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1.  Introduction 

Improved computer technology and state-of-the-art numerical procedures now 
enable solutions to complex 3-D problems associated with projectile and missile 
aerodynamics. Detailed understanding of controlled flight behaviors is critical for 
enhanced vehicle maneuverability of these munitions. Advanced computational 
techniques are being developed to understand flight behaviors of both unguided and 
guided projectiles. One such technique couples computational fluid dynamics 
(CFD) and rigid body dynamics (RBD) for the simultaneous prediction of unsteady 
aerodynamics and flight dynamics in an integrated manner.1 The coupled approach 
is to capture static and dynamic aerodynamic behavior over short time durations 
with different motions. Performing coupled simulations in this manner allows for 
screening of situations where conventional aerodynamic models based on static 
wind tunnel or CFD techniques break down. These instances are encountered more 
often as wider classes of munitions (small-medium-large caliber) feature control 
inputs and the associated flow complexity such as interactions, unsteadiness, and 
high angle of attack. Thus, a major benefit of these coupled simulations is to 
mitigate risk of unanticipated flight behaviors during unguided and especially 
guided free-flight experiments. 

Coupled CFD/RBD simulations have been used to simulate complete projectile 
bodies in flight for about 15 years. US Army Combat Capabilities Development 
Command (DEVCOM) Army Research Laboratory researchers have published 
many works describing the development and application of coupled simulations 
during this period.1–10 Over this short lifespan, such simulations have been applied 
to many problems including projectile ballistics, store separation, booster 
separation, and aerodynamic decelerators. Computed results obtained from the 
coupled simulations were validated with available free-flight test data at subsonic, 
transonic, and—in some cases—supersonic speeds. The coupled approach has also 
been used for high-fidelity RBD and prescribed motion maneuvers of aircraft and 
other flying vehicles.11–13 Due to the increased fidelity available with such tools, 
CFD packages such as Kestrel are now offering RBD simulation coupling as part 
of the off-the-shelf software build.12 As computational resources continue to grow, 
more researchers are seeking to apply the method to other high-speed and high-
Reynolds number problems.14 

Coupled CFD/RBD was also integrated to the CFD/RBD technique by adding a 
flight control system (FCS) module for computation of controlled maneuvers using 
canard control. In this coupled procedure, the aerodynamic forces and moments 
were computed at every time step in the CFD solver and transferred to a Fortran-
based RBD/FCS code.15 The RBD/FCS code not only provides RBD state 
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variables, but also the flight control variables based on a given FCS design as 
output. The FCS design allows for modelling of both controlled and prescribed 
motions. The output of the RBD state and the control variables are transferred to 
the CFD flow solver, which then computes the aerodynamic forces and moments 
subject to these RBD state and control variables. For example, for a canard-
controlled projectile the output of the FCS variables would be the canard deflection 
angles. As canards are deflected with the FCS-generated deflection angles, the flow 
solver must account for the canard motion. A recent study7 investigated roll-only 
control of a canard-controlled finned projectile using the coupled procedure. 
Coupled CFD/RBD/FCS simulations were conducted with canard deflections 
derived from a roll controller and results from coupled simulations were validated 
with available wind tunnel data. This research was extended further to a highly 
maneuverable canard-controlled, finned projectile for roll-pitch-yaw motions, but 
with open-loop canard control9 and closed-loop control.10 Although some progress 
has been made, a fully coupled and validated CFD/RBD/FCS capability does not 
yet exist for computation of unsteady aerodynamics and flight dynamics associated 
with complex guided maneuvers using roll-pitch-yaw. Additionally, the FCS 
design is limited because advanced control algorithms are difficult to design and 
test using Fortran-based RBD/FCS code. 

Therefore, current research efforts are focused on integrating an in-house FCS into 
the coupled CFD/RBD method for simulations of guided-control maneuvers. The 
resulting coupled CFD/RBD/FCS technique can be used for open- and closed-loop 
control maneuvers where canards or fins could be deflected as desired based on the 
control algorithm to provide the control authority needed. The canard/fin 
deflections output of the flight control element is used to move the grid (locations 
and velocities) for the next CFD time step computation. CFD computes the 
aerodynamic forces and moments that dictate the projectile flight motion and 
subsequent controlled deflections subject to the control algorithm. 

In this work, we present the development of a new coupled CFD/RBD simulation 
using the CFD++ commercial software, and MATLAB RBD and FCS simulations. 
A “.c” language interface ties the two main simulation environments together. This 
simulation was developed specifically to make flight control validation accessible 
to a wide audience of control engineers who prototype their control designs in the 
MATLAB/Simulink environment. In addition to using the MATLAB environment, 
we added three significant enhancements to the existing in-house simulation 
framework.   

First, continuous states from all subsystems (plant, actuator, control laws) are 
concatenated in one long system-state vector and integrated simultaneously for 
more realistic continuous time simulation. The current implementation provides for 
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up to 300 continuous states; however, expansion is easily facilitated by 
modifications to the .c-based interface. To avoid difficulty compiling the MATLAB 
codes, we chose to make the MATLAB memory space completely volatile, which 
required the state history to be stored entirely on the CFD++ side.  

Second, actuator and control system-state derivatives are sequestered to a 
subfunction to achieve modularity. Simulation users can provide their own actuator 
models and dynamic control systems without modifying the baseline CFD/RBD 
simulation engine.  

Third, the numerical integration scheme was modified from fourth-order Runge–
Kutta to a third-order Adams–Moulton multistep method. The previous method 
suffered from a subtle inaccuracy caused by force/moment predictions not being 
updated at RK4 fractional time-step predictions. The small time step required by 
coupled simulations made this a minor error; however, multistep methods use 
derivative information from previous time steps and will therefore use past 
force/moment predictions. This provides an extra measure of smoothness in the 
state history prediction. Because this method requires storage of the previous two 
state derivative estimates, the storage required for continuous states is trebled. 
However, when control laws require state derivatives, these are easily gleaned from 
storage. Also, by demonstrating one multistep method, we make it easy for the user 
to choose from others.  

In this report, we validate and demonstrate the simulation capabilities through 
several scenarios: open-loop CFD/RBD motion, single- and multiaxis regulation, 
linear quadratic regulator (LQR) tracking control without adaptation, LQR tracking 
control with model reference adaptive control (MRAC) adaptation and hedging, 
and LQR tracking control with MRAC-Extended Reference Model (ERM) 
adaptation. The authors are not aware of any previous coupled CFD simulations of 
adaptive control.  

