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REVISITING THE BOOKER QUARTIC DISPERSION RELATION

1. BACKGROUND AND USEFUL NOTATION

The formula known today as the Booker quartic that describes the propagation of a radio wave incident
obliquely upon a slowly varying plane-stratified ionosphere in terms of the vertical component of the phase-
propagation vector was originally developed by H.G. Booker in his seminal papers [1-3]. Specifically,
although the notation is slightly different, the form of the quartic to be used in a general coordinate system
(assuming z is still vertical but not constricting the propagation to the x — z plane) is given by (3) and (17)-(21)
in [3]. This form can be derived from the well-known Appleton-Hartree equation, as seen in [4]. In his pub-
lications, K.G. Budden uses a different notation, and because this paper’s concern is with the equation given
by Budden, we will use his notation, specifically that of his landmark book The propagation of radio waves [5].

The full Booker Quartic is an electromagnetic propagation dispersion relation that accounts for the colli-
sional plasma effects on the electromagnetic wave in the presence of a magnetic field in the complex
domain. The Booker Quartic reduces to the classical Appleton-Hartree dispersion relation in the real
domain. It specifically handles magneto-ionic conditions when the wave propagation vector is perpendicular
to the magnetic field that the Appleton-Hartree cannot in the real domain. This condition frequently occurs
at high latitude for over the horizon high-frequency radio wave propagation where the earth’s magnetic field
is generally nearly vertical, but it also occurs at low and mid-latitude for near-vertical incidence
propagation. Mathematically this condition is a cusp with a discontinuity in the spatial derivative, but in the
ray tracing literature, it is called a spitze, from the German word meaning peak or point. In a near-realistic
ionosphere with very slowly varying gradients this condition is a singularity. In the presence of field aligned
ionospheric irregularities at scales comparable to the electromagnetic wave, this condition is met for a finite
cone of incident electromagnetic waves where complete backscatter can occur. In order to be able to
accurately model ionospheric ray behavior, especially in the HF (high frequency) band, it is important that a
ray tracing code contain the Booker Quartic in a generalized coordinate system and that the mathematics
representing the quartic is correct. It is with this topic and its application to over-the-horizon radar system
performance prediction in mind that this report is written.

Let us approximate the ionosphere by a number of thin, discrete, horizontal strata, in each of which
the medium is homogeneous. At each boundary between layers, an incident wave is partially reflected and
partially transmitted. Similarly, each of those waves are partially reflected and partially transmitted when
they reach the next boundary. Also, the ionosphere is birefringent, creating ordinary and extraordinary waves
with each new transmission. Accounting for all of the waves via superposition, in each stratum there are
two obliquely upgoing and two obliquely downgoing waves. Let us consider a plane wave incident on the
ionosphere from below. Assuming the standard Cartesian coordinate system convention where z is aligned
with the vertical axis, let § be the angle that this plane wave makes with the vertical. We break the wave
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2 Erick Smith

normal into its directional components, introducing the notation convention C = cos ¢ and S% + S% = sin’ 6.
Therefore each field component describing the wave before it reaches the ionosphere contains the factor

e—ik(S1x+52y+CZ). (1)

In the arbitrarily chosen 7™ stratum, let us look at one of the four waves. If the refractive index for this wave
in this particular stratum is denoted as n,., each field component of the wave in this stratum will contain the
factor

e—ik(Slx+Szy+nr(cos Hr)z). (2)

Note that the choice of coordinates allows for boundary conditions such that only the z-components of the

fields differ between the strata. Due to Snell’s Law, n,- sin 6, = /S% + S% = sin @, but the z-component of
(2) cannot be determined as easily. n, and 6, are dependent on each other, but they are both unknown. To
simplify things, denote g = n, cos 6,.. Therefore,

n? = S%+S§+q2, 3)

and (2) becomes ek (S1¥+525+42)  The four waves in each stratum all take this form, and thus there are four

different possible values for g. These values are the roots of the Booker quartic.

The Booker quartic can be written in the form
F(q)an4+ﬂq3+yq2+6q+e:0. 4)

To understand where this formula comes from and what the coefficients are, we must first revisit more of the
notation used by Budden. The capital letters X, Y, and Z are all used, but they have nothing to do with the x,
v, and z coordinates. Because the ionosphere can be approximated as a cold plasma, an important quantity
is the Langmuir frequency, also called the angular plasma frequency, wy. Knowing that the effect of the
ions on radio waves is negligible, we can define the Langmuir frequency in SI units as

N,e?
EoMe ’

)

wWN =

where N, is the electron number density, e is the charge of an electron, m, is the mass of an electron, and &g
is the permittivity of free space. It commonly appears in the equations in a very specific way, and we denote
that as the quantity X, which is defined as

(6)

where w is the angular frequency of the wave. When a damping force is included, the equation of motion
for an electron with displacement (from its position when no field is present)

r=R(Re™"), (7
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where R is some complex vector, is

O or

Ee=m,— +m,yv—,
“orr ¢ ot

(®)
where v is the electron-neutral and/or the electron-ion collision frequency. Replacing v by the effective
collision frequency veg, (8) can be multiplied by N,e to give the relation

EN,e? = —w’m, (1 - 1%) P. 9)

Here, P is the electric polarization vector. For more information on this switch to the effective collision
frequency, see [6]. Using (6), we can solve for P:

X
P=- E, 10
T=iz (10)
where
_ Veff
7Z=—. (11)
w

However, the term in the denominator of (10) is another quantity that appears frequently, so we will relabel
it as

U=1-iZ. (12)

It is important to note that (8) does not take the Earth’s magnetic field into account. Therefore, the correct
relation is

13)

where B is the constant magnetic induction of the Earth’s field. Similarly to the derivation of (9), this
equation gives us the relation

N.e? ie
* _E+
Mew? Mew

PxB=-P(1-iZ). (14)

Using the same lowercase convention as in (7), the electromagnetic field in a plasma is governed by the
four Maxwell equations:

V.d=0, (15)
V.b=0, (16)
Vxe:—@=—yoah (17)
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and
od

Vxh=—. 18
X FP (18)

Due to the fact that all the complex fields contain the same factor of e'“’, we follow the standard practice
(as does Budden) of using the uppercase letters with the implication that the e¢’“? is always present but the
real part of the term is what is being used. That being said, we combine this with the convention

H = 7Z)H, (19)
where
Zy= |20 (20)
€0

is known as the characteristic impedance of free space, to write the third and fourth Maxwell equations, the
Faraday law of induction and Ampere’s law, respectively, as

VXE = —ikH# (21
and
k
VxH# =i—D. (22)
€0

The o in (20) denotes the permeability of free space.

In (14) we see one more frequently occurring quantity that can be given new notation:

B
y="2 (23)
Mew
Thus, (14) becomes
— &g XE =UP+iPXY. (24)
Although, unlike X, Z, and U, Y is a vector, but its magnitude is not without physical significance:
v =y =22, (25)
w

where wy = is the angular electron gyro-frequency, also known as the cyclotron frequency. Finally, the

eB
me

directional cosines of Y are denoted as I, [, and [, so that, if © is the angle between the wave normal and
Y,

nycos® = 1,8y + 1,5y + 4. (26)
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2. DERIVATIONS OF THE BOOKER QUARTIC

Now that all of the useful notation is introduced, we return our attention to the Booker quartic as given in
(4). In Section 6.3 of [5], Budden presents two different methods to determine the coefficients of the quartic.
We will take a closer look at each of those methods and show that the formula Budden gives for one of the
coeflicients, namely 7y, is wrong. It should be noted that in what can be considered the precursor to this book,
namely [7], the coefficient is given correctly in (13.14). However, since [5] is much more widely used, it
seemed the issue is worthy of attention. In fact, the importance of this book to researchers in the field of
radio wave propagation over the past generation cannot be overstated. That makes it all the more imperative
that any errors be addressed so that they are not promulgated throughout the citing literature such as [8],
where the incorrect value of y surfaces in (4.9). K.G. Budden is no longer with us, but we are confident he
would have wanted to ensure that what he wrote and presented as fact was indeed true. It is our hope that this
paper will remove a small blemish on his legacy and ensure his work continues to be the valuable resource
it is today.

