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Abstract

Rendezvous and Proximity Operations (RPOs) of two autonomous spacecraft have been extensively studied in the past years,
taking into account both the strict requirements in terms of spacecraft dynamics variations and the limitations due to the actuation
system. In this paper, two different Model Predictive Control (MPC) schemes have been considered to control the spacecraft during
the final phase of the rendezvous maneuver in order to ensure mission constraints satisfaction for any modeled disturbance affecting
the system. Classical MPC suitably balances stability and computational effort required for online implementation whereas Tube-
based Robust MPC represents an appealing strategy to handle disturbances while ensuring robustness. For the robust scheme, the
computational effort reduction is ensured adopting a time-varying control law where the feedback gain matrix is evaluated offline,
applying a Linear Matrix Inequality approach to the state feedback stabilization criterion. An extensive verification campaign for
the performance evaluation and comparison in terms of constraint satisfaction, fuel consumption and computational cost, i.e. CPU
time, has been carried out on both a three degrees-of-freedom (DoF) orbital simulator and an experimental testbed composed
by two Floating Spacecraft Simulators reproducing a quasi-frictionless motion. Main conclusions are drawn with respect to the
mission expectations.

Keywords: Robust Control, Model Predictive Control, Automated Rendezvous and Docking

1. Introduction be more effective than other controllers in terms of fuel con-
sumption.

Automated rendezvous and docking (RVD) missions have For this reason, in this research, special attention has been
been widely studied in the last ten years. During these mis- reserved to the adoption of MPC, for its ability to deal with
sions, controlled trajectories, in which a Chaser spacecraft tries the constraints that typically characterize this maneuver, both
to reach and dock a Target spacecraft, are guaranteed by a con- in terms of relative position and velocity, as well as actua-
trol system, able to handle uncertainties and external environ- tion system limitations. The approach proposed here moves
ment disturbances. Different control techniques have been pro- along the lines of previous works employing MPC schemes for
posed in literature, including feedback-linearization-based ap- RVD. A Linear Quadratic MPC (LQMPC) has been adopted to
proach [1], Riccati equation techniques [2], sliding-mode control enforce thrust magnitude limitation, line of sight (LOS) con-
(SMC) [3], and other control setups in [4, 5]. In [1] the problem  g4ints  and velocity constraints for soft docking in [6]. In
of motion synchronization of free-flying robotic spacecraft and [7], a low-complexity MPC scheme for three degree-of-freedom

serviceable floating objects in space is considered, but a limita- (DoF) spacecraft system is developed for the low-thrust ren-
tion of this approach is that the linear system can be different

from the nonlinear one, due to the cancellation of nonlinearities.
The Riccati equation techniques (as in [2]) are simple, numeri-
cally stable and competitive in computational effort with other
known methods. However, only small parametric uncertainties

are included. In [3] SMC strategies are proposed for thruster solving the spacecraft rendezvous problem. In the last years,
control, even if it is deemed to lead to excessive fuel consump- focusing on robust approach, a new appealing approach has
tion, due to switching on/off thrusters at high frequency. Even been introduced, called Tube-based Robust MPC (TRMPC),
if a fuel-efficient algorithm is proposed, a high consumption is  which focuses on two main goals: (i) the robustness to additive
verified to track the docking port. As clearly explained in [4], disturbances and (ii) the computational efficiency of a classi-

a model predictive control approach for spacecraft proximity cal MPC. Moreover, this algorithm is split in two parts: (i)
maneuvering which could effectively handle the constraints on

thrust magnitude, line-of-sight, and approach velocity, and can

dezvous and proximity operations.

However, in all of these approaches, orbital perturbations,
disturbances, and model errors are not taken into account. In
[8], the improved performance of a robust MPC in the presence
of disturbances, compared with a classical one, are highlighted

an offline evaluation of the constraints to ensure the uncertain
future trajectories lie in sequence of sets, known as tubes, and
(ii) the online MPC scheme applied to the nominal trajectories,
*corresponding author representing the center of the tube itself as in [9].
Email address: martina.mammarella@polito.it (M. The main ideas of this paper are to evaluate the perfor-
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mance of a robust MPC controller, both in simulations and
on an experimental setup, and to demonstrate the real-time
effectiveness of the proposed robust approach. Moreover, this
proposed MPC controller is able to handle uncertainties due
to external disturbances and additive noise, according to the
recent trend in literature [10]. Starting from the approach pro-
posed in [11], our idea is to evaluate for the first time the perfor-
mance of this controller within the space rendezvous scenario
both in simulation, for a three degree-of-freedom (DoF') orbital
simulator, and in an experimental setup, i.e. in a three DoF
air-bearing spacecraft testbed. Hence, a real-time implemen-
tation of the TRMPC approach is here proposed to test the
effectiveness of the controller on board.

