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Summary

The research was directed at the development of new algorithms and guidance concepts for teams of inter-
ceptors in swarm-on-swarm engagements with a particular emphasis on the interplay between the guidance
and the weapon target assignment (WTA) process. The goal is to design and study cooperative guidance
algorithms that use to a greater extent the kinematic capabilities of the guided vehicles while increasing the
flexibility of the WTA process. In view of these goals, the research has focused on two directions related to
the problem of coordinated attack.

The first direction of research concentrated on the problem of achieving simultaneous attack using co-
operative geometric guidance laws. This direction of research was pursued in joint work with my M.Sc.
student, B. Zadka, my Ph.D. student R. Tsalik, and my postdoc Dr. T. Tripathy.

The second, complimentary, direction of research concentrated on obtaining an optimal guidance law
that is able of achieving impact at a given time moment, so as to enable simultaneous intercept by multiple
vehicles. This direction of research was pursued in joint work by my Ph.D. student G. Merkulov and Dr. M.
Weiss.

The results of this two years research effort were summarized in the following published journal publica-
tions:

e Zadka, B., Tripathy, T., Tsalik, R., and Shima, T., Consensus-based cooperative geometrical rules for
simultaneous target interception, Journal of Guidance, Control, and Dynamics, Vol. 43, No. 12, 2020,
pp. 2425-2432.

e Merkulov, G., Weiss, M., and Shima, T., Minimum-effort impact-time control guidance using quadratic
kinematics approximation, Journal of Guidance, Control, and Dynamics, 2021, pp. 1-14.
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I. Introduction

This research was aimed at developing new algorithms and guidance concepts for teams of interceptors
in swarm-on-swarm engagements with a particular emphasis on the interplay between the guidance and the
WTA process. To fix the ideas, we adopted a scenario that we used to motivate our problem formulation
and to apply our research results. Throughout the investigation, we concentrated on the mid-course and
end-game stages of the engagements assuming perfect information regarding all the states of the participants
and we considered the problem from the point of view of the interceptor team.

One of the outstanding problems related to cooperative guidance is the problem of coordinated attack
in which a group of interceptors tries to arrive at the same target at the same time, or at carefully planned
moments of time. There are two main directions of research that we followed in order to tackle this problem.

The first direction of research consisted in devising geometric guidance rules that allow for efficient
coordination between a possibly large number of coordinating interceptors. Using the tools of cyclic and
leader-follower information exchange frameworks from multi-agent systems theory, we proposed cooperative
geometrical rules and corresponding guidance laws to achieve simultaneous target interception at the mini-
mum possible time and any desired impact time greater than the minimum, respectively. In the minimum
impact time case, we proved that the impact time of each pursuer is guaranteed to converge to the maximum
impact time among the pursuers in the case that they are heading straight to the target, resulting in a
situation that is called max-consensus. For the case of desired impact time, the leader imposes the desired
impact time independent of the other pursuers in the system, and the followers modify their impact times
according to that of the leader, eventually leading to the simultaneous interception. Based on the cyclic
and leader-follower frameworks, we present the geometrical rules and show that, by using them, we achieve
simultaneous interception from arbitrary initial positions of the pursuers. The corresponding guidance laws
were implemented using a Proportional Integral controller.

The second direction of research was aimed at deriving an optimal guidance law that achieves a desired
impact time while optimizing a quadratic guidance effort criterion. This part of the work relates to the
classical one-on-one intercept problem, but provides a tool that is very useful for building efficient many-on-
many guidance solutions. Technically, it presents the solution to the problem of minimum integral guidance
effort control for an approximate second-order kinematic vehicle. The advantage of using the approximate
second-order kinematics is that it allows to develop "analytic" solutions, that is a closed loop solution that
can be realistically implemented on a guidance computer as it is based on simple algebraic computations and
one-dimensional look-up tables. An additional aspect of the solution that we obtained is that it allows very
simple and quite accurate estimates of the optimal guidance effort and the maximum lateral acceleration
that is necessary to realize it. These estimates are of great importance in obtaining effective many-on-many
intercept guidance strategies, as they allow for solving complicated weapon target allocation problems while
taking into account guidance performance of underlying interceptors and their individual limitations in terms
of maximum lateral acceleration.

The remaining part of this report has two sections, presenting in detail the research performed in each
of the above two directions.

In the next section, we present new cooperative guidance laws to achieve simultaneous interception of
a stationary target by a team of n heterogeneous pursuers, modelled with non-linear unicycle kinematics.
The proposed laws implement a max-consensus protocol to achieve simultaneous target interception where
consensus is achieved in the impact times of the pursuers. The interception can occur either in the minimum
possible time or in any desired impact time which is greater than the minimum possible time. To achieve the
former, we propose a guidance law for each pursuer using a cyclic pursuit framework wherein the pursuer
requires the position and speed information pertaining to itself and its neighbour only. For a desired impact
time, we propose another guidance law using a leader-follower framework, in which the leader imposes
the desired impact time using a suitable circular trajectory. The other pursuers adjust their trajectories
with respect to the leader, eventually leading to simultaneous interception in the desired impact time. The
proposed guidance laws are designed using PI controllers in order to eliminate any deviations from the desired
trajectories. Each guidance law is studied in various scenarios through non-linear simulations, showing that
simultaneous interception of the target is achieved in the specified impact time from arbitrary initial positions
of the pursuers. The results of this effort were recently published in the ATAA Journal of Guidance, Control,
and Dynamics [T].

The following section, a guidance law for intercepting a stationary target is derived based on solving the
minimum effort optimal control problem with fixed time and a quadratic approximation of the kinematic
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equations. It is proven that this optimal control problem has, in general, a unique solution. Based on this
solution, a guidance law is proposed that is shown to be implementable based on typically available sensor
data, using a semi-analytic procedure. Numerical simulations show that the solution based on the second-
order approximate kinematics matches closely the solution based on the original nonlinear kinematics that
can only be obtained by numerical optimization. The results of this effort were recently published in the
ATAA Journal of Guidance, Control, and Dynamics [2].

It should be noted that as this report is based on two different papers (mentioned above), there may be
differences between the sections in some of the definitions and notations.
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II. Consensus-based Cooperative Guidance Laws for Simultaneous Target

Interception

Nomenclature

P = i*" pursuer

a; = lateral acceleration of P;, m/ sec?

At; = time to reach the target for P;, sec

d; = difference parameter of P;, sec

€ = look-angle of P;, rad

€l = desired look-angle for P;, rad

Ag; = look-angle error for P;, rad

Y4 = heading angle of P;, rad

K = proportional gain

K, = integral gain

Ai = line-of-sight angle between P; and the target, rad

L; = arc length of a circle between P; and the target, m

n = number of pursuers in the system

T = distance of P; from the target, m

R; = radius of a circle that P; follows, m

tq = desired impact time, sec

ti = minimum impact time for P;, sec

T = target

v; = speed of P;, m/sec

(z;,y;) = position coordinates of P; in cartesian coordinate system, (m,m)

A. Scenario and problem formulation

A Multi-Agent System (MAS) consists of a number of pursuers, which interact with each other in a centralized
or a de-centralized manner. The major challenge in the research of MAS is designing the interaction rules and
control inputs to ensure that a desired task is achieved collectively. Common tasks fulfilled by such systems
are obtaining a desired formation between the pursuers, reaching consensus upon a desired parameter, or
leading the pursuers to a rendezvous point. The kinematics of the pursuers are usually described by models
like single integrator, double integrator, or unicycle. In our work, we will focus on solving the rendezvous
problem at a pre-specified target point using pursuers modelled as unicycles, which are non-linear vehicles
that can be controlled using angular and translational speeds. The choice of unicycle kinematics is owing
to the fact that such kinematics can be used to represent simplified models of systems like missiles, cars,
robots, etc.

The problem of guiding a single missile to impact a target at a desired time has been investigated
extensively in the literature. In one of the earliest works in this area [3], Jeon et al. presented an impact
time control guidance law which combined proportional navigation guidance (PNG) law with a feedback
on the impact time error to achieve a pre-defined impact time for the missile. Sliding mode control based
guidance laws, as proposed by Kumar and Ghose [4] and Cho and Kim [5], has also been used to control
the impact time by incorporating the error between the desired impact time and the estimated time-to-go in
the sliding surface. Saleem and Ratnoo [6] proposed a Lyapunov-based guidance law to control the impact
time by modification of the heading error, where the selection of the desired impact time was limited by
the initial conditions of the scenario. Controlling the impact-time via polynomial look-angle shaping was
proposed by Tekin et al. for stationary targets [7] and varying speed targets [§]. In these papers, the authors
proposed quadratic and cubic shaping, where the cubic shaping showed results similar to the optimal results.
In a recent work [9], Tsalik and Shima proposed a circular impact time guidance law to achieve a desired
impact time for a stationary or a non-maneuvering moving target. The desired impact time was achieved by
constraining the pursuer to move in a suitable circular trajectory.

7 of AT

American Institute of Aeronautics and Astronautics

DISTRIBUTION A: Distribution approved for public release. Distribution unlimited



One of the popular information exchange topologies which has been used to implement consensus pro-
tocols in MAS is the cyclic pursuit framework. In this framework, pursuer ¢ receives information from the
i 4+ 1 modulo n pursuer. Borrowed from the natural behaviour of animals such as dogs, birds, and ants,
the advantage of this framework is its simplicity and the minimum sensor information requirement. An
illustration of the information exchange topology in the cyclic pursuit framework is presented in Fig. [I]

Considering the rendezvous problem, the cyclic pursuit for pursuers with single integrator kinematics
was studied in [I0] by Bruckstein et al. and was extended to unicycle kinematics by Marshall et al. [11].
For unicycle kinematics, cyclic pursuit has also been used to address problems such as area surveillance [12],
formation control of homogeneous [I3] and heterogeneous [14] pursuers, etc. In a recent work, Kumar and
Mukherjee [I5] proposed a cooperative guidance law in a cyclic pursuit framework to solve the simultaneous
target interception problem by a team of pursuers by achieving consensus in the time-to-go of the pursuers.

1 2

.\4 ’
1+ 1 1

Figure 1: Information Exchange in cyclic pursuit framework.

The leader-follower framework is another information exchange topology which is commonly used in the
MAS literature. In this framework, the pursuers in the system are divided into distinct groups of leaders
and followers. The leaders’ behaviour is usually independent of the other members in the group, whereas
the followers are dependent on information received by the leader.