2.1 Method 1: The Dispersion Relation
2.1.1 The Permittivity Tensor
In a homogeneous electron plasma such as how the ionosphere is approximated in this paper, it is crucial

to know the refractive indices of the medium. Because each refractive index is the square of a corresponding
relative permittivity &,, we can use the constitutive relation

D = g&, E, (27)

where the displacement field D is defined by
D =g)E +P. (28)
The tensor &, contains all of the relative permittivities &,. It is common in the literature to drop the r,

and that convention will be followed here, as well. In addition, it should be noted that any mention of the
permittivity tensor is really discussing the relative permittivity tensor.

Recall that (24) is a vector equation and can therefore be written as

E, U iYl, iYL\ (P,
—eoX|Ey|=|-ivt, U ivi, ||p,|. (29)
E.) \ivt, -ivi, U J\P,

In Section 3.10 of [5], Budden simplifies things by choosing the z axis to be parallel to Y. In (29), this is
equivalent to making [, = [, = O and [, = 1. He proceeds to find the permittivity tensor for this special
case and concludes the section by giving it for two more general cases while not providing the derivation:
one where Y is in the x — z plane at an angle O to the z axis (where tan ® > 0), and the most general case,
where all that can be said about Y is that it has direction cosines Iy, [, and [,. It is the latter case that we
will derive here, showing that the method Budden used for the z || ¥ case also works for the general one. In
what follows, equation numbers in the form (#.#) refer to those in [5].
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We start with the matrix given in (29). The characteristic polynomial for the matrix is
0=(U=-2)>%- (1§+1§—1§) Y2(U - ), (30)

the roots of which provide the eigenvalues

M =U+\B+B+12Y, 1=U- NiE +13+12Y, and A3 =U. 31

This polynomial is found the standard way, setting

A-U ivl, -ivl,
det| —iYl, A-U Yl |=0. (32)
ivl, -i¥l, A-U

Due to their roles as direction cosines, the variables [, [, and [, are subject to the important property
2.2, 72 _
Q+@+Q_L (33)

This relationship is used extensively in the derivation of (3.55). In fact, it shows that the eigenvalues (31)
are equivalent to U + Y, U — Y, and U, which are the eigenvalues for the simpler case that Budden covers.
However, the same cannot be said about the eigenvectors. When A; is substitued into the matrix in (32) it
has the reduced row echelon form of

Ll +ily
10 1-2
1 Lyl ~ily
1-12

0 0 0

and arbitrarily setting the third component to zero, we have the first eigenvector:

—L, 1 il

yy = | bl ) (34a)

Similarly, substituting the second eigenvalue in the matrix, we find it has the reduced row echelon form of

Lol —ily
1-12
Lyl +ily
1-12
0

1 0
01
00
Again, setting the third component to zero, we have the second eigenvector:

~1,1 il

yy = | Zhlezily | (34b)
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The reduced row echelon form of the matrix that results from substituting the third eigenvalue in the matrix
is not needed; assuming a nonzero [, it is easy to see that the eigenvector is

L
z

vi=|k. (34c)

~

The simplicity makes it irrelevant in obtaining Budden’s (3.40), but for our purposes, it is important to
remember that for complex vectors, the length of the vector is ||v|| = Vv*v, where v* is the complex

conjugate of v. Keeping this and (33) in mind, we find that both v, and v, have lengths /-2

1-1%°
length |I,|~" and is unity if /, happens to be equal to zero. The sign of /. is unknown, but we can choose it
to be positive without loss of generality; otherwise the matrices that are analogous to (3.43) will be slightly
different than what is presented here, but the outcome will remain the same.

and v3 has

Knowing the lengths of vectors (34), we conclude the normalized eigenvectors are

1 —lyl, —ily
up = ———— |-yl +ily |, (35a)
2(1-2)\ 1-12

| —lil, +ily
Uy = ———— | —Iyl, —ily |, (35b)
2(1-2)\ 1-12

and

L
usz = ly . (350)
[z

Continuing Budden’s argument, we want to apply a matrix transformation on the matrix in (24) so that the
the matrix is diagonal. Just like for (3.41), the contravariant components E, E;, E3 of the vector E in the
new axis system are a linear combination of Ey, Ey, E, and are found by multiplication by a transforming
matrix % thus

E E.
E)|=%|E,|. (36)
E3 E,

and the same applies for any other vector, including P. Now (29) may be multiplied on the left by Z to give

E, u vty -ivl, P,
~eoX¥ |Ey|=%|-ivl, U ivl, |%'w|Py|. (37)
E, ivly —iv¥ly U P,
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The matrix % ~' is comprised of the normalized eigenvectors so that

Ll —ily —li +ily 142 (1-12)

1
U= ——|-Lyl +il, -l —il, 1,\2(1-13)], (38)
2(1-12
(1-£) 1-12 -2 12(1-1)

and therefore the transforming matrix % is given by

“Lolvily  Lely-il |
2(1-12 2(Lelo+il 2
—lElz—il)y Ef;émﬁ) )

2 (39)

% =\2(1-1) 2(1-12) 2(11—12)
! y

~

z

V0D D D

Although it is not as easy to see as in Budden’s simpler case, our % is also a unitary matrix.

Budden’s (3.46)-(3.52) remain valid for the general case we are studying. The calculation of the
eigenmatrix, seen in his (3.46), heavily involves property (33) and its corollary

1-2=01+1, (40)

but the diagonalization does work. As with the simpler case, (37) can be used to determine the elements of
the diagonalized susceptibility tensor, U‘—ﬁ/, U_—fy, and %( Combining this with (27) and (28), we arrive at
the principal axis values of the elements of the diagonalized electric permittivity tensor:

P 1o X and X (41)
=1 - , =1 - , an =1- .
el U+Y 2 U-Y &3 U

We shall delay further analysis using these values until Section 2.1.3. Returning to our present discussion,
the equations may now be transformed back to give us the permittivity matrix € in the general cartesian
coordinate system using

er 0 O
8:%_1 0 &) 0 %
0 0 &3
“lle—ily Lo +ily Ly2(1-E)) o
=| =yl +ily =Lyl —ily 1\2(1-2)[-[0 & 0
| k - 0 0 & (42a)
l—lz l—lz lz 2(1_12)
—Lxl iy, Lely—il, 1
2(1-12) 2(Ixl+ily) 2
~lyl il —lyl+ilx 1
2(1-2) 2(1-2) 2
1 1 I,

V0D N NA(D)
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When multiplied out, the result becomes

I(e1+&)-12G —1,1yG + il (81— &2) —11.G - 1ily (&1 - &2)
e=|-11,G - 1il, (e1 — &2) Y(e1+8) - 3G ~1,1,G + 3il (g1 — &) |, (42b)
—1,1,G + 3ily, (81 — &) —1,1.G - }il, (&1 — &2) I(e1+&)-12G

where we have followed Budden’s notation simplification of
1
G = 5(81+82)—83. (43)

One can see that (42b) agrees with (3.55) except for a typographical error in the (3, 2) term where the i has
been left out. With (3.55) verified we may now return to the main focus of this paper.

