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 Abstract 

The overarching goal of this work is to investigate hybrid powertrains for propulsion of 

small unmanned aircraft systems.  The period of performance is 2 years. The specific task 

objectives are: 

 Development of computational tools for hybrid powertrain sizing and design 

 Performance measurement of powertrain components at steady-state and transient 

conditions 

 Evaluation of hybrid configurations using metrics most relevant to small 

unmanned aircraft systems  

 Development and bench testing of a hybrid powertrain with associated controllers 

 Integration of the powertrain and controller with a suitable airframe 

The demand on Unmanned Aerial Vehicles (UAVs) for execution of combat, surveillance 

and reconnaissance missions have increased greatly across the world henceforth 

modeling and simulation of aircraft systems are necessary to eliminate unnecessary costs. 

In this project, a longitudinal three degree of freedom aircraft model is developed and its 

performance monitored via two basic control inputs – the throttle position and elevator 

deflection. The model utilizes the nonlinear longitudinal equation of motion considered 

for aircraft designs. The nonlinear aircraft model is further trimmed to obtain the 

operating points necessary for the linearization. Trimming and linearization of the model 

were achieved by using a linear analysis tool available in Matlab/Simulink. Using the 

Ziegler Nichol control scheme the corresponding gains necessary for stabilizing the 

system are developed. To further validate the model, an open source aircraft data 

(Aerosonde) is used. The performance of the aircraft is evaluated by comparing the non-

linearized and linearized model results.  
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6. Introduction 

 

This project is aimed at analyzing hybrid powertrains suitable for propulsion of small 

unmanned aircraft systems (SUAS). For SUAS applications, validated sizing and design 

tools are required to compare different hybrid powertrain layouts. While previous studies 

have considered such tools, they lack reliable performance data for components such as 

engines, generators, and propellers, at steady state and transient conditions. Scaling of 

performance data with size is another key unknown. The impact of commercial-off-the-

shelf technologies such as electronic fuel injection and variable pitch propellers on 

powertrain performance needs further investigation. Finally, practical considerations such 

as integration into a suitable airframe and development of powertrain controllers requires 

further research. This project aims to utilize computational and experimental methods to 

address the issues mentioned above and to identify, develop, and test a candidate hybrid 

powertrain. 

 

This work is sponsored by the Air Force Research Laboratory (AFRL) and the work 

loads were executed by three main universities including Southern University and A&M 

College (SUBR), Louisiana State University (LSU) and Oregon State University (OSU). 

The assigned tasked are presented in the flow chart below. 
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Figure 1: Work load Allocation 

 

Simulation of physical systems from the inception of engineering has been a technique 

adopted in predicting a system’s behavior with governing equations. In fact a lot of 

benefits can be attributed to aircraft modeling and simulation. Aircraft systems 

performance can be simulated prior to building actual aircraft systems and this in many 

ways save industries unnecessary costs. Through aircraft simulation the designer is 

privileged to access the system performance using gathered data during real flight. 

Additionally, aircraft system performance can be monitored using simulators such as 

flight gear and xplane. In this thesis a longitudinal (three degree of freedom, 3DOF) 

dynamic model of an aircraft will be developed. The aircraft stability analysis in the 

phugoid (long period mode) and short period mode are addressed. In aircraft modeling 

and simulation it is pertinent to ensure both static and dynamic modeling requirements 

are achieved (A. E. Ahmed et al., 2015). Conventional aircrafts which are dynamically 

stable are statically stable henceforth it is crucial to ensure an aircraft model is 

dynamically stable. Dynamic modeling considers the trimming and linearization of the 

aircraft model which facilitate control analysis of the entire aircraft system. The model is 

structured to allow elevator, throttle inputs as well as the effect of wind. The control 
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analysis is incorporated to enable the system achieve its system requirements. The 

Aerosin aerospace blockset was used in building a 3dof UAV.  As part of the design 

process Aerosonde UAV mission profile was considered. 

