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1. Introduction

        Diffuse reflection defines a separate regime for the spectroscopic analysis of materials. The 

physical processes underlying diffuse reflectance are discussed in references [1-6]. Parametric 

models applied to these analyses include those based formally on reflection from layered systems, 

i.e., scattering matrix (S-matrix) and Beer-Lambert Law models [7,8], and the Kubelka-Munk

theory of diffuse reflectance [9-12].

      This study describes a Kramers-Kronig analysis [7] of diffuse reflectance from NIR-SWIR 

absorbing dyes on cotton-fabric substrates for the estimation of dielectric response functions. The 

calculated response functions provide dielectric-response characteristics of the dyes and 

information on the sensitivity of their interactions with substrates. The calculated response 

functions can support the development of approximate effective-medium models (EMMs) [7] for 

estimating reflectance from dyed fabrics. Additionally, this study examines the sensitivity of the 

dielectric-response functions to the Kramers-Kronig spectral integration range. The absorption 

spectra for the Kramers-Kronig analysis are incomplete in the sense that they do not necessarily 

reach zero at the lower and upper wavelengths. The impact of this behavior on the dielectric-

response functions is examined using lower/upper wavelength smoothing and extrapolation 

techniques.    

2. Background

      Effective medium models (EMMs), based on effective medium theory (EMT) [7], are 

constructed using different types of weighted averages for dielectric response functions, where the 

specific type of weighted average depends on the composite material surface topology. Depending 

on the microstructure, the dielectric response functions – even for relatively pure materials – 

fundamentally represent the averages over ensembles of different intermolecular configurations. 

The fact that dielectric functions are ensemble averages provides motivation for construction of 

EMMs using estimated dielectric response functions. These estimated dielectric functions are 

mesoscopically averaged and approximate quantities that can, in principle, be constructed using 

generalizations of EMM formulations. An example of such generalization is represented by Eq. 

(1), for one of many EMMs, i.e. 

〈𝜀𝑒𝑓𝑓〉 =
∑ 𝑤𝑖

𝑁
𝑖=1 𝜀𝑖

∑ 𝑤𝑖
𝑁
𝑖=1

 ⟹  〈𝜀𝑒𝑓𝑓〉 =
∑ 𝑤𝑖

𝑁
𝑖=1 〈𝜀𝑖〉

∑ 𝑤𝑖
𝑁
𝑖=1

,  (Eq. 1) 

where the dependence of dielectric response on surface topology contributions to reflectance is 

represented by the weight coefficients wi, i = 1, ..., N.  Referring to Eq. (1), the dielectric response 

functions 〈𝜀𝑖〉  are assumed a priori as being estimates of dielectric response characteristics,

including the influence of interactions with substrates and adjacent mesoscopic segments.  

   Next, constructing EMMs using estimated dielectric functions requires the calculation of 

approximate dielectric functions suitable for such construction. This involves Kramers-Kronig 

analysis, which is formulated for the determination of estimated quantities. In principle, this 

formulation would apply Kramers-Kronig analysis to specular reflectance from uniform bulk-

material surfaces, which is an assumed condition for the accurate determination of material 

permittivity functions. However, in this case the absorbance functions obtained using inverse-

analysis methodologies provide a means to estimate the dielectric response characteristics. The 

calculated absorbance functions do not necessarily converge to zero at the spectral measurement 

______________
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limits. Therefore, the spectral behavior at the wavelength limits may influence the Kramers-Kronig 

integration and in-turn the dielectric response functions.  

      The next section describes the formulation of the Kramers-Kronig analysis, which is for the 

estimation of dielectric responses using diffuse reflectance from materials on substrates.  

 

3. Kramers-Kronig Analysis of Diffuse Reflectance Spectra 

 

         The Kramers-Kronig analysis provides an estimation of dielectric responses using diffuse 

reflectance from materials on substrates and their absorption functions obtained using inverse-

analysis. For this analysis, normalized extinction functions 〈𝛼𝑁(𝜆)〉 are determined by inverse 

spectral analysis of diffuse-reflectance spectra using the Kubelka-Munk model, i.e. 