2.1.2  Using the Permittivity to Derive the Booker Quartic

Budden uses (3.54), the case where Y is in the x — z plane, to proceed further, but because (3.55) is more
robust, it is what we will continue to use. It is implied in (2) that the refractive index n, of one of the waves
discussed in Section 1 is actually a vector. While that is true, for our purposes the values of the components
of that vector are irrelevant; we only care about its length. Therefore, we may temporarily assume that the
wave normal is parallel to the z axis. Under this assumption, the Maxwell equations can be used to show
that in a homogeneous cold magnetoplasma one can determine three important relations:

D, =gm’Ey, Dy =sgon’E,, and D, =0, (44)
see Section 4.1 in [5]. Substituting these into (28), we arrive at (3.60), namely
(sxx - nz) Ex+eyyEy+ex,Ez2=0

eyxEx + (Syy - n2) Ey+ey,E,=0(" (45)

gxEx+e,Ey+e,,E, =0

For there to be a solution to this set of equations, it is necessary that the determinant of the coefficients
of Ey, Ey, and E, be zero. While Budden substitutes the values of & in the the form of (3.54), we shall use
(42b), giving

% (e1+&) — l)ZCG —n? ~I1,G + %ilZ (g1 — &) —I1,G - %ily (e1 — &)
—llyG = Ll (81— £2) % (s1+8) — 123G —n*  —Iyl.G +3il, (g1 — &) =0. (46)
~1,1,G + 3ily (g1 — &)  —1,1.G — Lil, (&1 — &2) I1(e1+&)-12G

Multiplying this out gives a quadratic equation for n? of the form

f(n®) =an* -2bn* +c¢ =0, (47a)
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where
a= % (61 +&2) - I2G, (47b)
betie 1ot (1 + zg) (e1+82) G — (li + 13) (&1 — &), (47¢)
4 4 8
and
c= é (e1+ 82)2 —£162G — % (8% - 8%) (e1—&2). (47d)

Our goal is to substitute n, into (47) and use (3) to get a fourth degree polynomial F(gq) with respect to ¢,
the Booker quartic. However, a quick glance will reveal that the dependence of ¢ in n, is only in its square.
Thus, just substituting (3) into (47) will result in a quadratic equation for g>. We know the Booker quartic
has nonzero first and third order terms, so from where do they come? To answer that, we note that both (47b)
and (47c) have terms that are dependent on the directional cosines of Y. We also recall property (40) and
can factor out the lf terms, rewriting (47) as

1
fn?) =5 (e1 + &) n
2 ] 1 2] .22
+|-Gn +§(81+82)G—Z(81—82) n°l;

1 1 1
- (5 (g1 +&2)% - 3 (e1+&)G - 7 (g1 - 82)2) n’ (48)

1 1
+ 3 (&1 +82)2 —-£186G — 3 (8% - s%) (g1 — &)

=0.

We would like to find f(n?), and in the form of (48), we can see that there are terms of f(n2) that share
the common factor n? l%. In Section 2.1.1 we discussed how Budden solved for the permittivity tensor in the
case where Y is in the x — z plane at an angle of ® with the z-axis. This allows one to make the simplifications
[y =sin®, [, =0, and [, = cos®, and the formulas can all be written in terms of those trigonometry
functions. We do not impose any assumptions on the direction of ¥, but we can still use a similar convention.
If © is the angle between the z-axis and Y, the relationship /, = cos ® remains true. However, because Y
makes an arbitrary angle with the x — z plane, its projection onto the x — y plane potentially has both x and y

components. In order to satisfy (33), we must use the relationship
I3 +1} =sin®@. (49)

Unlike the simpler case, we cannot determine sin ®, but we do know its square. The important thing,
though, is that we can use

[, = cos©. (50)
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us, tne ractor n can be written as n: cos , the square€ oI a uantity we have seen before in . €
Thus, the factor n2{2 can be writt 2 cos? @, the sq f a quantity we h bef 26). Th

dependence of n, cos ® on ¢ is linear, and the square of it retains a linear term, as well. This is where the
first and third order terms of the Booker quartic originate.

Before we proceed, there are a few ways to clean (48) up a bit. First, consider the zeroth order terms of
the polynomial with respect to n? that is found inside the parentheses of the second line. Substituting (43)
into that polynomial and multiplying everything out, we can rewrite it as

% (e1+&)G - % (e1 —&2)* = €182 — %83 (e1+&2) =—J, (5D
where we introduce the other variable defined in (3.51):
J = %83 (e1+ &) — g182. (52)
Second, the same procedure can be used to simplify the term inside the parentheses in the third line:

1 1 1 1
3 (81 + &) - 3 (e1+&2)G - 7 (81— &) = %3 (e1+&2) +e182. (53)

Similarly, the left hand side of the fourth line simplifies as well:

1 1
3 (e1 + 82)3 - £1&6,G — 3 (8% - 8%) (&1 — &) = €1&2€3. (54)

With these findings, we rewrite (48) as
2y _ 1 4 2 272 1 2
f(n) = 3 (e1+&)n" — (Gn +J) nl; — 583 (e1+ &) +e18|n” + 18263 =0. (55)
Using (26), we are now ready to evaluate f(n?) in two steps. First, we write

1
fc(n%) EE (e1+&2) nf - (Gn2 + J) (lel +1,8 + lzq)
| (56)
- (583 (e1+&)+ 8182) nf +&16283 =0,

where the subscript ¢ denotes that we have made the substitution of the cosine term, and second, we substitute
(3) into f.(n?) to achieve a new polynomial F(gq):

F@=(est+5) (3 (erven)

2,2, 2
(S1 +85+¢q )G+J) (IxS1 +1yS2 +12q) (57)

1
- (q2 + S% + S%) (583 (e1+&)+ 8182)
&

+ E€1€283 = 0.
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Written in the form of (4), and letting S? = S% + S%, this becomes F(q) = aq* + B¢> + yq*> + g + € = 0,
where

1
a = 5 (81 +82) - lﬁG,
B=-2(S1+1,$) .G,
_ 1 2 2 2 2
v = —583 (e1+&) —e162+ S (81 +&) — ZZG) -1;J - (1eS1 + lySz) G, (58)

6= -2 (181 +1,8) I (1 +5%G)

e=|e1e2— % (81 +£2) 52) (63 = 8%) = (181 +1,52)° (1 + %G

This result matches (6.17) perfectly.
2.1.3 Where the Issue Arises

We have successfully derived the Booker quartic as given in (6.17) of [5]. This is a more general form
of the quartic than the one Budden derives as it can allow for ions or velocity dependent electron collision

frequencies. In order to see the problem with (6.16) we must use the specific values for the three permittivities
given by (41). The values of certain repeating combinations of the permittivities are obtained from these:

U?-Y?2-2XU+X?

81+82=2+W and E1&E) = U2 — 12 (59)
Also of note are
1 XU X Xy?
G - — + — =t —- = 60
) e = S T T vy (©0)
and
1
J 25 (81 + 82) E3—E€1&
X XU XU  U*-Y*-2XU+X*
A S U2 -y? 1)
_ Xr?
U (Ur-1?)
which means for these permittivitites, / = —G. One can also see that
J452G=(1-s2-s2) =X 62
+5%G = (1- 1_2)U2(U2—Y2)’ (62)

and, as seen below in (65), Budden uses the notation C? for what is contained within the parentheses. Out of

the five coefficients of (58), the easiest to compute is 5. Using (60), we get 8 =2 (lel + lySz) le(l)](TY_zyz)-

This differs from (6.168) only by the denominator, which illustrates the importance of remembering that
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that Booker quartic is an equation and not an expression. Recall that the quartic comes from (46), where we
set the determinant of the coeflicient matrix from (45) to zero in order to find the nontrivial solution to the
system of equations. The Booker quartic produces such a solution, albeit in an indirect way due to a change
of variables. Because the determinant is set to zero, the quartic itself is equal to zero, and that is still the case
for any constant multiple of the set of coefficients {a, 8, v, 8, €}. From our computed value of B3, a logical
multiple is U (U 2y 2). Including this multiple, the @, J, and € of (58) also become the «, , and € of (6.16)
where we leave it to the reader to verify. For the purposes of this paper, we will work out the coefficient y.