2.  Coupled CFD/RBD: A Brief Overview 

Research efforts are ongoing at the DEVCOM Army Research Laboratory (ARL) 
to perform multidisciplinary-coupled CFD/RBD computations for the flight 
trajectory of a complex guided projectile system. A time-accurate approach is used 
in the present work that requires significant computer resources. The time-accurate 
coupled approach requires that the six-degrees-of-freedom (6-DOF) body dynamics 
be computed at each repetition of a flow solver. In the coupled CFD/RBD 
procedure, the forces and moments are computed at every CFD time step and 
transferred to a 6-DOF module that computes the body’s response to the forces and 
moments. The response is converted into translational and rotational accelerations 
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that are integrated to obtain translational and rotational velocities and then 
integrated once more to obtain linear position and angular orientation.   

The CFD capability used here solves the Navier–Stokes equations and incorporates 
advanced boundary conditions and grid motion capabilities. The complete set of 
3-D time-dependent Navier–Stokes equations is solved in a time-accurate manner 
for simulations of virtual fly-outs. A commercially available code, CFD++,16,17 is 
used for the time accurate and unsteady CFD simulations. The basic numerical 
framework in the code contains unified-grid, unified-physics, and unified-
computing features. Details of the basic numerical framework can be found in 
works by Peroomian et al.16,17 Only a brief synopsis of this framework and 
methodology is provided. 

The 3-D time-dependent Reynolds-averaged Navier–Stokes equations are solved 
using the following finite volume method: 

 𝜕
𝜕𝑡
න𝐖𝑑𝑉
௏

൅ රሾ𝐅 െ 𝐆ሿ ∙ 𝑑𝐴 ൌ න𝐇𝑑𝑉
௏

 (1) 

where W is the vector of conservative variables, F and G are the inviscid and 
viscous flux vectors, respectively, H is the vector of source terms, V is the cell 
volume, and A is the surface area of the cell face. 

Several techniques such as implicit scheme and relaxation are used to achieve faster 
convergence. Use of an implicit scheme circumvents the stringent stability limits 
suffered by their explicit counterparts, and successive relaxation allows update of 
cells as information becomes available and thus aids convergence. Second-order 
discretization was used for the flow variables and the turbulent viscosity equation.  
The turbulence closure is based on topology-parameter-free formulations. A 
realizable two-equation k-ϵ turbulence model18 was used for the computation of 
turbulent flows. These models are ideally suited to unstructured meshing and 
massively parallel processing due to their independence from constraints related to 
the placement of boundaries and/or zonal interfaces.  

For time-accurate simulations of virtual fly-outs that are of interest here, a dual-
time-stepping procedure was used to achieve the desired time accuracy in the time-
accurate solutions. The term “dual-time-step” implies the use of two time steps. 
The first is an “outer” or global (and physical) time step that corresponds to the 
time discretization of the physical time variation term. This fixed time step is 
applied to every cell (not separately varying). An artificial “inner” or “local” time 
variation term is added to the basic physical equations. This time step and 
corresponding “inner-iteration” strategy is chosen to help satisfy the physical 
transient equations to the desired degree. An order of magnitude reduction in the 
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residues is usually sufficient to produce a good transient iteration. This typically 
requires 10–20 internal iterations to achieve and depends on the magnitude of the 
outer time step, the nature of the problem, the nature of the boundary conditions, 
and the consistency of the mesh with respect to the physics. 

Grid velocity is assigned to each mesh point. The entire grid was moved to account 
for the motion of the projectile. To account for rigid body dynamics, the grid point 
velocities were set as if the grid is attached to the rigid body with 6-DOF. The basic 
CFD solution technique described here is coupled with an RBD simulation 
(described in Section 3) for simultaneous prediction of unsteady aerodynamics and 
flight dynamics for uncontrolled and controlled flights. 

Typically, the coupled solution procedure requires three steps. First, we begin with 
a computation performed in the “steady-state mode” with the grid velocities 
prescribed to account only for the translational motion component of the complete 
set of initial conditions. At the second step, we also impose the angular orientations 
from the initial conditions. At this stage spin is normally added. Computations are 
performed in a time-accurate mode for a desired number of time steps (usually 500 
time steps for nonspinning and 720 time steps for spinning cases). Converged 
solution from this second step provides the initial condition for the third step. In the 
third step, the remaining rotational velocity components (pitch and yaw) are added 
and a coupled CFD/RBD computation is performed in time-accurate mode. The 
solution from the third step should correspond to the complete set of initial 
conditions that includes all translational and rotational velocity components and 
accounts for initial position and angular orientations.   

For controlled flights, an FCS is integrated into the coupled CFD/RBD method, and 
the resulting CFD/RBD/FCS can then be used for simulations of control maneuvers 
(open- or closed-loop). Canards or fins are deflected as desired based on the control 
algorithm to provide the control authority needed. The canard/fin deflections output 
of the flight control element is used to move the grid (locations and velocities) for 
the next CFD time-step computation. The CFD computes the aerodynamic 
forces/moments that dictate the projectile flight motion and subsequent controlled 
deflections subject to the control algorithm. 

3.  Six‐Degree of Freedom Rigid Body Dynamics 

The CFD++ simulation uses a 12-state input vector consisting of the vehicle 
position and mass center velocity in ground-fixed Cartesian coordinates, 𝐗 ൌ
ሼ𝑥 𝑦 𝑧ሽ and 𝐗ሶ ൌ ሼ𝑥ሶ 𝑦ሶ 𝑧ሶሽ, respectively, the vehicle orientation expressed as 
the standard set of aircraft Euler angles (𝚯 ൌ ሼ𝜙 𝜃 𝜓ሽ), and the three body-
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fixed angular rates (𝛚 ൌ ሼ𝑝 𝑞 𝑟ሽ). From these inputs it renders force/moment 
predictions in the ground-fixed frame.   

The relationships between ground- and body-fixed coordinates are illustrated in 
Figs. 1 and 2.   

 

Fig. 1 Ground-fixed Cartesian coordinates for projectile cg position defined 

 

 

Fig. 2 Standard Euler angles defined 

Our 6-DOF RBD model uses a standard-state vector consisting of the concatenation 
of vehicle cg position in ground-fixed Cartesian coordinates, 𝐗 ൌ ሼ𝑥 𝑦 𝑧ሽ, 
orientation as the customary set of Euler angles, 𝚯 ൌ ሼ𝜙 𝜃 𝜓ሽ, velocity in the 
body-fixed frame, 𝐔 ൌ ሼ𝑢 𝑣 𝑤ሽ, and body-angular rates in the body frame, 
𝛚 ൌ ሼ𝑝 𝑞 𝑟ሽ. Thus, the overall state is 𝛇 ൌ ሼ𝐗 𝚯 𝐔 𝛚ሽ. 



