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Chapter 1
Introduction

The topic of multistatic radars has seen a great and renewed interest in the last years
thanks to the success of MIMO (Multiple-Input Multiple-Output) technologies for com-
munications, which induced new research to apply those result to the radar field [[1-19]].
A MIMO radar can be described as a multistatic system where each transmitter sends a
generally unique waveform. MIMO radars can then be classified as co-located, when the
antennas constitute an array, or widely distributed, when the antennas are geographically
distant.

The former class is the evolution of the phased-array radar, which is a SIMO (Single-
Input Multiple-Output) system that can be obtained by using the same waveform for
each transmitter: as proven in [1][2], the additional degrees of freedom granted by the
selection of transmitted signals, from completely correlated to orthogonal, with the same
number of antennas the MIMO radar can achieve a greater synthetic aperture, leading to
better angular resolution and parameter identifiability. The ambiguity function for this
kind of radar, already derived in [3][4][5], proves also that with orthogonal waveform there
is no beamforming in transmission: the SNR (Signal-to-Noise Ratio) is lower than the
phased-array, but the system can now scan simultaneously a bigger area (proportional to
the radiation pattern of the single element).

On the other hand, widely distributed MIMO radars take advantage of the spatial
diversity to reduce the "target fading', i.e. to see the target from different angles. While
previous distributed systems tried to improve the detection capabilities by performing
data fusion after the detection at each receiver, MIMO radars operate by processing the
received data all together, meaning there is no loss of information.

MIMO radars can also be classified as coherent or non-coherent: coherent processing
can be applied when each antenna observes the same aspect of the target (i.e. the reflec-
tion coefficient is the same for each transmitter-receiver path), meaning that the phase

information in the received data can be used to perform detection. When the reflection

1
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CHAPTER 1. INTRODUCTION 2

coefficient varies between the different path, the radar is non-coherent and the phase
information is lost [6].

Because these systems operate with separate oscillators at each antenna, ensuring
synchronization in time, frequency and, to achieve coherent processing, phase is of critical
importance, even more so for widely distributed systems: synchronization algorithms have
already been explored in [6][7].

While the ambiguity function is used to determine the resolution capabilities of the
system, the CRLB (Cramér-Rao Lower Bound)is used to evaluate the accuracy in the
estimation of the target parameters, like position, velocity or reflection coefficient, in the
presence of clutter. Extensive research has been conducted in this sense: in [8] both
coherent and non-coherent cases are evaluated for widely distributed radars, but the
clutter is gaussian and both spatially and temporally white and the target is considered
stationary; in [9] and [10] the bound on the velocity is added. It is known in literature [11]
that the gaussian model for the clutter requires a high number i.i.d. scatterers (through
the central limit theorem) to be realistic, meaning that this assumption doesn’t hold
with high-resolution systems. In order to build a more realistic model the wide class of
CES (Complex Elliptically Symmetric) distributions has been proposed in [12], including
among the others the CG (Compound-Gaussian) distributions and allowing to model both
thin-tailed and heavy-tailed clutter. The other assumption that will be dropped is the
whiteness in space: despite being useful to derive easy estimator, it is widely known that
clutter is in general correlated. To our knowledge CES (in particular K-distributed and t-
distributed) clutter has been studied in MIMO radar only in [13][14], although the CRLB
has been derived for the Resolution Limit and not for the target parameters, and [15],
where only the estimation algorithm is proposed, and in both cases spatial correlation
and time independence has been considered.

The scope of this thesis is then to derive the CRLB of the target parameters (position,
velocity, reflectivity) under CES-distributed clutter (in particular complex-t-distributed),
and to analyze how spatially correlated clutter influences the performance of the MIMO
radar w.r.t. the ideal case of white clutter. Then the impact of phase mismatch between
transmitters and receivers will also be analyzed. The thesis is organized as follows: in
Chapter 1 the system model is presented, followed by a treatment of the theory behind
the Cramér-Rao and Cramér-Rao-like bounds; in Chapter 2 the ideal bounds are derived
for spatially white and spatially correlated clutter; in Chapter 3 the phase mismatch is

introduced for the white clutter case; in Chapter 4 results are presented.
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Chapter 2

System Model and Geometry

2.1 Signal Model

Consider a widely distributed narrowband MIMO radar system illuminating a point-like,

isotropic moving target in a 2-D plane. Then, assuming there is only one radar pulse

per CPI, the signal at each of the receivers, after down-conversion and sampling, before

matched filtering, can be written as

E M
ri(n) = MC > e Arlomk eIl gy () + 2y (n) | l=1...N, n=0...N,—1
k=1

(2.1)

where

e N and M are the number of receivers and transmitters respectively

( is the target complex reflectivity, assumed deterministic and constant

E is the total transmitted energy, equally split between all transmitters

fo is the carrier frequency

e 73, is the time delay of a signal that propagates from the k*' transmitter to target,

and then to the 1™receiver

e [y, is the Doppler shift of a signal that propagates from the k* transmitter to target,

and then to the 1*"receiver

e sp = [sp(1)...s:(N,)]T | with sp(n) = sg(nTy — 71,) being the complex baseband

n'" sample of the signal transmitted by the k' transmitter. Each waveform has the

3
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CHAPTER 2. SYSTEM MODEL AND GEOMETRY 4

same energy F, i.e. SN |sp(n)|? = E,, and the time delays are left implicit to
simplify the notation. As commonly done in MIMO radar the transmitted signals
are assumed to be orthogonal even for any set of time delays and Doppler shifts,
ie. YN si(nTy — 1) st (nTy — T )2 Se=Fi)nTs — B 5[k — K], where 6[k] is the
Kronecker delta function.

In this thesis the behavior of some sets of waveforms is examined through their

Cross-Ambiguity Function (CAF), in order to validate this assumption
e T, is the sampling time, chosen to satisfy the Nyquist condition
e T is the pulse length, and Ny = [T'/T}] is the number of samples per pulse

e N, = [T,/Ts] is the number of samples collected at each receiver, with T, being
the observation time. T, is chosen big enough to receive completely all the replicas

reflected by the target
e z(n) are the samples of the clutter at the I'' receiver.

Given the Cartesian coordinates of the target (z,y) and its velocity (v,,v,), the relation

between the time lags and Doppler shifts, and the position and velocity of the target is

S \/(a:—xtk)2+(y—ytk)2+\/(x—;ml)Q-l-(y_yrl)2 _ dety, +di
c

C

x - + - T T + T
‘flk = LCOU (xtk xgt,t:y(ytk y) + LC(’)U (xl xgt,':l}y(yl y)

where (z,,y,,) and (x,,,y,) are the locations of the k™ transmitter and 1*" receiver

respectively, as shown in Figure 2.1.

Figure 2.1: Location of transmitters and receivers with respect to the moving target.
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CHAPTER 2. SYSTEM MODEL AND GEOMETRY 5

2.2 Cramér-Rao Lower Bound

2.2.1 Formulation

In order to derive the Cramér-Rao Lower Bound (CRLB) for the estimate of the position
and velocity of the target, the first step is to find the log-likelyhood function of the re-
ceived data r: LL (v) = logp (r|1), where the vector @ = [x, Y, Uz, Uy, CRe, Qm]
contains all the target unknowns in the received data and
r 2 |:T1(0)77“2(0>, ooy (0), (1), (1), (N, — 1)] contains all the received
samples; the target reflectivity is not a parameter of interest, so (g. and (;,, are con-
sidered nuisance parameters.
Then, the CRLB matrix is CRLB (v) = [J (¥)]", where J (3) is the Fisher Informa-
tion Matrix (FIM) w.r.t. ¢ and
T ()], 2 —B 55D pg=1...6.

In order to simplify the computation of the FIM, the chain rule for matrix derivation

is applied: instead of using 1), it was used
0= [T]l, Tioy -y TNMs Ji11, Ji2, -+ fnas Cre, Qm] because z, y, v;, v, are not
explicit in the received vector model, and J (¢) = PJ (8) P', where P = % is the
Jacobian of 8 w.r.t. 1.

Since the target reflectivity is independent of the other target parameters, and since

the time delays do not depend on the target velocity, the structure of P is as follows:

Founm Gaoxvm Oaxe T 0
A4x2N M 4x2
P = Ooxnne Hoxna Oo2x2| = (2-2>
024 I,
Ooxnvar Ooxnvne 1o
where
_ Oy 1 |27y Tty
F(LZ) T 9z T c| din di g,
N — Ome 1 [ Y~Yny Y—Yt
F(272) - Jy e dt,rl dt,tk
G(l Z) _ O _ fo|_ v _ v (Itkfﬁ)(vz(mtkfxwrvy(y% 7y)) + (xrl7$)(Uz(xrlfx)+vy(yrliy))
T 0w T e | Tl den, 3, 3,
G(Q ’l) _ O fo|_ vy vy + (yty, 7y)(”z(xtkfx)+vy(ytkfy)) + (yTlfy)(vI(le —x)4vy (yr 7y))
? - 8y - Cc dtvtk dt,rl ditk d?,rl
N Ofue _ fo®t =% | fo %%
H(l,Z) T Oues ¢ deyy + ¢ dir
H (2,i) = %o = by | oy

vy c diy ¢ dinr

i=(l-1)M+kl=1...Nk=1...M (2.3)
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CHAPTER 2. SYSTEM MODEL AND GEOMETRY 6

The FIM w.r.t. 0 can then be subdivided as

J(O): SQNMXQNM V2NM><2

VT A2><2 (24)

where the matrix S contains the terms related only to the Doppler shifts and time delays,
the matrix A contains the terms related only to the target reflectivity, and V' contains the
remaining cross-terms. Then, after applying the block processing rules to these matrices,

we have

TST" TV

CRLB () = J () ' = (PJ(6) P") = Tv)T A

(2.5)

Two different kinds of signals are considered in this work: the first set is made of complex
exponential signals, each at a different frequency; the second set comprises of pseudo-
noise-like signals. In both cases the objective is to approximate the behavior of a set of
orthogonal signals, but in the latter case the aforementioned formula for the CRLB is not
easily applicable. Also, in Chapter 4 we introduce the phase mismatch between receivers’
and transmitters’ oscillators, introducing additional random terms. Indeed, the issue with
the approach of the CRLB is that, even though the pdf of the clutter p(z) is a known
function, p(r|@) is not easy to derive because there are additional random parameters
(either the pseudo-noise code sequences or the phase noises) in the form of the vector ¢,
that is

p(rl6) = [ p(r,¢l0) d¢ (2.6)

where p(r, ¢|0) is the joint probability density function between the received data and
the additional nuisance random parameters. In order to simplify the analysis in such

cases, several Cramér-Rao-like bounds have been proposed and studied in literature
[16][17][18][19].

2.2.2 Alternative bounds

By considering ¢ as an actual parameter, albeit random, the HCRB (Hybrid Cramér-Rao

Bound) can be formulated in a similar fashion by modifying the FIM definition as follow:

R ?logp (r, |y" ?logp (r|d; ") + 0*logp (P|y"
[J (,d)h)}p’q £ —Fro { 8w§8¢f} ) } =—F, 4 { [ ( 81/3?8@/}3 ( )} }
(2.7)

DISTRIBUTION A: Distribution approved for public release. Distribution unlimited



CHAPTER 2. SYSTEM MODEL AND GEOMETRY 7

where now the joint pdf is used and the expectation is performed both w.r.t. r and ¢
and 9" £ |4, ¢|: then HCRB = J (z/;h)*l. Because the HCRB provides the bounds
for the nuisance random parameters as well, the dimensions of 1" and the FIM are larger
(dependent on ¢’s dimension) meaning that using this bound is impractical for very
dimensionally large parameters.

The MCRB (Modified Cramér-Rao Bound) and MCB (Miller Chang Bound) operate
by considering the conditional pdf p(r|¢; ) in the derivation of the FIM J (1|¢), thus
considering the random parameter as deterministic and known. Then to remove the

dependency the expectation is performed:

MCRB 2 [E,{J ()} MCB 2 E,{J (y|¢)"'}.

The FIM in this case is easier to derive, having a more limited number of terms and not
requiring the explicit knowledge of the distribution of the additional parameters because
it can be easily calculated by means of Monte Carlo simulations.

Regarding the tightness of the approximations of the CR-like bounds, it has been

proven in literature, i.e. in [17], that

CRLB > HCRB > MCRB
MCB > MCRB,
(2.8)

but there is not a general inequality between CRLB and MCB. Indeed, it is important to
notice that the CRLB is a lower bound on the MSE of any unbiased estimator, while the
MCB applies only to a more restrictive class of estimators, i.e. those who are unbiased for
all values of the nuisance parameters. Also, despite being always looser, the MCRB applies
to estimators that are unbiased on the average of the nuisance parameters, which is again a
looser condition. Because the derivation and implementation of an estimation algorithm is
out of the scope of this thesis, the MCB is chosen for the pseudo-noise transmitted signals
without concerning about the class of estimators to which it is applicable. This choice
allows to derive the FIM only once, for a general set of transmitted waveforms s: then,
in the exponential case the CRLB formula will be applied; in the pseudo-noise-like case
the MCB formula will be applied. Regarding the phase mismatch, only the exponential
signals will be used and thus the HCRB will be used, since it is easy enough to derive
and calculate (only adding N + M terms).

DISTRIBUTION A: Distribution approved for public release. Distribution unlimited



Chapter 3

Crameér-Rao Lower Bounds

3.1 On CES distributions

Following [12], Complex Elliptically Symmetric (CES) distributions are defined by their
symmetry center p, their scatter matrix 3 and their characteristic generator function
¢(t), where ¥ is a positive semi-definite Hermitian matrix and ¢(t) is related to the char-
acteristic function of the distribution: the CES distributed random vector of dimension
m is then z ~ CE,, (pu, X, ¢).

CES distributions share important properties with the complex normal distribution (which
is a particular case of the CES for ¢(t) = e~ 1): they are close w.r.t. affine transforma-
tions, i.e. Bz+b ~ CE,(Bu+b, BEB" $) where B is an k x m matrix and b is a k x 1
vector; any partition of z is still CES distributed with the same ¢ and the corresponding
elements of p and X, although it may belong to a different family given that ¢(¢) might
be a function of the dimension of the random vector.

Only when ¥ is a full rank matrix (a necessary, but not sufficient condition) the CES dis-
tribution admits a probability density function (pdf) described by the density generator
g(t) as p(z) = Cnyg
coefficient.

27 gt), t=(z—-p" T (z— ), where C,,, is a normalizing

An important subclass of the CES distributions are the Compound-Gaussian (CG) dis-
tributions: following the CG representation, z =4 p + /7n, where 7 is the texture and
is independent of the speckle n ~ CN (0, X).

In this thesis the bounds are derived for the Complex-t distribution: while it admits a CG
representation with an Inverse-Gamma texture, the CES representation is used to derive
the bounds.