In addition to those evaluated in (59), ¥ in (58) contains an expression that was previously computed
within (61) to get J:

1 X XU XU (U-X)(U*-Y?-XU)
— + =1-— - + = 63
7%3 (61 +€2) U Ui-yr U2-y? U (U2 -1?) ©3)
Combining (59), (60), (61), and (63), we find
U-X)(U*-Y*-XU) U?-Y*-2XU+X?_, 2XU \ .,
U (U2 -Y2) Uz-Yy? U2 -2
2\ 2 2 Xy’
(8- 1) 2+ (1S +1,5)%) T
_22UP +2UY? +4XU? - XY? - 2X2U .\ 2U% - 20Y?% - 2XU? &
- U (U?-Y?) U (U2 -Y?2) .
Y ) Xy?
(8- 1) 2+ (1S +14,5)%) T
| =2U3 +20Y% +4XU? - 2XY? - 2X*U (2U3 -20Y?% - 2XU2) )
- U (U2 - Y2) U (U2 - Y2)
2 1) 2 2 __Xr%
(14 (2= 1) 24 (181 +1,50)7) aUaSEE
This can be simplified using Budden’s notation
C*=1-81-5=1-52% (65)
and, multiplying by U (U 2.y 2) while referring to the product also as 1y,
y = (—2U3 +2UY? + 2XU2) C? +2XU? - 2XY? — 2X2U
+X12 (1= 2C? 4+ (LS +1,52) )
(66)

=-20 (U - X) (C2U - X) +2¥* (C*U - X)

+XY2 (1= 2C2+ (151 +1,52)°).
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Here is where Budden makes the crucial mistake: what is printed as (6.16y) is equivalent to erroneously
expanding the (l *S1+1,S 2)2 in the final term of (66) as liS % +l§ S%. Curiously, in (6.16¢€) the same expression
is left unexpanded, preventing the mistake in y from being repeated there as well. Nevertheless, with the
correct expansion in mind, it becomes apparent that (6.16) should really state

o =U (U2 -v?)+ X (V2= U?),

B =2 (1St +1,8,) I, XY?,

y=—2U (U= X) (CzU—X) +2y2 (CZU—X)

(67)
+ XY (1= 2P+ BSY+ B3 420,0,5155 ).

6 ==2C* (1,81 +1,87) I,XY?,

e=(U-X) (- X)2 - C2(C2U = X) = (181 +1,5:)° C2XY2,

2.1.4 Comparison to Budden’s First Method

The procedure used in Sections 2.1.1 and 2.1.2 is a modification of the way that [5] derives the version of
the Booker quartic given in (6.16) and corrected in our (67). We kept things as general as possible, deriving
the second form of the quartic given in (6.17) — our (58), before using the specific values of the permittivities
that describe the physical system being modeled to arrive at (67). This is somewhat the opposite approach
Budden takes as he starts making geometrical modifications right from the very beginning. He simplifies
(29) so that the z-axis is parallel to Y to arrive at a block diagonal permittivity matrix of

r(e1+&) 3i(ei—&) 0
€= —%l' (81 - 82) % (81 +82) 0
0 0 &3

and then mentions that a similar procedure could be done for the geometry of the physical problem at hand,
where Y is in the x — z plane at an angle of ® to the z-axis. The result he obtains comes from making
that assumption after (29) and then simplifying, although he chooses the aforementioned nicer looking case
for demonstration purposes. With the geometrical framework in place he continues with his equivalent of
(44)—(46). It is at this point where he inserts the permittivities given by (41) instead of saving them for the
end as with our method. This allows for a direct computation of the Booker quartic with the coefficients (67)
via the equivalent of (57):

(% + 5% + 52)? (U2 (U-X) - UY2)
2
+ (q2 —c2) (IcS1 + 138y +1.q)* XY? )
- (q2 + 82+ S%) (2U (U-X)2-2r>(U-X) - XY2)

+(U-XP-Y>(U-X)=0.
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Personal verification of this computation is what initially alerted us to the error in Budden’s work. One can
see the term in question arise in the second line of (68) from the multiplication of ¢ with the (IxS1 + 1 52)2
that is part of the expansion of (IS +[,S> + lzq)z.

2.2 Method 2: The Direct Approach

While it is clear that (67) is what is really obtained from (68), having just been introduced to the concept
of the Booker quartic, our initial assumption was that perhaps (6.16) is right and that the error lies in (68).
While we have now shown that not to be the case, at the time it seemed prudent to look at the quartic from a
different approach, and Budden provides such a method immediately following (6.17). In what follows, we
reproduce this alternative method and fill in its details to demonstrate that (67) is correct.

Recall from (2) that each field component of a wave in the rth stratum of the inonosphere using the
geometry we established will contain the factor

e—ik(Slx+Szy+qz)
which is the spatial dependence of the waves. Selecting one such wave to examine, we see that

o ' o
a:—szl, 3y = ikS,, and 3 = ikq (69)

for all field variables. Breaking (21) and (22) into their individual components produces

OE 07,
OF: % __ ik A, 0 0%y =i£1)x,
ay 0z ady 0z &0
OE. OE, aH. A,k
el d %2 i % p 70
0z Ox ik Ay, an 0z Ox lso » (70
0E, OE, 06, 04, k
- _ = — ik Yy _ x _.* ‘
ox oy ax oy ele

Using (2) and (69), formulae (70) can be written using matrix notation as

FrE=5# and T# =-I+M)E (71)
where
0 —qg S
=l ¢ 0 =S|, (72)
-S> S 0

and M is the susceptibility matrix given by

X U? - 12Y? —il,YU = I,1,Y?* il,YU = 1,1,Y?
M=-—————+|il,YU-L,Y? U? - 13y? —il,YU - 1,1, Y?*|. (73)
UUuz-v?) |\ _. 2 2 2 _py2
—ilyYU = I1,Y* il YU - I,1,Y U*-1%y
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The common denominator for each entry of M should look familiar to the reader from the work in the
previous sections. In fact, M is the matrix that appears in the solution of SLOP in (29) multiplied by X. That
is to say,

—P=-——— __ME, (74)

or, to put it another way,

U iYL, —ivl,\
M=-X|-ivi, U il (75)
iYl, —ivl, U

when property (33) and its corollaries are kept in mind. Moving on, we can reduce (71) to one equation by
eliminating 52

(r2+M+1)E=o. (76)

In order for (76) to have a nontrivial solution, which we can assume it does, it must be true that det (I‘2 +M+1 ) =
0. From (72) we determine that

- -85 515 g1
= 518 -¢*-S7 48 |, (7
g5 qS,  -S1-5;

and combining this knowledge with (73) we see that finding a nontrivial solution to (76) is equivalent to
solving
(U-12Y*) X

(il,UY+1 1, Y?) X (il UY-1,1.Y?)X

_2_ @ (UP-BY)X (UYL Y2)X _ GLUY-LLY?)X
q” =S5 =0) +1 S182+ E=E) 451 U(0Y?)
_ UYL 1, Y2)X UP-Ly? )X iLUY+,1.Y?)X
0= 515, Lefimer X _qz_s%_(U(UTYZ)+1 a8y + U X (78)
ilyUY+l . Y*)X il UY-1,1.Y?)X U2-12Y?) X
q51 (Y yU(Uz_;z) ) 452 - (8] U(Uzi;z) ) =S1 - S% - (U(UZZ_Y2)) +1

But for what are we solving? We know that the Booker quartic is a polynomial in ¢ that we set equal to zero
in order to find the distinct vertical components of the fields of the four waves within a particular layer of the
ionosphere. In (78), the highest degree of g is four, which comes from the product of the terms on the main
diagonal subtracted by the product of the terms along the other diagonal: the product of the (1,3), (2,2),
and (3, 1) terms. The coefficient of this fourth order term is

(U*-12y?) X
U(U?-Y?)
(U?-12Y*) X
U (U?-Y?)
(U*-12YH) X
U (Ur-r?)
UU?-Y?)+X (Y22 -U?)
U(U?-Y?)

2 _ 2 2, @2
-87-5- +1+S857+S5

=C*+ 57 +535 -
(79)
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If we multiply this result by its denominator, we get @ from (67)! Indeed, rearranging (78) will produce the
Booker quartic. Of course, our focus is what the coefficient for the second order term ends up being. That
computation is not quite as easy as the fourth order term due to the fact that there are many more terms at
which to look, and the same is true for the zeroth, first, and third order terms. While the determinant as
a whole can be computed on a computer algebra system, for the readers who like to work out the algebra
by hand, we provide the major steps in the Appendix so one can see the math involved in determining the
remaining four coefficients. The results from (79), (AS), (A18), (A22), and (A43) do match up with the
coefficients in (67) when the former are multiplied by U (U2 - YZ). Most importantly, (A18) is another
verification that Budden’s (6.16vy) is incorrect.