In order to reach a reasonable computational effort for the
robust approach, a time-varying control law is adopted where
the feedback gain matrix is evaluated offline. A Linear Matrix
Inequalities (LMI) approach is applied to the state feedback
stabilization criterion for the stability analysis and the evalua-
tion of the feedback matrix. As explained in [12] and in [13], the
proposed method improves the computational efficiency of a ro-
bust MPC even using low-thrust propulsion, typically adopted
in the final phase of RVD maneuver, as in the proposed case-
study. Furthermore, due to the presence of parametric physi-
cal uncertainties and discrepancies between the mathematical
model and the actual dynamics of the physical system in op-
eration, as non linearities and neglected high-order dynamics,
the LMI approach is able to reduce the computational effort re-
quired by other robust controller, guaranteeing the stability of
the system and improving real-time implementation feasibility.
The modeled uncertainties are related to the model lineariza-
tion of the Hill-Clohessy-Wiltshire (HCW) equations, in which
the coupling between the position and speed variables and the
quadratic terms related to the distance between the Target and
the chaser are neglected. In detail, all the terms o(p®/R?) are
not considered, with p the distance between the two spacecraft
and R the distance between the Target and the Earth [14].
Moreover, the uncertainties of the control matrix are related
to the mass and inertia variation due to the fuel consumption.
The LMI approach applied to the Edge Theorem, generaliza-
tion of the Kharitonov Theorem, allows the offline definition of
the feedback gain matrix, which is adopted to define the time-
varying control law. Further information of both Edge Theo-
rem and Kharitonov Theorem can be found in [16]. Finally, the
robust TRMPC is compared with a classical LQMPC in terms
of computational cost, fuel consumption, and constraints satis-
faction when the system is affected by persistent bounded un-
certainties. The LQMPC, proposed in this paper, was deeply
validated in [15], in which a LQMPC and inverse dynamics in
the virtual domain (IDVD) guidance methods are combined.

An extensive verification campaign, both in simulation and
in an experimental testbed, has been accomplished to validate
the performance of the TRMPC. Its compatibility for real-time
implementation and constraint satisfaction has been verified
when the system is affected by bounded additive disturbances.
As said before, the simulations are carried out on a three DoF
orbital simulator. Instead, the experimental verification has
been carried out using two spacecraft that float over a pol-
ished granite monolith surface reproducing a quasi-frictionless
motion in Spacecraft Robotics Laboratory at the Naval Post-
graduate School [17].

The paper is organized as follows. In Section 2 and 3 the
model setup, both of the simulation environment (three DoF)

and of the experimental testbed are presented. The control
objective and the system dynamics are explained in detail in
Section 4. In Section 5 the MPC design is described, focusing
on the theory of the TRMPC and how the concept of Tube
is introduced and defined, according to a constraint tightening
approach. The simulation results obtained with the three DoF
orbital simulator are presented in Section 6 while experimental
results are described in Section 7, together with a comparison
of the performance of LQMPC and TRMPC. Main conclusions
are drawn in Section 8.

Notation: The notation employed is standard. Blackboard
boldface letters (e.g., X) denote sets. Bold letters, e.g., up =
[wok - - - un—1)x), are used to denote the stack vector of N pre-
dicted values. Positive (semi)definite matrices A are denoted
as A > 0 (A > 0), whereas negative (semi)definite matrices are
denoted as A < 0 (A < 0). The set I>¢ denotes the positive
integers, including 0. We use x;, for the (measured) state at
time k£ and x|, for the state predicted ¢ steps ahead at time k.
A@® B and A S B denotes the Minkowski sum and Pontryagin
set difference, respectively.

2. Model of the translational three DoF relative
orbital maneuver

The nominal relative motion of the two spacecraft in neigh-
boring orbits can be described through HCW linearized equa-
tions in the typical continuous-time state-space formulation as
x = Ax+ Bu, where x = [z, v, 2, &, 9, 2] is the state vector repre-
senting the 3-position and 3-velocity components of the Chaser
with respect to the Target in the local coordinate system (Lo-
cal Vertical Local Horizontal (LVLH) frame), u = [Fy, Fy, F%|
is the control vector, expressed in the body reference frame,
represented by the control force components applied to the
spacecraft through the actuation system. As described in [18],
the LVLH coordinate system is centered on the center of mass
(CoM) of the Target and the axes are defined as follows: the
X axis (Vpar) is in the direction of the orbital velocity vector,
the Y axis (Hpqr) is in the opposite direction of the angular
momentum vector of the orbit, while the Z axis (Rpqr) is ra-
dial from the spacecraft center of mass to the CoM Earth. The
Chaser has the goal to arrive in the proximity of the Target
vehicle, considering a V-bar approach within a cone corridor.
A and B, the state and control matrices respectively, are de-
fined as in [19] as a function of the angular velocity of the orbit
(known and constant) with respect to the inertial frame wo and
the wet mass of the Chaser mcv.

Due to the space environment, external disturbances in
terms of forces and moments, such as the J2, the gravity gra-
dient, and the solar radiation pressure, could affect the vehicle
performance and drive the chaser to violate the constraints. If
these additive noises are included in the spacecraft dynamics,
the following continuous-time uncertain system shall be con-
sidered

% = Ax+ Bu+ B,w, (1)

where w is the vector of persistent noise, mainly related to the
external environment and can be modeled as a random and
bounded noise. In particular, the disturbance sequence is the
realization of a stochastic process where w € W is a random
variable with known distribution, and the set W is a compact
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and convex set, containing the origin in its interior. Then, a
discrete-time representation of system (1) is derived as follows

Xpt1 = Aaxi + Baug + By, Wi, (2)

where Ag4, By, and B, are the discrete matrices correspond-
ing to the continuous ones in (1). A goal of the control is to
drive the system to the docking position, compliant with the
constraints satisfaction in terms of position and velocity during
the proximity maneuver. In a typical cone-approach maneuver
(see Figure 1), the Chaser should lie within the projection of
the approach cone in the z—z orbital plane. As shown in Figure
1(a), the Chaser starts the rendezvous maneuver at © = x; and
ends up to & = xy, where the docking phase begins. The angle
0 defines the approaching truncated cone and is a function of
the cone bases radius, i.e. the initial one r; and ry. In Figure
1(b), the constraints in the y — z plane are represented with re-
spect to the section A — A identified in Figure 1(a). As we can
notice, the constraint set for the position along y is fixed and
equal to [Ymin, Ymaz] = [—7¢,7¢] whereas, in compliance with
Figure 1(a), the constraints along z are time-varying, since the
radius of the cone decreases from 7; at z = z(z;) (black dashed
rectangle) to ry at z = z(zy) (green dashed rectangle).