 

7 

Since the CFD uses ground-fixed velocity, forces, and moments, the first step in 
the RBD simulation is to transform these quantities into the body frame. Given 

𝐓௜ଶ௕ ൌ ൥

𝑐ఏ𝑐ట 𝑐ఏ𝑠ట െ𝑠ఏ
𝑠థ𝑠ఏ𝑐ట െ 𝑐థ𝑠ట 𝑠థ𝑠ఏ𝑠ట ൅ 𝑐థ𝑐ట 𝑠థ𝑐ఏ
𝑐థ𝑠ఏ𝑐ట ൅ 𝑠థ𝑠ట 𝑐థ𝑠ఏ𝑠ట െ 𝑠థ𝑐ట 𝑐థ𝑐ఏ

൩ 

the body-fixed velocity vector is found as: 

 𝐔 ൌ 𝐓௜ଶ௕𝐗ሶ  , (2) 

the body-fixed force vector 𝐅𝐑𝐁𝐃 ൌ ሼ𝑋 𝑌 𝑍ሽ is given as: 

 𝐅𝐑𝐁𝐃 ൌ 𝐓௜ଶ௕𝐅𝐂𝐅𝐃 , (3) 

and the body-fixed moment vector 𝐌𝐑𝐁𝐃 ൌ ሼ𝑙 𝑚 𝑛ሽ is given as: 

 𝐌𝐑𝐁𝐃=𝐓௜ଶ௕𝐌𝐂𝐅𝐃 . (4) 

The CFD force vector does not include gravity, which is found as: 

 
𝐅⃗𝒈𝒓𝒂𝒗 ൌ ൝

െ𝑠ఏ
𝑠థ𝑐ఏ
𝑐థ𝑐ఏ

ൡ𝑚𝑔 ൌ 𝐓௜ଶ௕ ൝
0
0
𝑚𝑔

ൡ . 
 

And simply added to render the total force on the projectile:  

𝐅𝒕𝒐𝒕 ൌ 𝐅𝐑𝐁𝐃 ൅ 𝐅⃗𝒈𝒓𝒂𝒗  . 

Once the required quantities are found in the body frame, the derivatives of the state 
vector follow a standard formulation: 

 ൝
𝑥ሶ
𝑦ሶ
𝑧ሶ
ൡ ൌ 𝐓௜ଶ௕

் ቊ
𝑢
𝑣
𝑤
ቋ (5) 

 ቐ
𝜙ሶ  
𝜃ሶ
𝜓ሶ
ቑ ൌ 𝐓௕ଶ௘ ቊ

𝑝
𝑞
𝑟
ቋ (6) 

 ൝
𝑢ሶ  
𝑣ሶ
𝑤ሶ
ൡ ൌ ൝

𝑋/𝑚
𝑌/𝑚
𝑍/𝑚

ൡ െ 𝐒 ቊ
𝑢
𝑣
𝑤
ቋ (7) 

 ൝
𝑝ሶ  
𝑞ሶ
𝑟ሶ
ൡ ൌ ሾ𝐈ሿିଵ ൥൝

𝑙
𝑚
𝑛
ൡ െ 𝐒ሾ𝐈ሿ ቊ

𝑝
𝑞
𝑟
ቋ൩ (8) 

where 

𝐓௕ଶ௘ ൌ ቎

1 𝑠థ𝑡ఏ െ𝑐థ𝑡ఏ
0 𝑐థ െ𝑠థ
0 𝑠థ/𝑐ఏ 𝑐థ/𝑐ఏ

቏ 𝐒 ൌ ൥
0 െ𝑟 𝑞
𝑟 0 െ𝑝
െ𝑞 𝑝 0

൩ . 
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And ሾ𝐈ሿ is the 3-D body-fixed inertia tensor.  

3.1  Actuator Dynamics 

The actuators in any coupled CFD/RBD study must have finite bandwidth. If the 
actuator makes a large deflection between time steps, CFD solution may encounter 
a singularity since the mesh is required to make a corresponding large adjustment. 
For this study, we implemented a simple first-order actuator model with a 
bandwidth of 330 rad/s. Thus, the actuator position 𝛿௜ is related to the commanded 
position 𝛿஼ெ஽௜ through the first order ordinary differential equation (ODE):  

 𝛿పሶ ൌ െ330𝛿௜ ൅ 330𝛿஼ெ஽௜ . (9) 

The projectile simulated here has four independently controlled trailing edge flaps; 
therefore, four instances of this ODE are implemented, requiring four state 
variables. More numerous actuators and higher order actuator dynamics may be 
implemented in our simulation environment by assigning the requisite dynamic 
states and programming the ODEs. 

3.2  Numerical Integration 

To limit calls to the CFD solver and capitalize on the history of force/moment 
predictions, a third-order Adams–Moulton numerical integration scheme was used. 
This method can be compactly written as 

𝑦௡ାଵ ൌ 𝑦௡ ൅
ℎ

12
ሺ23𝑦ሶ௡ െ 16𝑦ሶ௡ିଵ ൅ 5𝑦ሶ௡ିଶሻ  (10) 

𝑦௡ାଵ ൌ 𝑦௡ ൅
௛

ଵଶ
ሺ5𝑦ሶ௡ାଵ ൅ 8𝑦ሶ௡ െ 𝑦ሶ௡ିଵሻ , (11) 

where y is the full system-state vector, and h is the integration time step. Dot 
notation indicates the state time derivative prediction from Eqs. 5–8 and auxiliary 
equations included in the control laws and actuator dynamics. The subscript n 
indicates the current time step, n + 1 is one step in the future, n – 1 is one step in 
the past, and so on. The method is implicit because the state prediction at the next 
time step depends on a derivative estimate at the next time step.  

Equation 10 serves as a predictor step where the state at the next time step is 
predicted to estimate the state derivative 𝑦ሶ௡ାଵ one step into the future. This future 
state derivative prediction will rely on the current force/moment predictions from 
CFD; therefore, the algorithm suffers slightly from this approximation.  
Equation 11 serves as a corrector step, using the one-step-ahead derivative 
prediction in conjunction with the current and one-step-ago predictions. This 
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implicit predictor–corrector scheme was chosen as opposed to the explicit Adams–
Bashforth to enhance the numerical stability of the integration.  

Using such a multistep method has two notable advantages. First, the costly CFD 
force/moment predictions from previous time steps are used to inform the state 
prediction at the current time step. In contrast, Runge–Kutta methods base all 
derivative predictions on the current force/moment estimates. Time steps are kept 
small to provide continuity as the CFD mesh is moved at each time step; therefore, 
the error induced is small. Second, storing recent estimates of the state derivative 
makes it easy to access these terms as they are required by certain control laws (see 
Section 4).  