Jadbabaie et al. proved in [I6] that the followers converge to the leader as long as all of the members in
the group are linked to the leader, not necessarily in a direct way. Leader-follower consensus problems were
also studied for the cases where time-delays are present and the communication topology is switching for
agents with second order dynamics in [17],[I8]. The formation control problem has also been studied under
the leader-follower framework in [I9] and [20] for autonomous agents with unicycle dynamics. An extension
to the missile guidance area for missiles with unicycle dynamics was proposed by Sun et al. [2I], where the
authors designed a cooperative guidance law by feedback linearization such that the impact time of each
follower converges to the impact time of the leader in finite time.

Using the tools of cyclic pursuit and leader-follower frameworks from MAS, here we propose cooperative
guidance laws to achieve simultaneous target interception in the minimum possible impact time or in any
greater desired impact time. In the present framework, the target is assumed to be stationary, which could
represent a given landmark, a beacon, etc. The pursuers are modelled with unicycle kinematics and have
different linear speeds, which makes the system heterogeneous. The underlying idea is that if each pursuer
adjusts its trajectory according to the impact time of its neighbour as if that neighbour heads straight to the
target, then consensus will eventually be achieved in the impact times of all the pursuers. In the minimum
possible impact time case, the information exchange topology follows a cyclic pursuit framework. The impact
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Figure 2: Planar engagement.

time of each pursuer in the group is guaranteed to converge to the impact time of the pursuer which has the
largest initial impact time resulting in max-consensus.

We address the problem of simultaneous interception of a target by a group of m pursuers in finite
time. The pursuers are modelled as unicycles and have constant linear speeds. The target is assumed to
be stationary and represents any point of interest like a landmark or a beacon. Fig. [2| presents a schematic
view of the planar geometry between the target and the pursuers. The X; — Oy — Y axes form a Cartesian
inertial reference frame. The position coordinates of the target T are given by (x7,yr) € R2. For every
i € {1,2,..,n}, the i*" pursuer is denoted by P; and its position coordinates by (x;,%;) € R2. Its linear speed,
heading angle, and normal acceleration are written as v;, 7;, and a;, respectively. The equations of motion
of pursuer P; are as given below,

T; = V; COS7;

Ui = v; siny; (1)
. @
Yi = —

U

The pursuers are assumed to be heterogeneous in terms of their speed which can be different for all the
pursuers. The distance and the line-of-sight (LOS) angle between P; and the target are denoted by r; and
i, respectively. ¢; is referred to as the look-angle, which is defined as the angle between the velocity vector
of P; and its corresponding LOS to the target. The equations of motion of P; can also be expressed in a
polar coordinate frame attached to the pursuer, as follows,

7;1‘ = —7; COS €;
: V; Sin €;
fi= - HERE (2)
T
. (€%
Yi = —
Vi

The main objective of this work is to propose cooperative guidance laws which lead to simultaneous target
interception by the n pursuers. In the next section, we explore some concepts from MAS to achieve the goal.
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B. Consensus Protocols for Simultaneous Target Interception

In this section, we propose geometrical rules that lead to the simultaneous interception of a stationary target
by a group of n heterogeneous pursuers. Our goal is to control the impact time of the pursuers by using
consensus protocols that will lead to consensus in the impact times of the pursuers, therefore achieving
simultaneous interception of the target. We propose two kinds of geometrical rules which drive the system
towards the target while achieving either the minimum possible impact time or any desired impact time
which is greater than the minimum possible time.

1. A Cyclic Pursuit Strategy to Achieve a Minimum Impact Time

Here, we present a geometrical rule that leads to simultaneous interception of the target in the minimum
possible time. It can be achieved by synchronizing the impact times of the pursuers, so the impact time
is chosen as the consensus parameter. Then, simultaneous target interception is guaranteed if consensus is
achieved.

Now, let us define the following parameter,

) =" 3)

which is the time required for P; to reach the target if it follows a straight-line trajectory towards the target.
Therefore, £;(t) is the minimum possible value of the impact time of P; at any given time t. We choose
t; as the consensus parameter since as time propagates, synchronizing this parameter implies simultaneous
interception in the minimum possible time. When a pursuer follows any trajectory other than a straight line,
the computation of the impact time might not be always straightforward and is then derived by estimations
which are prone to errors. Considering this, #; is the suitable consensus parameter as it is dependent on
position and speed measurements which are easier to derive.

We consider a cyclic pursuit based information exchange topology among the pursuers, so the guidance law
for P; is based on the information of only its neighbour P;;;. In order to achieve consensus, we propose that
each pursuer compares its ¢; with that of its neighbour and adjusts its trajectory accordingly to synchronise
its impact time with that of its neighbour.

Remark 1. Note that for any P;, t; can be controlled by modifying its trajectory. Then, as long as we
can suitably modify the parameters governing its trajectory while controlling t;, each pursuer can follow any
trajectory.

It is clear from Remark that any trajectory that allows us to control #; for every i € {1,2,..,n} can be
used to implement the proposed consensus protocol. In this work, we propose to use circular trajectories for
all the pursuers. The choice of circular trajectories is owing to the fact that the impact times to the target
can be easily controlled in this case which has been shown by Tsalik and Shima in [9]. The authors prove
that by controlling the curvature of the circular trajectory of P;, we can directly control the length of its
trajectory and accordingly its impact time and £;.

For the circular trajectory shown in Fig. |3} the radius of the circle can be expressed as R; = 5t o Then
the arc length of the circle between P; and the target is L; = 2¢;R; = r;e;/sine;. Since the linear speed is
assumed to be constant, L; = v;At;, where At; is the time in which P; will reach the target. By combining
these two expressions for L;, it directly follows that,

. T A t
€; = Asinc (viAti) = Asinc (Ati> (4)

where the Asinc function is the inverse function of the sinc function, defined as sinc(e) = w By controlling

the look-angle ¢; of P;, its impact time to the target At; can be directly controlled and wvice versa.

Now, in the present cyclic pursuit framework, each pursuer follows a circular trajectory while trying to
synchronize its impact time with that of its neighbour. The communication between the pursuers and the
obtained trajectories are illustrated in Fig. [d] As discussed before, the minimum impact time to the target
for P; is t;. Since we are interested in achieving simultaneous target interception in minimum time, we try
to achieve consensus in #;s. In order to synchronize #;s, i € {1,2,..,n}, P; modifies its trajectory based on
the relation between its ¢; and that of its neighbour #;, 1 as explained below:
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R; On

Figure 3: Circular trajectory geometry

e t; < 1;11: In this case, we set the desired impact time of P; to the time that its neighbour requires to
arrive at the target in a straight line, implying At; = £; ;. Substituting this in Eq. Eq. , we get the
corresponding value of the look-angle ¢;. Then, P; modifies its look-angle accordingly to generate a
circular trajectory with a longer arc to the target. This increases the time it takes to reach the target
while synchronizing its impact time with that of its neighbour.

o {; > {;,1: Here, P; tries to reach the target as fast as it can. Hence, it nullifies its look-angle and heads
straight to the target.

Based on this logic, the geometrical rule can be expressed mathematically as given below,

€ = Asinc(t;/ti11) t:z < t}'+1 (5)
0 ti > tit1

By following this geometrical rule, P; adjusts its trajectory according to its neighbour, when #;;1 > ;.
Therefore, eventually the impact time ¢; of P; converges to m%x(ti) of the group leading to max-consensus.
1€Ny

Once consensus is achieved, all the pursuers synchronise their impact times and reach the target simulta-
neously. The proof that the system converges to mgx(ti) leading to simultaneous interception is outlined
1€N,

herein.

Theorem 1. Consider n pursuers with unicycle kinematics in a cyclic pursuit framework. The trajectories of
the pursuers are governed by the geometrical rule described in Eq. Eq. . Simultaneous interception of any
pre-specified target point is guaranteed from arbitrary initial positions of the pursuers by achieving max-
consensus in their impact times to the target. Moreover, interception is achieved in the minimum possible
time, which is equal to the maximum impact time among the pursuers in the case that they are heading
straight to the target.

Proof. : Without any loss of generality, let us assume that £;(0) # 2(0) # ... # #,,(0). Then, we denote

ta
P, as the unique pursuer which satisfies the condition #(0) = max [1;(0)]. This leads us to define a difference
1€N,
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Figure 4: Interception at minimum time.

function for every P; as

() — £;(t). (6)

Now we first prove that 4 (t) remains maximum for all ¢ > 0, equivalently # () = max [;(¢)] Vt. By definition,
1eN,

d;(t)

tr-1(0) < £4(0) and dj_1(0) > 0 for P,_;. Let us assume there exists time ¢ = t* at which dj_;(t*) < 0.
For every i, di(t) = —cose(t) 4+ cose;(t) is bounded implying that d;(t) is continuous [22]. Applying
intermediate value theorem, there exists a time t' < ¢* at which d_;(t") = 0 and ¢ _; (t!) = #x(¢7). Then,
ex_1(t") = 0 according to Eq. Eq. and dk_l(tT) = —cosex(t) +1 > 0 using Eq. Eq. . This implies
that dj,_1(t) > 0 for t > ¢I which contradicts the assumption that dj_1(¢*) < 0. Therefore, di_1(t) > 0 and
th_1(t) < t(t) vt > 0.

Next, we analyse the behaviour of P, . Two cases arise, t;_2(0) < t,_1(0) or t_2(0) > #x_1(0). When
tr_2(0) < £,_1(0), using the preceding analysis we know that f,_o(t) < #x_1(t), hence, tp_o(t) < £1(t)
throughout the engagement. For f,_o(0) > #,_1(0), using Eqs. Eq. , Eq. and Eq. (I%I}, we get
ex2(0) = 0, dp_2(0) = —cose(t) +1 > 0 and dj_»(0) > 0. Now, let us assume there exists a time at
which di_o(t) changes sign. Applying intermediate value theorem, then there exists a time t* at which
dp_o(t*) = 0. Since dy_2(0) > 0 there has to be tT < t* at which dy_o(t7) = — cos e, (t1) + cos e, _o(tT) < 0
which is possible when €j,_5(t7) # 0. According to Eq. Eq. , this will occur only if #5,_o(tT) < £, (t7).
Similar to the first case, then f5_o(t) < f5,_1(t), tr_2(t) < (t) and dix_o(t) > 0 V¢ > !, which contradicts
our assumption of sign change of dj,_»(t). Hence, dj_o(t) > 0 and 5_o(t) < £x(t) ¥t > 0. Continuing in the
same lines for the rest of the pursuers, it can be shown that #j(t) = Erelgx[ﬂ-(t)} vt > 0.