3. DOES IT MATTER?

In Section 2 it was determined through three separate methods (two related and one independent) that
the second order coefficient of the first statement of the Booker quartic in [5] is missing a term:

2818201y XY?. (80)

That means that the formula given in the book is qualitatively wrong, but we would also like to know if it
makes a quantitative difference. If the term’s contribution is negligible, one might make the argument that
it is okay to continue neglecting it and that anyone who has used this formula as a reference source does not
have to worry about the validity of his or her work. On the other hand, if the term contributes substantially to
the value of the coefficient, it could have serious implications for computation based on this representation
of the quartic.

The geometrical configuration that is used most often is when propagation is in the x — z plane. In this
special case S» = 0. A quick glance at (80) will reveal that when this is true, the extra term vanishes. This
fact may be why the error has gone unnoticed for so long. In fact, Budden correctly gives the Booker quartic
coeflicients for this case in (6.23). That is the reference formula of choice for the standard geometrical
convention, and those who use it without question would never be aware of the error in the more general
formula from which it is derived. It is worth noting that the extra term would also vanish with propagation
exclusively in the y — z plane because this would imply S; = 0. Furthermore, as seen in the paragraph above
(49), Y cannot be confined to the x — z plane (/, = 0) nor, analogously, the y — z plane (I, = 0).

When is the error the most damaging, then? While it could be determined intuitively, a more mathematical
approach such as the method of Lagrange multipliers would be ideal to conclusively answer that question.
Let

f(lx’ly,Sl,SZ) :21leS152’ (81)
and let

0= g1l by, 81,52 = B+ 12 = (1-2), (82a)

0= go(lx, 1y, §1.82) = S2 + 82 — (nf - qz) , (82b)
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and

0=g3(lx,1y,81,8 = 1[S1+ 1,5 — (n,l; = 1,q), (82c)

where (82a), (82b), and (82¢) come from (33), (3), and (26) with (50) substituted in, respectively. For our
purposes, the method of Lagrange multipliers reveals that there exist A, u, and n such that the equations
given by

Vf=AVg +uVg, +nVgs, (83)

combined with (82) produce a system of equations where the solution(s) will give us the values of the
variables {l, [y, S1,S>} that create the maximum possible value of 2/,/,51S, with the given constraints.
Expanding the gradients in (83), we find

af of aof aof

55:2@%%,—g=2u$&,5§=2u5&,55=2&6ﬂ, (84a)
Z_ii=21x, %:zzy, %: , %:0, (84b)
g—fj:o, Z—fj:o, g—‘gj:zsl, %=2S2, (84c)

We are now ready to write the system of seven equations with seven unknowns (/,, n,, and g are treated as
constants):
20 A+ 81 = 21,8515
20, + S = 21,815
2S1u+ 1 = 21,1,8>
28u +1yn = 21,1,S, (85)
N+l=1-1
S% + S% n? — q*
[xS1+1,8S = (n, —q) .

System (85) is nonlinear; solving it by hand is rather complicated. Therefore, it is easiest to rely on a
computer algebra system to find the solution for us. We chose to use the symbolic toolbox in MATLAB,
which admits that it cannot solve the system symbolically but returns a numerical approximation instead.
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Thankfully, its solution can easily be converted back to being symbolic, and we get:

i _\/Z(nr_Q)(nr"'q_R)(l_lg)(nr+q+R)
o 20, (n, +q) (n, — q)
I _\/Z(nr_Q)(”r+q+R)(1_15)(nr+q_R)
Y 21Z (nr+Q) (nr_Q)
S _\/Z(nr_Q)(nr+q_R)
1= > (86a)
s _\/z(nr_Q)(”r"'Q"'R)
2T 2
A=0
=0
n=m-ql,

where

_ 2
R= \/(nr +q) (nr +q 2nrlz). (86b)

1-12

As “nice” as this may look, there is a major issue with these results. This system of equations could have
multiple solutions. The way the MATLAB algorithm works in this case is that it stops after finding one
solution. Curiously, something peculiar seems to happen within the internal MATLAB code. In reality, we
did not input (85) into MATLAB’s solver as written but instead used linear algebra on the first four equations
to solve for A, u, and 7 in terms of I, [, S, and S,. Because that system is overdetermined, one of the
equations will yield an expression that is equal to zero, which we count as the fourth equation. Namely, we
have

LS (1yS2 — 1:Sh)
L (LS = 1:Sy)
0:2@&+Q&Hu&—5&)
I ’
Ly (182 = 148))
lySl - leZ ’
2,y (53 - 53)
T LS - 1S

(87)

If (87), along with the final three equations in (85) are passed along to MATLAB, it produces (86) as the
solution, with the aforementioned warning. However, if (85) is what is passed into MATLAB without any
modification, it finds 32 possible solutions for the system, none of which are (86). On top of that, when it is
asked to provide the conditions under which each possible solution arises, it determines that it cannot find
an explicit solution. This is quite puzzling. We know we could reduce the number of solutions by imposing
more assumptions such as the nonnegativity of I, [y, [, S, and S, for instance, but that does not answer
the question of why the solution we analyze above is not included in that set. The answer may lie in the
fact that (87) requires two assumptions: [, # 0 and [,S; # [,.S>, and thus the systems are not completely
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identical. The discussion at the bottom of page 17 establishes that the former assumption is valid, but there
is still the matter of the second one. We also attempted to solve (85) using Mathematica without supplying
any additional assumptions for the variables, but it could not determine the solution set, as well.

If we only consider (86), with a little algebra one can determine that we get a value for the missing term
(neglecting the XY?):

V2(n, —q) (n,+q—R) (1= 12) (n, + g+ R) /2 (n, —q) (n, +q — R)
21, (n,+q) (nr -q) 2
_ (n, —q) (n,+q—R) (1 _l%) (nr+q+R)
- I, (n, +q) (n, — q)
(1 - l%) ((n, + q)2 - Rz)
l; (ny +q)
(1- l%) ((nr +q)* - (n,+q)(n,+q—2n,l§)) (88)

1-12

20,81 =2

I, (n, +q)
(4@ (1) = (0 +q) (0 + g = 20,12)
B I, (n, +9q)
(e +q) (1= 12) = (n +q) + 20,12
- 3
=—1, (n, +q) +2n,1,
= (nr - Q) lZ’

and similarly

21,8, = (n,—q) l, (89)

and thus

1
2Uly$152 = 5 (n, —q)*I2. (90)

This can be done with the other second order coefficients in (67), and one of the findings is that for this
solution,

1 1 1 1 1
2Uly 818y = 5 (ny = Q)2 = 7 (nr = q9)* z§+4—1 (n, —q)* 1% = 1 (21x51)2+1 (21,82)* = 28241252 (91)

That makes it clear that there exists at least one case in which the missing term is on the same order as the
other factors of XY? in y of (67), and therefore it is significant and cannot be neglected.

This is only a preliminary look at the possible ramifications of this error. A more detailed study is needed
to fully determine precisely when and how it is the most damaging. We hope to be able to ascertain that
through the full-physics ray tracing software package Modernized Jones-Stephenson, or MoJo [9], but initial
attempts have shown that the question is far more difficult to answer than was initially thought. The full and
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most general form of the Booker Quartic using the coefficients in (67) has never been put into code as far as
we can tell. The reason for this is the difficulty of the task. However, we discovered a way to do it. The effort
and results of our findings will be documented in an upcoming paper. In this paper, we plan to compare ray
paths at different scenarios using both the correct coefficients (67) and those given in [5] and present the
results.