8
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CHAPTER 3. CRAMER-RAO LOWER BOUNDS 9

3.2 Clutter Models

Regarding the probability function of the received data, the clutter is distributed accord-
ing to a 0-mean Complex-t distribution, described by its degrees of freedom v (or scale
parameter), its density generator g(t) and its scatter matrix 3. Following the definition

given in [OLL12], a complex-t distribution of dimension m has the following pdf

-5 (3.1)

t
p(t) V
where C,, , = 2T (Qm%) /[(mv)"I" (v/2)] and I'(z) is the Gamma function.In Figure 3.1
the pdf is represented (as a function of t) for m = 1 and different values of v, and it
is compared against the normal distribution. Clearly, a complex-t distribution is always

heavy-tailed, but when v approaches infinity it converges to the Gaussian one.

100 3 T T T T T T T T T
L = ===: Normal
C-t2.1
; i C-t4 | ]
1072 - \ C-t32 |3
C-t50 | ]
104 |
107® 3
C ~ ]
100 ¢ N
u \~\ E
Q\!
10-10 I I I I I I I I I

0 2 4 6 8 10 12 14 16 18 20
Figure 3.1

In the following derivations, to simplify the notation, the matrix €2(n) is defined as

[Qn)],, = e~ 92 foTvaei?mfoanTs and Q,(n) is the p" row of this matrix: the scalar quantity

DISTRIBUTION A: Distribution approved for public release. Distribution unlimited



CHAPTER 3. CRAMER-RAO LOWER BOUNDS 10

u,(n) £ Q,(n)s(n). Then, two types of clutter are examined:

Case 1 The clutter is independent in both the time and space domains, meaning that all
the clutter samples z/(n) are i.id. (I =1...N, n =0...N, — 1) and that the

scatter matrix is actually a scalar o?. Then, by recalhng the received data model,

it is

(Jlg

p(ri(n)|0) = —=g (ti(n)) (3.2)

where t;(n) is the quadratic form ¢;(n) = =5
After applying the independence assumption

E 2 d C _ v
_ \/%Cul(n)’ an 1,9 — (WV)F(%>'

No—1 N No—1 N No—1 N

logp (r|0) = log H H p(rp(n =C+ Z Zlogp(rp(n)\ﬂ) =C+ Z Zlogg(tp(n))

n=0 p=1 n=0 p=1 n=0 p=1
(3.3)

where C is a generic constant that does not depend on the parameters of target.

Then, the generic element of the FIM is
()], =~ [W] _
(G () g () Otlm) (), () PPty (n)
Fla Z( 9(tp(n)) g(tp(n))2> 0, — 90,

n=0 p=1

(3.4)
where, recalling the definition of 0,
Crm  i=2NM+2
6, — Cre  1=2NM+1 (35)

fi  i=NM+(1—-1)M+Fk I=1...N, k=1...M

Case 2 The clutter is correlated in the space domain and independent in the time domain,

i.e. the N vectors z[n| = {zl(n) 2o(n) ... zN(n)}T are i.i.d. and X isan N x N

space matrix. In this case the optimal way to express the received data is
E
— \/;CQ(n)s(n) +2(n), n=1...N, (3.6)
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CHAPTER 3. CRAMER-RAO LOWER BOUNDS 11

where s[n| = {sl(n) So(n) ... sM(n)}T, and then

Cng
p(r(n)0) = 5] g (t(n)) (3.7)

where #(n) = [r(n) — /E¢Qn)s(m)] =7 [r(n) — /E¢Qn)s(n)] and C, =

2N (2t ) . . :
T (7) After applying the independence assumption
2

log p ([6) = log H p(r()|6) = C+ 3 logp(r(n)]6) = C+ 3 logg(t(n) (3.8)

where C is a generic constant. Then, the generic element of the FIM is

[ (0)];; =—E [a;[égé?)} -

. [Nf (9”<t<n>> g'<t<n>>2> 01(n) () _ g/(t(n) &Pt(n)

g(tn) ~ gt(n)?) 96; 99,  g(t(n)) 06,00,
i j=1...2NM +2

(3.9)

In the general case, the density generator of a complex-t distribution with v degrees of
2m+v

freedom and dimension m is ¢(t) = (1 + %t)_ “, where t is the quadratic form of the

random vector. This leads to

g(t) _2m+v ( 2 )‘1 (3.10)

= 14+ —t
g(t) v T

(g”(t) - g'<t>2> _ o 2mty <1 N %) (3.11)

g(t)  g(t)* v2

Notes about notation: in order to have more compact formulas in the derivation, the
following variables are defined as Ay, = e2mfomke2mfunTs = Ay, & 27 foriw ei2mfuwnTs - p
addition the time index may be omitted, although the final result will be given in the
extended form. Additionally, to complete the FIM matrix its symmetry property can be

exploited, thus only half of the elements need to be calculated.
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CHAPTER 3. CRAMER-RAO LOWER BOUNDS 12

3.3 Derivation - Case 1

In order to calculate the partial derivatives, the first step is to determine the quadratic

- Eeni

where u,(n) = 0L, e 02 lpan s g (). Therefore, the first-order derivatives are

ot dmndy [ E .
T A ——
47TnT FE

o2

B 2 |E . 2k

52(:6) _ _(ﬂ\/;Re{up(n)rp(n)} g Sreltn(n n)[?
o fﬁ I {in,(0)e, 0} + 7 Gl o)
82581;—(:,) _ (_422]00 \/Eﬂm {Ce-ﬂﬂ'foﬂkeJQﬂ'fIkHTsSkr;(n)}_|_

4 *
+ :fO |C|2 Hm{ j27rf07'1ke]27rf1knTsSkup(n)}) 5“ _ p]_|_

2 | B X
(_ ; M Re {Ce-j27rf07'1k e]27rf1knTs Skrp (H) } +

2 F X
+77|C|2 Re{ j27rf0’rlke]27rf1knTsSkup(n)}> (5[[ o p]

form explicitly:

tp(n) = _ Inpln 2)‘ —;\/ERe {Cup(n)r;(n)} +(T12AE4|(|2|up(n)|2.

(3.12)

‘<|2 ]Im{ j27rf07’1kej27rf1knTssk(n)u;(n)}) 5[[ — p]

(3.13)

where 0[] — p] = 1 for [ = p and 0 elsewhere, and

ag”fl(:) = (=27 fosp(n) + sx(n)) e~ fomes?funTs§[| — p]. Then, the second-order deriva-
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CHAPTER 3. CRAMER-RAO LOWER BOUNDS 13

tives are

OPty(n)  Pty(n) 2 E

-~ 2
8CR66CR€ B 8C1maglm B 02 M up(n)l
Pty(n) 0
8<R68C1m
aQtp(’I'L) 87Tf0 27foT 27 fpenT, *
sl G AL G R T
4 E X 4 F ¥
_ Z;CO \/;]Im {e—jQTFf()lee]QT(f]knTs Sk(n)rp (1’1)} +;MCR6 Re {ék (n)e—]27rfo7'1kej27rf1knTsu1 (n)} +
2 | B %
s\ 7 Re {Ske'ﬂ’rfomeﬂ”flknTsrl (n)}) Sl — p)
2t *
887- Ié(cn) <8Zf0 CIm { ]waonkej27rf1knTsSk(n)up<n)} 4
lkUSTIm
4 E % 4 F *
_ ZQfO \/;Re {e-ﬂwfonkeﬂwflknTsSk(n)rp<n)} +§MC]m Re {sk(n)e—ﬂnforme]%rﬁknTsul (n)} +
2 E *
——\ 7 Im {Ske'ﬂ”fom‘eﬂ’rf“‘nTsr1 (n)}) S[l — p)
2
;ft%(?) _ (47T7”;T5 /E]Im {e_]gﬂfonkegzwflknTssk(n)r;(n>} +
1kOGRe g
T, B X
87T7/L2 MCRE Hm { ]27rf07‘1ke]27rf1knTssk (n>up(n)}> 6“ _ p]
g
2 4T, | FE *
a(i)f tg(?) _ ( 777/; S MRe {e—]QﬂfoleejzﬂflknTSSk(n)rp(n)} _|_
1kOGIm o
T, B X
87Tn2 Mclm Hm{ ]27rf071ke]27rf1knTSSk(n)up(n)}> 5[[ _ p]
g
2t 2 £2 E * * %
;leg:i/ = 87;2f0 \/;]Re {Csk(n)e'ﬂ”fomeﬂ”flknTs (rp(n)—\/MC up(n)) } S[l—p, -1 k—K']+
87Tzf0 2 -227fo (M-’ ) 4927 (fe-f1rie )n'T /
7|C’ Re{sk( )Sk(n)ej 0 (T Trie ) o7 1-fri) q}é[l—p,l _p]
2 E -12mfomyc 2mfnTs = * * K / /
— 2y o Re { Cemmmeetiatig ) (47 )y [ () ) £ Sli—p 10 kR
87Tf0 -12mfomk o927 T ¢ / /
3 M Ce e *$ 1| (n C u; (n l—p, —U", k—K'|+
2
+ 77|<’| Re {Sk( ) S (n)e‘]27rf0(le‘Tl’k’)eJQW(flk‘fl’k’)nTs} 5“ —p,l— l/]+
47Tf0

71C1 I { (s ()8 (0)-8i () (n) ) @22 2ructin e} 51 —p, -1
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0*t,(n 82n’*T? | E o T » * x p /
8fllcg<fl’)k’ == ”MRG {Csk(n)e 72mioTik gr2mfn T (rp(n)—\/;C up(n)) } l—p, I=U' k—K'|+

8 nQT2

T 1C Re {se(m)spp ()l 2ot T 51 )

82t (TL) 87T2f nTs E -2 foT rfnT * * ok ’ /
78%]:9 i _70‘; 7 Re{ Caee p2mlomice2miuenTs {17 () 1 () | ¢ 8ll—p, =1 k=K )+

_ 8n2fonT, E
w TlCI Re {suspe72riomen) g2t “Tb} o[l —p, 1" = pl+

4mnT, | FE *
g

4dmnT, F "
7Tn2 7|C|2 Im {Sk< )Sk (n)e-ﬂﬂfo(nk-nk ) 727 (fuc-frie nTs} 5[1 —pl—1 ]
g

(3.14)

where 0[a;—by, as—by, . ..] = d[a;—b1]d[as—bs] . .. is defined as a multivariate Kronecker
Delta function. Given the function g(t) and the previous derivatives, the elements of the

FIM can be calculated as

o), - 2+y > ZE{< L 2(n ))‘ atééf)atgéf)}+

n=0 p=1 v
2+VN01N L 2(n) 0%, (n)
ggE{( ) 2l

(3.15)

MATRIX Ay

o [J (9)]2NM+1,2NM+1

Ot (n) Ot 4 E? 8 £ :
aé%n) 8253) = oSl = 5\ Gl (0 Re {m ()} +

A E me () = A Gl - 5 B bR o) +

+2E
o2 M

*

(mwmw%+mhmmwum)
(3.16)
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Then, from the APPENDIX, the expectation is

- { (1 . 2tp<n>>‘2 Oty (n) Oty (n) } _

v 8CR€ aCRe
4 E? 8 E? « "
= 5y lhelup(n)"an = =5 2 Crelup ()] Re {¢up () uy (0) } o+
2 F (FE v E .« 2 B v
b 2 (e + a2 4 R S Cluylt ) en = 2wt
(3.17)
o F(2+")I‘(4+”)(7r1/+47r) v . . .
where a; = FQ( 55 );(%)(m/) (m) Regarding the second order derivative,
2t,(n)\ " 9%,(n) 2 E
ES (1 L 2 = —— 2y, 3.18
{< ) o] = e (319

h =
calling g £ (M + OéQ) ;

24+v 2 FE v Nt NV
[T (O)]onnrironmsr = — 7 22 Yo > up(n)P+

n=0 p=1

24+4v 2 F Nl N
o110 2 2 ()l =

n=0 p=1

_ 5 SRS S ot 2= T (), (1)
Mp:l n=0 g=1¢'=1
E N M No-1 —20q +2 E
= BM;; ;::0 |q(nTs — Tpg)|* = (OQVO‘Q + a2> p VMEs =
— BENE,
(3.19)
o [J (0)]2NM+2,2NM+2
ot ot 4 E? 8 | E3 .
e A < o+ Tl )+
4 F * 4 E? 8 [E3 %
eI {upmnm)} = S a5 Gl () T {up () ()} +
2 E * *
+ 57 (Pl e {u () () m)})
(3.20)
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By exploiting the similarities with the previous case, plus the fact that the second

order derivative is the same, we obtain

[J (9)]2NM+2,2NM+2 = [J (0)]2NM+1,2NM+1 : (3-21)

o [J (0)]2NM+1,2NM+2

0 0 4 E? 4 | E3
K o i~ 5 )
+ Gl ()T {0 00} =5 Re {0 )} T g ()50} =

{
= 42]\E422€R6C1m|up \/>Clm|up |2 e{up }

(3.22)

After the expectation,it can be easily shown that all the terms cancel out. Then,

recalling that the secon order derivative is also 0,

[J (9)]2NM+1,2NM+2 =0. (3-23>

MATRIX Vonurao

o J(O)nrpsrs i=(—1D)M+k, I=1.N, k=1..M

ot,(n) Ot,(n) 8nfy E . )
aple 32}2 B {CAurisic} Re {upry | 01 — pl+

8 E3 *
= [ T A POl — i+

4 F x. * 4 | E3 *.
+ 7 Re {CAwrsicp Re fupry } o[l - p] - ;,/ig@e Re { CAnery 81} || 5[l — pl+
8w 8T
04{0 ]C|2]Im {Alku1 Sk}Re {up }5[l—p]+ UZO 51¢1*Cre Im {Alkulsk} |, |2[1—p]+
4 | E3 4 E? x.
— |C| Re {Alkulsk}]Re {up }5[l p]+—4W|C|2CReRe {Alkulsk}|up|25[l—p],

(3.24)
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where the first and third terms can be expanded as

4;{0 ]5[ []Im {CAlkSkulrrrf} +1Im {CAlkskul*]rl\zH 5[l — p]+
+ 024]\E4 [Re {CAlkskulrrr;k} + Re {CAlkSkuﬂrﬂQH 5[l — p).