Now we will show that target interception occurs simultaneously at ¢t = #3(0). We already know that
tr(t) = mgx[ti(t)} Vt. Using this condition in Eq. Eq. , we get €, (t) = 0 V¢ which means that P moves
1eNy,

in a straight line to the target. Therefore, #(t) = #.(0) — t and P} intercepts the target at t = #;(0). Let us
assume that Pj_; intercepts the target at t* < #4(0), then #;_1(t*) = 0 and r_1(t*) = 0. Since #;(t*) > 0,
Eq. Eq. gives €,_1(t*) = Asinc(0) = m. Since €,_1(t) is a continuous function, there exists d;, in which
2 < ep—1(t) < 3Vt € (t* — 6;,t*]. This implies 74—1(t) > 0 in this interval, hence P;_1 moves away from
the target. This contradicts the assumption of existence of t* < t;(0) at which r,_1(t*) = 0. So let us
consider the scenario when t* > #;(0). Then #;_; > t; at t = £,(0) which is not possible as proved in the
first half of the proof. Hence, the only possibility is t* = #;(0). By applying this analysis for the rest of the
pursuers in the system, it follows directly that all of them intercept the target simultaneously at ¢ = #5(0)
as desired. The assumption of unique #;(0)s was for simplicity, the proof can be easily extended to the cases
when ;(0)s are not unique. O

In conclusion, the group of pursuers converge to the impact time of the pursuer with the maximum value
of the initial ¢;, thereby leading to max-consensus. It is also important to note that convergence is guaranteed
for every possible initial positions of the pursuers.
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Corollary 1. Given pursuer P, that heads straight to the target, the trajectory of pursuer P;_; is circular.
Proof. : As mentioned in the proof of Theorem tr(t) = mg}x(t}(t)) vt € [0,%(0)], which leads to
1eN,
tr—1(0) < #x(0). Using Eq. Eq. , we obtain,

€x—1 = Asinc (@:) = Asinc (f;;(fg)_l—z) (7)

By using the work presented in [9], we know that Eq. Eq. represents a geometrical rule that leads to a
circular trajectory. Hence, the trajectory of pursuer Py_ is circular. O

Having proved the convergence properties of the geometrical rule given in Eq. Eq. , we will now
propose another geometrical rule for imposing a desired impact time.

2. Leader-Follower Strategy to Achieve a Desired Impact Time

Adjusting the impact time, and particularly enlarging it can be useful in cases where we want to increase
the time for better decision making. In this section, we propose to use a leader-follower strategy to achieve
a desired impact time which can be greater than the minimum possible impact time. We choose one any
of the pursuers as the leader and denote it as Py, and force it to impose a circular trajectory with a given
desired time independent of the other pursuers in the system. The rest of the pursuers in the system, called
the followers, communicate with the group using either an n-to-one or a one-to-one communication topology
which are defined below.

Definition 1. n-to-one communication topology: In this case, for i € {1,...,n — 1}, every pursuer P; modifies
its trajectory with respect to the information transferred from the leader Py as shown in Fig.

Definition 2. One-to-one communication topology: Here, for i € {1,...,n — 1}, every pursuer P; modifies its
trajectory with respect to the information transferred from pursuer P;; except pursuer P, _; which receives
its information from the leader Py. The information flow is depicted in Fig.

0 1
n—1 1 2

» 3 ?

N N .
i+1 i o~
1 7
(a) n-to-one.
(b) one-to-one.

Figure 5: Leader-follower communication topology

A choice between the two communication topologies depends on the sensing capabilities of the system.
The one-to-one topology should be used when the leader cannot communicate with all of the pursuers owing
to sensing limitations, and the followers can communicate with each other. On the contrary, the n-to-one
topology should be used in cases where the leader is able to transmit information to all the pursuers.

Now, we propose the geometrical rule for each of the two communication topologies. Note that in both
cases, Py can be chosen arbitrarily as any one of the pursuers, where the choice has to be done a priori and
cannot be changed during the engagement. For the n-to-one topology, the leader modifies its impact time by
elongating its trajectory with respect to the desired impact time. This is done by using Eq. Eq. for the
leader Py and replacing At; with t; — t, where t4 is the desired impact time. Note that t; — ¢ represents the
time to go with respect to the desired impact time. The followers modify their impact time by elongating
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their trajectories with respect to the leader, which is achieved by replacing At; with ¢y in Eq. Eq. . The
geometrical rule can then be expressed mathematically as given below,

Asinc (t:—l) t, <1t
€ = ) =12, -1 (8)

For the one-to-one topology, the leader modifies its impact time in the same way described for the n-
to-one communication topology. However, instead of referring to the leader Py, the followers refer to their
neighbours. So, each follower P; modifies its impact time by elongating its trajectory with respect to pursuer
P;, by replacing At; with ;1 in Eq. Eq. . The geometrical rule can then be expressed mathematically
as,

t
€9 = Asinc (t 0 t>
g —

Asinc (fi ) <t
€ = fivt St 12, -1 (9)

0 ti > t~i+1

d

N

~

Note that t, is greater than the minimum possible impact time. However, simultaneous target interception
still occurs which is shown in the following theorem,

Theorem 2. Consider n pursuers modelled with unicycle kinematics and located at arbitrary initial positions,
trying to intercept a stationary target in a desired impact time ¢4 which satisfies the following condition,

tqg > Illelgi((lmt:g)

Simultaneous interception of the target in time t4 is always guaranteed by following the geometrical rule
given in either Eq. Eq. or Eq. @, where the underlying communication topology between the pursuers
is either n-to-one or one-to-one, respectively.

Proof. : To begin with, we consider the n-to-one leader-follower communication topology. As mentioned
before, the leader Py can be chosen arbitrarily as any one of the pursuers. Let us define a virtual pursuer
P, such that t,|i=g = tq > mgx(tih:g). Let us consider any follower P; where ¢ € {1,2,..,n — 1}. In an

1€N,

n-to-one topology, every P; receives information solely from Py, irrespective of the other pursuers in the
system. Now, consider the sub-system consisting of pursuer P;, leader Py, and the virtual pursuer P, in a
cyclic pursuit framework. Here, P; receives information from Py, Py from P, and P, from P; while following
the geometrical rule in Eq. Eq. .

From the proof of Theorem I} we know that the pursuer which heads straight to the target initially, keeps
going straight. So, P, moves in a straight line as £, (t) = max{#;(t), fo(t), £, (t)}Vt € [0,t4]. For the leader Py,
we get Ato(t) = £,(t) = tq —t as to(t) < #,(t) and it follows a circular trajectory according to Corollary
As P; adjusts its trajectory with respect to Py, we get At; = ty. Substituting these in Eq. Eq. , we get
the geometrical rule given in Eq. Eq. . Now, from Theorem (1} we know that the geometrical rule leads
to simultaneous target interception by the sub-system in time ¢4. Since the choice of ¢ is arbitrary, the proof
holds for every ¢ € {1,2,..,n — 1}.

For the one-to-one case as well, we introduce the virtual pursuer P, which is defined exactly as the
previous case. Now, we consider the system consisting of the n — 1 followers, the leader Py, and the virtual
pursuer P, in a cyclic pursuit framework. The rest of the analysis goes along the same lines as that for the
n-to-one case which eventually guarantees simultaneous target interception in the desired time ¢4 under the
geometrical rule given in Eq. Eq. @D O

To conclude, we have proven that simultaneous interception in a desired impact time can be achieved in
two different communication topologies by using a suitable geometrical rule. Moreover, the interception is
guaranteed from any initial positions of the pursuers.

After deriving the geometrical rules, we will now design corresponding guidance laws and investigate
their ability to provide simultaneous interception while handling heading errors and constrained look-angles.
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C. Guidance Laws Design

In this subsection, we design guidance laws to enforce the geometrical rules obtained in the previous subsec-
tion. By enforcing the the geometrical rule, the desired look-angle is dictated for each pursuer in the system.
The goal of the guidance laws, illustrated in Fig. [6] is to eliminate the look-angle deviations from the desired
trajectories.

d
€; Ag; a;
3 3 1
O Controller
€;
Kinematics

Figure 6: Control scheme

The look-angle error, Ag;, is obtained as the difference between the desired look-angle, denoted as €2,

and the current look-angle, ¢;. The value of ¢ is obtained from the geometrical rule, whereas ¢; is calculated
from the kinematics equations. The error in the look-angle is fed into a PI controller to obtain the control
input,

a; = KlAEi +

KQAEZ'
1
- (10)

where K is the proportional gain, which determines the ratio of output response to the error signal, and Ko
is the integral gain. The integral term sums the error over time, thus driving the steady-state error to zero.
Note that the value of € is different for each of the geometrical rules obtained in the previous subsection.
Therefore, we obtain a correspondingly different guidance law for each one of them. Using the kinematics

shown in Eq. Eq. , we derive 7;. In the next step, we calculate the LOS angle by \; = arctan (g:%zl) to

obtain the current look-angle ¢; = v; — A;. The proposed controller modifies the look-angle of each pursuer
and drives the trajectory of each pursuer towards its desired trajectory.

The proposed controller can mitigate heading errors using suitable controller gains K7 and K5. Then, the
desired look-angles can be achieved, leading to nominal pursuers’ trajectories derived which can be obtained
from the geometrical rules. Additionally, we observed that constraints over the look-angles of the pursuers
can also be handled by implementing this controller. As expected, heading errors and look-angle constraints
can increase the impact time of the group beyond the specified impact time, yet simultaneous interception is
still achieved due to the cooperative implementation of the geometrical rules using cyclic pursuit and leader
follower protocols. Now, having derived the guidance laws, we will study them using simulations in the
following section.

D. Simulations Results

The theoretical results obtained so far are exemplified in this section via numerical simulations. Three
scenarios are examined for the minimum impact time guidance law, which is based on the geometrical rule
depicted in Eq. Eq. . Initially, we investigate the ideal case where no heading errors are present and
the look-angle is not constrained. Then, the ability to handle heading errors and look-angle constraints is
examined.

The desired impact time guidance laws, which are based on the geometrical rules depicted in Eq. Eq.
for the n-to-one communication topology and in Eq. Eq. @D for the one-to-one communication topology are
examined via two scenarios for each guidance law. In the first scenario we examine the ideal scenario. Next, a
scenario in which heading errors are present is considered. Comparison between the different communication
topologies is also presented.

The following conditions hold throughout this section,
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and a square box, respectively.

The controller gains are K; = 800 [

1. Minimum tmpact time guidance law

rad-sec?

The maximum lateral acceleration of each pursuer is 100 [

m

| and K5 =30 |

The target is stationary and is located at the origin (0, 0).

In all the figures, the target position and the launch point of any pursuer are denoted by an asterisk

m
sec?

]

_m
rad-sec3

].

