earth in inverse kilometers 
(1/km), the total path length in kilometers is defined as dp = Σi = 1..n (di − di−1), 
and the slope is expressed in meters per kilometer.  The last term in the nu-
merator calculates the elevations of the “bulge” of a smooth earth along the 
propagation path (Levis, Johnson, and Teixeira 2010). 

Evaluating the slope of the straight-line path between transmitter and 
receiver, 

𝑆𝑆𝑡𝑡𝑡𝑡 =
ℎ𝑟𝑟𝑟𝑟 − ℎ𝑡𝑡𝑡𝑡

𝑑𝑑𝑝𝑝
, 

the model simply compares these slopes to determine if the path is LOS or 
transhorizon: if Stm < Str, then the path is LOS, and the algorithm proceeds 
to Step 2a; if Stm ≥ Str, then the path is transhorizon, and the algorithm 
proceeds to Step 2b. 
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5.3 Bullington Step 2a: Evaluate Fresnel zone losses for LOS case 

For the LOS case, it is important to account for profile points that interact 
with the first Fresnel zone, and this is done by finding the profile point 
with the maximum KED parameter, 

𝜈𝜈𝑚𝑚𝑚𝑚𝑚𝑚 = max
𝑖𝑖=2...(𝑛𝑛−1)

��ℎ𝑖𝑖 + 500𝐶𝐶𝑒𝑒𝑑𝑑𝑖𝑖�𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑖𝑖�

−
ℎ𝑡𝑡𝑡𝑡�𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑖𝑖� + ℎ𝑟𝑟𝑟𝑟𝑑𝑑𝑖𝑖

𝑑𝑑𝑝𝑝
� �

0.002𝑑𝑑𝑝𝑝
𝜆𝜆𝑑𝑑𝑖𝑖(𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑖𝑖)

�
1/2

�. 

The model then determines an uncorrected diffraction loss Luc = J(νmax) in 
decibels using the approximate KED formula and then proceeds to Step 3. 

5.4 Bullington Step 2b: Determine transhorizon Bullington point 

In the transhorizon case, the model must first determine the receiver hori-
zon point using similar methods as those for the transmitter, 

𝑆𝑆𝑟𝑟𝑟𝑟 = max
𝑖𝑖=2..(𝑛𝑛−1)

�
ℎ𝑖𝑖 − ℎ𝑟𝑟𝑟𝑟 + 500𝐶𝐶𝑒𝑒𝑑𝑑𝑖𝑖�𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑖𝑖�

𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑖𝑖
�, 

and then calculate the distance of the Bullington point (see Figure 4) from 
the transmitter site, in kilometers, as 

𝑑𝑑𝑏𝑏 =
ℎ𝑟𝑟𝑠𝑠 − ℎ𝑡𝑡𝑡𝑡 + 𝑆𝑆𝑟𝑟𝑟𝑟𝑑𝑑𝑝𝑝

𝑆𝑆𝑡𝑡𝑡𝑡 + 𝑆𝑆𝑟𝑟𝑟𝑟
. 

With the location of the Bullington point known, the model can now evaluate 
the KED parameter associated with the effective knife-edge obstruction as 

𝜈𝜈𝑏𝑏 = �ℎ𝑡𝑡𝑡𝑡 + 𝑆𝑆𝑡𝑡𝑡𝑡𝑑𝑑𝑏𝑏 −
ℎ𝑡𝑡𝑡𝑡�𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑏𝑏� + ℎ𝑟𝑟𝑟𝑟𝑑𝑑𝑏𝑏

𝑑𝑑𝑝𝑝
� �

0.002𝑑𝑑𝑝𝑝
𝜆𝜆𝑑𝑑𝑏𝑏(𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑏𝑏)

�
1/2

. 

Finally, the algorithm determines an uncorrected diffraction loss Luc = J(νb) 
in decibels using the approximate KED formula and proceeds to Step 3. 
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5.5 Bullington Step 3: Evaluate final diffraction losses 

For either the LOS or transhorizon case, an empirical correction is neces-
sary to arrive at our final Bullington diffraction loss for the entire path, 

𝐿𝐿𝑏𝑏 = 𝐿𝐿𝑢𝑢𝑢𝑢 + (1 − exp (−𝐿𝐿𝑢𝑢𝑢𝑢/6))�10 + 0.02𝑑𝑑𝑝𝑝�, 

expressed in decibels relative to direct transmission losses over the 
same path. 