(3.25)

Then it can be shown that after the expectation the terms directly proportional to E?/M?

disappear, leaving

2t,(n)\ > 0t,(n) Ot,(n) |  Axfo E v ;
E{<1+ - > T }: 020MV—|—2Q1]Im{CAHISk}6[Z_p]+

2 F v X
+ Eﬂm&l Re {CA]kul Sk} (5[[ — p]
(3.26)
Regarding the second order derivative,
2t,(n)\ " 9%,(n) Arfy E \
E<(1 L £ = —asl A ol —
{ ( i v > O071.0CRe oz M {C tith Sk} =i+
2 E .. V42 2t,(n)\ > Ot,(n) Ot,(n)
——asRe< (A ol —p| = —FE<(1 2 2 2
+ 2 M e{(’ ety Sk} [ =] vy {( + v Ot OCRe
(3.27)
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Finally, after applying orthogonality, it is

[J (0)]i,2NM+1 = [_2

+2E v
o2 Mv—+2

=8 [4250]\2 {C Z Aulsk} 35 Re{C Z AulskH =

dmfo E
:5;0

24 v 24 v24vay] Ll Anfo B v
- }ZZ<02 Mv+2

p=1 n=0

——a; Im {C’Au1 sk} o[l — pl+

V2 v Voo

——a;1 Re {CAlkul sk} o[l — p]) =

M Im {C Z e‘]27rfo (le-qu) Z e]27r(f1k-flq>HTsSk (HTS-le)S:;(HTs-qu)} +

87’ 1k

+ 5]Re{ Z e]27rf0 Tik- qu Z e]27r fl)- flq an aSk<IlT le) *(HTS—qu)} _

E 47 fy No-! aSk nTy T1k> *

= ECIm+5 RG{CZ (HTs-le)}

ale

(3.28)

The analytical solution of the second summation, together with the summations left
unresolved in this chapter, is presented in the APPENDIX II. Orthogonality is maintained
even in presence of the derivative because if 7 # 7,, 07, can be moved out of the

summation over n.

o [J(O)nasas i=(—1DM+k [=1...N, k=1...M

Ot,(n) Oty(n) _ 8mfy E

— Tm {CAyer| sy} Im {upry } o1 — pl+

OTik aCIm ot M
87Tf 4 F . X
040 Cfmﬂm {CAlkrlsk} |up|*6[1—p ]—*MRG {CAlkrlsk}]Im {uprp}é[l—p]+
4 87Tf0 9
s QmRe{CAlkrlsk} g 61 —p)+= M3|g| T { Ay sy p T {upry b 6[1—pl+
+87Tf0 ¢3¢ ]Im{A us}\u]é \CPRe A us}]Im{u }6[1 pl+
ot M2 Im It Pk [ [Up 1kl Sk pl
4 B2 .
+ ¢ Cm Re { Avuf i f [y 611 — ]

(3.29)
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where the first and second term can be expanded as
47 E * * * *
050 o [Re {uprp(Askrp} —Re {uprpCAskrp}] o[l — p]+
2 . * ok . *
7M [ {CA]kSkulI‘l I } + Im {CA]kSkul |I‘1|2H (5” — p].
(3.30)

By considering the similarities with the previous case, the expectations can be derived
easily, and lead to

2t,(n)\ " Oty(n) dt,(n) | Anfo B v
E{<1+ v > 0Tk 8<]m}__ M

- MV+2oz1]Re{CAulsk}5[l—p]—l—
2 F v .
+EMV_’_?Oéle{CAlkulSk}é[l—p]

. { (1 ) 27t]f,y<n)>1 ai%gi} _vt2a, { (1 . 2tpy(n)>2 at,(n) t,(n) }

Ot Orm

(3.31)
meaning that

24v 24v24+rvo
[J (0)]i2NM+2 = [_2 + 2} X

V2 v Voo

N No—1 I A 47rf0 v Re [CA 5 B
X};ﬂz,; UQMV 2041 m{C 1ku18k} o2 Mox oM e{( ulsk} [l—p| =

[ 47#0 e{g fAursk} —I—zgﬂm {C Z AulskH =

2 B 27fo (T1ic-71 27 (£ 1e-fiq )0'Ts aSk(nTs-le) *
Bizﬂ {C Zej 0(mi-rla) HE:O e’ <1k ! ) qu(HTs‘ﬂq) +
—ﬁ4ﬂ-f0

E Re- *
- M Re {C Z e']271'f0 (le'T]q) Z eJQﬂ'(flk-flq)nTsSk(nTS_le)Sq<nTS_7—lq)} =
a=1 =

47Tf0 FE 2 F No-l aSk HT le) *
—ﬂ< 52 MESCRE ——]Im {C Z 7 ————s(mTemi) ¢ | -

(3.32)
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« [TO)ionsss i=N+1-1D)M+k I=1..N, k=1...M

dty(n) Oty(n) 87mT E?
OCre O fu

Ity () T {27 T (1) () } 61 — -+

8mnT

I Re g )y )} T {2 s, s )} o — i+

U
T, | E %
87m CRe ’up |2 Im {Ce g2mfomi gr2mfinTsg (n>rp (n)} (5[[ . p]+

87rnT E .
37 Be {up () () } I {Ge?m0mee 0 e, (m)r (n) } 81 —
(3.33)
where the last term can be expanded as
AT, B *
7 I {up () ()G T ()i () f o1 — pl+
drnTy E * .
- 7:; > i Im {up(n)rp(n)(e"ﬂﬂf‘mkeﬂ”f“‘nTssk(n)rp(n)} 5[l — pl.
(3.34)

Then, by considering the similarities with the delay parameter,

OCre  Ofuix o2 Mv+2
2t,(n)\ " Pt,(n) | v+2a 2t,(n)\ > Ot,y(n) Oty(n)
E{(” v ) achank} ‘ualE{<H v ) % Ofn }

and the final result is

—2
5 { (1 i QtPU(n)) atp(n) 8tp(n) } _ _47T7’LTS E v ay Im {Ce-‘]2ﬂ-f0nke]2ﬂ-f1knTSSk(n)u;(n)} S — p

(3.35)

8T, B & 27T 20T *
[T (0)]; onnrs1 = B— Ry 3 Im {Cej mlomi gr2rfin Ty (), (n)} _

n=0

87T, & RSl -927fo (Tk-T1q) 027 (fiic-fpq )n T
=p R Z Z]Im{(e K Na) @l tpa s g (nTe-1y )8 (nTS—qu)} =

n=0 g=1

8T, E Re!
=7 Y Im {C nz:% n|sk(nTS—le)|2} )

(3.36)
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o [T(O)ionnrss: i=N+1-1)M+k I=1..N, k=1...M

By considering the similarities with the previous case, it can be shown that it is

[J (0)]2',2NM+2 = 587;TER9{C Z n|si(nT le)| }

(3.37)
Although the summation over N, is not the scalar product of two transmitted signals due

to the presence of n, it will be shown in Chapter 4 that for the chosen classes of signals

orthogonality is still maintained in this case, and also in the case of n?.

MATRIX Sonarzonm

e J(O),,, i=0-)M+k =U-1)M+K, LI!=1...N, kk=1.M
Oty(n) Oty(n)
om0ty
167T2 2 F 8nfo B

g M]Im {CAlkrlsk} m{(r;sk}é—l— M]Im {CAlkrISk}Re {QAlkrl Sk}5+

167T2f0 \/>|§|2]Im CAlkrlsk}]Im{Alkulsk}5+ MRG{CAHJTS}(}Re{gAl’k’r;Sk’}é‘i‘

87Tf 0 87 fo

ot

— Re {CA]kI'Ték} Im {CAkaI';Sk } 0— |C|2 Im {CAlkrl Sk} Re {A] K ul Sk } (S—F

M

824{0 |§|2Re {CAlkrl Sk}]lm {Alkul Sk}5 |C|2R€ {QAlkrTsk}Re {Alkul Sk}

167T2
fo \/>|C|2 Im Alkul Sk} Im {CAlk TSk } 5+ o M2 |C|4 € {Alkul Sk} Re {Al’k’ul Sk’

16 2 8
4 7Tf0 Zfo

= { {
87Tfo\/7’C|2Re Alkulsk}ﬂm{CAlkrlsk} |C\2 e{Alkul k}Re{CAlkrlsk} +

8 E? 8 | K
Zfo |C|4]Re {Alkul Sk}]lm {Alkul Sk’ 7Tf0 |§|2]11’I1 Alkul sk}Re {CAlkrl Sk’ }

}o+
‘C|4 m AlkU-1 k}Re A1kulsk}5+

|C’4 Im {Alkul Sk} Im {A1 e ul 'S’ } o+

(3.38)
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where § £ §[l — p,I' — p]. As seen before, the first, second, fourth and fifth term can be

expanded as

87r2f2 FE * , * K ox ok K 1
47Tf * ok ok k ]

+ 040 i []Im {CAlkSkl"l CAppser) } +Im {CAlkSkrlC Al’k’sk’rl}_ o[l —p, ' — pl+
47Tf A * Lok k% X T

+ 040 Vi []Im {CAlkSkl"l CApsir } —IIm {CAIkSkrlc Al’k’sk’rl}_ o[l —p,I' = pl+

+ ;M [ {CAlkSkrrCAlk%k’l"T} +Re {CAlkSkTTC*A;k’é;’rlH o[l —p,I' = pl.
(3.39)

It can then be shown that, after performing the expectation, the terms proportional to

£2 1 out, leavi
e cancel ou s eavmg

—9 9
E { (1 + 2tp(n)> 9y(n) 9ty(n) } sm fo |C|2 v 50 Re {AA SKS } S[l—p,U'—pl+

v ale aTl/k/
OE ., v .
72M‘C| 20[1 Re {AA SkSk,}(SU —p, l/ _p]_|_
47Tf0 E 9 V Sk Lk .k ,
G2 [ AN s} - (A 0 )

(3.40)

Regarding the second order derivative,

1
. { (1 N 2tp(n)> 0*ty(n) } _ 8T E 7|€|2a2 Re {AA 5,55, } 61— p, 7 — pl+

v GleaTl/k/ o?
2 K 4 -
+ ——|C|2a2Re {AA sksk}é[l—p, I'—pl+ mfo B |§|2 {]Im {AA’ Skék»}+
o?
- . o v+ 2as 2t,(n)\ " Ot,(n) Ot,(n)
Im {AA SkSk’H o[l —p,l' —p| = ” alE { <1 + ” o O [
(3.41)
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Then, by using the orthogonality assumption it is

24 v 2+u2—|—ua2]
+ — | x
V2 v v

T ), = |2

N No—1 2
% Z Z <87T f07|q2

p=1 n=0

50 Re {AA’*skS; } |C]2 ra ]Re {AA’*SkS;} +

47 vo ok o
+ 02fo MK’Q 12 []Im {AA7 sksk,} —Im {AA sksk,}D Sl —p,l' —p] =
87T2f0 2 -927fo (Tk-T1x’) 727 (fie-fie )n'T
=0 —]C| Reqe Ze *sc(Ts-7y )8 (W Ty p O[1 — 1]+
n=0
N
o 8Sk(DT T]k 83 HT -Tk’
2Re {e -727fo (Tie-Tie’) o2 (fi-fio )T k 6 I — l
B ’C’ nz:% ale ale
Anfo E | 5 o N° 08 (nTs-1e)
I 927 fo (-1’ 727 (f-fie )n'Ts T, k 5 I —l
+3 s M|C| m{e I;)e k(0 T-7i) Do
No-1
47Tf07|€|2 { -927fo (Tie-Tie0) Z o2 (fi-fio)nTs 8Sk(gT le Slt nT-T }5 l_l
n=0 Tk

~ 5 (B T icpr.+ Zpirme {3 | 2T

n=0

}) Sl—1.k— k).

07’ 1k

(3.42)

since the last two terms become equal and opposite.

o [J(O):
1...M

i=(N+l-1)M+Ek, i=(N+I'-1)M+FK, 1Ll =1...N, kk =

The same considerations made for the cross term between the imaginary part of the target

reflectivity and the Doppler shifts apply here, w.r.t. the previous case.

87r2T2 No-1 )
[J (0)]2.71., =0 —|§\2Re { Z n? sk (nTg-71c) | }5[1 —1' k—FK].
n=0
(3.43)
¢« J(0),,, i=(1-1)M+k =(N+I-1)M+FK, LI'=1...N, kK =
1...M
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ot,(n) Ot,(n 1672 fonT, E * x ,
ﬂ i ): l—ﬂm{CAIkrlsk}Hm{CAlk’skﬁrl,}é[Z—p,l — pl+

ony Ofvw ot M
1672 fonT, | E3 « X
+ Uff ﬁ\q? T {¢Apery } Tm { Apesieny } 01— p, I/ = pl+
87mT E
o MRG{CAlkI‘ISk}Hm {CAIkskrl}é[Z—p, l'—p]—f-

8mnT, | E3
+ \/M3Re{CAlkrlsk}Hm{A1kskuI}6[l—p,l’—p]+

16 nT !
T fo 1/ |§|2]Im Alkulsk}ﬂm{CAlkSk rl} [l —p, ' = pl+

167T fOnT E
e

+ 87T”T5 f ¢ Re {Auysih Im {CAwsiery ) 81— p, 1/ — pl+

87mT B ]§|4 Re {Au1 sk} Im {Alk S } Sl —p, ' —p)

73l I {Awasicf T { Avesicuy } 8[1 — p, 1 — p+

(3.44)

where the first and the third terms can be expanded as

sm T L * ok ok ok
UJZO o [Re {CAlkSkrl CAppespr) } Re {CAlkskrl(‘ Al’k’sk’rlH 51— p,1' — pl+
47mT E .
o4 M [Hm {CAlkSkSk I I } —Im {(A]kSkI‘IC Al’k’sk’rl}} 5[[ —p, I — p]‘
(3.45)
Then
El(1+ 2tp(n) 2 Oty(n) Oty(n) |
v 3le afl’k’ o
T, F .
- ( i f(;n ’C|2 5N Re {AA’ sksk7}+
o
47mT F ..
K’Q 50 Im {AA’ Sksk’}> ol —p,U' = pl.
(3.46)

Regarding the second order derivative
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2t,(n)\ " PPty(n) | _
E{<1+ v ) aleafl’k’}_

= ( w £ I¢*az Re {AA Sk Sk’ } +47mT £|C|20z2 Im {AA S }) S[l—p,I'—p| =
o
_v+2 ap )y 2t,(n)\ 8tp(n) ot,(n)
Voo v on Ofyw

(3.47)

leading, with the use of orthogonality,to

24+v 24 v2+vay LN 8aifonTy E ., .
J(0)]... =|-2 — — Re s AA’ ;
T O)), = |27+ T2 al]zlno I P o Re {AA s} +
47TnT E .
7‘(‘2 al Im {AAZA7 Skskv}) 5[l_p, l/—p] =
87T fO 2 27 fo (-7 ) al 27 (fi-fie )nTs * /
= —f —|C] Re ¢ el<mo{Me-Tie Z nTe/ i Mg (T )8, (nTe-mye p O[1—1"]+
0 n=0
ﬁ ‘6‘2 Im {eJ2WfO(le ~Tik’) Z nT, o2 (fic-fire) HTsask(gTs_le)S; (nTs‘le’>} 5[1_1’] —
n=0 Tk