IDEAL SCENARIO In this part, we investigate the minimum impact time guidance law for an ideal scenario,

implying that no heading errors are present and there are no look-angle constraints.

We consider four

pursuers launched from different positions and moving towards the target with different speeds as described

in Table Il
Pursuer | v [m/sec] | o [m] | yo [m] | Heading Error [deg]
1 125 -7071 | -7071 0
2 180 10000 9000 0
3 170 5000 -6000 0
4 150 -8000 0 0
Malla 1. Twnitial annditiana nn nirv\nm nnnnn + 43vnn idAal cannavia
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Figure 7: Minimum impact time in an ideal scenario
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The resulting trajectory, the parameter ¢ = =, the look-angle, and the lateral acceleration are shown in

Fig. As illustrated from the figure, the pursuers reach the target simultaneously at ¢ = 80[sec]. The

initial conditions of the scenario dictate that #;(0) = ”U—(O) = m%}([fi(O)] = 80[sec], which validates the claim
1 i€N,

in Theorem [1{ that the common impact time is mgx[fi(O)]. It can also be seen in figure that #,(t) =
1€N,
nell%x[fi(t)] Vt € [0,80], which also validates the theoretical results. Since #;(t) = %%X[Ei(t)] Vit € [0, 80][sec],

the trajectory of Py is a straight line, as depicted in Fig. [7a] and its look-angle throughout the engagement
is equal to zero as shown in Fig. [7dl In Fig. we can see that since P, follows a trajectory of a straight
line, its lateral acceleration is equal to zero throughout the engagement. Consequently, the trajectory of Py,
which receives information from P, is circular (Fig. as claimed in Corollary [1| and its look-angle profile
is linear with respect to time (Fig. . Additionally, the lateral acceleration of Py is constant, owing to its
circular trajectory. Pursuer P3 always changes its instantaneous circular trajectory as it receives information
from Py, which does not remain on a straight line, making its trajectory non-circular. The trajectory of
P, is straight until ¢ = 51[sec|, as its lateral acceleration and look-angle are zero (Fig. and Fig.
respectively). From that time point, the lateral acceleration and the look-angle of P, cease to be zero. This
behaviour can be explained by Fig. showing that £, > f3 Vt € [0, 51][sec]|, which according to Eq. Eq.
leads to €5 = 0 Vt € [0,51][sec]. From that time point until interception, we can see that f; < f3, hence
€9 = Asinc(fy/f3) in that time interval.

2.  Heading errors scenario

We now examine the case where heading errors are present. The speeds and initial conditions of the pursuers
are as described in Table [2} In contrast to the previous case, each pursuer is launched with a heading error.
The results in Fig. show that despite the large heading errors, the interception of the target occurs
simultaneously. Nevertheless, due to the heading errors, the interception occurs at ¢t = 62.3[sec] and not

at m%x[fi(O)] = #5(0) = 229 — 60[sec]. As seen in Fig. [8¢| at the first 4 seconds of the engagement, the
1eN,

v3

pursuers reach their lateral acceleration limiters since the initial heading errors leads to significant lateral
acceleration requirements. By ¢t = 7[sec] the lateral acceleration for each pursuer becomes relatively steady.
As seen in Fig. P; holds the maximum ¢ throughout the engagement, hence it tends to move in a straight
line. Consequently, its lateral acceleration and look-angle tend to zero (Fig. [8d and [8d). Additionally, P,
tends to move in a circular trajectory, with a linear look-angle profile and a constant lateral acceleration.
The transient nature of the system lead to enlargement of the lateral acceleration at the last second of the
engagement. In particular, the lateral acceleration of P, and P3 did not remain constant. This phenomenon
occurred for all scenarios and did not prevent the system from reaching simultaneous interception.

Pursuer | v [m/sec] | g [m] | yo [m] | Heading Error [deg]
1 340 1000 0 -120
2 220 -8000 8000 70
3 100 0 6000 150

Table 2: Initial conditions - minimum impact time, heading errors scenario
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Figure 8: Minimum impact time law with heading errors
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3. Heading errors and constrained look-angle scenario

Let us examine the case where in addition to having heading errors, the look-angle of the pursuers are also
constrained. The speeds and initial conditions of the pursuers are as described in Table [3]

Assume tfaag] éc}ée ﬁ%{l aaln& Cp%leach

Pursuer | v [m/sec| | o [m] | yo [m|] | Heading Error |deg]
1 280 -7071 | -7071 10
2 180 -7071 | -6000 20
3 380 -7071 | -5000

results for this SCONATIO are presente

11er satlsﬁes t e constra
e notlced mn

Ccon;

= 80°. The

DT Imppe

€ where ¢
Besin S A oA —
rm\@‘]ﬁ) t mnt%g 1n1t1a seconds of the

engagement, the look-angles of P, and P; are saturated at 80°. Additionally, the lateral acceleration of P;
reaches the limiters in the first 18 seconds (Fig. . Simultaneous interception occurs despite the presence
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Figure 9: Minimum impact time law under constrained look-angle and heading errors
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E. Desired impact time guidance law
1. Ideal scenario

In this part we will examine the implementation of the desired impact time geometrical rule in an ideal
scenario. Two communication topologies are considered - the one-to-one and n-to-one topologies. No heading
errors are present in this scenario. The speeds and initial conditions of the pursuers are as described in Table

@
Pursuer | v [m/sec] | g [m] | yo [m] | Heading Error [deg]
1 250 -7071 | -7071 0
2 200 -7071 | -7071 0
3 280 -7071 | -7071 0
4 230 -7071 | -7071 0

Table 4: Initial conditions - desired impact time, ideal scenario

The desired impact time is t; = 60[sec]. Pursuer P; is the leader, which imposes the desired impact
time guidance law independent of the rest of the pursuers in the system. In the one-to-one case, P> uses
information from P5, P3 uses information from P, and, finally, P, uses information from the leader P;. In
the n-to-one case, Py, Ps, and Py use information from the leader P; only. The results in Fig. [I0] show that
the pursuers achieve simultaneous interception in the desired impact time in both of the communication
topologies. The trajectory of P, (Figs. and is circular, as demonstrated by the linear look-angle
profile in Figs. and The trajectory of P, is identical in both cases since it refers to the leader
P,. The look-angle of P» is zero until ts becomes smaller than ¢3, and a similar behaviour is viewed for
P,. Correspondingly, the lateral acceleration of P, and Py, as depicted in Figs. and [I0f} are zero until
their #;s become smaller than their respective t~i+1. The differences in the results between the two cases are
not significant. Therefore, the choice between the two should be regarding the communication available, as
explained in section
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Figure 10: Desired impact time in an ideal scenario
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HEADING ERRORS SCENARIO Now, we will examine the desired impact time guidance law in the presence
of heading errors. The speeds and initial conditions of the pursuers are as described in Table

Pursuer | v [m/sec] | g [m] | yo [m] | Heading Error [deg]
1 300 -7071 | -7071 20
2 180 0 11000 -40
3 220 8000 -4000 -120
4 240 -5000 0 45

Table 5: Initial conditions - desired impact time, heading errors scenario

The desired impact time is t4 = 70[sec|. The communication topologies are identical to the ones described
for the ideal scenario. The results in Fig. [L1] shows that simultaneous interception is achieved in the desired
impact time despite the heading errors. By t = 7[sec| the pursuers overcome their initial heading errors, as
illustrated in the look-angle profiles in Figs. and [[Id] The lateral accelerations, depicted in Figs. [T1¢]
and [ITf} show that it is slightly lower in the n-to-one communication topology than in the one-to-one case,
especially at the the final seconds of the engagement.
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Figure 11: Desired impact time with heading errors
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F. Results, discussions and conclusions

Cooperative guidance laws to achieve simultaneous target interception for a team of n pursuers were presented
and investigated. Each pursuer adjusted its trajectory based on a geometrical rule governing its look-angle.
To achieve simultaneous interception in the minimum possible time, a cyclic pursuit framework was applied,
where each pursuer modified its trajectory with respect to its neighbour. For simultaneous interception in
a desired impact time, the underlying geometrical rule was implemented using a leader-follower framework.
The leader imposed the desired impact time and the followers modified their trajectory according to the
leader. Two communication topologies were examined in the leader-follower framework. One of them is a
one-to-one topology, where one follower communicated with the leader, whereas the rest of the followers
communicated with their neighbours only. The second one is an n-to-one topology, where each follower
modified its trajectory only according to the leader. For all of the geometrical rules, it was proved that
simultaneous interception is guaranteed with arbitrary initial positions of the pursuers in the specified impact
time. Simulation results showed that in the case where there were no heading errors or look-angle constraints,
interception occurred at a time that was equal to the initial impact time of the pursuer that moved straight
to the target, resulting in max-consensus in the ratio r;/v; as desired. The robustness of the guidance laws
was shown by achieving simultaneous interception despite large heading errors and look-angle constraints.
A comparison between the one-to-one and the n-to-one communication topologies showed minor differences,
therefore choosing between the two should be based on the communication capabilities of the system. In the
future, the case of a moving target would be considered. Additionally, different communication topologies,
switching topologies, and time-delays can also be examined.

24 of A

American Institute of Aeronautics and Astronautics

DISTRIBUTION A: Distribution approved for public release. Distribution unlimited



III. Minimum-Effort Impact-Time Control Guidance Using Quadratic
Kinematics Approximation

A. DModeling and Problem Formulation
1. Nonlinear Kinematics

We consider a planar engagement between the missile M and the stationary target T. A schematic view is
given in Fig. The Cartesian frame Tzy is attached to the target location and is aligned with the initial
[ine-of-sight (LOS)| The variable r stand foe range and A denotes angle. Missile speed, heading, and
look angle are denoted as V, §, and § £ 6 — \, respectively. Without the loss of generality, we assume \g = 0,
such that the initial heading and look angles are equal (6p = dp). The missile is steered through the lateral
acceleration a, applied perpendicular to the velocity vector.

LM
BT

\ X

Figure 12: Planar engagement geometry.

We can express the nonlinear fequations of motion (EOM)|in the Cartesian frame as

&= —Vcosb (11)
y=—Vsinb (12)
é:% (13)

The kinematic [EOM]| Eq. 7Eq. can alternatively be written in the polar frame using range r =
V22 + y2? and [LOS| angle \ = arctany/z as follows

7= —V cosé (14)

A= stiné (15)
r

Henceforth for the guidance law derivation we assume: constant speed (V' = const), ideal autopilot
dynamics, i.e. a(t) is a control signal, and a(t) is unbounded.