 

 

7. Objectives 

 

The main objectives for Southern University’s portion of the project are listed below: 

 

 Simulation of Aircraft Dynamics (Longitudinal Model) for unmanned Aerial 

Vehicles 

 Stabilize aircraft in long period (phugoid mode) and short period mode using 

control techniques (Ziegler Nichols heuristic approach for PID gains estimation) 

 Analyze the Aircraft Dynamics time history of the various parameters in the 

longitudinal mode (u, w, q, theta, h, AOA). 

 Investigate the effect of wind on the aircraft’s propulsion system using the Dryden 

Turbulence model available in Matlab. 
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8. Equation of Motion 

 

The aircraft equation of motion is derived from the well-known Newton Second Law of motion, 

F = ma where F is the total force acting on the aircraft, m is total mass of the aircraft and a is the 

total acceleration acting on the aircraft. The derivation of aircraft equation of motion is detailed 

in flight dynamics textbooks, typically, Aircraft Dynamics and from Modeling to Simulation by 

Marcello R. Napolitano. In his textbook he details relevant equation motion for aircraft modeling 

and categorizes them into Conservation of Linear and Angular momentum equations 

respectively. He further uses the concept of rotation between inertial and rotating bodies to 

perform between rigid bodies. The axes system used in his textbook is shown in Figure 2. 

 

 
Figure 2: Aircraft Axes System 

 

Upon applying the assumptions listed by Napolitano above, equation the 2.16 to2.21 are obtained 

 

8.1 Conservation of Linear Momentum Equation of Motion 

 

                                                                 2.16 

                                                        2.17 

                                                           2.18 
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8.2 Conservation of Angular Momentum Equation of Motion 

                                                           2.19 

                                                        2.20 

                                                         2.21 

 

Simplifying equation 2.16 to 2.19 above equation 2.22 to 2.27 are obtained. U V W are velocity 

components in the X, Y and Z directions; P, Q, and W are angular velocity along roll (), pitch 

() and yaw () axes; D, Y and L are the aerodynamic drag, side force and lift; LA, MA and NA 

are the aerodynamic moments about the roll, pitch and yaw exes respectively. 

 

                                                                 2.22 

                                                  2.23 

                                                          2.24 

                                                                        2.25 

                                                                     2.26 

                                                                      2.27 

 

The aerodynamic forces (lift, drag and side force) and moments (roll, pitch and yaw) are 

estimated using the equations 2.28 to2.33 below; 

C, S, b and,  are the mean aerodynamic chord, wing reference area, wing span and dynamic 

pressure respectively. 

                                                                                                              2.28 

                                                                                                       2.29 

                                                                                                                  2.30 

                                                                                                             2.31 

                                                                                                         2.32 

                                                                                                           2.33 
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9. Problem Formulation and Methodology 

 

This section presents a step by step method used in modeling a three degree of freedom (3DOF) 

aircraft model for unmanned aerial vehicle. The primary models include aerodynamics, 

international standard atmosphere model, total acceleration, propulsion, UAV inertia, total 

moment, wind model and equation of motion. Aerosonde UAV data was used in the validation of 

the aircraft model. The aircraft model implements the longitudinal equation of motion of an 

aircraft obtained in the body axes system. The main inputs are the throttle and elevator 

deflection. The linear and angular accelerations are integrated upon solving the equation of 

motion to obtain the aircraft state variables including the linear velocity, pitch rate and pitch 

angle. Detail presentation of the aircraft formulation adopted is shown in Figure 3 below. 

 
 

Figure 3. 3DOF Aircraft Equation of motion block diagram 

 

9.1 Initialization inputs 

 

In other to run the simulation, the aircraft model was initialized with the following set of values 

indicated in Table 1 below.  
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Table 1: Initialization Parameters 

INPUT 

Throttle 50 % 

Elevator Deflection 0.1 rad 

OUTPUT 

Distance along x 0 m 

Distance along z 0 m 

Velocity in x, u 24 m/s 

Velocity in z, w 0 m/s 

Pitch angle, theta 0 rad 

Pitch rate, q 0 rad/s 

 

 

 

9.2 Steady State level flight 

A steady state level flight was achieved by selecting a combination of state and control variables 

such that the translational and rotational acceleration are equal to zero. The general form of the 

equation used is represented by equation 3.35. 