5.6 Example 

I have run the Bullington method described above on a simple elevation 
profile where the average elevation is 10 m ASL with the exception of two 
obstructions at 4 and 6 km from the transmit point, as shown in the lower 
plot of Figure 5.   

Figure 5.  Example results for the Bullington method run on a simplified elevation 
profile with two obstacles. Upper plot (red) shows diffraction losses in decibels relative 

to direct transmission losses; lower plot (blue) shows the elevation profile itself. 

 

This example used htg = hrg = 10 m AGL, and thus the radio horizon dLOS 
occurs at roughly 26 km separation.  Figure 5 shows that the method de-
tects and accounts for both the shadow zones behind the two obstructions 
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and the interaction of the earth’s bulge with the first Fresnel zone in the vi-
cinity of the radio horizon.  While qualitatively correct, the differences be-
tween the Bullington method results and experimental data (not to men-
tion other, more rigorous models, such as Vogler 1982) are still significant, 
thus providing motivation for the development of the Delta-Bullington 
model described below and in ITU (2019). 
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6 Delta-Bullington Propagation Model 

The Delta-Bullington model described in ITU Recommendation P.526-15 
is an attempt to address some of the shortcomings of the Bullington model 
while maintaining computational simplicity and smoothly integrating di-
rect transmission, spherical earth diffraction, and Bullington diffraction 
losses into a single coherent model (ITU 2019).  A brief outline of the 
method is as follows, and I will use this numbering in subsequent subsec-
tions to aid in understanding. 

1. Determine diffraction losses for the actual terrain path using Bullington’s 
method.  This loss is designated as Lba, with the subscript denoting 
“Bullington” and “actual.”  However, as discussed in previous sections, it 
turns out that this loss estimate is not quite large enough. 

2. Determine diffraction losses for the equivalent smooth-earth path using 
Bullington’s method.  This loss is stored in Lbs, with the subscript denoting 
“Bullington” and “smooth.” 

3. Determine diffractions losses over the spherical earth Lsph using methods 
discussed above in the “Smooth-Earth Diffraction” section. 

4. The final loss reported by the Delta-Bullington method is Lb = Lba + 
max(Lsph − Lbs, 0).  If the spherical earth diffraction losses exceed those 
predicted by the Bullington method applied to a smooth earth, simply add 
the difference between them.  If the path is truly smooth, then Lba = Lbs and 
the Bullington-derived losses cancel, leaving Lb = Lsph. 

6.1 Delta-Bullington Step 1 

Given the elevation profile of interest di=1..n and hi=1..n, apply the Bullington 
method to determine Lba. 

6.2 Delta-Bullington Step 2 

To apply the Bullington method to an equivalent smooth-earth path, the 
algorithm must determine the effective transmit and receive antenna 
heights h′ts and h′rs, respectively, in m ASL relative to this path.  The pro-
cess for arriving at these values is fairly involved. 

An equivalent smooth-earth path between transmitter and receiver can be 
defined using the two-point expression for a straight line, 
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ℎ𝑠𝑠𝑠𝑠 = �
𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑖𝑖
𝑑𝑑𝑝𝑝

� ℎ𝑠𝑠𝑠𝑠 + �
𝑑𝑑𝑖𝑖
𝑑𝑑𝑝𝑝
� ℎ𝑠𝑠𝑠𝑠 , 

where the hsi are the n elevation points along the equivalent smooth-earth 
path, and hst = hs1 and hsr = hsn are the heights (m ASL) of the smooth sur-
face underneath the transmitting and receiving antennae, respectively.  As 
hst or hsr are not known a priori, the algorithm requires two equations to 
solve for them, and these equations (for ν1 and ν2) are derived via least-
squares fitting to the actual profile di=1..n and hi=1..n: 

𝑣𝑣1 = � (𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑖𝑖−1)
𝑛𝑛

𝑖𝑖=2
(ℎ𝑖𝑖 + ℎ𝑖𝑖−1) 

𝑣𝑣2 =  � (𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑖𝑖−1)
𝑛𝑛

𝑖𝑖=2
[ℎ𝑖𝑖(2𝑑𝑑𝑖𝑖 + 𝑑𝑑𝑖𝑖−1) + ℎ𝑖𝑖−1(𝑑𝑑𝑖𝑖 + 2𝑑𝑑𝑖𝑖−1)] . 