2. Quadratic Kinematics (QK) Approzimation

The kinematic equations are approximated using second-order Taylor series expansion of Eq. and

Eq. around 6 = 0:

¢~V<1;%) (16)

j~—Vo (17)
0= (18)

where the equation Eq. is left the same because it does not depend on the magnitude of 6. The system
Eq. — Eq. (18) is a complete set of for the guidance law development. In contrast to conventional
linearized (#=-V,y=-V0, 6 =a/V), where the final time has to satisty ¢t; = zo/V, the quadratic
approximation allows selecting the desired ¢¢ due to the quadratic term 62(¢) in Eq. .
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Remark 1. The approximation Eq. (@%Eq. (@ does not reduce the set of attainability (the set of states
{z,y,0} that can be reached whithin a given ty) of the original system Eq. 7Eq. . Indeed, the
equation for 0 is unaffected by the approzimation. Let v = [ 9|7 be the velocity vector. Its magnitude for

the original system Eq. 7Eq. (@ is always ||v|le = V. However, for the system Eq. (@*Eq. it is
[lvlla = V/14604/4 >V for all § € [—m,w]. Thus, any target position that can be reached by the system

Eq. 7Eq. , can be attained by Fq. (@%Eq. @ as well.

B. Optimal Control Problem

We state the following minimume-effort nonlinear optimal control problem: minimize the quadratic cost

1Y
J=1 / o2(1)dt (19)
2 Jo
subject to the Eq. - Eq. with the boundary conditions
o =To, Yo = 0, 90 = fix (20)
zy=0, yr=0, 0f=free (21)

given the fixed final time ¢; = fix, satisfying t; > zo/V.

Remark 2. For xy = Vit; and 6y = 0 the trivial solution a(t) = 0, t € [0,tf] is the trivial optimum which
yields J = 0. If xg = Vity and 0y # 0, then there is no solution that can be implemented for the original
nonlinear system. Hence, we assume xg < Vity in the remainder of the work.

Remark 3. Because the optimization problem is posed with fized terminal time, the results of the work may
be directly extended to predictably moving targets. Then the stationary target T is simply replaced with the
[predicted intercept point (PIP)

C. Optimal Control Solution

In this Section, we first state the main result of the work — the optimal solution to the problem exists for all
permissible initial conditions and final time and there is a unique solution for 6, # 0 and a pair of symmetric
solutions for 6y = 0. The result is proven in the remainder of the Section.

1. Statement of the Main Result

Let u(n,7), n € R, 7 € [0,1] C R be the shaping function defined as

5111777777 >0
u(n7 7') = sinh ’r]7'7 < 0 (22)
T, n=20

4

We denote its integral as U(n,7) = le u(n, 7)dr. The equation
D(n) = Co (23)

is called the discriminant equation, in which D(n) is the dimensionless discriminant function

. (fol U(n, ) d7')2

D(n) = (24)
fol U2(n,7)dr
and Cp € [0,1) is the dimensionless engagement parameter
05/2
Gy 2 o/ (25)

1—xo/(Vity) +6%/2
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Finally, we define a binary sign function

1, £€>0
s(«s)={_17 oo (26)

With these notations, we state the main result of the work as follows

Theorem 1. There exists a unique optimal solution to the problem for 6y # 0 and a pair of equal-cost
symmetric solutions for 8y = 0. The optimal solution is

alt) = Ku (%), te0t] (27)

where 7 is the smallest solution of the discriminant equation, and

2 2
K = —s(6) 173 oo % (28)
f, U2(n,7) by Vip 2

which for 8p = 0 may be taken with the opposite sign.

2. Proof of the Main Result

The existence of the optimal solution may be straightforwardly asserted from [23] p. 88] once the problem
is converted into Mayer form by introducing an additional state ¢(t) = a?(t)/2, ¢(0) = 0 and rewriting the
cost as terminal: J = ¢(ty).

We obtain the candidate solution using the Minimum Principle [24, Chapter 4] as follows.

Lemma 2. The candidate solutions to the problem are of the form

a(t) = Ku (77, %) , tel0,ty] (29)

where K,n € R are constant parameters.

Proof. The Hamiltonian of the optimization problem is
1 9 1, a
H(w, 1, a,t) = Stoa® — 0,V (1= 56% ) =, V0 + by (30)

where x = [z y 9]T is the state vector, 1 = [tby 1, 1/)9]T is the corresponding co-state vector and 1y > 0
is a nonnegative scalar. The co-state equations and the transversality conditions are

Ye(t) = —H, =0, ,(ts) = free = 1p, = const (31)
by(t) = —H, =0, 1,(ts) = free = 1, = const (32)
Volt) = —Hy =,V = 0. VO(t), o(ty) =0 (33)

The system Eq. - Eq. is autonomous; hence, the Hamiltonian Eq. is a constant of motion
(H = const). The exact value of H is unspecified because the final time t; is fixed. By the Minimum
Principle, the optimal control a(¢) minimizes the Hamiltonian. Since the control is assumed unbounded we
use the condition H, = 0 that leads to the equality ¥ga = —1y/V. Analogously to [25] we demonstrate
that ¥ # 0. Indeed, if 19 = 0, then 1y = 0 and, consequently, 1&9 = 0. But then, by the co-state equation
Eq. (33), the angle 6(t), ¢ € [0,tf] must be constant; hence, a(t) = 0, ¢ € [0,¢¢]. This will be the solution
only in the case zyp = Vty and 6y = 0, which by Remark |Z| we do not consider. Since the minimum of the
Hamiltonian may assume arbitrary value, the co-state vector may always be scaled to let 1) = 1. Then, we
obtain the expression for the candidate solution as:
Yo(t)

alt) = ==~ (34)

Because y(t) is at least twice-differentiable, we take the time-derivative of Eq. , substitute ¥y (t) =
—Va(t) from Eq. (34), and obtain the following second-order differential equation w.r.t. a(t)

at) — %a(t) —0 (35)
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Equation Eq. combined with Eq. provides the boundary conditions as follows
a(ty) =0, a(0) = ¢z — ¢y = const (36)

The class of real functions that describe the solution of Eq. depends on the sign of 1, (negative, positive
or zero). Define

n = —sign (Yz) ty (37)

Then the solution of Eq. - Eq. can be written as Eq. . O
Thus, the candidate solution is defined via the shaping function Eq. illustrated in the Fig.
Because a(t) is merely a scaling of the shaping function, the latter illustrates the behavior of the solution as

s
v

a function of normalized time-to-go 7 = %
3 -
————— n € (—o0,0) 11
20 F |= = =n= |
« . —2.5
n € [0,n7) /
2
© 15
£
3 1
0.5
0
-0.5

1.2

Figure 13: Shaping functions.

To determine the parameters K, n of the candidate solution Eq. , we substitute it into the m
Eq. - Eq. and integrate from 0 to ¢y, which results in the following system of equations w.r.t. K

and 7
1 2
2V B
K2/ U%(n,7)dr = (1 + 0) (38)
t} Vits
K/ (n,7)dr = _LHO (39)
where
) #(sinn—ncosn) n>0
/ U(n,7)dr = f% (sinhn —ncoshn), n<O0 (40)
’ 1/3, n=0
L %(772+2772005277—3nsinr]cos77), n>0
/ U%(n,7)dr = ﬁ (n* + 20 cosh?n — 3n sinhncoshn), n<0 (41)
0 2/15, n=2~0

The full procedure of the m integration and the analytic expressions for the trajectories of Eq. -
Eq. are given in Appendix B. Dividing Eq. squared by Eq. we discover that the parameter n
of the candidate solution Eq. satisfies the discriminant equation Eq. with

2 (sinn — ncosn)’

, >0
1% + 2n% cos?n — 3nsinncosn "
D(n) = 2 (sinh ) — 1 cosh 77)2 <0 (42)
n? + 2n2 cosh? y — 3nsinhn coshn’
5/6, n=0
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The discriminant equation possesses an important separation property — its left-hand part is a function of a
single dimensionless control parameter 7, and it is invariant w.r.t. the initial conditions and the final time.
The initial conditions and ¢; are all gathered in the right-hand part of the equation inside the dimensionless
engagement parameter Cy. In Fig. We present the plot of D(n), using which the equation Eq. can be
interpreted graphically — the solutions are at the points of the intersections of D(n) and a constant level Cy.

R3
.
v

aaestt

Figure 14: Graphical interpretation of eq. Eq.

Let us define S(Cy) = {n; | D(n;) = Co, nix1 > mi,i = 1...n < 0o}, to be the increasingly ordered
solution set of the discriminant equation. We also introduce 8* £ {n} |nf,; > nf > 0i=1...00}, as a set of
increasingly ordered positive solutions of the equation sinn — ncosn = 0, namely 77 ~ 4.4934, n5 ~ 7.7253,

73 =~ 10.9041, and so on. Then, we establish the following properties of the solution set.
Lemma 3. The discriminant equation has a unique nonpositive root n € S(Cp) < 0if and only if Cy € [5/6,1).

Proof. By Lemma [§ the function D(n), n < 0 is continuous, and it monotonically decreases from

lim D(n) =1 to lir% D(n) =5/6 on n € (—o0,0). Therefore, there is a unique nonpositive solution if
n——o0 n—

Co € [5/6,1). Conversely, if n < 0 then the image of D(n) is [5/6,1). Hence, if n < 0 is a root of the
discriminant equation, then Cy € [5/6,1). O

Lemma 4. The discriminant equation has a positive root n € S(Cp) > 0 if and only if Cy € [0,5/6). The
smallest root i € (0,77] for all Cy € [0,5/6) yields the optimal value of the cost Eq. (19).

Proof. By Lemma [§ the function D(n), n > 0 is continuous, and it monotonically decreases from
1in(1) D(n) =5/6 to D(n7) =0onn € (0,n7). Then if Cy € [0,5/6), there always exists the smallest positive
n—

root on the interval n € (0,7{]. But by Lemma [9] the discriminant function is bounded as D(n) < 5/6 for
1 > 0; hence, the interval [0,5/6) is the image of D(n) for positive 1. Therefore, if 7 > 0 is a root then
Cy €0,5/6).