4. CONCLUSION

Our results indicate that equation (6.16) of [5] contains an error. Two of our methods (Sections 2.1.4 and
2.2) are taken directly from the book but fleshed out, especially the latter (see Appendix A). Our other, most
prominent, method, covered in Sections 2.1.1, 2.1.2, and 2.1.3, neglects some geometrical simplifications
to give a full derivation of the more robust version of the Booker quartic seen in (6.17) whereupon the
correct substitutions and simplifications are made to reduce it to the form of (67). This approach revealed
a typographical error in the third row, second column entry of (3.55). All three methods agree that what is
printed in the book is erroneous. There is a missing second order term that will affect the four values of g,
which characterizes the vertical components of the fields of an EM wave propagating through a stratum of a
cold plasma such as the ionosphere. This book is widely used as a reference source, and anyone using the
coeflicients given by (6.16) will produce incorrect results.

Exactly how incorrect results may be is something we unfortunately cannot say at this time. Unless a
correct set of solutions to (85) can be found or perhaps a different method to analyze that term and determine
its impact is utilized, solving this problem will require a deeper investigation of why MATLAB seems to be
contradicting itself. It could be something regarding the discussion in the middle of the main paragraph on
page 20, but the issue may go beyond that. Furthermore, if there really are at least 33 solutions to that set of
equations (32 + 1), it is beyond the scope of this paper to analyze all of them. Both of these issues may be the
subject of future research because the precise quantitative effect this error produces is something that would
be helpful for those who might have relied on this equation in the past to know, and it would also satisfy
general curiosity. As to how the study would proceed, a more numerical approach might be necessary to
determine this term’s maximum impact. At the time of writing, it seems most likely that additional validation
regarding the importance of this term will come from ray tracing software, specifically MoJo. If the code
of such software was modified to generate a side by side comparison of computed ray behavior using the
Booker quartic with and without the term, one could get a much clearer picture of its effect than by just
analyzing the extreme cases. There are plans to do this in the near future and the results will be presented in
an upcoming paper.

For now, we have shown that what is in the The propagation of radio waves is incorrect, and the Booker
quartic as printed should not be used as a reference source without the addition of the extra term, as seen in
(67). We end by reiterating that if propagation is confined to the x — z plane, there is no issue with what is
given in the book; it is perfectly safe to use for that particular framework. One must be careful otherwise.
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Appendix A
COMPUTING THE DIRECT APPROACH

Computation of a 3 X 3 determinant is taught slightly different ways at the undergraduate level. We
prefer to use the method of finding the difference between the sum of the forward diagonals and the sum of
the backward diagonals. This breaks the determinant into six parts for easier consumption. We shall label
these six parts a—f. Specifically, element wise, the six parts are as follows: a is (1,1) - (2,2) - (3,3), b is
(1,2)-(2,3)- 3, 1), cis (1,3) - (2,1) - (3,2),d is (1,3) - (2,2) - (3,1), eis (1,2) - (2,1) - (3,3), and f is
(1,1)-(2,3) - (3,2). The value of the determinant is then a + b + ¢ — d — e — f. Plugging in the values from
(78), we have

2 122
_q2_52_w+1 ._QZ_SZ_M_,_l
2U(Ur-r?) LU (ur-r?)
(Ala)
U*-12y?) X
: —Sf—S%—@+l ,
U(U?-Y?)
(il UY +141,Y*) X (il UY +1,1,Y*) X
S$152 + | gS2+
(1 T U -y P2y -
(Alb)
g (il,UY +1,1,Y*) X
q-1 U (U2 -1?) )
g (il,UY - 1,1,Y?*) X (il UY — I,1,Y?) X
P 2T U (0 - )
(Alc)
g (il UY - 1,1.Y?*) X
qo2 U(U2-1?) )
o oy —na)x\ (U2 - li’”) X
1 U (U2 -1?) T T -y
(Ald)
s s (ilyUY — I 1.Y?) X
q91 U(U2-1?) ,
(il,UY — 11,Y?) X (il,UY — 1:1,Y?) X
5185 + 518; -
(12 U (U2 -7?) 2T T U - Y?)
(Ale)
S2 S2 (Uz B l?Yz) X
72y (ur-r?) ’

23
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U? - 12Y?) X
_Z_Sz_(—x+l :
(q 2 U(UZ—YZ)

U (U?-Y?)

(q . (il UY +1,1,Y*) X

(A1f)

ys, - (i UY - 1,1.Y?) X
U (U?-Y?)

For our purposes, we need to group everything so that each part is written as a polynomial in g. We can also
use (65) to make things a little nicer. Therefore, we get that a becomes

U (U?-Y?)
@2-prx (UP-Br)X (c2+1)]|c? (v2-2r)x)\ ,
¥ + - + -
uvur-v?) o UUr-r?) vwr-ry) |?
(A2a)
2, 22 2 (U2 le2 X (U2 _ Z§Y2) X
o[+ sisie (5t -1) groyy + (55-1)
( YZ) U (Uz _ Yz)
(U2 - 2v?) ( 12Y2) x2 v
+ b
U2 (U2 -v?)? U(UZ—Y2)
b becomes
(il,UY + I,,Y*) X ,
S182 (8152 +
12(12 U (U2-Y?) q
+ Sl SlS2 + (llZUY + lxlyYZ) X (lleY + lylZYZ) X
U(U2_Y2) U(UZ_Yz)
(A2b)
+S2 SlSZ + (llZUY + lxlsz) X (llyUY + lxleZ) X q
U(u-r?) U(Ur-1?)
s gy FUY + L Y2) X (GLUY + L 1Y2) X (L UY +1d:Y?) X
152 U (U2 -1?) UUr-12) vy
¢ becomes
(il,UY — I,,Y?*) X\ ,
S182 18152 -
12(12 U (U2-Y?) q
1S, 1855, - (ZZZUY - lxlsz) X (lleY — lyleZ) X
U(U?-r?) U (U2 -1?)
(A2¢)
+S5 151852 — (ilZUY _ lxlsz) X (ilyUY - lleYz) X J
U (U?-Y?) U (U2 -Y?)
o g (UY=L Y) X\ (LUY — L :Y?) X (il UY ~ 1y1:72) X
+ ) b
192 U (U?-Y?) U (U2 -1?) U0 -1?)
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d becomes
—S%q4
o [GLUY + LEYA) X (i, UY - LY?) X
"\ vwr-ry) !
2 2y2
| UYLV X Uy L) X Gl (U - LY )X )
UU2-1?) U (U2 -Y?) e vwr-ry ||
vP-By?)x ) (; >
esills2 o1+ ( y (il,UY = 1,1,Y?) X (A2d)
! U (U2 -Y?2) U (U2 - Y2)
N (v2=8Y2) X\ (1,0 + 1,177 x
! Uwr-v?) | u(r-r?) 1
@ (U2 - lin) X\ (il,UY = 1,1,Y?) X (il,UY +1,1.Y*) X
+ -1+ ,
! U (U2 -1?) U (U2 -1?) U (U2 -Y?)
e, which only has zero order terms, remains
(il ,UY - 1,1,Y?) X (il ,UY - 1,1,Y?*) X
518 5185 -
(12+ U (U2 -7?) B2
(A2e)
, (U*-12YY)X
Jor- 21— = 7
U (U2 -Y?)
and f becomes
~S»q*
is ((LUY = LLY?) X (i UY + L Y?) X 4
\Tur-ry viwr-r) |?
(iUY + 1, 1.Y?) X (il,UY = [, 1.Y?) X el 1. (U* -2y x\\ ,
U (U2 -Y?) U (U2 -Y?) 2\ vwr-ry) ||?
el 2o 14 (U* - 2Y%) X\ (il UY = ,1.Y?) X (A2f)
: U (U2 -Y1?) U (U2 -Y1?)
e s (U - BY?) X\ (il UY +1,1.Y?) X .
2 U (U?-Y?) U (U?-Y?)
) (U* - 2Y?) X\ (il UY +1,1,Y?) X (il,UY - 1,1,Y*) X
S -1+ U (U2 —y2 2 _y2 2 _y2
(U2 -Y2) U (U2 -Y?) U (U2 -Y?)
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Due to the canceling out of some terms, d, e and f can be simplified, so we rewrite (A2) as