N 87T fO 2 No-l 9 , ,
=—p o2 7|<| Re Zn|Sk<HTs-le| Sl—1k—E]+

n=0

A7 E No-1 T.- .
+6 ° ICIQHm{Z nTsaS“(g”“‘)sk(nTs-ﬂk)}a[z_zf,k_k;'],
n=0 Tk

(3.48)

3.4 Derivation - Case 2

In order to calculate the partial derivatives, the first step is to determine the quadratic

form explicitly:

t(n) = [’r(n) - \/ECQ(R)S(H)

= Z Z 77pp’rp QZ\ZRe {CZ Z 77pp p } 7|C| Z Z pr’up (n)

p=1p'=1 p=1p=1 p=1p'=1

> r(n) — i

Ecmn)s(n)] -

(3.49)
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where 7,4 = [2_1} To keep the notation compact, the dependency on the time index
P
n will be left implicit until the final result. Additionally, A is defined as in the previous

case. Then the first-order derivatives are

N
aﬁt;lk) = 4nT, \/El[m {CAlkSk z:: Wplr;} —4mnT; *|C|2 Im {Alksk pzjl Tptp }
ot(n) \f a
8CR6 B {zz:
ot(n) f S

} CRe| Z Z npp’upup

p=1p/'=1

N

Z Tpp'TpU

N

Z Tlpp IpU } CIm|Z anp’up“p

p=1p/'=1

E N *
CAjpcesi Z Mplp } 2/ Vi Re {CAlkék > nplrp} +

+47Tf0f|<| ]Re{Alksanplr }+2|C|2Re {Alksanplu }

p=1 p=1

(3.50)
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Then, the second-order derivatives are

Ot(n)  0*,(n) _E N N

O relre  OCtmOCrm M pz::lp,zz:l Tlpp UpUp
)
GCReaCIm

0%t E
Jtn) —47Tf0\/»]lm Apesi Z il 2\/>Re Anci Z il ¢ +
OTirOCRe
E
+ 87 fo-r sz m {Alksk > ey, +4MCIm Re {Alksk > o, }
p=1

82:58(21)7,1 = —47Tf0\/;Re {Alksk Z M1l } —0—2\/5]1111 {Alksk Z M1l } +

+ 87 fo—r CRe m § ApSk Zﬁplu

FE
+4MCRe Re {Alksk Z Npil, }

p=1

2
) _ =Ar T Im { Apcesi Z TIplr —8mnT CRe m § Auesi Z 77p111
0 f1OCRe p=l
2
_O%t(n) 47nT, Re Apesi Z ity ¢ —8mn T CRe Im ¢ Apcsi Z ity
8flkaCIm
0*t(n)
==l k- k
8le8n/k/ [

|E N, |E
X (87?2f§ i Re {CA1kSk Z nplrp} —4m7 fo ]Im {CAlkSk Z M1y } +
p=1
E IR E . .
— 47Tf0 M Im CAlkSk Z MpITy, -2 M Re CAlkSk Z Tl —+

— 87 fo’§|2Re{A1k6kZUp1U }+47Tf0|C|2Hm{A1kSkZT]p1u }+

p=1 p=1

+47Tf0f|<| Hm{AIkSanplu } 2|<|2R6{A1kskznplu }) +

p=1 p=1
- SWQng [C]* Re {Ul’lAlkA;k’Skslt’} +47Tf0M ¢ Im {nl’lAlkA;k’Skslt’} +
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0?t(n) E « o«
— 7 = 872 |CPR AR A ;
O f10 frw 4 fOMK’ 6{7711 fi lksksk}+
E N, E N .
+ | 872n?T? v Re < CApesi Z MpiTp —87r2n2T82M|C|2 Re { Ajsi Z MpilL, Sl k—FK']
p=1 p=1
9%t (n) ) E N ) E ., X

m = —871' fOTZTS M Re gAlkSkpz::Inplrp +87T fOnTsM|C| ]Re AlkSkpz::l’I]plup

E N, E N .
ArnT, i Im { CApcsi Z MpiT, —47mT5M |zeta|? Tm { Apcsy Z Mpilly, Sl k—K+

p=1 p=1

- 87T2fg£ ’C|2 Re nl’lAlkA;k’SkS}t’ +47TTLTS E ‘CP Im 7’]171A1kA;k7SkS; .

M M

(3.51)

To easily evaluate the terms related to the Doppler shifts, it can be noted that the
dependencies on 7, and fy; are similar, differing only for the coefficient (—fy and nTj,
respectively), and also for the fact that the signal waveforms are independent of the
Doppler shifts. Then, by removing the terms related to s, and changing the coefficients,
moving from 7 to f is immediate.

Given the function g(t) and the previous derivatives, the elements of the FIM can be

calculated as

[J(0)];, = —22Nl/j v NilE { (1 n 2t(n)>2 dt(n) dt(n) } .

14 3(9@ 86]
ON + v NeZ! 2t(n)\ ' 92t(n)
E{ |1
LS {( * 96,00,

14

(3.52)
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MATRIX Ay

o [J (0)]2NM+172NM+1

2
Ot(n) Ot(n) E N N . 2 N N
OCre OCRe N 4M e Z Z Toptp e’ +4M2 Chrel Z Z Tpp! Up Uyt +

+

p=1p=1 p=1p/=1
3 N N . N N
-8 ﬁ(Re Re {Z Z Tpp'TpUp } Z Z Tpp UpUp!
p=1p=1 p=1p/=1
E N N N N .. N N N . ..
22 [k {z 5525 SRR SN {z 55 S ki
p=1p'=1h=1h=1 p=1p'=1h=1h=1
N N N N
+ 47CR6| Z Z Tpp! Uy Uy — \/ CRe {Z D Moyl ¢ D D Ty Uyt
p=1p/'=1 p=1p’=1 p=1p'=1
(3.53)
Then, again from the APPENDIX I, the expectation is
9 —2 B N N L, NN
E { (1 + tin)> aatéRj aatC(Rj } 2M al Ke {pz::l }12::1 et pz—:l 112::1 npp?nh’ho—hp}
(3.54)

P2 N(E) )N A .
where a; = P2 (5 ) (rwam) ¥ (V—H) and oy = [Z]mb. Regarding the second order

derivative,

E{(H—%in))_ a?;gg}— 253 S gy (3.55)

p=1 p’:l

where oy =

F(2+2N+u (%)
s

N . . .
e e l/+27r) < (#2) . Finally, after applying orthogonality,

2N + 14 No—1 N N . N N
[T (O)]onarsronnin = Z 2 2" Ke { 2 2 e 2 2 npp’nh’hahp} +
p'=1h'=1 p=1h=1
N+VNO_1 E ¢~ 5 N+VE N N No—1
Z Z Z Tpp Uy Uy = — Z Z oy’ Z Wity +
P_lp =1 p o]
2N+v E v N N N N No-1 )
_4 R N -

(3.56)
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where
No—1
Z u Uy = Z Z 6—327rf0 (Tpa=Tprg!) Z ej27r(qu Tprq?) nTg (nT qu) (nT Tp’q’) —
q=1q'=1
N
Z _JQWfO(TP(I Tp/q) Z ej27'l' qu fp q) (nT qu)s;(nTs — Tplq) <3‘57>
q=1 n=0

o [J (9)]2NM+2,2NM+2

2 N N

2
ot(n) ot(n E N N . I
QC(R@) 8§(Re) 4M Im {Z Z npp’rpup’} +4W<Im’ Z Z T]pp/upup,—i—

p=1p'=1 p=1p/'=1
/ N
Cfm Im Z

™=

77pp pu } Z Z npp’upup

p=lp'=1

—_

1

ge)

p’

™=

N N N . . N N N . . %
= M Re {Z Z Z npp’nhh’up’uh7rprh} {Z Z Z npp’nhh’up’uh’rprh} +
p=1p'=1h=1h'=1 p=1p'=1h=1h'=1
E3 N N
+ 4W<Im| Z Z Ty Upy Uy + 8\/ ng Im Z Z Tlpp’ I"pup Z Z Tlpp U U
p=1p'=1 p=1p=1 p=1p'=1

(3.58)

By exploiting the similarities with the previous case, plus the fact that the second

order derivative is the same, we obtain

[J (9)]2NM+2,2NM+2 = [J (0)]2NM+1,2NM+1 : (3-59)

o [J (0)]2NM+1,2NM+2

ot(n) ot(n E N N i} N .
aéRe) aC([m) B _4M e {P; p’zl nppmpup’} " {Z Z npp’rpup} +

p=lp’=1

1
2 (N N 2 3 N N . N N
+ 4W Z npp/r;up/ —4 WCM Re Z Z Tpp TpUp’ Z Z npp/r;up/+
p=1p=1

p=1 p'=1 p=1 p'=1

E3 N N
+4 M3 CR@ Im Z Z Tlpp’ 1"pU‘P Z Z npp/r;up/

p=1p’=1 p=1p/'=1

(3.60)

After the expectation,it can be easily shown that all the terms cancel out. Then,
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recalling that the second order derivative is also 0,

[ (0)]onnrs1onarse = 0- (3.61)

MATRIX Von a0

¢ [T(O)yusrs i=(U—=1)M+k I=1..N, k=1...M

Ot(n) Ot(n)

N N
0Tk OCRe =7 f M Hm {CAH‘SI‘ D Ty } Re {Z Z 77pp’rpup’} -

N N
_ 87Tf0 CRe Im {CAlkSk Z 7]p11" } Z Z npp’u;up’+
p=1
E N
+ 4M Re CAlkSk Z 77p11" Re Z
=1
l N N
— 4 CRe Re CAIkSk Z T]pll" Z Z npp’u;up’+
E? . N N .
_ Sﬂ-fOW‘CP Im Alksk z:l nplup Re Z Z npp’rpup’ +
p:
E2 N . N N
* SﬂfOWCRe Im q CAnesi 2:1 Thp1Up Z Z Tpp Uy Uy +
p:

3 N . N N .
— 4y e Re ¢ CApdy Z:l Npit, ¢ Re 221 Zl NppTplp ¢ +
p= p=1p=

E2 ' N . .
* 4WCR€ Re {CAlkSk 221 77p1up} Z Z Tpp U Up!
p= =1 /=

(3.62)

where the first and third terms can be expanded as

+

] =

E
47TfOM

N N N
nplnp’huhr;r:»} +Im {(A]ksk Z Z z nplnhpuu;r:rp,}

p=1p’=1h=1

N N
Im {CAIkSk Z Z

p=1p’=1h=1

—I—2E
M

N N N N N N
Re {CAlkSk Z Z Z Uplnp’huhr;r;} +Re {CAlkSk Z Z Z nplnhp’u;r:rp’}] :

p=1p'=1h=1 p=1p'=1h=1

(3.63)
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Then it can be shown that after the expectation the terms directly proportional to E?/M?

disappear, leaving

2t,(n)\ > 0t,y(n) Ot,(n) E v NN ;
E { (1 + p]/ ) 8p7_lk 82]%6 = 47‘(‘f0M v 20[1 Im gAlkSk Z Z Z npl’r}hp’uho-p’p

p=1p=1h=1

E N N N
2M = Qoq Re < CApsy Z Z Z MplMhp’ uhapp

p=1p'=1h=1
(3.64)
Regarding the second order derivative,
—1
2142 Phn) |
v 0Tk OCRe
E AR E A
= 47rf0Ma2 Im ¢ CApsk Z Mp1l,, —|—2Ma2 Re ¢ CApSk Z Mp1l,
p=1 p=1
(3.65)
Finally, after applying orthogonality, it is
2N + y No=1 N N .
[J (0)]i,2NM+1 = Z 47Tf0 0‘1 Im {CAlkS Z Z Tp1"hp UpOpp ¢+
p=1p’=1h=1
2N Yy No—1 E U N N N .
-2 3 nz:% QMU—FQOQ RG{CAH(S Z: z:: Z:: Npl"hp’ UL Op'p
N+v
+ (47Tf0042 Im {CAlkSk > iy, } Wi Re {CAlkSk > iy, }) =
p=1

2N+VE v N Re-
= —87f, ST al]lm{(zZAlkSkuhZZUplnhpUpp}+

h=1 n=0 p=1p=1

2N+v E v N No-
—4 2 Muvy+2 alRe{CZZAH{SkuhZanlnhpgpp}+

h=1 n=0 p=1p’=1

N +v
_|_

E No- . E NooNed
(47Tf0Moz2 Im {( Z pl Z Skup} —I—QMO@ Re {Q Z Mpl Z Alkskup}>
p=1 n=0

p=1 n=0

(3.66)
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where
No—1 No—1
Z AlkSkU; — 227 fo(Tik—Tpk) Z 6]27T(flk_fpk)”T§Sk(nTs . le)SZ(TLTS i Tpk)
n=0 n=0
No—1 No—1
Z Alkéku; _ 6]2Trf0(7'lk—7'pk) Z 6]27T(flk—fpk)”TS 88k(TLTS - le)S;;(nTs . Tpk)
n=0 n=0 ale)
(3.67)
° [J(O)]LNMH, i=(l—-1)M+Fk, I=1...N, k=1...M
ot(n) ot(n E N * N X
87(—”3 aé_(] ) — _SWfOM Im {CAlkSk Z nplrp} Im {Z Z Tpp’ p
B3 N N N
—8mh ﬁgm Tm ¢ CAnsic 3 77p1r DD M uply+
= p=1p'=1
E N N
— 4M Re ¢ CApSk Z 77p11" Im Z Z npp Hu
= p=lp'=
N
— 4\/ ( 1m Re ¢ CApcsy Z nplr Z Npp! Uy, Uy +
p=1p/=1
N N
+ 87Tf0 |C‘ Im ¢ Apesy Z 77p111 m{ > S plL
p=1p=1
N N
+ 87rf0 Qm Im { CApesi Z nplu Z Z npp/u;up/+
p=1p/=1
E . N N
+4 W]Re CAlkSanplup Im Z Z Npp’ pup +
p=1 p=1p=1
2 N NN
4@(1771 Re § CAwSIc D Mottty 0 D D> oy Uty
p=1 p=1p/'=1
(3.68)
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where the first and third terms can be expanded as

E N N N . N N N .
47rf0M Re {CAlkSk DO npmpntnryry o —Re CAusk Y D D Nty Il o | +
p=1p’=1h=1 p=1p’=1h=1
E N N N - N N N .
+2M —Im ¢ CARSk 221 Zlhz:lnplnp’huhrprp’ +Im CAlkskz:l Zlhz:l??pmhp’uhrprp’ :
p=1p'=1h= p=1p'=1h=

(3.69)

Then, by considering the similarities with the previous parameter the final result can be

reached immediately:

2N + vE v N Rl '
[J (0)]1,2NM+2 87 fo Mvro 0‘1 Re {C Z Z Ak, Z Z TIp1TIhp’ Upp} +

h=1 n=0 p=1p=1

2N—|—VE v N Red *
IV +2041 Im {CZ Z Alkskuhz Z TplTThp’ Upp} +

h=1 n=0 p=1p'=1

N+v No-! E N el .
+ y 47rf0—a2 Re CZ Mol Z sku ]\/[QQ Im ¢ ner Y Audiuy, o | -
n= p=1 n=0

(3.70)

o [JO]ionrrsr: JOionarser i=N+-1)M+k, 1=1..N, k=1...M

By using the same approach of the second order derivatives, the bounds for the Doppler

shifts can be calculated from the previous ones, and it is

2N+v E v N No-l
[J (0)]z’,2NM+1 = 8m 2 My+ 2a1 [m {C Z Z nT Alkskuh Z Z TIp17hp’ Upp} +

v h=1 n=0 p=1p—1

N E N No-1 ;
_ :— V47TM042 Im {( Z Mpl Z nTSskup}

p=1 n=0

2N+v E v N No-l
[J (0)]z’,2NM+2 = =8 > M 2041 Re CZ Z nT Alkskuh Z Z MplThp Opp ¢+
v v+ h=1 n=0 p=1p—1

N+v, FE N Red .
+ 47TM042 Re {( Z Mpl Z nTgsiuy, o -

p=1 n=0

(3.71)
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where, as before,

No—1 No—1
> nTsAspu, = 72 fo (i =Tpr) > 2 =S Ty T sp (nTy — ) s (n Ty — Tok)
n=0 n=0

(3.72)

° [J(B)]m,, =(l-1)M+k, i'=U-1)M+FK, LLIl!=1...N, kkK=1...M
ot(n) ot N .
<n) ( ) = 167T2f0 — IIm < CAjesk Z Mpl r Im ¢ CApiesie Z Tty +
Om, Oy p=1 p=1

N
+ 87Tf0— Im {gAlkSk Z Mpl *r } Re {CAl’k’Sk’ Z np’l’r;’} +

p=1 p'=1

— 167 f3 WKP Im {CAlkSk > Upl*rp} Im {Al’k’sk’ > np’l’up} +

p’=1
N *
- 87Tf0“ |C|2 Im CAlkSk Z Tlpl 1" Re Ayk’ékf Z np»yup, +
p’=1
N *
+ 87Tf0* Re CAlkSk Z 7]p11‘ ]IIH QiA]vk’Sk7 Z 7’]p71’1”p: +
p=1 p=1

E . * N «
+ 4M Re {CAlkSk Z nplrp} Re {CAl’k’Sk’ Z npq’I'p:} +
p=1 p’=1

/ B3 . N * N *
_ 87Tf0 7M3 |C|2 Re {gAlkSk E 3 T]plrp} ]Im {Al’k’sk’ E np’l’up’ } +
p= ’

p'=1

| B3 LS « = x
—4 W |<|2 Re {CAIkSk Z T]pll‘p} Re {Aykvsk’ Zl np’yup,} +
=1 p=

N
- 1672f§ |C| Im {Alksk Z Tpl *u } Im {CAl’k’Sk’ Z np’l’r;} +

p=1 p'=1
N *
- 87Tf0“ |C|2 Im A]kSk Z Tlpl U. Re <A17k78k7 Z np’l’rp’ +
p’=1
N *
+ 167T2f0 |C|4 Im Alksk Z Tpl u Im ‘AM(’Sk7 Z npq’up» +
p=1 p'=1
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N
+ 87Tf0 |C‘ Im {Alksk > np*u } Re {Al’k’ék’ > np’l’u;} +

p’=1

l N
— 87Tf0 ’C’Q Re {Alksk Z nplu } Im {CAl’k’Sk’ Z 7”]p71’r;} +
=1

p

E3 . * N *
- 4\/ W’CF Re {Alksk Z Uplup} Re {CAl’k’Sk’ Z Up’l’rp»} +
=1 p'=1

N
+ 87Tf0 |C‘ Re {A]ksk Z 77p1u } Im {Al’kﬂkv Z npayu;} +

p’=1

N

p’=1

(3.73)

As seen before, the first, second, fifth and sixth term can be expanded as

N N N N
87r2f§]\2 Re {]Q?AlkA;k,sks > nplngvl:r;rp’} —Re {C2A1kA1’k’SkS > nplnp’l’r:;r;} +
p=1p=1 p=1p=1
FE * N N * % N N * %k ]
+47TfOM Im {|C|2A1kA1,k,sks Z Z npmpvyrprp’} + Im {CQAlkAl’k’SkS Z Z nplnp’l’rprp’} +
p=1p'=1 p=1p’=1
E [ * N N * * N N * ok ]
—47Tf0M m {|C|2A1kA17k,Sks Z Z npmpq,rprpv} {C A ApyeSiesie Z Z 77p177p’1’1“prp:} +
L p=1p'=1 p=1p’=1 ]
1) * N XN * % N X * %
+2M Re {|C|2AlkA1’k’skS Z Z plnp’l’rprp’} — Re {<2A1kA17k7SkS Z Z pmpq:rprp,}] .

(3.74)

It can then be shown that, after performing the expectation, the terms proportional to

E? 1 out, leavi
72 cancel ou s eavmg

2t(n)\ > 0t(n) t(n) E v L R |
3 { <1 T ) Ome Omw [ SWQngMQV 2™ Re  AnAcsicie 2 2 iy Ty (F

p=1p’=1

E 2 ¥V * L Lk N X
+2M’C| V+2041 Re § AApeSiie D D Tty 0pp ¢ +

p=lp'=1

E v " . s N N
+ 47TfOM ’C’Q y + 20[1 Hm {AlkA]’k’ (Skskv—SkSkr) Z Z nplnpvlao'pvp}

p=1p=1

(3.75)
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37
Regarding the second order derivative,
2t(n)\ " 8%t(n) s B P
(14 20) " 20| ke pusinion)
E . .k
FE 14 * kL K
+ 47Tf0M ¢ L Im {AlkAl’k’ (Sksk"sksk’> 771’1} :
(3.76)

Then, by using the orthogonality assumption and highlighting the similarities between
the two parts of the FIM and naming £ (agnm — V%Qal 2117\7:1 Z;j:l nplnl/pfap/p>, it is

E 2N +v =
) =723 PR T 3 s+

n=0

E N + v ed
+ 47TfOM I¢|2 Im { Mr Z AlkA1 K (SkSk -SkSyo )} +

E IN+p Red
+ 2M’<|2 Re { mnr Z AIkAlk SKSye }

n=0
E . 2N Re! .
_ <8W2f5MK|2 V‘|‘ v Re {%17 Z e-]27rfo(ﬂk-ﬂ’k)e]27r(f1k-f1’k)nTsSk(HTS_Tl,k)Sk (HTs‘Tl’k>} +
n=0

E  ,2N No'd .
+47TfOM K’Q V+ v Im {’Yll’ Z o270 (miei) 0127 (fie-fri)nTs (Sk (nTs‘le>Skv(nTs‘Tl’k))} +
n=0

22]\7—{—11 Rol 270 (- ) g27 (Fre-fri )nTs (¢ *
—47Tf0—|C| A Zeﬂ 0 (k) o727 (ie-fri ) nils (sk(nTs—le)Sk(nTs—Tyk)) +

n=0

n=0

IN No-
|C|2 *_VRG{MFEZGJ%m“”ﬂ”'ﬂ““ﬁka k(0T ﬁM&JﬂT’“”}>5%_kT

(3.77)
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By changing coefficients and removing the parts related to s, the terms related to

flk; fl’k’ and Tik fl’k’ can be derived directly from above.

o J(O),,, i=N+I-1)M+k, i'=(N+I'-1)M+kK, LI'=1...N, kK =
1...M

T (6)], =

Z’L

_8m°E ,2N ! "
n |C|2 T Re {my > n? T2 2o (mien) o2 fuctinTsg (T )s (nT-1) § 6[k—K'].
n=0

(3.78)
° [J(O)]m,, =(l-1)M+k, {=(N+U-1)M+FK, LI!=1...N, kK =
1...M
[J (9)]“~/
2N Red
|C|2 + V {%17 Z nT, e]2Wf0(le le)e.727r(flk flk)nT< (IlT le)Sk(IlT le)} 5[k_k’]+
n=0
IN No-1 .
—872 fy —|C|2 Y Re {711’ > nTSe'JQWfO(le'ﬂ’k)e]?”(flk’fl’k)nTsSk(nTs—Tyk)sk(nTS-Tpk)} S[k—FK'].
n=0

(3.79)
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Chapter 4

Hybrid Cramer-Rao Lower Bound

Following the signal model proposed in [20],

E M
rl(n) _ MC Z e—gwaoTzkeﬂwfzknTse](¢tk—¢rl)8k(n)+zl(n) , l=1...N , n= 0... No_l
k=1
(4.1)
where ¢, and ¢, are the phase errors introduced at transmitter k' and receiver 1

respectively. These additional terms are assumed i.i.d and normally distributed, with

mean value 0 and variance 03,: then it is ¢ = [gbmgbm,...,¢TN,¢t1,¢t2, . .,ngtM] ~

CN (Onsar, 03I ).

Following a similar approach to that of Ch. 2, the new parameter vector is 1" = [zp, ¢},
where obviously the additional phase terms are nuisance random parameters. Because
the chain rule for matrix derivation still applies, it is preferable to work with 8" = [0, q,’)]

with a new Jacobian matrix

ph _ Pgyonvve Ogxnem (4.2)
Onsnmrxonmi+2  Intwm
such that
T
J(") = P"J(6") (P") . (4.3)

39

DISTRIBUTION A: Distribution approved for public release. Distribution unlimited



CHAPTER 4. HYBRID CRAMER-RAO LOWER BOUND 40

Recalling the definition given in equation (2.7), the Hybrid FIM can be decomposed in

two terms as follows

g <0h)}pyq _ 5., { 0% logp (r|¢; 0) + 0 10gp(¢|9)]}

0"06"
9%logp (r|¢; 0) d*logp (¢]0)
- —FE,{E Y 5 S =L A
¢ { rlé { 001:00" 1 o6roeh
= [Jpl,, t[Jpl,, pgq=1...2NM + N+ M +2

(4.4)

where J p represented the contribution of the data, while J p contains the prior informa-
tion. In order to simplify the notation, here L & N + M and Q £ N x M. In addition,
while the following derivations are generally valid for any kind of orthogonal signals, the

final result presented will be limited to the frequency spaced pulses.

J p derivation

Given the assumptions on the phase errors, from [20] it is

1 N -G M
logp (¢]0) = logp (¢) = log e 7o IIe ™| =
(2#05) =1 k=1
SR e (R )
=1 2035 k=1 20?# 2035 == t

(4.5)

where K is a generic constant independent of the phase terms. Then, it can be easily

shown that
0’logp(p)  logp(d) 1 0*logp(9) _
8¢%l 8(;% 035 0¢r, 0,

(4.6)

and that the derivatives w.r.t. @ are also 0, since the a-priori pdf does not depend on
them. Then it is

Jp= (4.7)

020+220+2 0O2g+2,L
0r.20+2 %I L
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J p derivation

Similarly to the derivation of the ideal bounds, the following variables are defined:

U’;(n) — Zé‘i | €792 foTva @127 foanTs 0)(Pq = Frp) sq(nTy — Tpy),

Al — e—JQWfOTZkeﬂﬁkanTse](¢tk—¢>rl),

A — =2 foTys p22 fyonTs p3(Sty —bry)

Then it can be shown easily that the results already found in case 1 of Ch. 3 still stand:
on one hand, the additional phase terms have a similar structure of the terms related to
delays and Doppler shifts, which cancel out at the end; on the other hand, when clutter is
independent there is no mutual information between different transmitter-receiver paths,
so the phase noise has no impact. This result already provides some information on the
final HCRB: by partitioning the J(0") matrix as

J(gh):JD—l-Jp: (48)

J() B"
(Bh)T Dh ’

and proceeding by the means of block processing, it is

-1

HCRLB(y") = [PhJ(eh) (P’

PJ()(P)" PB|
(PB)' D

HCRLB(¥) = J(4)"'+J(4)'PB (D~ (PB)' J(¥)"'PB)  (PB)' J(¢)""
— CRLB(+)) + ACRLB
(4.9)

where CRLB(1)) is the bound on the target parameters without the phase mismatch,
i.e. the bound derived in Ch.3 - Case 1. It should be noted that D contains the only
non-0 terms of Jp, in addition to the corresponding terms of Jp.