 

                       〈𝛼𝑁(𝜆)〉 =  
𝑓𝐾𝑀(𝜆)

max[𝑓𝐾𝑀(𝜆)]
                                                       (𝐸𝑞. 2) 

and 

                       𝑓𝐾𝑀(𝜆) =  
(1 − 𝑅𝑛(𝜆))

2

2𝑅𝑛(𝜆)
,                                                       (𝐸𝑞. 3) 

where Rn is the normalized reflectance relative to background, e.g., substrate. Next, a normalized 

imaginary index of refraction is calculated by 

 

                       〈𝑘𝑁(𝜆)〉 =  
〈𝑘(𝜆)〉

max[𝑘(𝜆)]
,                                                        (𝐸𝑞. 4) 

where 

                      〈𝑘(𝜆)〉 =
〈𝛼𝑁(𝜆)〉𝜆

4𝜋
,                                                          (𝐸𝑞. 5) 

 

and a normalized real-refractive-index change is calculated by the Kramers-Kronig relation, 

 

             〈Δ𝑛𝑁(𝜆)〉 =
2𝜆2

𝜋
𝑃 ∫

〈𝑘𝑁(𝑧)〉𝑑𝑧

𝑧(𝜆2 − 𝑧2)

∞

0

.                                         (𝐸𝑞. 6) 

 

The normalization procedures defined in Eqs.(2) and (4), are consistent with the Kubelka-Munk 

model of diffuse reflectance, with 

                                              𝑓𝐾𝑀(𝜆) =  
𝐶𝑎𝑏𝑠

𝐶𝑠𝑐𝑎𝑡
,                                                           (𝐸𝑞. 7) 

 

where Cabs and Cscat are the absorption and scattering coefficients, respectively. Adopting the 

approximation of a scattering coefficient Cscat as being weakly dependent on wavelength, it follows 

that 

                       〈𝛼𝑁(𝜆)〉 ∝ 𝐶𝑎𝑏𝑠.                                                             (𝐸𝑞. 8) 

 

Therefore, a multiplicative factor approximates the dependence on scatterer density. Additionally, 

the Kubelka-Munk function in Eq. (2) is inherently an approximation of the absorbance function. 
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Further, we assume that the wavelength integration range of Eq. (6) is incomplete, but of sufficient 

expanse for estimating real-refractive-index change. Sensitivity with respect to incompleteness of 

the wavelength range of integration can be quantified by extrapolation procedures at the limits of 

the measured spectral range. 

          Continuing the analysis procedure, a scaling parameter Cs represents the dependence on 

scatterer density, defined by 

                    𝛼𝑠(𝜆)  = 𝐶𝑠〈𝛼𝑁(𝜆)〉.                                                       (𝐸𝑞. 9) 

 

Accordingly, the dependence of the complex index of refraction on scatterer density is 

 

                      𝑘𝑠(𝜆) = 𝐶𝑠〈𝑘𝑁(𝜆)〉                                                       (𝐸𝑞. 10) 

and 

                      𝑛𝑠(𝜆) = 1 +  𝐶𝑠〈Δ𝑛𝑁(𝜆)〉.                                               (𝐸𝑞. 11) 

 

The estimated complex dielectric-response function is then  

 

                                               〈𝜀(𝜆, 𝐶𝑠)〉 =  〈𝜀𝑟(𝜆, 𝐶𝑠)〉 + 𝑖〈𝜀𝑖(𝜆, 𝐶𝑠)〉,                                       (Eq. 12) 

 

where 

〈𝜀𝑟(𝜆, 𝐶𝑠)〉 = (𝑛𝑠(𝜆))
2

− (𝑘𝑠(𝜆))
2

                                        (𝐸𝑞. 13) 

and 

 〈𝜀𝑖(𝜆, 𝐶𝑠)〉 = 2 𝑛𝑠(𝜆) 𝑘𝑠(𝜆).                                              (𝐸𝑞. 14) 

 