The related position boundaries can be expressed as follows

xigxgxf7
Ty SY STy
z| < (xy —x)tanb — (r; —ry),
f f

whereas the velocity constraints are defined in order to bound
each velocity components norm to be less or equal to the maxi-
mum one, defined for the maneuver. Hard constraints are con-
sidered also on the input, in order to be compliant with the
saturation of the actuation system. The input constraint set
is defined according to the maximum level of thrust that the
actuators can provide.

3. Model of the planar experimental testbed

The two controllers, the TRMPC as well as the LQMPC
for comparison reasons, are experimentally tested on the Naval
Postgraduate School (NPS) Proximity Operation of Spacecraft:
Experimental hardware-In-the-loop DY Namic simulator (PO-
SEIDYN) testbed. The NPS-POSEIDYN testbed consists of
Floating Spacecraft Simulators (FSS), a polished granite mono-
lith, a Vicon motion capture system, and a ground station com-
puter. Figure 2 shows an overview of the testbed.

The floating surface is a 15 ton, 4-by-4 meter granite mono-
lith, with a planar accuracy of +0.0127 mm and a horizontal
leveling accuracy of less than 0.01 deg. The FSSs float over the
granite surface via three flat air bearings. The quasi-frictionless
environment with the low residual acceleration of the FSS em-
ulates the environment in space. The FSS has eight cold gas
thrusters fed by compressed air from an on-board tank [20].
Using the on-board computer the F'SS is able to perform real-
time computation of guidance and control algorithms. The Vi-
con motion capture system, composed of ten overhead cameras
that track reflectors mounted on the FSS, provides accurate
position and orientation data. These data are streamed to the
FSS using a Wi-Fi connection. They are then augmented with
angular velocity measurements provided by an on-board fiber-
optic gyroscope. A discrete Kalman filter processes the data
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Figure 1: Cone approach for 3DoF Orbital Simulator.

and provides a full state estimate. Detailed description of the
NPS-POSEIDYN testbed can be found in [17].

The FSS dynamic model consists of three double integra-
tors, two translational and one rotational DoF. The discrete-
time dynamics in the presence of additive disturbances is de-
scribed in a state-space formulation as (1), with the discrete-
time state, control, and disturbance matrices corresponding to
the continuous ones reported below
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Figure 2: NPS-POSEIDYN testbed with the Vicon motion capture
cameras, F'SSs, and granite monolith in the Spacecraft Robotics Lab-
oratory at the Naval Postgraduate School. The Target F'SS is on the
right and the Chaser F'SS is on the left.

O3x3
O3x3 I3 L 0 0
A= B=|m B = I,
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(3)
where m and I, are the mass and moment of inertia about the
vertical axis of the F'SS, respectively.
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Figure 3: Cone approach for 3DoF NPS-POSEIDYN testbed.

The Chaser FSS is constrained to lie within a cone (see
Figure 3) and the related boundaries are translated in position
constraints as

zr <z <axr +xi\/§c0s(£ + ¢)/ cos ¢,
yr <y <uyr+ cm/isin(% +¢)/ cos ¢,

where ¢ is the cone angle and (z7,yr) are the final position
of the F'SS Chaser, corresponding to the F'SS Target position.
Bounded constraints are also introduced for the velocity com-
ponents and the relative attitude, as described in Section 5.

The polytope set for the additive disturbance has to be de-
fined. Hence, the persistent uncertainty has been evaluated first
through simulations, and then the results have been validated
experimentally with respect to the testbed environment. Ac-
cording to the specifications of the cold gas thrusters, a random
error related to the thrust magnitude has been taken into ac-
count, considering a +10% error over the maximum thrust level
available. Then, the same mission profile has been simulated
two times. First, both the external environment and the actu-
ation system have been considered ideal, i.e., not affected by
disturbance. Next, the simulation has been repeated consider-
ing noise from the environment and random error affecting the
thrusters. Hence, the states evolutions have been compared,
in order to size the maximum disturbance level that can affect
the system. Then, these results have been later validated with
the characterization of the testbed, performing several experi-
ments, considering same initial conditions.

4. System dynamics and control objective

Let consider a generic model of the form (2), where the noise
is a realization of a stochastic process, each one an independent
and identically distributed (i.i.d.), zero-mean random variable,
with bounded and convex support W € R", containing the
origin in its interior.

The system is subject to hard constraints on both the state
and input of the form

xeX, uel, (4)

where X and U are polytope.

To solve the control problem, a robust MPC algorithm is
considered [11], repeatedly solving the following optimal control
problem where the finite horizon quadratic cost Jy(x,u) to be
minimized at the current time k is

N—1
IN (X, ug) = Z (Xﬁk Qxijp + uaktRui\k) + X%M-,PXNW (5)
i=0
where @ € R™*", Q@ = 0, R € R™*™ R = 0, and P is the
solution of the discrete algebraic Riccati equation.
Due to the presence of a bounded and persistent unknown
disturbance w, the state of the system

Xi|k = Zilk + €ilk (6)

can be split into a nominal part, z;, and an error part, e;,
which represents the deviation of the actual state x;x with
respect to the nominal one. Applying the following feedback
policy

Wk = Vi + K (Xijk — zijk), (7)
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where the matrix K is chosen so that Ax = A + BK is Schur
stable, then the corresponding nominal and error dynamics can
be described respectively by

Zig1)k = AZijk + BVik,  Zojk = Xolk, (8)

e0|k =0. (9)

Hence, the finite horizon optimal quadratic cost (5) can be
re-defined in terms of nominal state z; and control input vy as

Civik = Axeir + Buw,

N—-1

In (28, VE) = Z(Zﬁk Qzii + Vi Rvijk) + 2y Pz, (10)
i—0

and the related finite horizon optimal control problem can be
reformulated as follows.