The smooth surface height (m ASL) under the transmitter is 

ℎ𝑠𝑠𝑠𝑠 =
2𝑣𝑣1𝑑𝑑𝑝𝑝 − 𝑣𝑣2

𝑑𝑑𝑝𝑝2
, 

and the smooth surface height (m ASL) under the receiver is 

ℎ𝑠𝑠𝑠𝑠 =
𝑣𝑣2 − 𝑣𝑣1𝑑𝑑𝑝𝑝

𝑑𝑑𝑝𝑝2
 . 

With the equivalent smooth-earth profile now defined, the algorithm 
searches for the highest obstruction height above this profile.  The differ-
ence between actual and smooth profiles is 

𝐻𝐻𝑖𝑖 = ℎ𝑖𝑖 −
�ℎ𝑡𝑡𝑡𝑡�𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑖𝑖� + ℎ𝑟𝑟𝑟𝑟𝑑𝑑𝑖𝑖�

𝑑𝑑𝑝𝑝
; 

and, therefore, the highest obstruction above the smooth profile is 

ℎ𝑜𝑜𝑜𝑜𝑜𝑜 = max
𝑖𝑖=1..(𝑛𝑛−1)

(𝐻𝐻𝑖𝑖). 

The horizon elevation angle for the transmitter is evaluated as 

𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜 = max
𝑖𝑖=1..(𝑛𝑛−1)

(𝐻𝐻𝑖𝑖/𝑑𝑑𝑖𝑖) 

while the horizon elevation angle for the receiver is 
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𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜 = max
𝑖𝑖=1..(𝑛𝑛−1)

(𝐻𝐻𝑖𝑖/(𝑑𝑑𝑝𝑝 − 𝑑𝑑𝑖𝑖)) . 

These angles, both expressed in milliradians, are used to calculate provi-
sional values for the ground elevation (m ASL) of the smooth surface at the 
transmitter and receiver ends of the path, hstp and hsrp, respectively. 

If hobs ≤ 0, then the highest obstruction is below the smooth profile and the 
original estimates based on least-squares fitting are used: hstp = hst and hsrp 
= hsr.  Otherwise, the highest obstruction is above the smooth profile, and 
we must adjust our provisional values to 

ℎ𝑠𝑠𝑠𝑠𝑠𝑠 = ℎ𝑠𝑠𝑠𝑠 − ℎ𝑜𝑜𝑜𝑜𝑜𝑜 �
𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜

𝛼𝛼𝑜𝑜𝑏𝑏𝑏𝑏 + 𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜
� 

ℎ𝑠𝑠𝑠𝑠𝑠𝑠 = ℎ𝑠𝑠𝑠𝑠 − ℎ𝑜𝑜𝑜𝑜𝑜𝑜 �
𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜

𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜 + 𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜
� . 

For the final evaluation of the smooth surface heights below the transmit-
ter and receiver, there are two cases to consider: 

If ℎ𝑠𝑠𝑠𝑠𝑠𝑠 > ℎ1 then ℎ𝑠𝑠𝑠𝑠𝑠𝑠 = ℎ1, otherwise ℎ𝑠𝑠𝑠𝑠𝑠𝑠 = ℎ𝑠𝑠𝑠𝑠𝑠𝑠. 

If ℎ𝑠𝑠𝑠𝑠𝑠𝑠 > ℎ𝑛𝑛 then ℎ𝑠𝑠𝑠𝑠𝑠𝑠 = ℎ𝑛𝑛, otherwise ℎ𝑠𝑠𝑠𝑠𝑠𝑠 = ℎ𝑠𝑠𝑠𝑠𝑠𝑠. 

Lbs is determined by setting all hi = 0 and running the Bullington model 
with effective transmit and receive antennae heights of h′ts = hts – hstd and 
h′rs = hrs – hsrd. 

6.3 Delta-Bullington Step 3 

Using the spherical earth diffraction model with path length dp and with 
an effective transmitter antenna height of h′ts and an effective receiver an-
tenna height of h′rs, evaluate Lsph. 

6.4 Delta-Bullington Step 4 

Determine the diffraction loss for the general path as 

𝐿𝐿𝑏𝑏 = 𝐿𝐿𝑏𝑏𝑏𝑏 + max(𝐿𝐿𝑠𝑠𝑠𝑠ℎ − 𝐿𝐿𝑏𝑏𝑏𝑏, 0) 

expressed in decibels over the direct transmission losses over the same 
path length dp. 
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7 Tests of Delta-Bullington Method 
Implementation 

7.1 ITU verification profiles 

The ITU provides data to verify that a given implementation of the Delta-
Bullington model is operating correctly.  The verification data includes 
four different elevation profiles and a listing of both intermediate parame-
ters and final diffraction losses for a variety of frequencies and antenna 
heights.  In Figures 6 through 8, the elevation profile and the calculated 
total path loss (direct transmission and Delta-Bullington diffraction) for 
these paths are shown to demonstrate the general character of the predic-
tions as a function of position over irregular terrain. 