Numerical integration of Eq. (6) for this analysis uses the discrete Kramers-Kronig relation 

 

                 Δ𝑛𝑁(𝑛) =
2𝜆(𝑛)2

𝜋
∑

[(𝑘𝑁(𝑚)/𝜆(𝑚) − (𝑘𝑁(𝑛)/𝜆(𝑛))]

(𝜆(𝑛)2 − 𝜆(𝑚)2)

𝑁

𝑚=1

,                       (𝐸𝑞. 15) 

 

where 𝑚 ≠ 𝑛, (m, n = 1, ..., N) and 𝜆(1) = 𝜆1, 𝜆(𝑁) = 𝜆𝑁 bound the spectral region of integration. 

      Figures (1) presents a description of the analysis procedure defined above. The procedure as 

described in Fig. (1) is applied to an incomplete wavelength integration range for the measured 

reflectance spectra, which for some measured spectra may include noise artifacts. Accordingly, 

extrapolation and smoothing techniques should be applied for determining sensitivity of calculated 

dielectric response to integration-range incompleteness and noise filtering. 

4. Case-Study Analyses 

 

         The complex index of refraction for 13 COTS dyes were estimated and evaluated using 

Kramers-Kronig analysis. The results from the Kramers-Kronig analysis establish fundamental 

material properties that can support the characterization of the dielectric response functions. The 

intermediate index of refraction properties are of particular interest, as they can be scaled – based 

on the scatterer density – to effectively estimate these dielectric response functions.  

         The dyes chosen for analysis have maximum-absorption wavelengths in either the NIR or 

SWIR bands, with appreciable spectral features extending into the visible spectrum. Reference 13 

describes the procedures used for dye and dyed-fabric sample preparation, and reflectance-
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spectrum measurements of dyed fabric samples. For this study, these dyes are designated according 

to their maximum absorption wavelengths, using the designation “KM-Maximum-Absorption-

Wavelength,” similar to references 14 and 15, where chemical formulae for these dyes are given.  

        For the index of refraction calculations, the absorption spectra input is incomplete in the sense 

that it does not necessarily reach zero at the lower and upper wavelengths, and it only includes a 

fixed bandwidth, spanning wavelengths of 350-2500 nm. This incompleteness can impact the 

Kramers-Kronig integration results, influencing the spectral behavior of the complex index of 

refraction. In order to minimize any response degradation, lower and upper wavelength smoothing, 

extrapolation, and termination techniques were analyzed – both for sensitivity and accuracy.  The 

results for the 13 dyes are included below, and comprise at least three different modified 

extrapolation procedures per dye for comparison. For each of these results, the absorption spectra 

was calculated from diffuse reflectance measurements using the normalized Kubelka-Munk 

inverse analysis method.  

 

KM 720 

 

      The absorption spectra for Dye KM 720 – implying an absorption peak near 720 nm – is shown 

in Figure 1. This spectrum reveals incomplete absorption characteristics for the lower wavelengths 

and an extended tail near zero for the upper wavelengths.  

 

 
Figure 1: KM Normalized Absorption for KM 720 – calculated from diffuse reflectance 

measurements. 

 

       Extrapolation techniques – both at the lower and upper wavelengths – and smoothing 

functions were integrated to complete the region of integration and to reduce noise contributions. 

Different extrapolation parameters were compared to capture the sensitivity of the Kramers-Kronig 

analysis relative to these modifications.  

      The first case considered a lower wavelength extrapolation to zero with a slope of 0.0026, 

which aligns with the absorption behavior at the lower wavelength limit. The addition of this 

extrapolation did not notably impact the Kramers-Kronig index of refraction calculations, as 

shown in Figure 2. This is due to the extrapolation aligning closely with the spectral characteristics 

near 350 nm (i.e the slope is already descending towards zero).  
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Figure 2: Case 1 - KM-720 absorption with lower wavelength extrapolation (slope: 0.0026, 

spanning 100 wavelengths) has minimal impact on the Kramers-Kronig Index of Refraction over 

the region of integration. 