4.  Model Reference Adaptive Control with an Extended 
Reference Model 

A major challenge for the implementation of MRAC architectures is the exclusion 
of actuator dynamics in the theoretical development. This is done by assuming that 
the actuator dynamics are fast enough such that the actuation system is properly 
applying the desired control signal. In this section, we present an overview of the 
ERM approach developed by Gruenwald et al.19,20 We begin by providing the 
problem formulation as 

In Eq. 12, 𝐱 is a measurable state vector, 𝐀 and 𝐁 are known system matrices, and 
𝐖 is an unknown weight matrix. In addition, 𝚲 is an unknown control effectiveness 
matrix parameterizable as 𝚲 ൌ 𝐈 ൅  𝛅𝚲, with 𝛅𝚲 being unknown. Using 𝐖 and 𝛅𝚲 
we capture potential uncertainty in the aerodynamic parameters of the flight vehicle 
system. Equation 13 represents the actuator dynamics where 𝐌 is a diagonal matrix 
with each element being the actuator bandwidth for the control channels, 𝐮 is the 
control input, and 𝐯 is the actuator output that is applied to the system dynamics in 
Eq. 12. The individual actuator dynamics given by Eq. 9 can be combined and 
written in the compact form of Eq. 13. 

The classical objective of the model reference adaptive control problem is to design 
an adaptive feedback control law such that—in the presence of system uncertainties 
captured by the unknown matrices 𝐖 and 𝛅𝚲—the state vector 𝐱 follows a 
reference state vector 𝐱𝐫 satisfying the reference model dynamics given by 

 𝐱ሶ 𝐫 ൌ 𝐀𝐫𝐱𝐫 ൅ 𝐁𝐫𝐜 , (14) 

 𝐱ሶ ൌ 𝐀𝐱 ൅ 𝐁ሺ𝚲𝐯 ൅𝐖𝐓𝐱ሻ (12) 

 𝐯ሶ ൌ െ𝐌ሺ𝐯 െ 𝐮ሻ . (13) 
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where 𝐀𝐫 is a Hurwitz reference model matrix, 𝐁𝐫 is the command input matrix, 
and 𝐜 is a vector of the desired uniformly continuous, smooth and bounded, 
reference command. This reference model captures the ideal closed-loop behavior 
achieved when there are no system uncertainties. A standard model reference 
adaptive control law will then suppress the effect of the system uncertainties, 
allowing the trajectories of the actual uncertain system to converge to the 
trajectories of the reference system, and thereby capturing the ideal closed-loop 
behavior. However, owing to the presence of the actuator dynamics given by  
Eq. 13, a standard model reference adaptive control law 𝐮 does not have direct 
access to the system uncertainties to suppress them and allow for tracking the 
reference system. 

For this reason, the expanded reference model approach19 is considered. The 
expanded reference model is given by 

 ൤
𝐱ሶ 𝐫
 𝐯ሶ𝐫
൨ ൌ ቈ

𝐀 ൅ 𝐁𝐖෡ 𝐓 𝐁൫𝐈 ൅ 𝛅𝚲෡൯

െ𝐌൫𝐊𝟏 ൅𝐖෡ 𝐓൯ െ𝐌൫𝐈 ൅ 𝛅𝚲෡൯
቉ ቂ
𝐱𝐫
𝐯𝐫
ቃ ൅ ൤

𝟎
𝐌𝐊𝟐

൨ 𝐜 . (15) 

This reference model is constructed using a model of the actuator dynamics 𝐯ሶ𝐫, a 
nominal feedback gain 𝐊𝟏 designed such that 𝐀𝐫 ൌ 𝐀 െ 𝐁𝐊𝟏 is Hurwitz, and a 
nominal feedforward gain 𝐊𝟐 designed to be nonsingular and to satisfy 
െ𝐄𝐀𝐫

ି𝟏𝐁𝐊𝟐 ൌ 𝐈, with 𝐄 being a matrix that allows the selection of a subset of states 
in 𝐱 to follow a desired command in the vector 𝐜. In addition, 𝐖෡   and 𝛅𝚲෡ are the 
estimates of the uncertainties in 𝐖 and 𝛅𝚲, respectively. The 𝐖෡  weight update law 
is given by 

𝐖෡ሶ ൌ 𝚪 Proj൫𝐖෡ , 𝐱𝐳෤୘𝐏ഥ𝐆൯ ,                                   (16) 

with 𝚪 being a diagonal learning rate matrix, 𝐳෤ ൌ ሾሺ𝐱 െ 𝐱𝐫ሻ𝑻, ሺ𝐯 െ 𝐯𝐫ሻ𝑻ሿ𝑻 being the 
augmented error for the system tracking error and the actuator output error, 𝐏ഥ being 
the solution of a matrix inequality, and 𝐆 ൌ ሾ𝐁𝐓,𝟎ሿ𝑻. The 𝛅𝚲෡ is diagonal such that  

𝛅𝚲෡ ൌ ቎
δλ෠ଵ ⋯ 0
⋮ ⋱ ⋮
0 ⋯ δλ෠௡௥௘௙

቏ 

and the 𝛅𝚲෡ weight update law is constructed from the elemental weight update laws 

 𝛿𝜆መప
ሶ ൌ 𝛼௜ Proj൫δλ෠௜, 𝐯௜𝐳෤୘𝐏ഥ𝐆𝒆𝒊൯ , (17) 

where 𝛼୧ are the learning rates for each respective element, 𝐯௜ is the i-th element of 
the actuator output vector, and 𝒆௜ is the standard basis. The projection operator 
notated by Projሺ⋅,⋅ሻ is used in both update laws, the definition of which can be 
found in Gruenwald et al.19 
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This is a standard modification used in model reference adaptive control to bound 
the evolution of the parameter estimates.  

To further improve performance, a command governor architecture is augmented 
to the expanded reference model in Eq. 15. For this purpose, the command signal 𝐜 
is replaced with the signal given as 

 𝐜𝐠 ൌ 𝐜 ൅ 𝐃𝛏 , (18) 

where 𝐜 is the desired uniformly continuous, smooth and bounded reference 
command (this allows one to assume that 𝐜ሶ is bounded and available), 𝐃𝛏 is the 
command governor signal with 𝐃 ൌ 𝐊𝟐

ି𝟏𝐌ି𝟏 , and 𝛏 being the command governor 
output given by 

 𝛏 ൌ ൫𝐈 ൅ 𝛅𝚲෡൯
ି𝟏
ሺ𝜇𝛒 െ 𝛟𝟏ሻ െ 𝛟𝟐 . (19) 

In Eq. 19, 𝜇 is a gain value on the command governor, 𝛒 is the command governor 
state vector designed as 