(U? - 12v?) X

c? - 4
vwr-ry |?
U -2yt x  |\UP - 12Y2) X .
( X ) +( y —(C2+1) Cz—@qZ
uu2-r?) = U(U?-1?) U(U2-1?)
(A3a)
U?-12Y?*) X (U2 - 1§Y2) X
C*+ 8153 (52 - 1) @ -Lr) X (Sz 3 1) "ohh)e
T +H0195 + (9] U (U%-Y?) {92 U (U2 -Y?)
v* - Lr?) (U2 - liyz) X[, (r-rry)x
+ o2 |
U? (U2_Y2)2 U(UZ—YZ)
(il,UY + ,,Y*) X ,
S182 (818
12(12+ U(UZ—YZ) q
s [s15, ((LUY + L1, Y?) X\ (il UY +1,0,Y%) X
U(U?-r?) U (U? -Y?)
J 2 i 2 (A3b)
+S, (5,8, + (L UY +11,Y?) X\ (il,UY +1,1,Y*) X ,
U (U?-Y?) U (U2 -Y?)
$:S (ilZUY+ lxlyYZ) X (ileY+ lylZYz) X (ilyUY+ lleYz) X
+ + |
152 U (U2 -1?) U (U2 -1?) UU-1?)
(il,UY — I,,Y?*) X\ ,
S182 (8152 -
12(12 U (U2-Y?) q
—185151S, - (ZZZUY - lxlyYZ) X (lleY — lyleZ) X
U (U?-Y?) U (U2 -Y?)
) 2 ; 2 (A3C)
S5 (815, - (il,UY = L, Y?) X\ (il,UY — I, I,Y?) X )
U (U2 - Y2) U (Uz _ Yz)
+ S]S2 - (ilZUY — lxlsz) X (llyUY - lxlez) X (ileY - lylez) X’
U (U?-Y?) U (U2 -1?) U0 -17)
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—S%q4
Lo 2LLYX
"v(r-ry)?
(Burv2+2i2vt) X2 ole . (v2-8v?)x)) |
U2 (U2_Y2)2 Ht U(U2—Y2) 7
(A3d)
U - BY?) X 2
s S% 14 ( y 201, Y°X g
UU2-v2) |U(U?-Y?)
o (02 - 272 x| (BuPv2 + 22v*) X2
—|ST-1+
: U(U?-Y?) U2 (U2 - v2)?
- ZleyYZX (I§U2Y2 + I§I§Y4) X2 ) (UZ _ l%yZ) X
§252 45,5, + K -, (A3e)
U(U?-Y?) U2 (U2 - Y2) U (U2 -Y2)
—S§q4
2,1, Y2X
o2 v 4
U (U?-Y?)
2172y2 2712v4 2
~ (le Y +lylZY X +SZ S2 1. (UZ _ liyZ) X q2
U2 (UZ_Y2)2 217 U(UZ—YZ) (A3f)
o [s2-14 (U*-12Y?*) X\ 20,0,Y*X .
2 U(U2-72) | U (U?-Y?)
o PoBr)x (Borv2 e iyt X2
- -1+
2 U (U2 -Y?) U2 (U2 - v2)°

Finding the determinant is equivalent to subtracting the sum of the last three parts of (A3) from the sum of
the first three parts of (A3). We look at the coefficients for each order of magnitude of g separately.

For the O(g*) terms, we have from a, d and f:

(U -12Y*) X

c? -
U(U?-Y?)

+5%+52, (A4)
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and we know from (79) that is equivalent to Waf from (67). The Greek letters present for the remainder

of the appendix will also refer to the ones in that equation as opposed to (58). The O(g?) term comes from
d and f, and, remembering that we are subtracting those terms, we find

20,1, Y*X 2,1,Y2X 2 (1xS1 +1,S7) 1 XY? 1
2 _y2) 2 2 _vy2) 2 _y2 - Ty P (A3)
U (U?-Y?) U (U?-Y?) U (U?-Y?) U (U?-Y?)

S1

It is the O(g?) term with which we are the most concerned, and its parts are present in a, b, ¢, d, and f:

(U2 - 2Y?) X (U2 - lin) X

. (U*-12Y*) X
U(U?-v?)  U(U*-Y?)

c? -
U (U?-Y?)

- (C2+1)

(il,UY - 1,1,Y?) X
U (U2-1?)

(il,UY +1:1,Y*) X
U (U?-Y?)

+5152 18152 +

+5152 (SlSz -

(A6)

(Burv2+2i2vt) X2 (02 -2v?) x

+ST|ST-1+

" U2 (UZ_Y2)2 U (U?-Y?)
(Z)ZCUZYZ + l§l§Y4) X2 o (U2 _ liYZ) X
+ +S2 2
U? (UZ_Y2)2 U(UZ—YZ)

2
It is helpful to break this up with regards to different powers of m The O ((m) ) coeflicients

are
( - (U2 - ziyz) (U2 - zgyz) - (U2 - 1§Y2)2

2772y2 272vy4 2r72y2 2712y4)\ 2
+BUY? 4 REY 4 RUPY? + B2V X,

(A7)

but many of the terms cancel out after everything is expanded, and (A7) simplifies to

(<20 + 22072 + 280%7 + 2820772 X°
= (-2u* +20%?) X2 (A8)

=2 (U2 (U2 - YZ)) X2

which gives one term of

2U X3
RS -1 (A9)
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The O ( ) coeflicients are

S S
U(U?-v?)

(c2(v2-y2)+ 2 (12 - By?) + (c2+ 1) (U2 - 127?)

(A10)
4818 (LUY + LyY? = iLUY +1,0,¥%) + 83 (U2 - BY?) + 83 (U2 - 272) )X,
which simplifies to
(€2 (302 = (B+ 22 +2) ¥?) + U2 - Y2+ S}U2 + S3U2
(Al1)
- S22 - S32Y? 4 211, Y28, 52) X.
Instead of using property (33) we use property (65) to get
(e - (1-83-3) (B+22+22)7?

(A12)

+U? - 2Y? + STU + S3U% - STLY? - S35y 2 + 2lxlyY251S2)X.

Expanding the second term allows for the cancellation of any terms that are products of S%li or S%li, and
(A12) reduces to

(3c207 - 2v2 4 02 - 2v? + (83 + 53) U

(A13)
= BY?+ B8 - BY? 4 2S3Y% 4 20,0, Y25,55 ) X.
We now can invoke (33) and use (65) once more to cancel out the (Sf + S%) U2, leaving us with
(20202 +20% = 2Y? - Y2 4 BS3Y? + BS3Y% 4+ 21,0,125,5,) X. (Al4)
Thus, the contribution from this part is
(20202 4202 = Y2 - V2 4 S22 + BS3Y? 4 2,,128,5,) X
(A15)
U(U?-Y?)
The remaining terms of (A6) are O(1):
2
~C2(CP 1)+ (14 53) - 57— 83 = 24287 + 283 = -2, (A16)

In order for it to have the same common denominator as the other two parts, we need to multiply (A16) by
U(U?-v? .
ﬁ, producing

-2C%*U (U? -Y?)

U (U?-Y?)

(A17)
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Finally we combine (A9), (A15), and (A17) to get the O(g?) coefficient:

—2UX? + (202U2 +2U2 - 12Y? - Y2+ ZSSYE+ SV + 2lxzyy2slsz) X

U(U*-7?)
2UC* (U* - Y?)
U(U*-1?)
- - 2y - 2 (2] —
_2U(U-X)(C°U - X)+27* (C°U - X) .
U(U?-Y2)
X2 (1= 20 4 B8} + 5] 20,5,
+
U(U?-7?)
_ 1
=7 2= YZ)’)/-
The O(g) term comes next. These coeflicients existin b, ¢, d, and f (Recallit’'s b +c¢c — d — f):
5, (5,5, 4 UV + I ¥?) X) (LUY +1,1Y2) X
U(UZ—YZ) U(Uz_yz)
5y (518, + (il UY + 1,1,Y?) X\ (il,UY + [ 1.Y?) X
U (U2 - Y2) U (UZ _ Y2)
s (818, - (il ,UY — I,1,Y?) X\ (il ,UY - I,1,Y?) X
U(u-r?) U(U2-1?)
S, ls15, - (il,UY - 1,1,Y?) X\ (il,UY - 1, [.,Y?) X (A19)
U(UZ—YZ) U (U2 -Y?)