Similarly to what has been done in Ch. 3, Jp can be formulated as

[T pl;; = Eo { NO_Ol ]j Erig { < thy(”)>_ atgé:l) agje(?) }} *

+E¢{2+VEZET|¢{<1+ aaela(ej)}}

n=0 p=1

(4.10)
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Then the first step in the derivation of the Hybrid FIM is to calculate the first and second

order derivatives: given the similarities between u,(n) and w)(n), it is

ot,(n) (4mnT, [E L 4enT, E |, W
D ( \/;]Im {CA Sk(n)rp(n)}— . MKl Im {A sk(n)up(n)}) S[1—p]

o

ot,(n 2 |E o\ 2 F
(n) {u }

)22 g o) 2 E o

ot 2 |E * 2 B

a‘ZEZ) = M}Im {ug(n)rp(n)} —{—;Mleug(n)]Q

0 Am E * Arfo E *

;”T(:) = (— Ufo 7 I {CA s () + fOM|C|2Hm{Ahskup(n)}) 31 — pl+

<_i ]\Z Re {CA"Sr(n)} +§AE4|C|2Re {Ahsku;(n)}) 5[t — p]

ag;n - —iﬁ Im {Cup(n)r,(n) } 8[1 — p]
2

ot E *

a’%(n) - @ Tm {Ge2m 07k 2 T Oty () (T o) | +
tr o
2 E 2 _j27|-f07' k _]27Tf knTs ](d)t 'd)r ) *

= 5 ol I {e o iy () (0T

(4.11)
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0%*t,(n) 2 |E
6<R68¢Tl g M

82 n 2 FE *

0%t 2 |E .
P(n) = 4= M Im {e-j27TfOTpke]27‘rfpknTseJ(¢tk'¢rp)rp (H)Sk} +

8CRea¢tk g
4 F -12mfo ok (927 EpknTs 9( Pty ~Prs )1,
AE o e o)
0?t,(n 2 |E oo 12 n T e )
4 F
_ EMCIWL Hm{ j27rf07pkej27rfpknT qS:k br ) Il)Sk
0*t,(n)  Anfy | E b / .
= —R A o[l —p, 1 =11+
dnfo E | o h * 21 b, /
LTI Re { Al (b (w) } 21 m{A s (wb ) '} ) dli—p. 11+

—i\/g {<Ask( \f(" }5l—p,l—l
2
ai‘lia(g) - mc47”’1’8"\/5 Re {CAhsk (ré(n)—&c" (p(m) ) } ol —p. 11+

4T E|§|2R6{Ahsk< (n )) } Sl —p, 1 =1]
(@iCPRe (A (A’h8k>*} gl {Ahsk (A%) }> e

+§\/§Hm{CAhsk( \/>C* )}5[1—19]
6?23(;1, 47mT\/7Re{CA sk( \/><2 )} 5l — p,k — K]+

4mnT, £|C|2Re {AhSk (A,h )*}6“ _p]

0° 2 |E \
W N aﬁRe {Cupry ()} ol = p, 1 =11

aQtp(n) 2\/? 127tk (g27f K nT, J(¢t -¢ ) * E * h * ,
m—; MRG Ce e e Sk rp(n)-MC (up(n)) S[k—k']+

n g£|<|2 Re {eg2wf0(Tpk—Tpvk)ej27r(fpk—fp’k)nTse](¢tk-¢tk*)Sksl?}

oM
0*ty(n) 2 B N
) 2 et
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MATRIX B,
.[JD]QQ-HJW 1=2Q+3...2Q0+2+N
a;ci e) a; ¢(ﬁ) _ 42]\]1; Re {uh(n)ry (n) } Im {Cub(m)r; (n) } 31 — pl+
—\FcReiu ()2 T {Cub(n)ry (n) } o1t — p] =
= 2 i e (e ) ol — g+ 23 T bl ()} 61 — i+
A Gl ) P {Cab ey )} 31—
(4.13)

The results derived in APPENDIX I are still valid, since the received vector maintains a

Complex-t distribution when deriving the HCRB. Then

2 2 0t,(n)d 2 E2
Er¢{(1+ 5] el ;;’”} o1 25 Pl () 81— pl+

2 K v
+Oél 2M2|C| Cfm| l( >|45[l— ]+fM|u?(n)|2Qmoqy+

205[l — pl+

- 2MQKI Crelu (m)* I { ! () } 8[1 — p] =

2 v F
- au+2MCfma1|”l( n) [l — p]
(4.14)
Stv L) (mv
where ay = F("’F;(” )21"()%("2))(;1/—:47r) (V +4) Regarding the second order derivative, it is
2t,(n)\ " Fty(n) 2 E
Er L : . s SIm 2(5 [ — 4.1
¢{< " v ) OCRre0y, JMCI O‘2|ul( )6[1 = pl (4.15)
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(452)r(5) )
2” )F(%TV)(WV—FQW)

where ag = e (V +2) Finally, after applying orthogonality, it is

2+v v 2+v \2E N2ty
nhaguns = Bo (2250 2+ 20) 220 S utiwr} -
1 24+v \2E QM M N} x .
= E¢{(—2V041 + » 042) EMCI’"Z Z Z AhAh, Sq(nTy —qu)sq(nTs — Tig)
q=1q¢'=1 n=0
E

= (—Qial + 2 + VO(Q) QECImM = (—2]1@1 + 2 + VOéQ) EEC]m
(4.16)
® [Jplyoiai i=2Q+3...2Q+2+ N
ST (s ) T {Cabuey o sl
o o) B ) ()} ot — ) =
= 2 Re e (b ) "} ol - b = S5 Re {Club ) Pl ()} 11 — i+
—f@mw (n)|” Im {Cup(n)ry(n) } 81— p),
(4.17)
leading to
B { (1 2] ) @g;;@} 01 25 Pl ()L = 1+
o 2 NGl ) 51— 5] — 2 )P0l i
— oy PG () Ton { )2} 81— 5] =
2 v FE 9
= UV+2MCR6Q1|UZ( n)|*6[l — pl.
(4.18)
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Then, by exploiting the similarities with the previous case, it is
I plagin; = — (—Qial 427 ”ag) iECRe.
(4.19)
o [Jpliy, i=1...Q, ©"=2Q+3...2Q+2+N
%ﬁj“?;f-fi?A4Mn&A%uam}Mn&wwwﬁmn5w—pww—m+
2““V[KFHHI {Asicy () } T {Cupt(n)ry (n) } S[1 = plo[L — pl+
+pﬁﬂ%KA&r(ﬂh%®ﬂﬁﬁ)HU—MW—]
-—ﬁyzpmf&%A%wamﬁm{@wmﬁmﬁ&r—MW—mJ
(4.20)

where the first and third terms can be expanded as

47Tf 0

[|<|2 Re {Alkskrl (ulh(n))* rlv(n)} —Re {@A{lkskrfuf}(n)r; (n) }} o[l —p, 1 =1
fﬁﬁmg%mmmmx><ﬁ—mwm{ﬁm<m¢@fm@ﬂﬂhnhm

(4.21)
Then it can be shown that the only surviving terms are
-2
2
Epod [1+ tp(n) Otp(n) Otp(n) _
1% 8le 8@%
Arfo B * v
J*‘CPRG {Alksk ( (n)) }aly n 25[l —p, 1 =1+
2 * v ,
- *7|C‘ Im {Alksk ( (n)> }Oély n 25[[ —p,l—1 ]
(4.22)
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Regarding the second-order derivative, it is

—1 9 _ *
ETW’ { (1 * 2tpy(n)> a((i'lzg(;i«) } 40-']00‘4-‘2 Re {Alksk ( (H)) } Ckg(S[l—p’ l—l/]—l—

_2F * ,
|C\2]Im{A}Lsk (u{l( )) }agé[l—p,l—l].
(4.23)
Finally
[JD]W:
24v v 2+v Nt dnfy B, * ,
:E¢{<—2 Tt ag);J 01 Re { Al () boll— 1]+
24+v v 2+v Neto B, b h * ,
—E¢{<—2 T ) 7;) = I { A (b)) fal - 07 =
1 2+v \d4dnfo E Mo
= (_21jal+ y 062) o |§| (Sl l ZZA Alq a HTS—qu)Sk(HTS—le) —+
q=1 n=0

1 24+ v M No-l Osk(nTs-7)
_<—2Va1+ . az) ff\d ofi=1] Hm{z D= AL s (nTrmg) =5 =

q=1 n=0 OTik

1 2 Anfy E
Cag 2V ) Wf°M|g|2E35[1—z’]+

E ,
MK’Z(W—ZH
E 2 /
MK’ o[l = 1']

(4.24)

where the results found in APPENDIX II are still valid.
o Jply. i=Q+1..2Q, =2Q+3..2Q+2+N

As done in Ch. 3, the terms related to the Doppler shifts can be found instantly from
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those related to the delays. Thus it is

Tolis = ~Bo {(~20on+ 2 0) T gy — 1)

M No-1
x Re {Z > nTAj A{lq q(nTs_ﬂq)sk(nTs_ﬂk)}} —

q=1 n=0

1 2 4 K
= — (—21/011 -+ _:VOQ) If‘d ( +le> 5[[ — l/]

(4.25)

© [Jplogsri: 1=2Q+N+3...2Q+2+1L

8&: a;(b(tk) :—;ﬁRe{ () (n)}Hm{CAgkr;(n)sk(nTs-Tpk)}+

i — ]C|2 Re {uh(n)r; (n)} Im {Agku; (n)sk(nTS-Tpk)} +

\/7CRe|u )| Im {CApkr (n )sk(nTs—Tpk)}+

~ﬂﬁd%wmmﬂﬁﬂwwﬂﬂm

(4.26)

where the first term can be expanded as

*

22]5[ {]Im {CAngkT;(n) (ug(n)> rp(n)} +Im {CAgkskr;(n)ug(n)r;(n)}} .

(4.27)

Then it can be shown that

2t,(n)\ " Oty(n) ty(n 2B . V
Er¢{<1+ V( )> (%E%e) 8¢(tk)} :_;M {CAkak( (n)) }aly+2,

(4.28)
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Regarding the second-order derivative, it is

2t, - 0%, 2 E .
Ee { (1 + V(”)> 8(366(’7;2k } = Im {CAgksk (ug(n)) }OQ'

(4.29)

Finally,

—_
)
+
<
Q
no
N——
QN QN

(4.30)
® Jplygin;» 1=2Q0+N+3...2Q+2+1L

Similarities with the previous case can be used, and thus it can be proven that

[JD]QQ_;_% =FEy { (_Zial + 2+ Va2) iv: Nil iﬁ Re {CAngk (ug(n))*}} =

v p=1 n=0

1 24+ v
= (—2@1 +
1%

2 F
042) EMCReN-
(4.31)

o [Jply, i=1...Q ¥=2Q+N+3...2Q+2+L

DISTRIBUTION A: Distribution approved for public release. Distribution unlimited



CHAPTER 4. HYBRID CRAMER-RAO LOWER BOUND 50

0 0 T
Z;T(lk> at(bi /) _ _8050]6 Im {CAhskr (n )}]Irn {CApk p( )sk,}(S[l_pH_

87”[0( ¢ T { APsyeny (m) } T { ARy (n)sie b 61— pl+
_;MRe{CAhskr () } Im {CAB x) (n)sic } O] — pl+

+ 042 WKF Re {Ahéku;(n)} Im {CA&(’I';(H)SI(’} o[l — pl+

+8pifo \/ﬁ P Im { CAhSkr;(n)}Hm{Agk,u;(n)Skv}(S[Z— pl+

87rf0 |§|4]1m {Ahsku (n )}]Im {Ah n)si ¢ 0[!

= ol
\/7]C|2Re CAhSkf (n )}Hm{ sk}d

|414Re{Ahsku ()} Im { A u; (n)s ’}6[l—p]

2 M2
(4.32)

where the first and third terms can be expanded as

4:f0 [|§|2 Re {Alksk (Alk Sk’ ) ff(n)rl(n)} —Re {CQA{LSkAﬁ"SkTT(n)rT(n) }} 5“_

oy [l i { Ak () 5 o)} — B {CPARS AL sert () ()} 0111

(4.33)

As before, it can be shown that only the terms proportional to % survive the expectation,

leaving
2t,(n)\ 7 Ot,(n) dt,(n) | 47rf0 - { Lot } v
Er¢{<1+ y ) om0, |C| AR Ay sisp aly+25[l_p]+
2 E * % 14
(4.34)
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Regarding the second order derivative, it is

2t,(n)\ " 9%,(n)
E 1 p p —_
T¢{< * v ) alea¢tk/
477 o 2 F x4
= 7D 2 Re {ARAY st} aadll — 5]+ 2 1 T { ARAL s} aadli 5]

(4.35)

Finally it is

N No—
o), /=—E¢{(—zia1+“” )X X AT e { AL sksk}a[z—p1}+

1 2+v \ LNt 2 -
+ E, { (—QVozl + az) > ——|§|2 {Aﬁ(Aﬁ(, sksk,} S[l—ply =
p=1 n=0
1 2 4
= (2ton+ 2220 T L ey
v v o
1 2+ 4
# (2o + 2 ay) T ol - )
v v o
(4.36)
o Jpliy, i=Q+1...2Q, i'=2Q+N+3...2Q+2+1L
As done before, the result can be derived directly from the previous term:
1 24+ v At E
[']D]i,i’ = ( 2— Oél + ) —7|C‘ < +le) 5[/6 _ k‘l]
(4.37)

MATRIX D" ,

e [Jply i=2Q+3..2Q0+2+ N, "=2Q+3...2Q0+2+N

8;¢>(m> agas(rl,) = oo T a0 b a0 }ol .0 = 5] =

= (S 1P e o] I} 2l Re { (ub ) (57 0)*}) 8l1-p, 121,

(4.38)
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Then it can be easily shown that

2t,(n)\ 7 Oty (n) dt,(n) | 2 E v
Er|¢{<1+ > ) Son, 0, }—UM|C|2V+2

Regarding the second order derivative,

2 s 2 F
Er¢{<1+ tpu(n)> a¢>t%(g> }ZO_MW% up ()| ot = p,1 = 1], (4.40)

aq ‘uf‘(n)r S[l—p,1=1"]. (4.39)

Finally, be recalling the result of eq. 15, it is

[JD]i,i,—Egb{( 2o+ 2H0) 3 5 2 E e Z—p,l—u}

p=1 n=0

1 24 v
= (—20(1 +
1%

a2) ZBICPsll - 1)
(4.41)

e [Jplis, i=2Q+N+3...204+2+L, =20+ N+3...2Q0+2+1L

ot,(n) ot, 4 FE
T aqi,,) =+ I { AR (s I {CARer (s} +

_ i |C|2]Im{ ( )Sk}]lm {QAgkvr*(n)skﬁ}%—

—\/>K|2]Im CApkr (n )Sk}]lm{Apku (n )Sk}+

+7W|C|4Hm{ (n) }]Im{Algku (n )sk}

(4.42)

where the first term can be expanded as

2 £ *
[ Re Al (Apwsi)” I )} —Re { A Apsi

r;(n))2H L (4.43)

Then it can be shown that

2t,(n)\ Ot (n)dt,(n) | 2 E, ., v
Er|¢{<1+ - ) 96, a@k,}_aM'dquQ
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Regarding the second-order derivative,

2t,(n)\ " Pt,n) | 2E, ., v
Er¢{<1+ - ) a¢tka¢tk,}_aM|C|u+2

Finally it is

N No—1 .
[JD] S E¢{<—21@1 + 2+V042) Z Z 2 F |q2 CYl Re {AgkAEk’ SkSk7}} =
v p=1 n=0
( 21(11 42t ”ag) 3M|C|2N6[l€ — ¥
(4.46)
e [Unl,,, i=2Q+43..2Q0+2+N, 7=2Q0+N+3...20+2+1L
Ot,(n) Ot, 4 FE « »
8¢>(:) 8(;5(:) — 1 Im m {qul(n)ry (n) } T {CARry (m)sic} [0 — pl+
4 B3 * *
+ g\/ W|C|2Hm {Cug(n)rp(n)} Im {Agkup(n)sk} o[l — p
(4.47)

where the first term can be expanded as

_35 [|g|2Re{ s () ()] } Re{g AL s (ul(n) (r;(n))2H S1—p]. (4.48)

Then after the expectation it is

By { (1 N 2tpy(n)>2 Oty(1) 8tp(N)} _ _iEmQO“y i R {Aﬁ(sk (u}l(n))*} S

0py, Oy,
(4.49)
and similarly it is
2 o .
Er¢{<1+ wi) a;;?} =28 oy ke { s, ()} ol -l (450
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Then the final result is

2+v

BOPP

n=0

Ty = —Ey { (—Qial +

1 24+ v 2 K
= — (—2041 + &2) **|C|2
1% 1% (7

]\Z (I Re {Alksk ( (n))*} o]l _P]} =

(4.51)
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Chapter 5

Numerical Results

5.1 Transmitted signals choice

As mentioned before, orthogonality can be achieved both in the frequency and code
domain.
e Frequency [9]

Starting from a center frequency fy = 10 GHz and the same baseband rectangular
pulse of length T = 5.4 ms, the signal of k' transmitter is modulated to the
frequency fi, = Ay (k—1), ie.

t—T/2

sp(t) = g6<j27r(k*1)Aft)7‘6015 <

- ) k=1...M (5.1)

where Ay =1 M Hz. Because the spectral width of each signal is % =36kHz < Ay
(the First-Null Band-Width is being considered), the signals generated in this way
are orthogonal. Also, in order to satisfy the sampling theorem condition it must be
fs = 2+ (M —1)Ay, which is satisfied up to M = 8 different transmitters with the
chosen sampling frequency f, =9 M Hz. Then the sampled signal will be

Ty (io(1_
sk[n] = sp(nTy) = ?e(ﬂ”(k DAJ’"TS), n=1...N,, k=1...M (5.2)

where the scaling factor 1/% is necessary to force the energy of the sampled signal
to 1.

e Code

The same parameters of the previous case are used. This time orthogonality is

achieved by applying different randomly chosen complex codes of rate 1/T, = f. to

%)
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each un-modulated rectangular pulse:

T, Nt t—1T./2 —iT,
sE(t) = o Z crarect — 7
i=0 c

>, k=1...M (5.3)
where ¢, ; is the i complex chip of the k™ transmitted sequence, randomly chosen
from the set {1+j,1—j,—14j,—1—j}, and N, = [Tlc] is the number of chips
applied to each signal. Since the chips are 0-mean and i.i.d. the power spectral
density of the transmitted signals is PSD(f) oc sinc®*(fT,). In this case the -3 dB
Band-Width is B_g4p = 1/2T,, thus the maximum chip rate f. = fs is chosen.