 𝝆 ൌ ൫𝐊𝟏 ൅𝐖෡ ൯𝐱𝐫 ൅ ൫𝐈 ൅ 𝛅𝚲෡൯𝐯𝐫 െ 𝐊𝟐𝐜 ,  

and the signals 𝛟𝟏 and 𝛟𝟐 are designed using a backstepping approach as 

 𝛟𝟏 ൌ ൫𝐊𝟏 ൅𝐖෡ ൯ ቀ൫𝐀 ൅ 𝐁𝐖෡ 𝑻൯𝐱𝐫 ൅ 𝐁ሺ𝐈 ൅ 𝛅𝚲ሻ𝐯𝐫ቁ 

െ𝐊𝟐𝐜ሶ ൅ 𝛅𝚲෡ሶ 𝐯𝐫 ൅𝐖෡ሶ 𝐱𝐫 , 
(20) 

 𝛟𝟐 ൌ െ𝐌൫𝐊𝟏 ൅𝐖෡ ൯𝐱𝐫 െ 𝐌൫𝐈 ൅ 𝛅𝚲෡൯𝐯𝐫 ൅ 𝐌𝐊𝟐𝐜 . (21) 

The feedback control law is then given by 

 𝐮 ൌ െ𝐊𝟏𝐱 ൅ 𝐊𝟐𝐜𝐠 െ𝐖෡ 𝐓𝐱 െ 𝛅𝚲෡𝐯 , (22) 

to achieve tracking of the expanded reference model with a command governor. 

As noted for the weight update laws, a matrix inequality is used to obtain a solution 
𝐏ഥ. The main feature of this is that one can determine ahead of time for given 
projection bounds on the elements of 𝐖෡  and 𝛅𝚲෡ if the actuator bandwidths in 𝐌 are 
sufficiently large enough for the actuator to properly apply the adaptive control 
signal. For this purpose, let 𝐖ഥ୧ and 𝜹𝚲ഥ𝒊 represent all possible variations in the 
parameter estimates. We can use the projection bounds to do this. One can then 
write 

 

𝐀ഥ𝐢 ൌ ൦
𝐀 ൅ 𝐁𝐖ഥ𝐢

𝐓
൅
ϵ
2
𝐈 𝐁ሺ𝐈 ൅ 𝛅𝚲ഥ𝐢ሻ

െ𝐌ቀ𝐊𝟏 ൅𝐖ഥ𝐢
𝐓
ቁ െ𝐌ሺ𝐈 ൅ 𝛅𝚲ഥ𝐢ሻ ൅

ϵ
2
𝐈
൪ , (23) 
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to represent all the combined permutations of 𝐖ഥ୧ and 𝜹𝚲ഥ𝒊, with 𝜖 being an 
additional design parameter. For given actuator bandwidth values in 𝐌, one can 
then solve the matrix inequality given by 

 𝑨ഥ𝒊
𝑻𝑷ഥ ൅ 𝑷ഥ𝑨ഥ𝒊 ൏ 𝟎,   𝑷ഥ ൐ 𝟎 (24) 

to calculate 𝐏ഥ for use in the weight update laws. 

This concludes the overview of the expanded reference model approach with a 
command governor that is used as the flight control for the coupled simulation. For 
more details on the expanded reference model approach, theoretical proofs of 
stability, added discussion of the benefits of the expanded reference model and the 
command governor augmentation, and comparisons to a well-known hedging 
approach, the reader is directed to work by Gruenwald et al.19 In simulation we 
make comparisons with the hedging approach of Johnson and Calise.21 While more 
information can be found in the literature,19,21 it is sufficient to know that hedging 
is another tool used in the model reference adaptive control literature to account for 
the presence of actuator dynamics. Similar to the expanded reference model, a 
hedging control architecture makes a modification to the standard reference model 
given by Eq. 14 and adds an error term between the actuator output and the control 
input. Table 1 summarizes the hedging approach. 

Table 1 MRAC with hedging 

Reference model 𝐱ሶ 𝐫 ൌ 𝐀𝐫𝐱𝐫 ൅ 𝐁𝐫𝐜 ൅ 𝐁ሺ𝐯 െ 𝐮ሻ 

Control law 𝐮 ൌ െ𝐊𝟏𝐱 ൅ 𝐊𝟐𝐜 െ𝐖෡ 𝐓𝐱 െ 𝛅𝚲෡𝐯 

Update laws 
𝐖෡ሶ ൌ 𝚪 Proj൫𝐖෡ , 𝐱ሺ𝒙 െ 𝒙𝒓ሻ୘𝐏𝐁൯ 

𝜹𝚲෡ሶ ൌ 𝛂 Proj൫𝛅𝚲෡,𝐁𝐓𝐏ሺ𝐱 െ 𝐱𝐫ሻ𝐯𝐓൯ 

Lyapunov equation 𝐀𝐫
𝐓𝐏 ൅ 𝐏𝐀𝐫 ൅ 𝐑 ൌ 𝟎, 𝐑 ൌ 𝐑𝐓 ൐ 𝟎 

5.  Results 

All results in this report use the DEVCOM ARL Laboratory Technology Vehicle 
(LTV) projectile (Fig. 3). An LTV is a 105-mm-diameter projectile with long 
strakes to increase lift-to-drag ratio. The vehicle is equipped with four 
independently actuated trailing edge flaps for control. Several cases of increasing 
complexity were tested. These include open-loop tests to validate the new code 
against the legacy Fortran-based code, a simple LQR regulation of the projectile 
pitch rate to demonstrate closed-loop operation, and a full adaptive control tracking 
problem to display the full capabilities of the simulation. All tracking controllers 
were prototyped and tested in a pure MATLAB environment where the CFD 
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computations were replaced by a locally devised aerodynamic model. Apart from 
minor changes to the frame transformations in Eqs. 2–4, the MATLAB prototype 
controller was imported into the coupled simulation without modification.  

 

Fig. 3 LTV 

5.1  Open Loop 

The MATLAB-based coupled simulation was validated against the legacy Fortran-
based code in several open-loop shots. Figure 4 shows the results of a shot with all 
fins deflected statically to induce a pitch response. The missile shows a typical 
underdamped response in pitch, angle of attack, and pitch rate. The angle of attack 
reaches about –7° with a peak time just less than 0.1 s. It appears that once the 
oscillations damp out, the response will settle around –4.5° angle of attack. The 
new simulation matches well with the legacy simulation. 
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a) Altitude (m) b) 𝜽 (rad) 

c) 𝜶 (deg) 
 

d) q (rad/s) 

Fig. 4 Open-loop validation, all four flaps deflected to command a nonzero angle of attack. 
Legacy code prediction shown in blue; MATLAB code shown in red. 