Figure 6.  ITU Test Path 1 with h1 = h2 = hant = 30 m. The smooth-earth radio 
horizon is at the dashed line. This link includes losses associated with both 

obstacle and spherical earth diffraction. Note that these different loss 
phenomena are smoothly joined in the path loss curve. 
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Figure 7.  ITU Test Path 2 with h1 = h2 = hant = 30 m. The smooth-earth radio 
horizon is at the dashed line. This long link is transhorizon, involving losses 

due to obstacle and spherical earth diffraction. 

 

Figure 8.  ITU Test Path 4 with h1 = h2 = hant = 30 m. Substantial losses occur 
even though this link is within the smooth-earth radio horizon, shown here as a 

dashed line. 
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7.2 Reciprocity 

An important test for any irregular terrain model is reciprocity (Durgin 
2003).  If the model respects reciprocity, then the predicted path losses 
from point A to point B will be the same (within a reasonable tolerance, 
such as 1 dB) as those predicted over the reverse path from point B to 
point A.  I tested the reciprocal behavior of the Delta-Bullington model by 
running it on both the forward and reverse directions for ITU Test Paths 1, 
2, and 4 and comparing the results as shown below in Table 1. 

Table 1.  Reciprocity testing results for the Delta-Bullington model (in decibels). 

 
Elevation Profile 

Direct 
Transmission Loss  

Forward 
Diffraction Loss  

Reverse 
Diffraction Loss  

Forward-Reverse 
Difference  

ITU Test Path 1 130.79 34.44 34.43 0.01 

ITU Test Path 2 134.83 69.83 69.81 0.02 

ITU Test Path 4 124.55 7.87 8.35 −0.48 

 
The direct transmission losses shown in Table 1 are based on transmitter-
receiver separation distance only and thus are the same in both forward 
and reverse directions.  The small, predicted path loss differences between 
forward and reverse directions are negligible when compared with typical 
link budget uncertainties (one to several decibels) and variations associ-
ated with fading (several to 10 dB) encountered in practical radio links 
(Levis, Johnson, and Teixeira 2010). 

7.3 Geographic and frequency continuity 

A typical use case for this propagation loss model within EASEE is to de-
termine the propagation losses at several frequencies over a wide spatial 
area surrounding a given transmitter or receiver.  It is therefore critical 
that the Delta-Bullington model demonstrates continuity over the entire 
spectrum range and geographic area.  To test the performance of this 
model, I have chosen a section of very rugged terrain in the White Moun-
tains of New Hampshire as it is representative of both the environmental 
complexity and typical scale of tactical analyses needed by the Army.  

The digital elevation model (DEM) used in these calculations was derived 
from the National Elevation Database, using 1/3 arc second elevation data, 
which was projected into Universal Transverse Mercator (UTM) coordi-
nates.  Elevation profiles were extracted from this DEM about a point cen-
tered on 44.2953° N, 71.2795° W (318149.2 m easting, 4907203.0 m 
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northing in UTM18 coordinates) for a full 360° of azimuth at 1° intervals 
and out to a range of 9 km using a uniform spatial sampling frequency 
equivalent to the 9 m resolution of the DEM.  Antenna heights above 
ground level were fixed at 30 m for all analyses.  The chosen 255 km2 anal-
ysis region is especially rugged, containing the highest terrain relief within 
the state of New Hampshire. 

Figure 9 shows the terrain, central analysis point, and 9 km radial extent 
of the analysis while Figure 10 shows polar plots of the propagation losses 
for 100 MHz and 1 GHz frequencies.  Overall, the losses produced by the 
model are geospatially continuous over a wide range of terrain profiles, 
and the model predicts both LOS regions and deep shadow zones in loca-
tions consistent with the geometry of the central analysis point and the 
surrounding terrain.  Because of the short range of the analysis and rugged 
nature of the chosen terrain for the test, changes in propagation losses 
with range associated with spherical earth diffraction losses are not ex-
pected, nor are they observed in the predictions. 