Definition 1 (Nominal Finite Horizon Optimal Control
Problem) Given the nominal system dynamics (8), cost (10)
and nominal constraints set Z, V, and Zy, the nominal Robust
MPC finite horizon optimization problem is

mvin In (2k, Vi) (11a)
s.t. Zit1|k = Azz‘k + BVz’|k7 Zo|k = Xk,
zix €Z, i€ [l,N], (11b)
vik €V, ie€[0,N —1],
ZN|k € Zf.

The solution of (11) is the optimal nominal control sequence
Voie(zr) = [v5 (05 2k), - - - ,U?q'k(T* 1;2;)] and the first con-
trol action, i.e., An(zr) := v5,(0;2k), represents the optimal
control to be applied. The correspondent control applied on
the uncertain system, according to the control policy adopted,
is

I{N(Xk,zk) ZRN(Zk)+K(Xk —Zk). (12)
The composite close-loop system then satisfies
Xit1k = AXix + BrN (4, Xk, 21) + BuwWijk, (13)

Zip1k = Azijx + BRN (i, 21).

For the TRMPC approach, considering discrete-time Linear
Time Invariant (LTT) formulation of the system and the control
policy defined in Eq. (7), the K matrix is defined to stabilize
the system. The stability analysis has been performed consid-
ering the application of the LMI approach to the state feedback
stabilization criterion, applying the definition of Schur stability
to the closed-loop system

Xit1jk = (A + BK)X;x + Bvij, + Buwwii, (14)

Hence, the satisfaction of the following condition aims to define
the feedback gain matrix K that stabilize the system

(A+BK)"P(A+BK)-P <0, P>0. (15

Adopting a feedback linearization control strategy implies the
definition of a state feedback control law able to overcome sys-
tem nonlinearities and, at the same time, to impose some de-
sired linear dynamics. On the other hand, the control scheme
success is strongly dependent on how much the model descrip-
tion of the system under consideration fit with the real physical
system in operation. Hence, linearizing the system dynamics

means introducing in the plant parametric uncertainties rep-
resenting the discrepancies between the mathematical model
and the actual dynamics, in terms of neglected nonlinearities,
unmodeled high-frequency dynamics, and deliberate reduced-
order models. Furthermore, additional parametric uncertain-
ties are represented by system-parameters variations due to
environmental and/or physical changes. All these errors intro-
duced in the model have to be considered since they might affect
the performance as well as the stability of the control system.
Therefor, a stability analysis must be performed in which para-
metric uncertainties related to the application studied are ex-
plicitly considered. In this work, the stability analysis has been
evaluated through an LMI approach applied to the well-known
Edge Theorem, which is an extension of Karitonov’s theorem
([16]) and states that the stability of a polytope of polynomi-
als can be guaranteed by the stability of its one-dimensional
exposed edge polynomials [21]. The Edge Theorem takes into
account the dependence of the polynomial coefficients on the
uncertain parameters and the coefficients of the polynomials are
affine functions of the uncertain vector g = [q1, ..., ¢, bounded
in the hyper-rectangle B, defined by

Byi={aeR g clg; q/li=1,.1}.  (16)

Theorem 1 (Edge Theorem) Consider the polytope of poly-
nomials P, defined as

p= {p(s,9) = aolq) + ar(q)s + ... +an_1(q)s" " +s"

l , (17)
:ai(q)zaiU—FZaiqu,quq, i=0,.,n—15.
k=1

The family P is Hurwitz if and only if all edges of P are Hurwitz
(see [22]). Starting from the discrete nominal state and control
matrices, Ay and By, the corresponding uncertain matrices are
defined as A; = A4(q—), A} = Aq(q+), B, = Ba(q—), and
Bj = Ba(q+).

Then, a system of four LMI is defined to solve a joint sta-
bilization problem based on the Edge Theorem and Lyapunov
stability condition, coupling the uncertain matrices defined be-
fore. The feedback matrix K, used to define a time-varying
control law, is derived through this approach and ensures the
stability of the system for every modeled uncertainty that may
affect the system itself.

In this work, the adopted linearized dynamics of the Chaser
spacecraft relative to the Target vehicle during the final ap-
proach of the rendezvous maneuver has been derived by Clo-
hessy and Wiltshire in [14], starting from the nonlinear equa-
tions for the restricted three-body problem and considering for
the both the spacecraft a reference circular orbit around a mas-
ter body. Considering the two spacecraft mass infinitesimal
with respect to the mass of the main body and defining p = pi,
and r; = r1i¢ as the position vectors of the Chaser and the
Target spacecraft respectively, and with r = ri¢ the vectorial
sum of the two positions, r=p-+r1, the equations of motion of
the Chaser spacecraft can be rewritten as

2
%+2wx%+wx[wx(p+r1)]:—

w?r3
—Lr
r3

(18)

where w is the orbital angular rate. This differential equation
presents nonlinearities due to the term 1/r. As described in
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[14], the use of a Taylor Series expansion allows to obtain a lin-
ear equation if we ignore the higher order terms, i.e. O(p?/r7)

3
as =k =1—3i¢ ek + O(f—z). Then, Eq. (18) reduces to
1

d? d . .