5.2  Simple Regulation 

The simulation was used to demonstrate regulation on two cases with nonzero 
initial conditions. To achieve this, an LQR state feedback gain matrix was 
computed based upon the six-state linear model 

 𝐱ሶ ൌ 𝐀𝐱 ൅ 𝐁𝐮 (25) 

where the linearized state is 𝐱 ൌ ሼ𝜙 𝑝 𝑞 𝑟 𝑣ሶ 𝑤ሶ ሽ. The dynamics are 
linearized at a trim condition at Mach 2 and sea level. Commanded feedback is 
computed as  

 𝐮 ൌ െ𝐊𝐱 (26) 

where 

 
𝐊 ൌ ൥

𝟏 𝟎.𝟎𝟕𝟒 𝟎. 𝟎.𝟎𝟎 𝟎.𝟎𝟎   𝟎.𝟎𝟎
𝟎 𝟎.𝟎 𝟑.𝟐𝟏 𝟎.𝟎𝟎 𝟎.𝟎𝟎 𝟎.𝟎𝟓𝟖
𝟎 𝟎.𝟎 𝟎.𝟎𝟎 𝟐.𝟗𝟕 𝟎.𝟎𝟔𝟕 𝟎.𝟎𝟎

൩ . (27) 
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The commanded deflections are found by multiplying the virtual control u by the 
control allocation matrix  

 𝛅𝐂𝐌𝐃 ൌ 𝐂𝐀𝐮 (28) 

where  

 
𝐂𝐀
் ൌ ൥

െ𝟏 െ𝟏 െ𝟏 െ𝟏
െ𝟏    𝟏    𝟏 െ𝟏
െ𝟏 െ𝟏    𝟏    𝟏

൩ . 
 

Four auxiliary states are appended to the simulation to integrate four instances of 
Eq. 8 to determine the actual deflections, assuming finite actuator bandwidth. This 
also prevents the flaps from making large instantaneous deflections, causing a 
singularity in the CFD solution.  

Figure 5 shows the results of two simulations with LQR state feedback regulation 
as described previously. The blue lines show the response with initial conditions 
ሼ𝜙 ൌ 22.5∘ 𝑝 ൌ 0 𝑞 ൌ 3r/s 𝑟 ൌ െ0.35r/s 𝑢 ൌ 680m/s 𝜃 ൌ 0ሽ. The 
red lines show the response for all zero initial conditions except 𝑞 ൌ 3r/s and 
𝑢 ൌ 680m/s. 

In Fig. 5e the pitch rate settles within 2% of steady state at 0.175 s for both initial 
conditions. Both conditions result in similar responses in pitch (Fig. 5b) and angle 
of attack as well (Fig. 5d). Figures 5a, 5c, and 5f show the regulator response to 
nonzero initial conditions in roll and yaw rate. Yaw rate settles around 0.234 s. Due 
to the large slew required in roll, the roll settling time is 0.419 s. These cases 
illustrate that we have successfully implemented feedback control in multiple axes, 
including realistic actuator dynamics. Subsequent cases will illustrate command 
tracking control and real time adaptation. 
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a) 𝝓 (rad) 

 
b) 𝜽 (rad) 

 
c) Body y velocity v (m/s) 

 
d) Body z velocity w (m/s) 

 
e) Pitch rate q (rad/s) 

 
f) Yaw rate r (rad/s) 

Fig. 5 Demonstrating state regulation, M = 2.0, sea level, red lines are pitch only and blue 
lines are multiaxis 

5.3  Adaptive Control 

We implemented the MRAC design using an expanded reference model described 
in Section 4. The feed-forward control was designed to track the body Z velocity 
(w), which maps essentially to angle of attack. Although this choice requires strong 
assumptions about the availability of w for feedback, it allows for a fast closed-loop 
settling time such that the system could be driven through several command cycles 
in a reasonable time. Choosing body acceleration, for instance, would produce a 
much slower response, and prevent demonstration of adaptation in the coupled 
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simulation within a reasonable time horizon. In essence, the goal of this simulation 
is to demonstrate performance of the adaptive controller, independent of any 
challenges that may be induced by state estimation in an actual implementation.  

To contrast performance, a nonadaptive LQR controller was tested under identical 
conditions. An adaptive controller with hedging21 (as mentioned at the end of 
Section 4) was also tested. As highlighted by Table 1, the hedging approach uses a 
different reference model and replaces the matrix inequality solution 𝐏ഥ from  
Eqs. 23 and 24 with a solution 𝐏 to the Lyapunov equation where R is a small 
positive definite matrix. There are also changes to the weight update laws.   

Figure 6 shows the results of these tests. In Figure 6a, it is obvious that the default 
LQR controller underestimates the control authority, resulting in poor tracking at 
the high dwells. The LQR controller was designed based on a model that also 
overestimated the system damping. This results in weak feedback and excessive 
overshoot, which is also evident in each of the high dwells. All three controllers use 
the same baseline feedback 𝐊𝟏 from this design to demonstrate how adaptation can 
achieve specified performance in the presence of modelling errors.  

The red lines in Fig. 6 show the response for the hedging controller. In general, it 
results in greater oscillation than the MRAC with the ERM; however, it does an 
adequate job of canceling out the model error in DC gain. The MRAC-ERM 
outperforms the other control schemes in tracking (Fig. 6a) while reducing the fast 
oscillations that appear with hedging control.   

Even though tracking performance is similar between MRAC-ERM and hedging 
control (Fig. 6a), the off-axis response shows that MRAC-ERM greatly improves 
tracking over the other two methods. In Fig. 6b, the blue line representing MRAC-
ERM has much less oscillation from zero, especially early in the response. In 
Fig. 6d, MRAC-ERM holds the roll angle very close to zero (note the axis scaling), 
while the other two controllers allow it to drift slowly away from neutral. In Fig. 6f, 
MRAC-ERM shows much less oscillation in the yaw rate, while hedging produces 
significantly more than the LQR.   

Figure 7 displays the actuator response for the simulations shown in Fig. 6. The 
LQR controller behavior is identical for each cycle since it does not adapt. The 
LQR drives all four deflections to steady-state positions larger than the other 
schemes since the underlying linear model underestimates the control authority.  
The adaptive schemes show similar responses; however, the MRAC-ERM causes 
less actuator oscillation at high dwells after the first. Thus, although hedging adapts 
to the poor model of DC gain, it does not completely adapt for the poor model of 
damping. Hedging continues to have large actuator oscillations for the full 
simulation time.  
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a) Body Z velocity and ref cmd (m/s) b) Body Y velocity (m/s) 

c) Pitch angle 𝜽 (rad) 
d) Roll angle 𝝓 (rad) 

e) Pitch rate q (rad/s) f) Yaw rate r (rad/s) 

Fig. 6 Subset of state history, baseline LQR controller designed at M = 2.0 with poor 
estimates of DC gain and damping 
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a) Flap 1 deflection (deg) 

 
b) Flap 2 deflection (deg) 

 
c) Flap 3 deflection (deg) 

 
d) Flap 4 deflection (deg) 

Fig. 7 Flap deflections, demonstrating MRAC, M = 2.0, sea level, baseline controller 
designed with poor estimates of DC gain and damping 

6.  Conclusion 

A novel coupled CFD/RBD/FCS simulation was devised using CFD++ and 
MATLAB to make closed-loop coupled simulation more accessible to the 
aerospace controls community. The simulation incorporates several specific 
improvements over an existing Fortran-based simulation:  

 Concatenating all continuous states into a system-state vector so that all are 
integrated simultaneously with a common time scale. 