Figure 9.  Digital elevation model of the Presidential and Carter Ranges in New 
Hampshire in UTM coordinates. The center analysis point and 9 km radial extent 

of terrain used in subsequent propagation loss analyses are shown in red. 
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Figure 10.  Delta-Bullington Model results for (a) 100 MHz and (b) 1000 MHz. 
Range rings are denoted in kilometers. 

 

Increasing the RF of the analysis from 100 to 1000 MHz results in in-
creased losses, both for the LOS and shadow zone cases.  This is expected 
due to decreased effective isotropic antenna aperture and increased dif-
fraction losses at higher frequencies (Levis, Johnson, and Teixeira 2010). 

7.4 Model execution time and fidelity as a function of 
geographic resolution 

The propagation loss modeling in the previous section was carried out at 
the maximum resolution of the underlying DEM and thus required consid-
erable calculation time, over 13 minutes for each plot shown in Figure 10.  
Naturally, the computational time will vary with the type of processors 
used; but in general, computation times longer than a few minutes are un-
acceptable for the typical Army operational use case.  As shown later in 
this section, analyses at such high resolutions are typically not necessary. 

The comparison below was derived by timing the execution of the Delta-
Bullington model operating on the same 255 km2 area of mountainous ter-
rain analyzed in the previous section and varying the number of elevation 
sampling points used to cover the area.  In all cases, the elevation points 
were sampled at 360 azimuths, while the number of samples was set at 90, 
250, 500, or 1000 samples along a given azimuth.  All timing comparisons 
in this section were performed on a single Intel Core i7-3740QM CPU op-
erating at 2.7 GHz. 

Figure 11 shows that analysis time increases rapidly and nonlinearly with 
the number of analysis points used to cover the area.  The nonlinear be-
havior with increasing analysis points is likely due to the increased density 
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of sampling points far from the central analysis point.  Distant points re-
quire analysis of longer elevation profiles than those close in and therefore 
take more time.  This behavior could potentially be overcome by carefully 
choosing the elevation profile points, exploiting the fact that the Delta-
Bullington model does not require uniform spacing between profile points. 

Figure 11.  Single core execution time for the 
Delta-Bullington model applied to a 255 km2 

area at various resolutions. 

 

How significant are these changes in analysis resolution to the overall prop-
agation loss prediction?  Figure 12 plots the case with 1000 samples per azi-
muth line (~9 m intersample spacing) next to the case with 90 samples per 
azimuth (~100 m intersample spacing) and shows only a few subtle differ-
ences between the two predictions.  The main differences are the magni-
tude of losses in very small shadow zones where the lower sampling rate 
perhaps missed the true maximum elevation point of the obstacle.   

Figure 12.  Comparison of Delta-Bullington propagation loss estimates for a frequency of 1000 
MHz using elevation samples (a) every 9 m and (b) every 100 m along a given line of azimuth. 
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Overall, these estimates are quite similar both geographically, and in the 
magnitude of the propagation loss estimates.  Based on this comparison, it is 
hard to justify the long calculation time of the high-resolution version com-
pared against the 15 second calculation time of the low-resolution analysis. 
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8 Conclusion 

I have described the main components of the Delta-Bullington model and 
how they interact to produce the continuous and believable path loss pre-
dictions over single and multiple geographically adjacent elevation pro-
files.  This model has several advantages: 

• Relatively straightforward implementation and input 
• Does not require uniformly spatially sampled elevation profiles 
• Smoothly joins terrain obstacle and smooth-earth diffraction losses 
• Produces geographically continuous and topographically believable 

output in rugged terrain 
• Reasonably rapid computational times over tactically relevant (few 

to tens of kilometers) ranges 
• Respects reciprocity 
• Is an international standard with documentation and verification 

data available 

The main disadvantage of the Delta-Bullington model in the context of use 
within EASEE is that it is primarily designed for point-to-point analysis, 
with significant repetition of calculations when used at many points along 
a given elevation profile.  The main use case for a RF propagation loss 
model within EASEE is analysis along many profiles, extracted as radial 
paths typically centered on a transmitter or receiver location within a 
DEM.  It may be possible to optimize the model for analysis of an entire 
profile by storing some results from the previous calculation along the 
same radial, but this is beyond the scope of this project. 

Overall, the Delta-Bullington model appears to be suitable for use within a 
decision-support tool like EASEE.  If carefully implemented within 
EASEE, this model should enable rapid analysis of RF system performance 
in irregular terrain to support communications, surveillance, and sensor 
optimization planning. 
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