ES +2w x d—i}—}—w X (wxp) = —w’p+3w(ic-p)ic +O(p?). (19)
We finally get the linearized differential equation for the motion
of the Chaser relative to the Target spacecraft as

2
% + 2w x % = —wCic + 3wE(ic + O(p?).
Ignoring the O(p?) and expressing the position vector in a more
convenient way as

(20)

(21)

with z in the direction of the motion ip, z in the radial direction
ir and iy, = ip X i, normal to the orbital plane. Then, we can
obtain the scalar form of Eq. (19), which is the well-known
HCW Equation. Hence, the parametric uncertainty introduced
in the model are of the same order of O(p?/r?) and O(p?).
When external forces are acting on the system, in this case due
to the correction actions actuated by the thrusters (Fy, F, F-.)
of the AOCS subsystem, we have

p=r=uwxig+ 2zir —yYly, iy =1 W= —wiy,

2
Fa_, dz

dt? dt — mev’
dzy 2 Fy
— +wy = s (22)
dt? mev
d?z dx 2 F.
SZ pows — 3wl = — 2,
a2 T a TR ey

Therefore, additional uncertainties have been introduced in
terms of minimal physical changes of the Chaser spacecraft
mass mcy during the maneuver as well as environmental im-
pact on the orbital angular velocity w. Furthermore, for what
concern the experimental setup, additional simplifications have
been introduced, since the Chaser F'SS dynamics is represented
by only three double integrators, ignoring the coupling between
the two translational DoF's and the angular velocity, and the
inertia with respect to the axis normal to the motion is con-
sidered for the rotational dynamics, implying new physical un-
certainties. All these errors have been taken into account for
the stability analysis and the evaluation of the feedback gain
matrix, which has been derived offline, reducing the computa-
tional effort usually required to robust controllers and allowing
the real-time implementation.

5. Tube-based robust MPC approach

5.1. Definition of tube-based approach

In order to robustly satisfy the mission constraints, they are
tightened to allow the trajectories of the uncertain system, af-
fected by disturbance, to lie in a tube centered on the nominal
one, where each trajectory is related to a particular realiza-
tion of the uncertainty at each time step k. In this Section, the
derivation of the nominal state, input, and terminal constraints
set Z, V, and Zy are described according to the approach pro-
posed in [11], so that the constraints (4) of the system (2) are
satisfied for every realization of the disturbance sequence w, by
suitable design of the tube.

Let define Sk(c0) = 3277, A3 W, the uncertain set of
the error e;;, as the minimal robust positive invariant set for
Xit1|k = AXqk + BuwWijx, w € W. Then, the state and control
constraints are satisfied if

zij € X6 Sk (00),
Vilk clU © KSK(OO)
Satisfaction of the terminal constraint at time instant N for the

uncertain system (2) is ensured if the nominal system satisfies
the tighter constraint

(23)

ZN € Zf - Xf — SK(OO)7 Zf CZ. (24)

These assertions only make sense if the disturbance set W is
sufficiently small to satisfy the following Assumption 1, as de-
fined in [11].

Assumption 1 (Restricted disturbances for constraints sat-
isfaction) Sk C X and KSk C U.

The next step consists in the definition of a robust positively
invariant set Sk for (9) to obtain the tighter constraints acting
on the nominal system. Then the constraints are considered
for the TRMPC problem. Several methods can be adopted, as
proposed in [23], [24], and [25]. Once the uncertainty set W
is evaluated, an inner approximation of the nominal constraint
set is defined, according to the following strategy presented in
[11]:

1. Consider a single linear constraint as

X= {Xi|k € R" | axi|k < b}

2. Since X;|, = z;|x+e;; for all i € I>o, where e, € Sk (00),
it follows that

az; <b— max{aei‘k | ek € SK(OO)} =b—P.
3. Compute an upper approximation of ® as
dn = max {a ZiV:BI AZKW”k | Wik € W}

4. Considering the feedback control matrix K and the pre-
diction horizon N, A¥ € aW with o € (0,1). We then
obtain

Do < (1 —a) 'dy.
5. Hence, the constraint set Z can be defined as
Z = {zi‘k €ER" | az;p <b— (1 — 04)71(1’1\(}.

Analogous procedure has been used to obtain a suitable control
constraint set V.

5.2. Tube-based robust MPC algorithm

Once the tube is defined in order to contain all the trajecto-
ries of an uncertain system subject to additive disturbances, an
optimal control problem can be formulated. The solution of the
problem provides a control policy that minimizes a quadratic
cost. The solution also ensures that the state and control con-
straints are satisfied for all admissible bounded disturbance
sequences. The application of TRMPC guarantees that the
trajectory evolved from the initial state lies within a robust
positive invariant set, defined to satisfy state and control con-
straints acting on the system, allowing to control the uncer-
tain system (2) by constraining its trajectory to lie within a
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tube whose center is the solution of the nominal system (8)
obtained applying the implicit MPC control law &n(zx). The
final TRMPC algorithm can be divided into two parts: (i) an
offline computation of the feedback matrix K, which stabilizes
the system (described in detail in Section 4), and of the tight-
ened constraints set Z and V, as shown in Algorithm 1 and
Algorithm 2, and (ii) the repeated online optimization prob-
lem, i.e., Algorithms 3.