 Providing up to 300 continuous states for actuator, control system, and other 
dynamic systems in addition to projectile motion. 

 Using an Adams–Moulton multistep method so that derivative information 
from previous time steps is leveraged without additional calls to CFD. 

 Sequestering actuator and control system-state derivatives to separate 
subfunctions for modularity. 
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 Making the MATLAB memory space completely volatile to aid in 
compilation. 

To demonstrate the capabilities and flexibility of the simulation, several examples 
were presented including the following: 

 Open-loop CFD/RBD motion 

 Simple single- and multiaxis regulation 

 LQR tracking control without adaptation 

 LQR tracking control with MRAC adaptation and hedging 

 LQR tracking control with MRAC-ERM adaptation 

The first scenario was used to validate the new simulation against open-loop 
predictions from the existing CFD-Fortran simulation. The closed-loop scenarios 
are listed in order of increasing complexity. Each one showed both the expanded 
capabilities of the simulation and the ease with which the user can import highly 
complex control systems directly from pure MATLAB simulations. 

Due to the high-fidelity solution rendered by CFD, the user can be confident that 
simulation results will imitate reality with a high degree of accuracy. The adaptive 
control results demonstrated that adaptation can overcome modelling errors to 
achieve specified performance in a realistic scenario.  

The work outlined in this report introduces a new coupled CFD/RBD/FCS 
simulation using the CFD++ commercial code, and an RBD-FCS simulation coded 
in the MATLAB programming environment. Although we have attempted to make 
the MATLAB code intuitive, some specifics are offered in the Appendix to help 
otherwise experienced MATLAB users with accessing our simulation tool. 
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Appendix. MATLAB User’s Guide
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A.1 Calling Syntaxes and Inputs 

The rigid body dynamics (RBD)/flight control system (FCS) tool consists of two 
MATLAB functions such that RBD and FCS have intentionally separate 
workspaces. The calling syntaxes are fixed by the “.c” interface with the 
computational fluid dynamics (CFD) tool. Each is called once per simulation time 
step. 

The RBD simulation is called by the syntax 

 [doutrbdsim] = mc_rbdsim(rbd_tomatlab). 

The FCS simulation is called by the syntax 

 [fcs_frmatlab] = mc_fcssim(dinfcssim). 

The inputs rbd_tomatlab and dinfcssim are identical and go by the moniker 
“dinrbdsim” in the .c interface. The first 11 values of dinrbdsim contain the 

projectile mass properties as shown in Fig. A-1. A block of the .c interface 
comments spell out the contents explicitly. This is shown in Fig. A-2. The 
comments that follow use zero-based indexing as customary in the .c language. In 
the MATLAB functions all indices are increased by one from those shown below. 
Elements 11–19 (zero-based indices) are currently reserved for future expansion. 
Elements 20–39 contain time, time step, 12 vehicle states, 3 force components, and 
3 moment components as shown in Fig. A-2. 

  dinrbdsim[ 0]: gravity (m/s^2, equals 9.81) 
  dinrbdsim[ 1]: weight (n) (mass*grav) 
  dinrbdsim[ 2]: stationline of cg (m) 
  dinrbdsim[ 3]: buttline of cg (m) 
  dinrbdsim[ 4]: waterline of cg (m) 
  dinrbdsim[ 5]: ixx (kg m^2) 
  dinrbdsim[ 6]: iyy (kg m^2) 
  dinrbdsim[ 7]: izz (kg m^2) 
  dinrbdsim[ 8]: ixy (kg m^2) 
  dinrbdsim[ 9]: ixz (kg m^2) 
  dinrbdsim[10]: iyz (kg m^2) 

Fig. A-1 Vehicle properties in the MATLAB input vector  
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  --- 11-19 left as future expansion 
  dinrbdsim[20]: time (sec) 
  dinrbdsim[21]: delta time (sec) 
  dinrbdsim[22]: x cg position (m, inertial frame) 
  dinrbdsim[23]: y cg position (m, inertial frame) 
  dinrbdsim[24]: z cg position (m, inertial frame) 
  dinrbdsim[25]: x cg velocity (m/sec, inertial frame) 
  dinrbdsim[26]: y cg velocity (m/sec, inertial frame) 
  dinrbdsim[27]: z cg velocity (m/sec, inertial frame) 
  dinrbdsim[28]: euler roll angle (rad) 
  dinrbdsim[29]: euler pitch angle (rad) 
  dinrbdsim[30]: euler yaw angle (rad) 
  dinrbdsim[31]: roll rate (rad/s, body frame) 
  dinrbdsim[32]: pitch rate (rad/s, body frame) 
  dinrbdsim[33]: yaw rate (rad/s, body frame) 
  dinrbdsim[34]: x cfd force (n, inertial frame) 
  dinrbdsim[35]: y cfd force (n, inertial frame) 
  dinrbdsim[36]: z cfd force (n, inertial frame) 
  dinrbdsim[37]: l cfd moment (n m, inertial frame) 
  dinrbdsim[38]: m cfd moment (n m, inertial frame) 
  dinrbdsim[39]: n cfd moment (n m, inertial frame) 
 
  Additional values are sent to RBDSIM at the end of the 
dinrbdsim array 
 
  dinrbdsim[40]: how many BC families need auxiliary output 
(nbaux) 
  next nbaux*11 values are the auxiliary output values 
 
  next 12 values used to save returned 12 values from doutrbdsim 
(after 1st call) 
 
  next nfcs values used to save returned nfcs values from 
doutfcssim  
    (after first call to fcssim, returned in doutfcssim) 
 
  next 300 values used to save 300 values returned after the 
needed 12 values in doutrbdsim 

Fig. A-2 Dynamic states in the MATLAB input vector 

The input dinrbdsim[40] was zero for all examples shown in this report. Its 

purpose is to provide for passing additional data to the MATLAB interface, such as 
forces and moments on specific parts of the projectile (e.g., canards or flaps).   

Twelve additional inputs are reserved to echo the projectile body states calculated 
by the RBD sim. The next “nfcs” (number of flight controls) inputs store the 
actuator positions from the last time step.   