2 2y2
(U - LY )X 21,1,Y2X
U(Ur-v?) |U(U2-1?)

+S1|ST-1+

(U*-12Y?) X
U (U2 -Y?2)

21,1, V%X
U(U2-v?)

+S» (S§ -1+

Due to the pattern to the left of the parentheses, it’s convenient to break this up into the coefficients of S from
the first, third and fifth rows and the coefficients of S, from the second, fourth, and sixth rows. Multiplying
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things out, we get

28180, Y2X 20, U2 X 2 L3LYYX

- +
UUr-Y?)  pr2ur-v2)? U (U%-Y2)
+21leU2Y2X -2 BLYYX 282 LYPX  20,0,Y2X

1

+ -—
U2 (UZ_Y2)2 U(UZ—YZ) U(UZ—YZ)
(A20)
.\ 2818501 Y2X  21,L,U*Y?X .\ 2021,1,Y*
? U(U?-Y?) 2 (Uz_yz)2 U2 (U? _yz)2
2 LUMYY?X =221, 1, Y4 X 2850, Y* X 21,0, Y*X
+ + - ,
U2 (U2_Y2)2 U(UZ—YZ) U(UZ—YZ)
2
and since all of the O ((U(U+—Yz)) ) terms cancel out, we are left with
S1Sol, 1, XY?  S? 1 XY? 1,1,XY?
+ —
Nv2-v) "vwr-v)) U @Wr-1?)
(A21)
s S1820,1, XY? . S21,1,XY? Iyl XY?
o =v?) "UUr-v?) U(UE-Y?)
Pulling all of the common factors out, (A21) becomes
2851yl XY? ( s 2810, XY? [ 5
—2 = (ST+S —1)+—(s +8 —1)
UUu2-y2) \"t T2 U(U2-y2) \"t 2
_ 2C% (14S) + 1yS5) I, XY? (A22)
U (U?-Y?)
1
=————§.

U(U?-Y?)
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The only terms left of (A3) are those of O(1). They exist in all six parts:

(U2 - 2Y?) X +( :_ 1) (U2 —ngz)X

C2+ 5353+ (s3- 1)

U(U?-Y?) U (U2 -Y?)
. (-2 (P -BY2) X2 (02— 2y x
U2 (UZ_YZ)Z U(Uz—Yz)

s s (il UY + I 1,Y?) X\ (il UY + ,1.Y?) X (il,UY + 1,1,Y?) X

T (0 -y U (U2 -1?) U (U2 -1?)
N (il,UY — 1:1,Y?) X\ (ilyUY - 1,1,Y?) X (il,UY - [,1.,Y*) X

2T T U (- ) U (U2 -1?) U (U2 -1?) (A23)
oo, (02 - 872 x| (BuPv? + 2i2v*) x2

! U(U?-Y?) U (U2 - v2)?

2r72y2 2712vy4 2

estass, 21xlyY2X . (lZU Yo+ LY )X o (U2 _ ngz) X

72 U(U2-71?) U2 (U2 - 12)° U (U*-Y2)

2172y2 272vy4 2

Ao 1s (UZ _ liyz) X (le Y-+ lylZY )X

2 U(U?-Y?) U (U2 - y2)?

This is a rather daunting expression, but we can employ the same strategy we used for the O (qz) coeflicients.

First, let us look at the O ((

3
m) ) terms. Their combined coefficients become

|- (02 - 2v2) (U2 - 272) (02 - 2v?)
+ (ILUY + 10,12 (iLUY +1,1.7) (il UY + Ld.Y?)
= (it0Y = 10,2 (iU = 1,0.Y?) (it,0Y = 1, 1.Y?)

(A24)
+

2 2y2 27r72y2 212y4
(02 - 27?) (Bvv? + 2274
+ (20 + BRYY) (02 - 127?)

+ (02 - 2v?) (BuPv? + 22y ]x3.
When multiplied out, the first line inside the brackets becomes

SUS+ (B4 BB UMY - (B2 + B2+ B2 UPY* 4 REEYS, (A25)

xtytz
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the second and third lines of (A24) inside the brackets reduce to

) (1§l§ + 12124 lgzﬁ) UPY* + 21212129, (A26)

xtytz

and the final three lines inside the bracket are equivalent to

xtytz

(B+2+2) Uy + (B2 -1} - 22+ B2 + B2 - 1) UPY* - 32212Y°. (A27)
Employing (33) and canceling where appropriate, (A25), (A26), and (A27) combine to give

2
_US £ 2U%Y? — YA = 1P (U2 - YZ) , (A28)

3
. . . 1 .
which means, the contribution of the O ((—U =) ) ) terms is

X3

2
Returning to (A23), we extract the O ((m) ) terms:

|- (s3-1) (02 - 2v2) (U2 - 2v2) - (3 - 1) (2 - B3v?) (2 - 2272)
+C (U2 - 2v?) (v - 2y?)
48182 (il UY +1,1.7%) (i, UY +11.7?)
481, (i, UY = Ldoy?) (L0 - 1yL.y?) (A30)
+(st-1) (Burvr+ 2y
+2815:00y (U2 = 2Y?) ¥2 - 2 (20 + BE3YY)

+($2-1) (Borrr e 2ievt) | X2
Using both (33) and (65), the first two lines inside the brackets multiply out to

(2c2+1) Ut + (32 + 522 - 2= 1) UPY?
(A31)
+((1-83) 22+ (1-83) 22+ 2 v,

the third and fourth lines inside the bracket become

— 20 L, UY? + 21,1, 1274, (A32)



34 Erick Smith

and the final three lines inside the bracket can be rearranged as

(53 (2 +2) + 2851855000y +83 (2 +2) = 1) U7

(A33)
+((S2-1) B2 -2818:00,2 - CRE + (83 -1) B2) v*.
Combing (A31), (A32), (A33), and canceling terms when appropriate yields
(2c2+1) Ut + (83453 - C2=2) UPr2 = (22 +1) U2 (U2 - ¥?). (A34)
Thus, the contribution of the O ((m) ) terms is
(2C* +1) UX? (A35)
UUu?-v?)
The next terms of (A23) we analyze are those that are O (m)
(- (c2+s33) (U2 - 2v2) + (s3 - 1) € (U2 - £272) + (3 - 1) (02 - £2?)
(A36)
~28515,C2 1, ¥? + 5383 (U2 - 1272 )x.
When this is multiplied out and the terms that cancel out each other are removed, we get
(=322 + (2 + 2 +2) Py + (8 + 53) U2
(A37)
- (B8} +253) €22 - 2815,C2, V)X,
Applying (33) to (A37) gives us
(-3C202 + €27 + (87 4+ 83) 202 - (138} + 283) C2Y* = 25182C2 1,12 X, (A38)
and for a reason that becomes apparent later, we use S% + S% =1 — C? to write this as
(—2C2U2 +CY2 U - (zis% + zisg) cr? - 25152c21x1yY2) X. (A39)
From (A39) we obtain the contribution of the O (m) terms of (A23):
(-2c202 + €272 - CHU2 = (1383 + 1283) €22 - 2815,C31 Ly Y2 X
, (A40)

U(U?-Y?)
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Finally we come to the terms that are O (1) with respect to m:

(c2+5383) - s3s3c? = c*, (Ad1)

Similar to the reasoning behind (A17), we find that the contribution of the O (1) terms of (A23) is

C*U (U* -Y?) (a42)
U(U?-Y?)
We are now ready to combine (A29), (A35), (A40), and (A42) to determine the O (1) part of (A3):
-X3+ (2C* + 1) UX?
U(U?-Y?)
(-2c202 + €2¥2 - CHU2 - (253 + 1253) €2 - 2815,C31, 1, Y2 X
+
U (U2 -Y2)
4 2 2
Lo -y (A43)
U (U?-Y?)
(U=X)(C°U - X)* = C°Y* (C2U — X) — (IxS1 +1,52)” C2XY?
- U (U2 -Y?2)
1
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