Substituting the candidate solution Eq. into the cost Eq. , we obtain

J(K,n) = ;K%f/oluz(n,T)dT (43)
where
) ﬁ(nfsinncosn), n>0
/ u?(n,7) = —ﬁ (n —sinhncoshn), n<0 (44)
0 1/3, n=0
According to Lemmal[I0] n € (0,7;] yields smaller cost than any other n € S(Co). O

The auxiliary Lemmas used in the proofs above are given in the Appendix A. Combining the aforesaid
Lemmas, the smallest root of the discriminant equation n = minS(Cy) generates the optimal solution
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Eq. (27). Using Eq. we find K corresponding to 1 as in Eq. . Moreover, due to the continuity
of D(n), the root exists always for all permissible Cyy € [0,1) and is unique because D(n), n € (—oo,n;] is
monotonically decreasing except for a single point. This completes the proof of the Theorem

3. Control Effort and Mazimal Maneuver

It is of great practical interest to evaluate such motion properties as missile control effort and maximal lateral
acceleration during the engagement. Remarkably, for the proposed guidance law, they may be obtained semi-
analytically given the initial conditions and the terminal time only as stated in the following theorems.

Theorem 5. The optimal control effort for the stated problem is

1 V2 i) 98
= —[(1-2 42 4
T=Gwcy 1, ( Vi, 2) (45)

where G(C)) is the inverse control effort coefficient defined as

1

U?(n,7)d
aop) = LTI (o) (46)
fo u?(n,7)dr
Proof. Combining Eq. and Eq. we arrive at the stated result. O

Theorem 6. The maximal lateral acceleration along the optimal solution is

1 \%4 Zo 9(2)
m| = —/1 ==+ 47
| M(Co) ty Viy + 2 (47)
where M (C)) is a dimensionless coeflicient defined as
7 1
S [ v coely
M(Co) 2§ VI (48)

and n = min S(Cy).

Proof. Because a = Ku(n,7), where K = const, it is sufficient to find the maximal absolute value

of u(n,7) on 7 € [0,1]. For n < /2, the maximal value is at 7 = 1. For n € (7/2,n7), there is a single

extremum at 7 = Z-, which is also the maximal absolute value. For n = 57, there are two extremal points

at 71 = ﬁ and 75 = 1, which are equal. Therefore, the maximal lateral acceleration may be computed as
1

u(n, 1), n<m/2

Un,  me (n/2m] (49)

|a(T) [max = | K] X {
where the conditions on 1 may be replaced by Cy € [8/7%,1) and Cy € [0,8/72) using Eq. , respectively.
K may be taken as in Eq. . O

The control effort and maximal maneuver can be estimated by interpolation of the look-up tables G(Cp) =
{G(n)|D(n) = Co} and M(Cy) = {M(n)| D(n) = Cy} — these functions are depicted in the Fig.

D. Closed-Loop Implementation

The optimal control solution Eq. provides an open-loop command a(t) depending on the initial conditions
xo, B and the final time ¢y for the system Eq. qu. . To implement it for the original nonlinear
system Eq. 7Eq. , we propose re-initializing the solution of the optimal control problem at each time
t, thus replacing t¢, xo, and 6 with t,, = t; —t, r(t), and §(¢), respectively, and applying at each time
instance the control a(t) = Ku(n,1).
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Figure 15: Table functions for evaluating control effort and maximal maneuver.

Remark 4. The proposed implementation scheme realizes an approzimation of the optimal solution. Recall
that the solution of the optimization problem was derived for yo = 0. However, to rigorously implement
the optimal control solution in closed-loop, it has to account for arbitrary yo. But if yo is sufficiently small
(hence, angle \ is small too), then the implementation scheme above is a valid approzimation. The
reason to use it is that the optimal solution for the approximate problem now has to be implemented on a
different system — the original nonlinear kinematics; therefore, the guidance law has to be expressed in terms
of variables that are intrinsic to the guidance process — range, [LOJ rate, look angle, etc.

1. Algorithmic Form of the Guidance Law
Using the procedure described above for the equations Eq. and Eq. (28], we obtain the algorithmic form

of the guidance law as follows
a(t) = —s(0)N. (C’)K 1—— 4 ” (50)
- A Vigo ' 2

where N4(C) is the navigational coefficient defined as

2
NA(C) 2 u(n,1), | —————, n=minS(C 51
(C) =u(n,1) 02y dr (@) (51)
and the engagement parameter is computed as
2
2
C(t) >/ (52)

T 1= 1/(Vtg) +62/2

Note that it is not necessary solve the discriminant equation D(n) = C online directly. Instead, by
varying n € (—1/e,nf] where ¢ is a sufficiently small positive number, we construct a lookup table of
n points {D (n(k)) ,Na (n(k))}, k = 1...n, which establishes a direct mapping between the engagement
parameter C' and the navigational coefficient N. Spline interpolation can be used to find values N outside
of the table nodes.

The navigational coeflicient N4 (C) is illustrated in the Fig. If 6 = 0, and therefore C' = 0, the
coefficient N4(C') simplifies into N4 (5/6) = —2n7 ~ —8.9868. Also, it is easy to verify that N4(5/6) =
V15 ~ 3.8730. For C < 2/3, N4(C) is negative meaning that the guidance law actively deviates the missile
from the for small C. Conversely, for 2/3 < C' < 1 the navigational assumes high positive values and
rises to infinity as C' — 1 meaning that the guidance law will actively converge the missile to the shortest
path to the target. The corresponding guidance loop is shown in the Fig.
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Figure 16: Navigational coefficient N4(C).
7 =—=Vcos( — \)
A= —Vsin(d —\)/r
6=a/V
KINEMATICS

Figure 17: Guidance loop implementation according to eq. Eq. .

Thus, the guidance law implementation requires two measurements only: range r and look angle §. The
first may be obtained by an active radar, and the second one by any missile seeker.

2. Implementation Using Passive-Only Information

Now let us agsume that only the measurements that can be obtained by a passive seeker, namely the look angle
0 and the rate /.\, are available. To develop the guidance law under this limitation, we alternatively use
equations Eq. and Eq. instead of Eq. . Then performing the aforementioned state substitutions,
the acceleration command assumes the following form

Mﬂz—Nﬂ@%i 50 (53)
where )
Np(c) 2 D so) s (54)

I
fo Un,7)dr
To compute C we recall that r = —V sin 5/)\ for 6, \ # 0 from Eq. and obtain

522
C= -
1+ sind/ (Atgo) +62/2

The function Np(C) is obtained analogously to the algorithmic form of the guidance law by constructing
an interpolation table; its graph is shown in the Fig. Unlike N4(C), Np(C) has an additional singularity
at C = 0; thus, at 4y = 0 the guidance law is undefined (0 - c0). However, for practical purposes one may
resort to open-loop control, e.g. a constant turn while C' is small to escape the singularity of Np(C) and
switch to the guidance law Eq. when C' exceeds the specified threshold. The gain Np(C) is negative
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Figure 18: Navigational coefficient Np(C).

for C' < 2/3, same as N4(C). Remarkably, Np(5/6) = 3 — this allows us to establish the relation of the
guidance law to [proportional navigation (PN)|in the following Lemma.

Lemma 7. Along the optimal trajectory, Np converges to 3 as t — ¢y.

Proof. Recall the definition of n Eq. , in which 7 is proportional to ¢;. Hence, in feedback implemen-
tation, 7)(t) is proportional to t4,. Because |1,| < oo, we have lim;_,;, 1(t) = 0. Hence, lim;_,;, C(t) = 5/6,
which implies lim;,;, Np(t) = 3. |

Also because lim; ¢, a(t) = 0, the ratio between range r and closing speed V., = V cos d converges to t,,
determined by the running clock and the guidance law becomes a(t) = 3V, A, which is with the gain of
3. Of course, because both the proposed implementations Eq. and Eq. realize the same solution
Eq. , the guidance law shall converge to regardless of the implementation method. This has an
important implementation consequence — switching to [PN] in the end of the engagement is a valid way to
avoid the computational singularity of C' at ¢t — t;.

Furthermore, if throughout the engagement the angle § is sufficiently small such that —V§ ~ 7\ holds,
the guidance law may be implemented in the following nonlinear [PN}form

te .
a(t) = Np(C) ;2 VA (56)
go
where V. = V cosd is the closing speed, tg, = r/V. is a first-order approximation of the time-to-go, and
tgo =ty —t is the desired time-to-go determined by the running clock. There are two major differences from

the classical (3V5)\) First, the navigational coefficient is a function of C, which, in the end, is a function
of time. Second, the ratio r/V., except as t — t¢, no longer approximates ty, = ty — t, therefore, there is a
corrective ratio 3,/ tgo that compensates for this mismatch.

E. Numerical Simulation

In this Section, we present a series of numerical experiments to validate the developed guidance law perfor-
mance. First, we present a study of the guidance law behavior in engagements with nonlinear kinematics.
Second, we compare its performance effort to the four alternatives: impact-time control guidance [26],
impact-angle selection scheme [27], adaptive impact-time control via the look-angle shaping [8], and nu-
merically computed optimal nonlinear guidance. We furthermore, investigate the accuracy of the maximal
acceleration prediction Eq. . Finally, we examine the influence of non-ideal flight dynamics on the
guidance law performance.

Remark 5. Throughout this Section, we shall study the set of engagements with the particular initial ranges
and the missile speeds to present the results in a more intuitive fashion. However, because the studied problem
is fized-time, one can use the standard normalization: t = t/ty, & = x/(Vits), y = y/(Viy), a = ats/V,
J =t;J/V? to transform the given results to the equivalent ones for different initial conditions, final time,
and speed.
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1. Sample Trajectories

Consider a set of scenarios, in which g = 10 [km], Ag = 0, V' = 500 [m/s]. We remind that the target T
is stationary. Ideal autopilot and sensors are assumed. Throughout this Section, we use the guidance law
Eq. . The scenarios are as shown in the Table @

Table 6: Simulation scenarios.

# Scenario 6y [deg] ty [s]

1 60 21...30
2 0 21...35
3 90 50...300

Scenario I. In this setting, we fix the launch angle at 60 [deg] and vary the final time in the range
ty € [21,30] [s]. For comparison, the final time of the trajectory generated by the guidance command
3V, A for the same launch angle is 22.41 [s]. To avoid the singularity in the computation of C, the guidance
law switches to 0.5 [s] before impact. The simulation results for the [quadratic kinematics (QK)| guidance
are presented in the Fig.

The final times were chosen to demonstrate the guidance law behavior for the cases n < 0 (¢ = 21 [g]),
n~0 (ty =225 [s]), and n > 0 (t; € {25,30} [s]). In all the cases we observe the expected behavior. For
ty =21 [s], the acceleration command (Fig. starts at a high absolute value of 167 [m/s?| ( 17 [g]) and
exponentially decreases to 0 at the end. For the second engagement we chose the final time ¢; = 22.5 [g]
such that Cy ~ 5/6 — the engagement parameter stays close to this value throughout the flight (Fig. [19¢)),
the acceleration profile is close to linear (Fig. , and the navigational coefficient Np is near 3 (Fig. [19d)).
Here and in the following simulations we obtained its value based on the simulation data using Eq. (53) as
Np = —atg,/(V0). The other two scenarios (ty € {25,30} [s]) demonstrate the behavior, when the large
final time forces the missile to leave its initial and turn away from the target (see acceleration profiles,
Fig. note the negative navigational coefficient near ¢4, = 30 [s] for the fourth case), and then approach
it from a different direction.