Algorithm 1 Constraint Tightening
procedure CONSTRAINT TIGHTENING
: Define X, U, and W

1:
2
3: Set « € (0,1)

4: Evaluate N subject to A¥ € aW
5 Compute @

6 Evaluate Z, V and Zy

7: end procedure

Algorithm 2 Feedback Gain Evaluation
procedure
Define By as in (16)

1:

2

3 q€supp(By)

4: for each i-th vertex (A, B") do
5: Build (A“ Bi)quupp(Bq)

6 sys, = XAl + ATX - Y"Bl -B]Y
7 end for

8 Solve [X > 0,sys; < 0]

9: Get X and Y

100 Get K=YX !

11: end procedure

Algorithm 3 TRMPC Algorithm

1: procedure

2 Set N

3 At current time £ for i = 0, evaluate x;—ox = 7%

4 fori=0:N—-1 do

5: Set zi—ox = 20 = Tk

6 Solve (11)

7 end for

8 Get vo(z0)

9: Get v9(0; z9) and evaluate z,11 applying vo(0; 2o)
on Eq. (8)

10: Evaluate uy according to Eq. (7), then evaluate

Tp41 applying uy on Eq. (2)
11: end procedure

6. Simulation results

The LQMPC approach has been already validated in a sim-
ulation environment, as described in [6], where it has been
shown how this approach can effectively handle various con-
straints arising in rendezvous and proximity operations in the

orbital plane. ESA’s ORCSAT project [26] has investigated
the adoption of LQMPC on the Mars Sampling Return cap-
ture scenario. Moreover, LQMPC has already been tested in
space by PRISMA project to demonstrate Guidance, Naviga-
tion, and Control (GNC) strategies for spacecraft formation
flying and rendezvous, considering a classical MPC control for
fuel saving based on orbit propagation [27]. On the other hand,
these studies do not consider the robustness of the controller to
persisting disturbances due to several sources that can strongly
affect the spacecraft and may bring the chaser to collide with
the target.

In [8], both classical and robust MPC (not TRMPC) have
been adopted to solve the problem of RVD of spacecraft, using
the HCW model where additive disturbances affect the system
during the maneuver. The results show the classical MPC is
not able to handle disturbances. Hence, in this section the sim-
ulation results related to the application of an LQMPC in the
presence of persistent disturbances will not be reported. On
the other hand, a different robust approach with respect to [8],
i.e., TRMPC approach, has been implemented into a MAT-
LAB/Simulink three DoF orbital simulator to show how the
chosen controller is able to handle the persisting uncertainties
due to the external environment and still robustly satisfy the
mission and system constraints. In this Section, we briefly show
the results related to the application of the TRMPC approach
to the three DoF system translational dynamics. The system of
the form of (2) is affected by persistent bounded disturbances,
related to three main causes: (i) Earth-oblateness resulting in
an asymmetric gravity potential Jo term and a gravity gradi-
ent effect; (ii) drag due to the residual atmosphere; (iii) so-
lar radiation pressure. The other environmental effects due
to third-bodies or disturbances due to thrusters plum interac-
tions are neglected because of the lower impact on the system.
Hence, the set of additive disturbance considered is defined as
w €W = {w| |[w]|e <107?}. The system is subject to hard
constraints on both states and inputs. The uncertain sets have
been introduced in Section 2. The cone geometry and the defin-
ing parameters are reported in Table 1, whereas the tightened
constraints are reported in Table 2.

Table 1: Cone geometry and mission scenario definition.

Parameter Value
T 350 [m]
Ty 0 [m]
Ti 7 [m]
Tf 0.1 [m]
0 10 [deg]

Table 2: 3DoF State and Control tightened constraints.
Parameter = Nominal System Value
Fras [~0.99,0.99] [V]
(Tmins Tmax) [—349.97,4.97] [m)]
(Zminy Zmaz) [_697, 697] [m]
(ymzny ymax) [_007, 007] [m]
V$7Vy7VZ [—012,012] [m/s]

The Chaser vehicle is modeled as a cubic-shape spacecraft
(1.2 m side) with a mass of 600 kg and equipped with six
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Figure 4: TRMPC nominal simulated trajectories for different initial
conditions.

x[m]

Figure 5: TRMPC uncertain simulated trajectories for different ini-
tial conditions.

thrusters, two along each body axis and in two different ori-
entation, each with a specific impulse of I, = 220 s and a
maximum thrust of Fi,qr = 1 N. The reference scenario sees
the Chaser and the Target in a Low Earth Orbit with an alti-
tude of 650 km, at an initial relative distance of —350 m along
the V-bar axis. Moreover, the active vehicle has a residual
velocity of 0.05 m/s with respect to the passive one.

The diagonal matrices Q and R are set to 10% x I and I,
respectively, while P is the solution of the discrete Algebraic
Riccati equation. Furthermore, simulation settings are listed
in Table 3.

Table 3: 3DoF MPC design parameters and model initialization set-
tings.

Parameter Value
MPC Sample Time 1[s]
Prediction Horizon 10

System Sample Time  1[s]

To show the effectiveness of the TRMPC approach for the
last phase of a space rendezvous maneuver, a set of simula-
tions considering different Initial Conditions (ICs) within the
entry cone have been performed considering a minus V-bar ap-
proach,in order to highlight the performance of the controller
for each initial state vector within the state constraint set X.
Figure 4 represents the 3D nominal and disturbed trajectories,
respectively. We can see how the mission constraints in terms
of position are satisfied, both within the cone in the orbital

plane and the out-of-plane corridor. Each trajectory is driven
to converge to the V-bar axis, according to a decreasing pro-
file of the velocity along the approaching axis and satisfying
the terminal constraints of null residual velocity between the
spacecraft. Moreover, comparing the two figures, it is clear how
the effect of disturbances is perceived strongly in the last part
of the maneuver, but also in this phase, the proper definition
of tightened constraints ensure the mission and system con-
straints satisfaction in the presence of additive disturbances,
within the prescribed final safe region.