 

                    3.35                                                                      
      

The model was trimmed by using the linear analysis tool available in matlab. 

 

The linear time invariant (LTI) representing the aircraft for small perturbation about the 

reference trim condition was taken. The procedure adopted is presented below; 

The general form of the equation of motion is represented by equation 3.36, 

              3.36                                                                                                           

       

which can written implicitly as 

.                  3.38                                                                                                    
       

Applying Taylor’s series expansion about the trimmed conditions to equation 3.38, equation 3.39 

is obtained.  

 

 

      3. 39 
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where 

               3.40                                                                                                             

        

 

Considering the individual terms in equation 3.39 and finding their respective Jacobian matrix 

and evaluating at their respective trim values gives; 

 

                   3.41                                                           

         

 

                3.42                                                            

       

 

            3.43                                                               

      

Substituting equation 3.41 to 3.43 into equation 3.39 to obtain equation 3.44 

 

    3.44                                                           

 

If  is consistent with the dynamics, then, , 

Simplifying and considering the above condition the space state model was obtained in the form; 
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         3.45                                                                                                         

     

Where; 

              3.46                                                                                                                           

          3.47                                                                                                                               

 

9.3 Control Design 

 

In order to correct the errors in the output of the complete aircraft model, Ziegler-Nichols 

heuristic PID online approach was adopted in choosing the proportional, integral and derivative 

gains. Firstly, a transfer function is obtained upon trimming and linearizing the aircraft model. 

The transfer function is further represented as the plant and the output error is corrected 

accordingly to enable the plant achieve its desired input. The detailed procedures adopted in the 

process are listed below; 

1. A small proportional gain,  was selected and the integral and derivative gains are set to 

zero . See Figure 4 below. 

 
      Figure 4: Selecting PID gains 

2. To obtain the value of , the proportional gain was increased until a neutral stability 

was established. 
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Figure 5: Neutral Stability 

3. The critical/ultimate value at neutral stability was recorded as the proportion gain, 

 (see Figure 5) 

4. Critical/ultimate period of oscillation, (seconds) was then measured. To obtain the 

corresponding integral and derivative gains. Ziegler-Nichols general equation (equation 

3.49) was invoked (equation 3.39). 

         3.48                                                          

where,  

  and                3.39                                                                                                            

5. Upon estimating  and  a control type was selected and the corresponding gains were 

estimated accordingly using Table 2. A Matlab code was written to estimate the gains for 

a specific control type (see Appendix). 

Table 2: Ziegler-Nichols Control Type and Corresponding Gains 

Control Type Kp Ti Td Ki Kd 

P 0.5Ku - - - - 

PI 0.45Ku Tu/1.2 - 0.54Ku/Tu - 

PD 0.8Ku - Tu/8 - KuTu/10 

Classic PID 0.6Ku Tu/2 Tu/8 - KuTu/10 

Pessen Integral 

Rule 
7Ku/10 2Tu/5 3Tu/20 1.75Ku/Tu 21KuTu/200 

Some 

Overshoot 
Ku/3 Tu/2 Tu/3 2/3*Ku/Tu KuTu/9 

No Overshoot Ku/3 Tu/2 Tu/3 2/5*Ku/Tu KuTu/15 
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10. Results  

 

10.1 Open Loop (Constant Elevator Input)  

 

Upon initializing the aircraft model and running the simulation, the aircraft open loop results are 

presented in Figure 6 below. For a constant elevator input within a simulation time of 200 

seconds the model produces fairly good results in both the long period and short period modes. 

The linear velocity components (u and w), pitch rate, pitch angle, engine speed, airpeed and 

angle of attack short period response last for approximately 60 seconds as opposed to the long 

period mode of 140 seconds. For a set throttle input of 50 % the mass flow rate decreases 

accordingly with instantaneous drop in aircraft’s speed. The steady state for the long period lasts 

longer compared to the short period mode as shown in Figure 6. 