The switch to the 0.5 [s] before the impact affected the impact-time negligibly - the errors did
not exceed 1076 [s]. The acceleration jump at the switch moment was smaller than 0.005 [m/s?| for all
cases, which evidently has a second-order small impact on the cost by the definition of J. The engagement
parameter and the navigational coefficient were computed only for the time of [QK}guidance law operation
since the engagement parameter is meaningless in phase and is sensitive to the smallest changes of
the states at the end. Implementing the guidance law using Eq. and Eq. yielded same results as
presented above.

Scenario II. Here we examine the case, when the missile is launched at the target, but 7o < Vity. We
use the guidance law in the form Eq. . All the solutions in this case belong to the class n > 0. The
acceleration profiles have two monotonicity regions and a change of sign, see Fig. Starting at ty = 30 [s],
we start to observe that the acceleration profile shape deviates from the theoretic sinusoidal form; however,
the deformation is relatively small. This indicates that the second-order approximation assumptions hold
even for look angles exceeding 90 [deg|. The engagement parameter C starts at 0 and increases to 5/6 as
t— tf.

Scenario ITI. The purpose of this scenario is to demonstrate that the guidance law is able to handle
large impact-time constraints and correct the impact-time errors, even when the derivation assumptions do
not hold. We specify large required impact times ¢y > 50 [s]. The simulation results are presented in the
Fig.

In all the considered cases, the time constraint was satisfied. However, we can no longer guarantee the
optimality of the guidance law due to severe small look angle assumption violation: § = § — A was reaching
120-130 [deg|. The acceleration profiles in Fig. [21b|may serve as an indication of this - they differ profoundly
from the expected sinusoidal shape. But we note that as ¢y increases, the trajectories tend to circles, which
may be explained as follows. Recall that by our assumptions, we seeked a smooth control function Eq. .
Moreover, Theorem [I] essentially constrains the number of monotonicity regions of the acceleration in the
case Cy € [0,5/6). Therefore, an intuitive way to minimize the control effort is to apply the minimum
“average” signal for most of the engagement time; hence, the tendency for circular trajectories for extremely
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Figure 19: Simulation results: Scenario I.

large ty. Naturally, the navigational coefficient Np ~ 2 on near-circular path fragment [28, Chapter 5|, see
Fig.

2. Analysis of Control Effort and Maximal Maneuver

In the following simulation experiments, we shall compare the control-effort performance and the maximal
lateral acceleration of the developed guidance law to the Refs. [26], 27, [§] and to the numerically obtained
nonlinear optimal solution.

Consider a set of engagements with 7o = 10 [km], 6 € [30, 150] [deg] and the desired final time ¢; € [21, 35]
[sec|. For these engagements, we compare the control effort and maximal maneuver using the following four

solution types for the original nonlinear Eq. qu. .

1. (actual) — guidance law Eq. implemented in the feedback manner.

2. FALCON - numerically obtained optimal control solution using the FALCON optimization tool [29].
The nonlinear optimization problem consists of finding the minimum effort control a(t) for a fixed

terminal time problem s.t. the Eq. (1I)-Eq. (13).
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Figure 20: Simulation results: Scenario II.

3. ITCG — impact-time control guidance law [26], in which the acceleration command combines
and time-correction terms. The latter is found using quadratic approximation of the path length. The

implementation is a = 3VA+K.ep; K. = —120V3/ (37“3‘/)'\); er = (tf—t)—fgo; fgo = (1 + 0.1(52) r/V.

4. ITC-6; — impact-time control via selecting the terminal impact angle. Ref. [27] provides the optimal
solution to the impact-angle problem. However, the authors also develop practical time-to-go evaluation
algorithms. To use the guidance law for the impact-time control, we fix the time-to-go ¢4, and find the
terminal angle 6; in closed-loop manner from the fourth-order polynomial given in Table 1, Method
2 in [27]. If multiple real solutions are present, the minimizer of the control effort (31) in [27] is
selected. Having determined 6y, the guidance law is implemented according to (26) in [27] as a(t) =
—V/tgo - [66 +2(6 — 64)].

5. AITC — adaptive impact-time control via look-angle shaping [8]. The guidance law (5) in [§]: a(t) =
14 (m(—tgo)" —nd/tgo + /\) (n = 2 was used) was introduced based on look-angle shaping and quadratic
approximation of the path length. The adaptation parameter x is found in closed loop as one of the
solutions of the second-order polynomial (20) in [§]: ak® + a1k + ag = 0, where ap = t5,/21,

a1 = tgo0/3, and ap = 6% + 10#90 (#So — 1).
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Figure 21: Simulation results: Scenario III.

The simulation results for 8y = 30 [deg] and 6y = 90 [deg] are shown in the Fig. All the considered
guidance laws yield near-optimal control effort for small trajectory corrections. However, the performance of
the proposed [QK]law is generally better for the larger final times and is consistent with the numerical optimal
solution (we shall elaborate on it further). Although optimizing the control effort does not necessarily lead
to maximal maneuver minimization, the maximal maneuver for is either similar for smaller final times
or lower for the larger ones. Most importantly, the guidance law provides a feasible trajectory for all
the considered initial conditions and final times — as expected from the optimal control solution existence.
By contrast, the other guidance laws require the recursive solution of the polynomial equation, in which the
existence of a real root for the feedback implementation is not guaranteed. Thus, for instance, the ITCG
and AITC algorithms do not have solutions for t; < 23 [s] and ITC-0; — for t; < 24 [s| if 6 = 90 [deg].

For the comparison convenience between the guidance and FALCON, we provide more detailed
graphs in Fig. 23] Additionally to the feedback implementation of the proposed guidance law, we add the
a-priori estimates (QK a-priori) using formulas Eq. and Eq. . The plots in Fig. (a-b) illustrate
how the guidance effort and its a-priori estimate deviate from the optimal performance based on numerical
optimization. In each plot, the right axis represents the actual control effort of the optimal solution, and
the left axis represents the relative deviation (6J = (J — J*)/J* - 100%) of the proposed guidance law effort
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Figure 22: Comparison of control effort and maximal maneuver.

J from the optimal solution J*. A similar illustration is given in Fig. (c-d) for the case of the maximal
maneuver acceleration; the left axes show the difference between the [QK|and FALCON maximal maneuvers,
i.e. Amaxla(t)] = max |a(t)| — max|a*(¢)|.

In both the presented experiments, we observe that the[@K]solutions are close to the true optimal solution.
The prediction of the cost using Eq. may be slightly optimistic w.r.t. the actual result because it uses
the approximate [EOM] for which the guidance law is truly optimal. For all the considered initial conditions
and final times, the maximal relative cost deviation 6.J of (actual) w.r.t. FALCON was not more than
10 %. The maximal relative cost prediction error using the open-loop solution was 12% for 6 < 90 [deg| and
30% for 6y < 150 [deg]. Thus, the guidance law yields a performance that is close to the optimal and
can provide a reliable estimate of the required control effort based on the initial conditions and the final time
only. The accuracy of open-loop calculation of the maximal required maneuver is significantly lower for large
look angles, namely up to 80% for 6y = 150 [deg]. However, for 6y € {30,60,90} [deg], the relative errors
w.r.t. FALCON solution are 6%, 12%, and 28%, respectively. Due to Remark the provided dimensionless
performance characteristics also hold for the different engagement settings.
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Figure 23: Comparison of control effort and maximal maneuver.

3. Autopilot Loop Dynamics Influence

Here, we shall provide the numerical examples of the autopilot loop dynamics influence on the guidance
process. We consider linear first-order flight-control dynamics in the form W4 (s) = 1/(Ts+1). Naturally, the
larger the ratio T'/ts, the less is the influence of the autopilot dynamics on the guidance process. Therefore,
to stress the autopilot impact, we scale down the example engagement to ro = 5 [km]|, t; = 11 [s] leaving
V =500 [m/s] and 6y = 60 [deg|. Fig. 24] shows the simulated trajectories and Fig. [25] - the corresponding
guidance commands (thick lines) and the actual autopilot output (thin lines). The guidance law switches
to OGL [28, 30, Chapters 8], which takes into an account the autopilot dynamics, 0.5 [s] before impact.
Both the miss distance and the impact-time errors in the presented example were negligible (< 107° |m| and
< 1075 [s], respectively) for the realistic values of the time constants: T' € [0.2,0.4] [s]. A more thorough
simulation study reveals that the similar performance holds as long as the switch to OGL is done T'...5T
[s] before impact after approximately 2/3 of the engagement the trajectory was shaped by the guidance
law.

F. Conclusions

The minimum-effort approach is employed to obtain the fixed-terminal time guidance law based on
Such a nonlinear optimal control problem is proven to generally have a unique solution, except in a sym-
metric case. The cost value and maximal maneuver formulas are derived semi-analytically in closed form.
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Figure 25: Lateral accelerations of the missile with the first-order autopilot.

Computationally efficient implementation procedures based on generally available sensor data are proposed.
The simulation shows good agreement with the numerical optimization results. As anticipated, the proposed
approach offers a two-fold improvement over the linearization-based methods. First, it principally allows
specifying the final time of the trajectory, and second, it yields better results than existing sub-optimal
solutions due to the direct optimization of the overall guidance command. However, remarkably, it also
offers almost an analytic analysis framework, in contrast to the fully nonlinear problem. Thus, the pro-
posed approach provides a convenient framework for designing the optimal guidance laws under a variety
of constraints. Introducing additional impact angle or maneuver limitations can be the direction for future
research.