Again, the scaling factor is necessary to force F, = 1.

Regarding the hypothesis assumed in the system model, firstly the ratio 2B/f0 = 8¢ — 4
at worst, so the MIMO is truly narrowband. Regarding the orthogonality hypothesis, the
Cross-Ambiguity Function (CAF) of s1(¢) and so(t) is presented in Figure 5.1 and Figure
5.2 to evaluate how good the approximation is for different delays and Doppler shifts,

respectively for the frequency and the code case.

Cross - Ambiguity Function - nT_ %10 0-I Dcpple cut

PAAARRRRT
., { A “‘ I ‘\ il \‘ I i |
NI Il 4
I
M I HHH\“ | |
| \H\m {11 | \‘ \H\ il
‘ T

H\M‘\\\‘H‘HMINM\ r/

Time delay [s] 10"

o 2 N w & o o

<104 0-delay cut

Frequency shift [Hz] x10%

Figure 5.1: CAF for the frequency case. The complete function is scaled in dB, while the
cuts are linearly scaled.
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Cross - Ambiguity Function %10 0-Doppler cut
T T
24 —

26 —

28 —

Time delay [s] x107#

30 —

| 103 0-delay cut
: -

34—

36 —

-15 -1 -05 0 05 1 15
Frequency shift [Hz] x10*

Figure 5.2: CAF for the frequency case. The complete function is scaled in dB, while the
cuts are linearly scaled.

Regarding the comparison between the 2 cases, energy-wise the signals are clearly the
same. Bandwidth wise, the orthogonality in frequency is achieved at the cost of spectral
efficiency: of the 9 M Hz of bandwidth available, only a small fraction is used since each
transmitted signal has a bandwidth of 3.5 K Hz and the spacing is very high. Meanwhile,
each random code will occupy, on average, the whole bandwidth. This difference of
bandwidth is only relevant for the resolution of the radar: in the FIM, with coherent
processing, the term related to the bandwidth in the information on delay is o< B2, and
get eclipsed by the term o< fZ related to the phase information. Because investigating the
resolution of a MIMO radar is a problem already solved in literature, i.e. [4], and is out of
the scope of this thesis, the difference in bandwidth will be ignored: however, in Figures
5.3 and 5.4 some cuts of the ambiguity functions of a MIMO radar are shown, both for
the frequency and code cases, with and without coherent processing. Also, after showing
that the bounds for the 2 cases are almost identical, the remaining graphs will be plotted
from the frequency case, for which the bounds can be derived in exact form. In the case of
non-coherent processing, the f0? term would disappear, and the signal bandwidth would
be relevant.

Regarding the bounds on the velocity, they are poor because the information on Doppler
is proportional to the pulse length, given that only pulse is being used for detection:
increasing T would provide better accuracy, without losing on the bounds for position.
It is important to notice, though, that the resolution of the radar is relevant when the
actual Mean Square Error (MSE) of the parameters is evaluated because it sets the "Cell-
Under-Test" dimensions: then the real MSE will follow the CRLB up to a certain value of
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SCR, and after that it will reach a plateau because only 1 decision for CUT can be made.
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09 —NC

(a) Ambiguity function for y, i.e. with fixed
z =0, v, =0, vy, = 0, in the frequency
case. In red the incoherent processing one
is shown to be always worse. Given the
high value of fo w.r.t. T, the peaks of the
comb-like coherent AF are extremely nar-
row (81073m)
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(b) Ambiguity function for v,, i.e. with
fixed x =0, y =0, v, = 0, in the frequency
case. In red the incoherent processing one
is shown to be always worse. Given the low
coherent integration interval, resolution in
the velocity domain is poor

Figure 5.3
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(a) Ambiguity function for y, i.e. with fixed (b) Ambiguity function for v,, i.e. with
z =0, v, =0, vy, =0, in the code case. In fixed z = 0, y = 0, v, = 0, in the code
red the incoherent processing one is shown case. In red the incoherent processing one
to be always worse. Given the high value of is shown to be always worse. Given the low
fo w.r.t. T, the peaks of the comb-like co- coherent integration interval, resolution in
herent AF are extremely narrow (810~3m) the velocity domain is poor

Figure 5.4
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5.2 Results - Ring Topology

System geomet
6000 L B it

#2

4000

2000 -

yIm]
o

-2000 -

-4000 -

6000 L L L L )
-6000 -4000 -2000 0 2000 4000 6000

Figure 5.5: Ring Topology for the aray configuration. The target is in the center

In this scenario all the antennas are at the same distance r = 500 m from the target,
which is positioned in the center of the coordinate system (z = 0 m, y = 0 m). At
first the configuration presented in Figure 5.5 is considered, with 4 transmitters/receivers
equally spaced, and a target moving with (v,,v,) = (20,20) m/s and characterized by a
reflection coefficient ¢ = ¢?%. The Signal-to-Clutter Ratio (SCR) is defined as

Transmitted Energy  FEEJ|(> E v—2

Clutter Power N Mazﬁ - Mo?2 v

SCR = (5.4)

where 0%—12 is the variance of a complex-t clutter with scatter o2

dom: given this relation, it is necessary that v > 2 in order to have a finite power clutter.

and v degrees of fre-

Also, as shown in Chapter 3, for v — oo the complex-t distribution converges to the
gaussian distributio: thus, when evaluating the CRLB against the degrees of freedom of
the distribution, the lower v considered is 2.1, while the higher is 32, which is already a

high enough value to consider the distribution Gaussian.

5.2.1 CRLB - Case 1

Firstly, the results for the spatially independent clutter are presented.
Figure 5.6 shows how the Cramér-Rao bounds behave against the degrees of freedom of
the clutter distribution: only x and v, are shown, but the other 2 bounds behave similarly

given the simmetry of the distribution. As predicted, the curves converge to the same line

DISTRIBUTION A: Distribution approved for public release. Distribution unlimited



CHAPTER 5. NUMERICAL RESULTS 61

with v increasing. Also, the bound on velocity is much larger than the one on position:
this is due to the fact that only 1 pulse per CPI (Coherent Processing Interval) is being
considered, which lowers the performance of the radar in the Doppler domain. It should
be noted that, because the SCR depends on v, this comparison is not fair from the p.o.v.
of the total transmitted energy FE: in order to have the same SCR, the lower v is, the
higher F must be to compensate (with o2 = 1 fixed): this explains why, when the clutter
becomes spikier, the bounds appear to improve. Alternatively, it can be said that the
comparison is not fair from the p.o.v. of the variance of the distribution, since it is the
scatter parameter that is fixed. When the E, or the variance, is fixed, it can be seen from
Figure 5.7 that, as one would expect, the bounds deteriorate with v increasing.

In order to further validate the orthogonality assumption made at the start of this thesis,
in Figure 5.8 the same bounds derived under the orthogonality assumption are compared
with those derived without it: although they are slightly different, even more so when the
target is not in the origin, the order of magnitude is the same of the approximate bounds,

thus proving that the assumption is reasonable.
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(a) Square root of the CRLB on x, both in
frequency and code cases. The model is the
same presented in Figure 5.5

CRLB for Vo

—>—freq, v=2.1

—©S—code, v =2.1
—=—freq, v =4
—&—code, v =4
—>—freq,v=8
—©S—code, v =8
freq, » =16

code, v = 16

freq, v =32

code, v =32 | 4

=

CRLB"2 [m/s]

1072720 71‘5 71‘0 7‘5 (‘J é 16 1‘5 2‘0 2‘5 30
SCR [dB]

(b) Square root of the CRLB on v, both

in frequency and code cases. The model is

the same presented in Figure 5.5

Figure 5.6
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CRLB for x - Same Energy Comparison
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(a) Square root of the CRLB on z, for the
frequency case. Same model as Figure 5.5,
but this time F is fixed for different values
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frequency case. Same model as Figure 5.5,
but this time F is fixed for different values
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with and without the orthogonality as-
sumption. Same mode as Flgure 5.3

SCR [dB]

(b) Comparison of the bounds on v, both
with and without the orthogonality as-
sumption. Same mode as Flgure 5.3

Figure 5.8

Other interesting parameters that influence the performance of the radar are the tar-

get’s position and velocity, and the number and location of the antennas. In Figure 5.9 the

bounds are shown against different target velocities, with v = 2.1. Because the derived

bounds on the parameter vector 8 are independent of the Doppler shifts, thanks to the

orthogonality hypothesis, the only dependence is in the form of the P matrix, thus the

bounds don’t vary with different velocities. Even when considering the true signals, as

shown in Figure 5.10, the variation over different values of v is minor, independently of

the position (a target at (z,y) = (350m,350m) was considered for these figures). Again,
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the bounds are only slightly different from those derived with truly orthogonal signals,

proving again that the assumption made was correct.
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(b) Square root of the bound on z for dif-
ferent velocities. Same model as Figure 5.5,
v =2.1and SCR = 15dB

Figure 5.9
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(b) Square root of the bound on x for dif-
ferent velocities, without the orthogonality
assumption. Same model as Figure 5.5,
v =2.1and SCR = 15dB

Figure 5.10

In Figure 5.10 the relation between the bounds and the number of antennas is exam-
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ined, again with the assumption that the single radars are equally spaced, i.e.

x = x, = reos(a)
v =y = rsin(a) (5.5)
a=2r0,1/M,...,1—1/M|.

The observed dependency on the number of antennas is very minor: because the total
transmitted energy doesn’t vary, increasing the number of transmitters also decreases the
power of each transmitted signal. Having more antennas should improve the resolution

capabilities of the radar, but as already shown the bounds are mostly independent of the

resolution.
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(a) Square root of the bound on x for in- (b) Square root of the bound on v, for in-
creasing number of antennas. The anten- creasing number of antennas. The anten-
nas are still uniformly distributed around nas are still uniformly distributed around
the target, and each antenna acts as both the target, and each antenna acts as both
a transmitter and a receiver, v = 2.1 and a transmitter and a receiver, v = 2.1 and
SCR = 15dB SCR = 15dB
Figure 5.11

In order to evaluate the accuracy of a given distribution of radars over the area of

interest, the following functions

erTyy = \/C'RLBQC +CRLB,
erry,, 2 \/CRLB,, + CRLB,,

(5.6)

are defined. When considering an efficient estimator, these functions represent the stan-

dard deviation of the estimation error (averaged over the 2 components for both posi-
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tion and velocity), and are used to give a measure of the precision of systems like GPS
[GOD10]. In Figures 5.12 through 5.16 the error functions are shown for several configura-
tions: transmitters and receivers are represented by black and red triangles, respectively;

the bounds are plotted in dB, while the black lines are same-level curves. The SCR is set
to 15dB for each figure
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As it can be seen, the distribution of transmitters and receivers has a great impact on
the performance of the radar, spatially-wise. As expected, having the antennas uniformly
distributed on the ring is generally better for the position bound, that is almost the
same over the whole circle; for the velocity bound, the maximum is at the center of the
constellation. This can be explained by considering separately each of the N x M bi-
static couples (counting also the degenerate ones when the tx and rx coincide): when
the target is on the baseline of a bi-static radar, its Doppler is always 0 and its delay
is always constant since the distance is always the length of the baseline, thus giving no
information on velocity and much less information on position. Then the maximum in
the center found in Figure 5.12 and Figure 5.15 is to be expected, since the origin is on
4 different baselines and near 8 different baselines, respectively. A similar reasoning can
be applied to the case of Figure 5.16. When near the baseline of a bi-static radar, the
Doppler shift and time delay observed don’t vary much with position and velocity, and
this is more true for the components parallel to the baseline: in this case the area with the
higher bounds derives from the intersection of many vertical or almost vertical baselines
and the almost horizontal baselines k = 1,/ = 4 and k£ = 4,] = 1. Moving away from
the horizontal axis (y = 0), the information provided by the 2 aforementioned bi-static

couples increase, thus improving the bounds.
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5.2.2 CRLB - Case 2

In order to study the Case 2 scenario, i.e. the spatially correlated clutter, the scatter

matrix is modeled following [QIA10]:
(2], = o pBem! (5.7)

where Aay,, is the angular distance between receivers m and n, i.e. the angles between
the m! receiver, the target, the n'* receiver. While for phased arrays an AR(1) would be
used, in this case this model better reflects the physics behind the chosen scenario: then
p is not to be mistaken for some sort of correlation coefficient.