 

      Upper wavelength smoothing and termination were evaluated to reduce the integration range 

to only span wavelengths with significant information. An example of this technique is shown in 

Figure 3, and also includes the lower wavelength extrapolation prior. In this case, the absorption 

spectrum is smoothed and terminated at zero using a 100 nm smoothing tail, starting at 1,000 nm 

and terminating at 1,100 nm.  

 

 
Figure 3: Case 2 - KM-720 absorption with lower wavelength extrapolation (slope: 0.0026) and 

higher wavelength smoothing and termination at zero at 1,100 nm (length 100).  

 

      The addition of the smoothing, termination results in lower maximums and minimums for the 

real index of refraction. The imaginary index of refraction is not notably impacted. This is due to 

the real part having a higher order dependency on the Kramers-Kronig integration. Therefore, 

changes at the upper (or lower) wavelengths will have a greater impact over the region of 

integration for the real response. If the lower wavelength extrapolation is instead extended with a 

reduced slope of 0.00086 (spanning 300 nm) instead of 0.0026 (spanning 100 nm), this results in 

greater deviations between the original and modified (post-extrapolation) indices of refraction. 

This is shown in Figure 4.  
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Figure 4: Case 3 - KM-720 absorption with lower wavelength extrapolation (slope: 0.00086) 

results in differences between the original and modified Indices of Refraction. 

 

The smaller slope on the lower wavelength extrapolation results in slight broadening of the real 

index of refraction. This results from the extrapolation diverging from the original spectral 

characteristics at the lower wavelengths.  For comparison a sharp slope (near infinite) is also 

considered in Figure 5. 

 

  
Figure 5: Case 4 - KM-720 absorption with lower wavelength extrapolation (slope: ~∞) results in 

minimal differences between the original and modified Indices of Refraction.  

 

      The Kramers-Kronig integration with a near vertical slope is nearly identical to the results with 

no extrapolation. This indicates that the incomplete integration range may cause differences in the 

index of refraction calculations if the missing wavelengths vary notably from the behavior near 

350 nm. If the spectra continue a similar behavior and is approaching zero, minimal differences 

between the original and modified data are expected. For spectra’s that are not nearing zero at 350 

nm, effective extrapolation becomes more important in capturing accurate indices of refraction 

matching the lower wavelength behavior. For KM-720, the extrapolation for Case 2 is 

recommended, as it provides a more realistic representation of the spectra over the larger 

integration range and reduces higher wavelength noise with early smoothing and termination. 

 

KM 775 

 

      A similar analysis was performed for dye KM 775, with an absorption peak near 775 nm. The 

calculated KM absorption spectra is approaching zero at the starting wavelength of 350 nm, so 

adding a lower wavelength extrapolation to zero – continuing with the same slope – has no impact 

on the Kramers-Kronig analysis. This is shown in Figure 6. 
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Figure 6: Case 1 – KM 775 absorption with lower wavelength extrapolation (slope: 0.0029) results 

in no notable difference between the original and modified Indices of Refraction. 

 

Additionally, adding a smoothing termination at 1,000 nm results in slight shift in the estimated 

real index of refraction – similar to KM 720. This is shown in Figure 7. 

 

 
Figure 7: Case 2 – KM 775 absorption with lower wavelength extrapolation (slope: 0.0029) and 

upper wavelength smoothing and termination starting at 1,000 nm (length 100 nm). 

 

Extending this smoothing termination to 1,100 nm (length 100 nm) is shown for comparison in 

Figure 8. 

  
Figure 8: Case 3 – KM 775 absorption with lower wavelength extrapolation (slope: 0.0029) and 

upper wavelength smoothing and termination starting at 1,100 nm (length 100 nm). 

 

The extension of this termination to higher wavelengths, shifts the real index of refraction up, 

closer to the original spectra. As the termination point continues to shift towards the original 
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spectral ending point of 2,500 nm, the curve will continue to shift up towards the original real 

index of refraction. For KM 775, Case 2 is recommended, as it provides smoothing and termination 

at higher wavelengths, reducing trailing noise, while still aligning closely with the dye’s spectral 

behavior. 