7. Experimental results

7.1. Scenario initialization

In this section, the results related to the application of
TRMPC to the FSS system dynamics are here presented, to-
gether with the results obtained applying the LQMPC scheme
to compare the performance of the two controllers in the pres-
ence of persistent disturbance. The experimental setup is com-
posed by two FSSs, one moving representing the Chaser and
the other one fixed, the Target, each one with a mass of 9.966 kg
and equipped with a set of eight thrusters of 0.15 N on-board,
controlled via a Sigma-Delta Modulation method [28]. First,
the MATLAB/Simulink based numerical simulator that recre-
ates the whole F'SS system, reproducing its dynamics and em-
ulating the on-board sensors and actuators, is used to validate
the models and tune the controllers. Then, the experiments
are conducted on the NPS-POSEIDYN testbed [17]. The FSS
has an on-board PC-104 computer based on an Intel Atom 1.6
GHz 32 bit processor with a 2 GB of RAM and an 8 GB solid-
state drive. The operating system of the on-board computer is
an RTAl-patched Ubuntu 14.04 Sever Edition which provides
real-time execution capabilities. The developed LQMPC and
TRMPC controllers are cross-compiled for the FSS 32-bit ar-
chitecture and later transferred to the FSS.

The discrete-time linearized system is of the form (2), where
the persistent disturbances affecting the system are defined as
zero-mean random variables defined in an aforementioned con-
vex and compact set w € W = 107 26.

The hard constraints on states and inputs are defined in
Table 7.1 for the uncertain system, which represent also the
constraints for the LQMPC setup, together with the tight-
ened constraints defined for the TRMPC problem. The ma-

Table 4: State and Control constraints.

Parameter Uncertain Nominal
Value Value
Fran £0.15 [NV] £0.0927 [NV]
¢ 10 [deg] 8 [deg]
0 +27 [rad] +6.2496 [rad]
Vi, Vy +0.2 [m/s]  £0.1777 [m/s]
0 +0.1 [rad/s] £0.0777 [rad/s]

trices Q and R are set to diag(10* 10* 10° 10® 10® 1) and
diag(10% 10% 9 x 10%) , respectively, while P is the solution
of the discrete Algebraic Riccati equation. Whereas, for what
concerns the model initialization settings, they are resumed in
Table 5 and have been adopted for both testbed simulations
and experiments. Considering the computation time of the

509

510

511

512

513

514

515

516

517

518

519

528

529

530

531

532

533

534

535

536

537

538

539

540



557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

574

575

576

577

578

579

580

581

582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

TRMPC algorithm and sample time, we adopt a prediction
horizon of 20 in order to guarantee the stability of the sys-

tem and be compliant with the testbed constraint of maximum 4
computation time.
3.5
Table 5: FSS MPC design parameters and model initialization set- 3
tings.
Parameter Value 25
MPC Sample Time 31s] =
Prediction Horizon 20 - .
System Sample Time 0.01[s] 15
GNC Sample Time 0.02 [s]
Maximum Simulation Time 450 [s] 1
According to the mission scenario described in the previous 0:5
Section, two different case studies have been selected, consid- i == EXEERIMENT
ering the following ICs: 0 1 2 3 4
1. Case A : (3.50 3.50 0 0 0 0), representing the optimal x[m]
case from a mission point of view, since the large margin
the Chaser has with respect to the cone boundaries, (a) LQMPC
2. Case B: (3.50 2.65 0 0 0 0), corresponding to the worst-
case scenario, where the spacecraft is close enough to one
of the cone limit that, in presence of uncertainty and 4
without a proper control, it could easily violate the cone
constraints. 35
Each case study has been experimentally reproduced sev- 3
eral times, to validate the behavior of the controller. The result
.. . 25
analysis is based on the following performance parameters:
e Time-to-dock, which defines the total duration of the E
maneuver performed by the Chaser to reach the Target, >
starting from the initial condition; 1.5
e Control effort, which measures the efficiency of the con- 1
trol approach and represents a fuel consumption estima-
The controller performance in terms of computational time and -EXPERIMENT
control effort are reported in Table 6 for Case A, and Tables 00 p > - 4
7 for Case B. In addition, the satisfaction or violation of the % [m]
constraints represents the third parameter in terms of how the
optimization-based controller is able to handle the disturbances
present in the system. Moreover, it is important to highlight (b) TRMPC

that all the trajectories depicted in Figures 6, 7 and 8 have
been obtained with respect to a minimum-effort performance
index. Indeed, while the rendezvous maneuver duration does
not represent a stringent constraint, the control effort is linked
to the fuel consumption as well as to the mission cost, hence it
shall be minimized.