The actuator positions in CFD are driven directly by the first “nfcs” elements in the 
FCS sim output vector, so the values stored here are largely ignored. The user can 
specify the nfcs although all the examples presented here use nfcs = 4. 
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Finally, there are 300 elements of the input used to pass system states not included 
in the 12 body states. The user has complete flexibility in how these are used. We 
illustrate by unpacking how these were used for the model reference adaptive 
control (MRAC) example presented in this report.  

A.2 The Use of Auxiliary States in the Examples 

In the MRAC example shown, there are a plethora of continuous states among the 
RBD/-FCS and actuator subsystems. A primary objective in designing this coupled 
tool was to ensure that all system continuous states were integrated simultaneously 
by first concatenating them into a common system-state vector. To effectively use 
our simulation with a complex controller, the user must first account for all 
continuous states in their respective domains. Table A-1 illustrates this enumeration 
for our most complicated example. 

Table A-1 Continuous states used in MRAC example 

Domain Description Number 

RBD Body states 𝑛௕௢ௗ௬ ൌ 12 

Actuator Flap positions 𝑛௙௖௦ ൌ 4 

FCS 

Virtual controls 𝑛௥௘௙ ൌ 3 

Reference model states 𝑛௦௧௔௧௘ ൌ 6 

Adaptive gain 𝑊෡  𝑛௦௧௔௧௘ ∙ 𝑛௥௘௙ ൌ 18 

Adaptive gain Λ෡ 𝑛௥௘௙ ൌ 3 

 
We chose to reserve the first 𝑛௙௖௦ of the auxiliary states to contain the commanded 

actuator positions since they need to be passed through the RBD sim to integrate 
the actual actuator positions. Inside the RBD sim, these are shuffled to the bottom 
of the system state vector to keep the integrable quantities in one contiguous part 
of the state vector. This streamlines two aspects moving forward—a single function 
call is used to determine the state vector derivative, such as 

g1 = RBDDOT(T,XRBD,CFDFORCEVEC,CFDMOMENVEC,properties); 

where XRBD contains the entire system state as outlined in Table A-1. Second, past 

values of the system state vector derivative are stored in the next contiguous block 
of dinrbdsim as described henceforth.  

Next, the function RBDDOT is written to compute the derivatives of the 12 body 

states given the states themselves and current force and moment vectors. Its code 
should remain fixed for any simulation that models the projectile as a single rigid 
body. To sequester the FCS calculations and limit the inputs thereof, derivatives of 
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the remaining states are computed in a subfunction that is called at the bottom of 
RBDDOT using: 

XRBDDOT(13:end) = FCSDOT(time,XRBD(13:end),bodystates); 

where bodystates passes a limited number of RBD states to be used in the 

computations where a measurement model may or may not be applied.  

Returning to the parsing of dinrbdsim, the remaining elements contain past 

values of the system state vector derivative, which are stored in MATLAB in 
columns 2 and 3 of an XRBDDOT array so that Eq. 10 is computed by adding g2 to 

the current state vector where   

g2=DT/12.0*(23.0*g1-... 

16.0*XRBDDOT(:,2)+5.0*XRBDDOT(:,3)); 

and g1 was given above. 

A.3 Remining Details of “mc_rbdsim” 

Much of “mc_rbdsim” should be left unmodified by the typical user. Steps that will 
be common in all applications are:  

 Parse the projectile body states, force, and moment vectors. 

 Transform body linear velocities, forces, and moments into body frame. 

 Integrate forward in time. 

 Parse the projectile body states. 

 Transform body linear velocities back to ground fixed frame. 

The user will need to concatenate auxiliary states from the actuator and control 
system to the output vector in an order consistent with their positions in the input 
vector. The output vector is specified in the comments block of the .c code shown 
in Fig. A-3. 

  doutrbdsim[0-11] are 12 RBD state values 
   like dinrbdsim[22-33] 
  + up to 300 values can be returned after these 12 values 

Fig. A-3 Output vector definition for “mc_rbdsim.m” 
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A.4 Details of “mc_fcssim” 

Since all numerical integration is performed in “mc_rbdsim”, “mc_fcssim” will 
need only to parse the common input vector for quantities required to evaluate the 
control law and compute the control commands. These quantities and their 
dimensions were introduced in Table A-1. To quickly review, the reference model 
states are formed into a vector consisting of six linear plant states and three 
reference virtual controls.  𝑊෡  is formed as an 𝑛௦௧௔௧௘ ൈ 𝑛௥௘௙ rectangular matrix.  Λ෡ 
is a diagonal matrix with 𝑛௥௘௙ nonzero terms.   

The control law described earlier also requires the time derivatives of 𝑊෡  and Λ෡.  
These are captured from the state derivative history contained near the bottom of 

the system state vector. 𝑊෡ሶ  is then formed as an 𝑛௦௧௔௧௘ ൈ 𝑛௥௘௙ rectangular matrix 

and Λ෡ሶ   is a diagonal matrix.   

Remaining quantities required are the virtual control and a reference signal. The 
user defines the reference signal as a vector function of time with dimension equal 
to the number of virtual controls. The virtual controls in our case are found by 
pulling the current actual flap deflections from the system state vector, and 
multiplying by the pseudo-inverse of the control allocation matrix  

 𝐮𝐕 ൌ 𝐂𝐀
ற𝛅𝐀𝐂𝐓 (A-1) 

where  

 
𝐂𝐀
ற ൌ 𝟏

𝟒
∙ ൥
െ𝟏 െ𝟏 െ𝟏 െ𝟏
െ𝟏    𝟏    𝟏 െ𝟏
െ𝟏 െ𝟏    𝟏    𝟏

൩ . 
 

After determining the commanded virtual control from Eqs. 18–22, Eq. 28 is 
invoked to determine the commanded physical control. These commands are then 
limited to െ30∘ ൑ 𝛿஼ெ஽௜ ൑ 30∘,∀ 𝑖. Finally, “mc_fcssim” concatenates 𝛅𝐀𝐂𝐓 with 
𝛅𝐂𝐌𝐃 to form its output vector. Users can certainly define any number of controls 
using nfcs, but the simulation convention is that the “mc_fcssim” output contains 
the actual control positions followed by the commanded control positions.  
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List of Symbols, Abbreviations, and Acronyms 

3-D three-dimensional 

6-DOF  six-degrees-of-freedom  

ARL Army Research Laboratory 

CFD computational fluid dynamics  

DC gain ratio of steady state response to commanded response 

DEVCOM US Army Combat Capabilities Development Command 

ERM Extended Reference Model 

FCS  flight control system  

LQR  linear quadratic regulator  

LTV  Laboratory Technology Vehicle  

MRAC  model reference adaptive control  

ODE ordinary differential equation 

RBD  rigid body dynamics   
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