 

 

 

 

 Figure 6: Open Loop Results with Constant Elevator Input 
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10.2  Open Loop (Constant Throttle Input)  

 

The performance of the aircraft model was monitored for a throttle input of 50 % and varying 

elavator input as shown in Figure 7 below. The linear velocity components (u and w), pitch rate 

(q), engine speed, airpeed and angle of attack attack responds to the disturbance introduce into 

the aircraft model accordingly. For plus 5 and minus 5 degree elevator deflection within the 

periods of 40 and 100 seconds the open loop model achieves steady state at about 180 seconds. 

 
  

Figure 7: Open Loop Results with Varying Elevator Inputs 
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10.3 Trimming the Model for Steady State Level Flight 

 

The operating points at which the aircraft model is trimmed for steady state level flight are 

shown in Table 3 below.  

 

Table 3: Trimmed Inputs 

INPUT 

Throttle 0.556 

Elevator Deflection 0.0317 rad 

OUTPUT 

Distance along, x 2000 m 

Distance along z 1000 m 

Velocity in x, u 33.85 m/s 

Velocity in z, w 0.615 m/s 

Pitch angle, theta 0.146 rad 

Pitch rate, q  rad/s 

Engine Speed 1000 RPM 

Mass flow rate 2 kg/s 

 

 

10.4 Trim (Operating Points) Initialization  

 

Upon initializing the aircraft model with the trimmed operating points the model maintains a 

steady level flight with considerably little to no change in the primary state variable (u, w, q, , 

). For the trimmed elevator deflection and throttle inputs the aircraft stays within the trimmed 

airspeed of 31 m/s and a pitch rate of about 0 rad per seconds as shown in Figure 8. The AOA 

stays within 0.536-0.534 for the entire simulation time. 
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Time (s) 

 

Figure 8: Trimmed Results at Constant Elevator Input 

 

 
10.5 Space-State Model for Linearized aircraft 

Upon numerically differentiating the elements of the Jocabian matrix and taking the input as 

elevator deflection and the output as the longitudinal state variables (u, w, q, h, ), the space state 

model of the linearized aircraft model obtained for a given pitch rate is obtained as equation 4.1 

and 4.2. 

 

                              4.1  

 

               4.2                                                                                                            
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10.6 Transfer Functions of the Linearized Aircraft Model 

The transfer function obtained for the linearized longitudinal aircraft model outputs 

 with respect to the elevator deflection are shown in equation 4.3 to 4.7 below. 

These transfer functions were used to develop PID controllers for the system. 

     4.3   

                               

     4.4      

                                   

      4.5     

                                   

     4.6   

                                       

      4.7                                                         

 

 

10.7 Pitch Rate Controller 

The pitch rate controller design approach is presented in Figure 9 below. The transfer function in 

equation 4.3 is represented as the plant. The PID gains obtained upon using the Ziegler Nichols 

approach is shown in Table 4 below. 

 

Table 4: Pitch Rate PID controller gains 

Gains Values 

KP -2.0454 

KI -0.5264 
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Upon implementing the gains of the PID controller the model works efficiently by allowing the 

system to respond to its set input. The system uses pitch rate error to generate the elevator 

deflection as shown in Figure 9. 

 

Figure 9: Pitch Rate Controller Block diagram 

 

For a set pitch rate of 0 radians the system responded by maintaining a constant pitch rate within 

a period of about 80 seconds with a slight overshoot as shown in Figure 10. 

 

 

Figure 10: Pitch Rate Response on Actual Aircraft Model 

 

 

 

 



 

 

17 

10.8 Pitch Angle Controller 

Using the control design technique adopted earlier, the PI gains were estimated to enable the 

system obtain it desired output. The transfer function in equation 4.6 is represented as the plant. 

The PI gains obtained are shown in Table 5 below. 