To check the goodness of the derivation, in Figure 5.17 the Case 1 and Case 2 bounds
are compared for the same scenario described in Figure 5.5: it is chosen p = 0.01 in order
to have achieve clutter orthogonality, and » = 50 in order to claim that orthogonality
equals independence, since for that high number of degrees of freedom the distribution is
normal. Since the curves follow each other closely, the results of Chapter 3 are consistent

with each other.
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(a) Comparison of the square root of the
bounds on z for the case 1 and case 2 mod-
els. v =50 and p = 0.01 to simulate spatial
white clutter. Same model as Figure 5.5

(b) Comparison of the square root of the
bounds on v, for the case 1 and case 2 mod-
els. v =50 and p = 0.01 to simulate spatial
white clutter. Same model as Figure 5.5

Figure 5.17

Then, similarly to what has been done in Case 1, other properties of the CRLB are
explored, this time with p = 1/5. In Figure 5.18 the CRLB is plotted for different values
of v, and, as done in Figure 5.7, the comparison is fair for the total transmitted energy:

as expected, even under correlation the less spiky clutter over performs the spikier one.
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Figure 5.18

Then the relation with the number of antennas is shown in Figure 5.19, and the result is
compared both to that of case 1 and to the Gaussian equivalent, for an SCR of 30dB. Even
under correlated clutter, the bounds still improve with an increasing number of antennas:
this also suggests that even for correlated clutter, CRLB performance can be achieved not
only for high SCR, but also for high N x M. In addition to this, while for a low number
of antennas the correlated clutter seems to outperform, albeit slightly, the independent

one, this is clearly not true when the number of antennas is high (which reflects to high

correlation between receivers, as the angular distance reduces with increasing N), meaning
that the behaviour for low N x M can be considered a result of numerical approximation

(given that for case 2, formulas have been implemented in the frequency domain, while

for case 1 a closed solution was found).
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5.2.3 HCRLB

Finally, the Hybrid CRLB is presented against the ideal case. As shown in Chapter 4,
the CRLB is increased by a factor ACRLB that depends both on the signal paramters
and the phase mismatch variance. In Figure 5.20 the HCRLB is plotted against the SCR

for v = 2.1 and different values of the residual phase variance .
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Figure 5.20
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As it can be seen, a high phase mismatch between the oscillators of the system can
cause catastrophic performance degradation regarding the estimate of the target position.
At low SCR, the effect of the phase mismatch is negligible even for high og: at low SCRs
the detection is already compromised, so the random phase term has less of an effect. At
high SCR the effect is more destructive, and the bounds heavily deteriorate. Obviously,
the higher the phase variance, the bigger the degradation of performances. On the other
hand, the bounds on the velocity of the target appear largely unaffected by the phase
mismatch. This can be attributed to the fact that the Doppler estimation is unaffected
by the phase errors because they are constant in the observation interval, and only 1
pulse is being considered (so the phase variation is the same as the ideal case). Then the
phase noise can only influence the velocity estimation through the errors on the position,
following the relations given in Chapter 2. But the dependency on the velocity is generally
stronger than the dependency on position, as also seen in the CRLB cross-terms, and the
estimate on the velocity is already poor, given the short signal length, meaning that these
effects can be considered negligible.

A parameter to represent the phase mismatch tolerance of the system could be the value
of Ui for which, at the required SCR of the system, the ACRLB equals the ideal CRLB,
which has been found numerically and shown in the figure: then the synchronization
system must be able to achieve such phase error variance at worst, in order for the system

to function properly.
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Chapter 6
Conclusions

MIMO Radars are the next generation of radars. They can achieve greater performances
than traditional radars, like much higher resolutions or target fading resistance thanks to
spatial diversity. The price for higher performances is payed as higher costs and system
complexity, in particular for widely distributed radars which require a common data fu-
sion center to achieve optimal performances.

In this thesis the problem of the MIMO Radar performances under Complex Symmetric
Clutter has been studied from the point of view of the Cramer-Rao Lower Bounds. The
coherent processing and widely distributed case has been considered, and the bounds have
been derived both for independent and spatially correlated complex-t distributed clutter.
The relations between the bounds and several target parameters have been examined, like
the operating frequency, the signal-to-clutter ratio or the number of antennas, and have
been shown improving the performances even under correlated clutter. It has been shown
that the bounds have a very low dependence on the signals’ bandwidth, by comparing
the classical rectangular pulse signals to the (higher bandwidth) code modulated ones,
thanks to the coherent processing. In addition, the effect of the phase mismatch between
different oscillators have been studied, and the Hybrid CRLB has been proposed.
Regarding future work, it would be interesting to add time-correlation to the clutter in
order to better mimic real-world clutter behaviour and offer a complete analysis of the
MIMO radar performances. In addition the colocated MIMO case is also an interesting
problem to analyze, since its applications are very different from the widely distributed
(like missiles or automotive) and its performances can be directly compared with those
of the phased arrays. Finally, while the work has been focused on the CRLBSs, the max-
imum likelihood estimator is not readily available: future work should focus on deriving
working approximations, possibly with iterative algorithms, to then compare them to
the maximum achievable bounds in order to propose viable, albeit suboptimal, receivers

architectures.
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In this appendix it is discussed how to calculate the various expectations related to the
FIM when the noise is assumed having a Ct distribution. They appear in one of the

following forms:

E{(Hit)_l}, E{<1+2Vt>_2}, E{<1+2yt>_1rp}
S (T AR G R (A
(7.1)

where r, = [r], p = 1...m are the samples of a Ct,,, (E{r},), with 3 being the

scatter matrix, m the dimension and v the degrees of freedom. In general

E{f } / / dTl dry, =

_ —2m+v

2t v
1+ — dry...dr,, =
yz| (+u) e dr

|E|/ /fl ( )(1+2Vt> dry...dr,, =

2m—2a+v

!2|/ o it ( )_ T dn. . dry,

where a can be either -2 or -1, and fi(r) can be either 1, 7, r,ry or 7,1y, An easy

way to evaluate the integral would be to change the variables of integration such that

% — Vfga: this way, the second argument in the integral would become a scaled

pdf of a Ct distribution with v — 2a degrees of freedom. Such a transformation is z =

7
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\/y—?a(r —E{r}),and ¥ = 2-z"%z =20 Then, the integral becomes

v v—2a

7<1/—2a> / /mfl (FZJFE{T})( ?12a>_wdzl...dzm:

a5 )
_CmI/72a v —2a

2t _ —2m—2a+v
m,v—2a 1 2
/ /m (,/ z+E{'r}> 3 <1+I/—26L> dzy...dzy,

(7.3)

where the second term is exactly the pdf of a Ct,,,_2, (0,%). Now, since fi(r) is not a
function of all the elements of z, the integration is performed first w.r.t. the other elements,
leading to the marginal pdf w.r.t. the elements from which f;(r) depends: this sub-vector
maintains a Ct distribution with the same degrees of freedom and corresponding elements
of the mean value and scatter matrix. In case fi(r), the integral equals 1 since the

argument is a pdf. Thus

-1 —=2miEte
E{(1+2Vt> }:Ciy+2(y+2> / /m ’|”E|+2< y2i12> dzy ... dz, =
—
(7.4)
-2 —=2midty
E{(1+2Vt> }:Ciy+4(y+4> [ TE|+4< V2i14> dzr .. oy =
— o
(7.5)

20\ 7!
E { (1 + ) rp} =
1%
—2m—2a+v

Vit + Biry) 2 N\ T 7.6
—062/ / Cvt2 +2 TZ| r <1+ L > ’ dz,...dz, = (7.6)
v—2a

= a2E{7"p}
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2t\ 2
E{<1+) rp}:
v
/VLZ +E{7~} ot _=2midtv
:041/"'/ Crnpta S r <1+ 1) i dz,...dz, =
(C'm

13 v+4

= a E{ry}

2
— / .. /Cm Cooy s (%zp + E{r,}) (%;@zq + E{r}) y

3|
—2m+4+v
2t T2
x (1 dzy . dzy, =
( 2 +4> a2
%Hzpzq —+ E{TP}E{Tq} + \/%Zp -+ %qu
e 2]
—2m+4+v
2t1 -T2
1 dzy...dz, =
. ( * V+4> A a2

= ar E{rp} E{r,}

E {(1 + 2:)—2 r,,r;} =
— oy / L / Cois (\/;sz + E{r,}) (\/;’;42;; + E{r}) )

P
—2m+44v
2t4 T2
x (1 dz1 ... dzy, =
( * v +4> 1 “
= / .. / Cm’y+4%+4zpz‘}k + E{TP}E{T;} + %Hzp -+ VLH'Z:]( o
e 3|
—2m+4+v
2t1 T2
x (1 dz1 ... dzy, =
( * v +4> %1 “
* v V+4 . v
= OJ1E{7"p}E{7”q} + Oélmmapq = OélE{Tp}E{Tq} + almo—pq
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where 0,, = [X] ~and , from the properties of Ct distributions and by identifying I'(z)

Pq
as the gamma function,

v+4
—0
v+42 PP

E{z,} =0, E{zpzy} = E{zz,} =0

ey v o\" r (27”%) r (%—”) (v + 4m)™ vo\m
“= CW(V+4> T () 1 (%) (e <u+4)
Cow ( v\ D(E)T(BY) (v +2m)™ oy \m
M o <v+2> T (22T (8) (m)m <v+2)

(7.10)
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APPENDIX II

In this appendix the summations found in the CRLBs get solved for the specific classes of
transmitted signals chosen, mostly through the means of the Parseval’s Theorem applied
to the Fourier Transform: because the signals are band-limited, the integration interval in
the frequency domain is limited to [—1/T + fx,1/T + fi] (First-Null Band-Width). The

first case examined is the frequency modulated one, i.e. the case where

Ts (ior(p t—"1T/2
sk(t):\/?e(ﬂ”(k 1)Aft)rect< T/ >, k=1...M

Sk(f):ﬁsznc((f fi)T)e —m(f=fe)T

(8.1)

with f = (k — DA,
From equations (3.28) and (3.32)

No—1 ask(nT — le) 1 To ask(t — le)
5 T, — ~ — — M e¥(t — dt =

nZ:O 8% (TL le) T 87—lk Sk( le)

1 Ti+T ask(t — le) T 8sk(7)
= — — 5 (t — dt = —/ * dr =

Ts Tik ale Sk( le) T 0 Sk(T) T

1 phtyT 2T .
= = 2 1S df = % (f + )T T sinc(fT)df =

S fk*l/T -

1/T 1/T 1
— 2nT / / Fsin(fT)df + 227 fiT / / sinc(fT)df = 2mfTo = 2 fi
—-1/T —-1/T

(8.2)

because fsinc?(fT) is an odd function integrated over a symmetric interval.
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From equations (3.36) and (3.37)

Mot 1 [tT T, ¢ 1 [
T, — T = dt = — =
nz;; n|sk(n i) T ) TT, T [ ]le
1 T Ty
(8.3)
From equation (3.42)
Nil 8sk(nTs — le) 2 1 [utT 8Sk(t — le / ask d
N — Zokv - TR -
n=0 87—11@ Ts Tik ale T
1 [fetlT 42 YT ,
T 4?2 1Sk df = (f + Ji) TTosine(fT)df =
s Jfe—1/T Ts J-yr
4 vy, 82T fi, (LT sin? YT
- - in?(r fT)d / T)d 42T2/ inc(fT)df =
T/_I/Tsm (mfT)df + Rl B (fT)df + 47T f;; _I/Tsmc (fT)df
4 1
T7W+O+4W2fk = ‘|'4772fk
(8.4)
From equation (3.43)
No—1
o 1 Tk +T 1 T
> n?|sp(nT, — n)|” ~ ﬁ/ £ st — ) |* dt = T3 / (T47)? s (7) P dr =
n=0 s YTk
1 TT, 9 1 T3 T2 Tle 7'2
= — s — d _ - | T2 T 2 — -k Tk
T;/o (7~ ) dr T3T<3+ Tt T”f) 372 T T2 T2
(8.5)
From equation (3.48)
Ni—:l 85k(nTs — le) *< T ) 1 /To task(t — le) *(t )dt
n sp(nT, — N — —5(t — =
n—0 8le K Tik T52 0 8le K Tik
o 1 Tie+T 0sk(t—77k) " 1 T 8sk(7) " -
= Tf/m tlesk( Ty )dt = T2/ (T 4+ k) 57 sp(T)dr =
927 1Tk 1 phttT 9 d .
= SR g [ RIS I
S k—
(8.6)
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and
1 fetl/T J d
2nfS df =
7 o ap RIS SHNA
T h+UT (
_ = = (f—fi)T m(f=fe)T gf —
= =T ) e g fsmel(f = FOT)e 00T sine((f = fi))er =107 df =
T fu+1/T .o ()T
= [ s = S0+ 1 (st = e )
x sinc((f — fi)T)e™V 7] df =
T T T T o
= —— sinc”(fT)df + —/ gL (f + fr)sine*(fT)df +
Ty J-1T T, J-1/T
T (T d T
L 7+ 10 = sinel ) -
grfe T T (YUT |cos(nfT)  sinc(fT)]| .
Ts T Ts J-yr f f smelfT)df
1 gymefi T T YT .9 . _
T + T, T ) < sinc®(fT) + smc(fT)cos(WfT)) df =
1 N g T N 1 T VT sin(mfT)cos(n fT) if =
T T T, Ty J-yr nfT
1 ]ﬂ'fkT 1 T T . jﬂ'fk 1 ]ﬂ'fk 1
S — - 2TVdf = — .
TS+ T, —l—Ts T ) sinc(2fT)df Ts T, +T 5T, T, or
(8.7)
Then, given § = =24+292 4, for the frequency modulated signals the equations derived
in Ch. 3 become
e eq. (3.28): Bdn(fo — fk)CImﬁ
e eq. (3.32): —p4n(f, — fk,)CReMLU2
o eq. (3.36): BT (T + 274)Crm ez
e eq. (3.37): —pB4n(T + 271)Cre 7oz
o cq. (3.42): B (872f2 +8m2 fZ + ) IC125all — U,k — K]
e eq. (3.43): [8x? (%2 + Ty, + Tfk) (P50l — Uk — &]
o cq. (3.48): —B872(fo — fr) (% + le) C[*<E50l — Uk — k).

Regarding the pseudo-noise signals, the aforementioned method is still valid, although the
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integrals can’t be simplified. In this case it is:

T, N2t t—T,/2 —iT,
sE(t) = QTZCMTect< ; ! >, k=1...M
i=0 s

T No—1 '
Sk(f) = \/;Tssinc (fTs) eI (Ts) Z ck’iefJQﬂszs_

=0
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Regarding the derivation under correlated clutter, the steps are the same, although in
this case the integrals do not simplify even for the orthogonal in frequency signals.
Finally, in order to prove that orthogonality is maintained even in the presence of fre-
quency derivatives (caused by the nT, and n?T? terms related to the Doppler shift infor-
mation), the ambiguity functions are presented for those cases as well. Numerical values

are hose already used at the start of Chapter 5.
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Figure 8.1: CAF for the frequency case, when one of the signals is multiplied by nT,. The
complete function is shown in dB, while the cuts are linearly scaled
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Figure 8.2: CAF for the code case, when one of the signals is multiplied by nT;. The
complete function is shown in dB, while the cuts are linearly scaled
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Figure 8.4: CAF for the code case, when one of the signals is multiplied by (n7})?. The
complete function is shown in dB, while the cuts are linearly scaled
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