Appendix
1. Auziliary Lemmas

Lemma 8. The discriminant function D(n) : R — [0,1) is continuous for all € R, surjective, and monoton-
ically decreases on 1 € (—o0,0) and n € (0, n7)

Proof. Taking the limits one verifies lim,,_q D(n) = lim,_, o D(n) = D(0) = 5/6. In all other 7, the
discriminant function is continuous by definition; therefore, D(n) is continuous for all n € R. Combining
with lim,,_ D(n) = 1, D(n*) = 0, n* € S§*, and the Cauchy-Schwarz inequality (strict for non-constant
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functions)
2

</01 U(n.T)dT> </O1 UZ(U,T)dT-/OldT (A.1)

0, 1) as the image of D(n), so it is surjective w.r.t [0,1).
), n € (0,n7) is monotonically decreasing. Rewrite D(n) for positive n as follows

we establish the interval |
Let us prove that D(n

2f%(n)
g(n) ’

where f(n) = sinn — ncosn and g(n) = n? + 2n? cos?n — 3nsinncosn. The derivative of D(n) is

dD(m) _ _2f(n)F(n)7 >0 (A.3)

dn g(n)
where F'(n) = f(n)g'(n) —2f"(n)g(n) is

D(n) = n>0 (A.2)

3 3 21 1
F(n) & = Co87 — 31 cosn + ZcosSn—i— Znsinn — 2% sinn + Znsin?m, n>0 (A.4)

We claim that F'(n) > 0 for n € (0,57/3), 57/3 > n;. Indeed, It can be shown that F'(n) has the following
Taylor series representation around n =0

> 1(1 —9%) + 2k (1 + 3%+ + 8k(3 4+ 4k)) 1.s
= A..
Fm) 2} 4(2k + 2)! K (A-5)

We verify that the alternating series coefficients are positive for Vk > 4. Furthermore, the obtained series
is absolutely convergent for || < oo because of the factorial in the denominator. Let F), denote the n-th
partial sum of Eq. . Then from the Leibniz test for sign-alternating series, the partial sum error and its
sign are determined by the first neglected term [31]. Therefore, F,(n) for odd n will represent a lower bound
on F(n). Consider Fi7(n) — a polynomial of 36th degree with 10 zero roots. We find the first positive root
to be approximately 5.58 > 57/3 ~ 5.24. Therefore F(n) > Fi7(n) > 0 for n < 57/3. Therefore, because
—2f/g? < 0 for n € (0,n7) and F(n) >0, D'(n) < 0 on n € (0,n}).

Finally, let us prove that D(n), n € (—o0,0) is monotonically decreasing as well. For short let us rewrite
D(n) for n < 0 as

Dy = 20 (A.6)

1

where v(n) = 2 (sing — npcosn)? and w(n) = % (n? + 2n? cos® n — 3nsinncosn). Their series representa-

tions around nn* 0 are
22+ Tk +5
=25 —(2 A.
() g sk o (A)
k% + 4k + 3
A.
Z (2k +6)! (2n)** (A-8)

The series coefficients in Eq. (A.8) are positive Vk > 0. Let us show that the sequence of the ratios of
the coefficients {Ay = 0.5(2k% + 7k +5)/(k* + 4k + 3)} is increasing. To that end, let us define an auxiliary
function

12624 7€+5
_ = A.
o) 2 82+46+1 (A.9)
for which holds §(k) = Aj. Taking the derivative w.r.t. £ we obtain
ao(g) 1 1
== >0, V&€>0 A.10
dé 2 (£+3)2 &= ( )

Then, by Lemma 1 from [32] the even quotient v(n)/w(n) is monotonically increasing for n > 0; hence, the
function D(n) is monotonically decreasing on 7 € (—o0, 0).
O
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Lemma 9. The discriminant function D(n) < 5/6 for all n > 0.

Proof. Throughout this proof we shall assume that n ¢ S*U{n/2+7k | k € Z} unless specified otherwise.
Consider the expression of the cost Eq. . For 6y # 0 we determine K using Eq. and rewrite the cost
Eq. in the following form
V2
ty
where é(n) is a a dimensionless coefficient defined as

1 2
Gl 2 2<f0 U(n,T)dT)
77 =
fol u2(n,7)dr

Let us rewrite the discriminant equation and the control effort coefficient for 7 > 0 using tann (divide both
numerators and denominators by cos?7n and use 1/ cos?n = 1 + tan®n)

J=G () —0% 6,#0 (A.11)

(A.12)

1 n*tan®n+ 3n? — 3ntany

DY) == =yt Al
(77) ) (tann _ 77)2 C‘O y ME S(CO) ( 3)
~ 2 2tan2n+n2—ntan77
Glm="1.1 Al4
=" (tann — n)? A
from where we express tann as
7
tannp =n + n € S(Cop) (A.15)

2G(n) —n2Cy Y

Substituting the obtained expression back into Djl(n) =Cy ! results in the elimination of tann and yields
the following quadratic algebraic equation w.r.t. G(n) at n € S(Cy)

4G72(n) —2[2(Cy =) + 3] G ) + (Cy ' = 1)*n* +°Cyt =0, e S(Co) (A.16)

cost defined by G(n) satisfying the above. Let us compute the discriminant of the equation Eq. (A.16) to

Therefore, if the equation D(n) = Cy, Cp € (0,1) has a solution for positive 7, then it has a corresponding
i
find the values of Cy for which the G(7) may be determined

D =420 =3)* +9>0, 1<€S(Cy) (A.17)

hence, C; ' must satisfy

Cyt > g - n e S8(Cy) (A.18)

9
4n?’
From where it follows that for n > 4 < n}, Cy < 64/87 < 5/6. Due to the equality D(n) = Cp, we extrapolate
the result on D(n). Note that it is not affected by the restraint assumed in the beginning of the proof, for
the obtained expression is the upper bound; thus, D(n}) = 0 < 5/6 is satisfied automatically. At the tangent
singularities the result holds due to the continuity of D(n). ]

Lemma 10. For Cy € [0,5/6) the first root 71 € S(Cp) > 0 provides the lowest cost functional value Eq. ([43).

Proof. The idea of this proof is based on establishing a relation between the cost and the control parameter
in a special form, from which it is easy to show that the cost is minimal if n < n}. Throughout this proof
we assume 77 > 0 by default. Let is return to the original system of equations Eq. 7Eq. . Squaring
the second equation and taking the difference we obtain

/O1 U2(y, 7 dr — (/01 U, ) dT)

2V2 ( _ _Zo )
t? Vi

fol U2(n,7)dr — (fol U(n,T) d7>2

2

K2 _ (1 - m) (A.19)

For arbitrary n define

K2 () 2 (A.20)
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for which holds K2(n) = K2 if n € S(Cy). Then using Eq. , we can calculate the cost based on the new

expression for K:
1 V2 o

“Gw i (7

where G~1(n) is a dimensionless coefficient computed as

) , n€S(Co) (A.21)

A (fol U2(n,7)dr — (fol U(n,T) dT) 2)
G(n) = Tt dr (A.22)

This function has no singularities for every n € R and it does not depend on the boundary conditions of a

particular engagement. For positive 1, G(n) may be represented as

. 1 2 - cm — ain?
G(n):<1+.7]51n77cc.)b77 = n), n>0 (A.23)
n 7 —sinncosn

and its plot is shown in the Fig. [26]
0.12

0.1F

0.08
T~ ¢
S 0.06F.
<&

0.04 f

0.02 +

Figure 26: Ilustration of the proof.

Because the boundary conditions are fixed, this function characterizes the magnitude of the cost, i.e. the
best value of n € S(Cp) is the one that provides the maximum to G(n). Therefore, it is sufficient to prove
that

G(n) = G(np), ne (0,m], G(n) <G(ny), ne (ni,0) (A.24)

(i) By direct computation lir% G(n) = 1/15 ~ 0.0667 > G(n}) ~ 0.0495.
n—

(i) Let us introduce a monotonically decreasing upper bound of G(n)

A 1 p+1)2
GU(U)_ 772 77—1/27

>1/2 (A.25)

which was obtained by bounding the terms of G(n) using nsinncosn < n/2, sin?n > 0, and sinncosn < 1/2.
The upper bound assumes the value G(n7) at the solution of the following cubic equation

1 A1, . 1. 4, .,
773—5772_G 1(’71)77_50 ) =0, n>1/2 (A.26)
which is n ~ 4.9706 < 57/3 ~ 5.2360. Hence,
G(n) < G(np), n € (57/3,00) (A.27)
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(iii) Let us take the derivatives of G(n) and D(n)

&) = — 2 sy (A.28)
n* (n —sinncosn)

2 F(n) (sinn — ncosn)
(02 + 212 cos? ) — 3y sinn cosn)’
where F(n) is determined by Eq. (A.4). In Lemmawe proved that F(n) > 0 for n € (0,57/3). Then, G(n)

is monotonically increasing on 7 € (0,7) and monotonically decreasing on 71 € (m, 57/3).

From (i) — (iii) follows Eq. (A.24).

D'(n) = -

(A.29)

O

2. EOM Integration

For the convenience of the integration procedure, we introduce the following auxiliary result. Let f(o) € R
be an integrable function on ¢ € [0,1] C R. Then

[1(55) ae=1s [ sto (B.1)

for all t € [0,¢f] and for all 7 € [0, 1]. Indeed, let 7 = % and 0 = ﬂ. So,

/Otf(tf f) d¢ = —t; /f(%)d M f_tf/ flo daftf/ (o (B.2)

Now let us substitute Eq. into Eq. - Eq. and perform the integration from 0 till ¢ < ¢;.

Let 7= tl;f ! Then using the integration property above, the result is
02 1 K2t3 1
1
y(t) = yo — Vot — Kt; / U(n,o)do (B.4)
Kt
6(t) = 6o+ ;- U(n.7) (B.5)
where
) 77% (cosn —cosnT), n>0
U, )= / (n,0)do = n% (coshn — coshnr), n <0 (B.6)
> (1=77), n=0
1 . .
—3(511177—8111777—77(1—T)cosn), n>0
n
1 1
[ Utnoydo = § 5 Gsinhy = sinhr — (1L~ 7)cosh), 7 <0 (B.7)
1 1 5
2(1—7—3(1—7)), n=0
1
[ v*.ordo -
1
%5 (n(1=7)+2n(1—7) cos?n — 3 3 sin2n + 4 cosmsinnr — Lsin2n7), n>0
1 ]
= o7 (nl—=7)+2n(1—71) cosh? ) — 3 sinh 2y + 4 coshysinhnr — L sinh2np7), 7 <0 (B.8)
1
RS SRt GO n=20
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Substituting 7 = 0 (equivalent to ¢t = ty) into Eq. (B.3) and Eq. (B.4), we obtain the terminal states as

1 1
zp=1x0— Viy (1—293> +90Kt§/ U(n, dr+—/ U?(n, 7 (B.9)
0

1
yr =yo— Vitsbo — Kt?/ U(n,7)dr (B.10)
0

where fol ,7)dr and fol U2(n,t )dT are given by Eq. and Eq. , respectively.

Usmg the initial condition yy = 0 and termlnal condltlons zy = 0 and yf = 0, and ehmlnatmg

fo 7)dr in Eq with the help of Eq. ( , the system of equations Eq. Eq can be

rearranged as Eq. (38) and Eq. .
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