 

Table 5: Pitch Angle Controller Gains 

Gains Values 

KP -1.44407 

KI -0.61080 

 

For a step input with elevator deflection at times 40 and 100 seconds the system response follows 

the step input accordingly as shown in Figure 11 below 

 
Figure 11: Pitch Angle Controller Response using Transfer Function 

 

 

The model uses a traditional two-loop feedback controller to produce the desired pitch angle as 

shown in Figure 12. The control loop is responsible for stabilizing the pitch attitude of the 

system. The inner loop uses the pitch rate to enhance a stabilized pitch angle. 
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Figure 12: Pitch Angle Controller on Actual Aircraft model 

 
For a reference pitch rate of 0.02 radians (1.15 degrees) the system responded by maintaining a 

constant pitch rate within a period of about 70 seconds as shown in Figure 13. 

 

 

 
Figure 13: Pitch Angle (via Pitch Rate) Response on Actual Aircraft Model 

 

10.9 Air Speed Controller 

In a similar fashion the airspeed controller was designed using the approach aforementioned. The 

transfer function in equation 4.5 is represented as the plant. The PID gains obtained upon using 

the Ziegler Nichols approach is shown in Table 6 below. 
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Table 6: Airspeed Controller Gains 

Gains Values 

KP 0.06070 

KI 0.00818 

KD 0.11239 

 

 

For a step input with elevator deflection at times 40 and 100 seconds the system response follows 

the step input accordingly as shown in Figure 14. 

 

 

Figure 14: Airspeed Controller Response using Transfer Function 

 

A three loop feedback controller approach was used to control the vehicle speed as indicated in 

Figure 15. The model uses the pitch angle and pitch rate error to command the elevator to move 

at a desired vehicle speed. 

 

 

Figure 15: Airspeed Controller on Actual Aircraft Model 
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For a corresponding elevator and throttle input, the model produces some pitch angle that 

maintains the aircraft at the reference airspeed of 30 m/s as shown in Figure 16. Per the inputs 

defined the aircraft maintains a steady state flight in the long period mode for 80 seconds as 

opposed to 20 seconds short period flight time. 

 
 

Figure 16: Airspeed Pitch Angle Controller Response 

 

 

10.10 Altitude Control 

 

To maintain the trimmed altitude at 1000 m for the entire flight simulation the pitch angle and 

pitch rate error, as indicated in Figure 17, were used. The model attains the reference altitude 

within a period of 30 seconds and maintains the reference altitude for 70 seconds. In other to 

further evaluate the model and the efficiency of the control scheme adapted for the altitude 

control the model was made to execute a set trajectory. The elevator input produces a 

corresponding pitch angle that enable the model perform climb, cruise and descent accordingly 

as shown in Figure 18. The model aggressively climbs to an altitude of 1500 m within a period 

of 30s and further cruise for 40s and descent to the ground within 30s. 
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Figure 17: Altitude Control 

 

 
Figure 18: Altitude Controller Response 

 

 

 

10.11 Effect of Wind on Aircraft Propulsion 

 

The wind velocity components are shown in Figure 19 with a lot of disturbances in the velocity 

along the x-direction and the  direction. With a head wind of approximately 30 m/s the 

performance of the engine is drastically affected. The engine power, torque, brake mean specific 

fuel consumption and mass flow rate requirements increase as shown in Figure 20. 
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Figure 19: Wind Velocity Components 

 
Figure 20: Effect of wind on Propulsion 
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11. Conclusion 

 

A three degree of freedom aircraft model that uses the nonlinear longitudinal equation of motion 

to predict the states and behavior of unmanned aerial vehicle was developed. The model was 

successfully trimmed and the operating points obtained upon trimming is used to linearize the 

entire aircraft model. The Ziegler Nichol control scheme predicts the PID gains that stabilizes the 

aircraft in its longitudinal mode. The model accurately characterizes the behavior of the aircraft 

by enabling it execute a set trajectory. Dryden’s wind turbulence model introduced into the 

equation of motion helped to quantify the effect of wind on the propulsion system used. 
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