7.2. Case A

The trajectories obtained in Case A are represented in Fig-
ure 6 for LQMPC and TRMPC, respectively. The first rele-
vant difference is related to the divergence of the experimental
trajectory with respect to the simulated one for the LQMPC
approach. This behavior can bring the Chaser to not dock
the Target at the end of the maneuver. In two over three
experiments, the Chaser missed the Target, for the LQMPC
approach, as shown in Figure 6(a). On the other hand, the
TRMPC approach shows a quasi-perfect match between the

Figure 6: Comparison of simulation and experimental trajectories in
Case A. Three different experimental results are represented for each
approach. The Chaser is represented at time tg = 0s,t; = 20s, to =
100s, t3 = 200s.

simulation and experiment (see Figure 6(b), finalizing the tra-
jectory with the docking. In this case, even if the data reported
in Table 6 show that the robust approach is slower and more
fuel-consuming, i.e., the control effort is more than double in
the experimental environment, the main goal of the maneuver
is to bring the Chaser to dock the Target, even in presence
of persistent known disturbance. According to that, in this
case the LQMPC approach cannot satisfy this objective when
additive disturbance are acting on the system, since the drift
action brings the spacecraft far from the terminal position of
the Target.
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Table 6: Performance of controllers in Case A (LQ=LQMPC,
TR=TRMPC).
MPC Time Control Avg/Max  Dock
Method  to-dock [s]  Effort [Ns] Tter. [-] Y/N
LQ (sim.) 450.00 4.16 8.95/10 N
R (sim.) 450.00 11.81 8.91/9 Y
LQ (exp.) 329.04 6.77 8.65/9 N
R (exp.) 337.90 17.47 9.47/10 Y
7.3. Case B

Case B represents the most critical one, because of the
vicinity to the cone boundary. In this case, the docking condi-
tion is reached for both the approaches. However, there are sev-
eral differences between the results obtained for the two MPC
methods, as represented in Figure 7 and according to the con-
trollers performance parameters in Tables 6 and 7. In the sec-
ond scenario, the LQMPC also allows a faster maneuver, even
if the difference is significant only comparing the experimen-
tal results. Considering the control effort, the TRMPC proves
itself to be the more fuel consuming approach, in the order
of two/three times more. Nonetheless, in terms of constraint
satisfaction, the robust approach validates its robustness to
bounded additive disturbance (see Figure 7(b)), whereas the
classical approach cannot deal with the uncertainty properly,
as shown in Figure 7(a), specially in the last part of the maneu-
ver, as highlighted in Figure 8. In fact, in the latter case, the
Chaser violates the cone boundary, failing the docking in the
experimental set up (see Figure 8(a)) and the required attitude
is not well-achieved.

Table 7: Performance of controllers in Case B (LQ=LQMPC,
TR=TRMPC).
MPC Time Control Avg/Max  Dock
Method  to-dock [s] Effort [Ns]  Iter. [-] Y/N
LQ (sim.) 450.00 3.82 8.94/10 Y
TR (sim.) 450.00 11.60 8.90/9 Y
LQ (exp.) 301.13 5.22 8.58/9 Y
R (exp.) 320.65 16.07 9.46/10 Y

8. Conclusions

Considering the maneuver of rendezvous and docking (RVD)
between two spacecraft as a mission scenario, the performance
of two Model Predictive Control (MPC) schemes, one deter-
ministic and one robust, have been compared in presence of
persistent additive disturbance. A Tube-based Robust MPC
(TRMPC), related to the approach already proposed in liter-
ature, has been adopted for the first time within this scenario
as robust scheme, to guarantee robustness and suitable compu-
tational effort for real-time implementations. The stability of
this robust scheme is ensured through a Linear Matrix Inequal-
ities (LMI) approach, taking into account possible parametric
uncertainty representing unmodelled dynamics, and neglected
nonlinearities. Focusing on the robust approach, the Chaser
spacecraft satisfies the hard state and control constraints and
performs an autonomous docking with the Target, both in sim-
ulation (three degree-of-freedom (DoF) orbital simulator) and
experimental environment (three DoF air-bearing testbed). On
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—SIMULATION
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(a) LQMPC

/

SIMULATION
-EXPERIMENT
0 1 2 3 4
x[m]

(b) TRMPC

Figure 7: Comparison of simulation and experimental trajectories in
Case B. Three different experimental results are represented for each
approach. The Chaser is represented at time tg = 0s,t; = 20s, to =
100s, t3 = 200s.

the other hand, the deterministic LQMPC is not always able to
satisfy the state and input constraints, especially, in terms of
cone boundaries, i.e., the Chaser cannot dock the Target. The
results shown that they can be implemented on-board for the
real-time control of the final phase of the RVD maneuver, with
a comparable computational effort, even if the fuel consump-
tion is higher when the robust approach is adopted. Hence, if
the constraint satisfaction represents the main mission require-
ment, the TRMPC guarantees better performance.

In this work, -V-bar approach has been chosen as capture
axis, referring to the RVD mission profile of Soyuz, Progress
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Figure 8: Zoomed-in trajectory of Case B for LQMPC and TRMPC.
Three different experimental results are represented for each ap-
proach.

and ATV vehicles. The effectiveness of the controller is en-
sured by the terminal cost, defined with respect to the refer-
ence final position to be reached and the control strategy is not
tailored with respect to the scenario considered, from a theoret-
ical viewpoint. Finally, a tracking approach could be exploited,
driving the error between the actual state and the desired one
to zero. In this case, the TRMPC approach also remains valid
and all the properties stand if the cost function as well as the
state constraint set are re-defined with respect to the deviation
0x = & — Tref. Thanks to the flexibility of the proposed con-
troller, it could be exploited also for different space scenarios

11

such as: (a) R-bar approach, considering the mission profile
of Soyuz and Progress vehicles on the nadir pointing side of
the ISS Docking and Storage Module; (b) station-keeping; (c)
attitude control, accounting for various mission objectives and
type of spacecraft.
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