 

KM 778 

 

      For dye KM 778, with an absorption peak near 778 nm, the calculated KM absorption spectra 

is near zero at the starting wavelength of 350 nm. A short lower wavelength extrapolation – 

continuing with the same slope – was added to terminate the lower wavelength at zero. This has 

no impact on the Kramers-Kronig analysis, as shown in Figure 9. 

 

 
Figure 9: Case 1 – KM 778 absorption with lower wavelength extrapolation (slope: 0.0023). 

 

The second extrapolation case considered included the previous lower wavelength extrapolation, 

in addition to an upper wavelength extrapolation starting at 1,000 nm and reaching zero at 1,100 

nm. This extrapolation shifted the real index of refraction lower, as shown in Figure 10. 

 

  
Figure 10: Case 2 – KM 778 absorption with lower wavelength extrapolation (slope: 0.0023) and 

upper wavelength smoothing and termination after 1,000 nm (length 100 nm). 

 

      Shortening the upper wavelength extrapolation to a length of only 50 nm, so that it terminates 

to zero at 1,050 nm, results in the real index of refraction shifting slightly lower, as shown in 

Figure 11. The more the extrapolation termination shortens the original extended tail, the more 

the real index of refraction peaks shift lower.  
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Figure 11: Case 3 – KM 778 absorption with lower wavelength extrapolation (slope: 0.0023) and 

upper wavelength smoothing and termination after 1,000 nm (length 50 nm). 

 

For KM 778, Case 2 is recommended, as it provides smoothing and termination at higher 

wavelengths, reducing trailing noise, while also aligning closer with the dye’s spectral response. 

 

KM 780 

 

      The KM absorption for KM 780 shows a main peak near 780 nm, as well as two smaller peaks 

near 450 nm and 900 nm. Adding a lower wavelength extrapolation continuing with the original 

slope (0.0055), as shown in Figure 12, results in minimal changes to the Kramers-Kronig 

calculations. Additionally, a moving median filter spanning 20 nm was applied to reduce the 

measurement noise. This reduced the measurement spike originally located at 850 nm. 

 

 
Figure 12: Case 1 – KM 780 absorption with lower wavelength extrapolation (slope: 0.0055, 

length 30). Also applied median smoothing filter across 20 nm. 

 

      Keeping this lower wavelength extrapolation and adding an upper wavelength termination to 

zero (starting at 1,500 nm and extending 100 nm), slightly modifies the real index of refraction. 

As shown in Figure 13, the real index of refraction shifts lower with the earlier termination. The 

moving median filter was also applied to this case. 
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Figure 13: Case 2 – KM 780 absorption with lower wavelength extrapolation (slope: 0.0055), 

moving median filter spanning 20 nm, and upper wavelength smoothing and termination after 

1,500 nm (length 100 nm). 

 

      For Case 3, a modified lower wavelength extrapolation was considered that broadened the 

lower absorption base. This slightly shifted the real index of refraction, though the differences are 

minimal. In this case, the moving median filter of 20 nm was also applied. These results are 

compared in Figure 14. 

 

  
Figure 14: Case 3 – KM 780 absorption with lower wavelength extrapolation (slope: 0.0016, 

length 100) and moving average spanning 20 nm. 

 

      For KM 780, Case 2 is recommended for minimizing noise and capturing the spectral area of 

interest. Since there is minimal sensitivity to the lower wavelength extrapolation slope (as shown 

in Case 3), the estimated spectral behavior can be held with higher confidence. 

 

KM 825 

 

      Dye KM 825 contains a main absorption peak near 825 nm and a much smaller absorption peak 

near 425 nm. Applying an extrapolation to the lower wavelengths for absorption termination 

results in no changes to the Kramers-Kronig index of refractions, so long as the extrapolation 

maintains the lower wavelength slope towards zero. This is shown in Figure 15. 
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Figure 15: Case 1 – KM 825 absorption with lower wavelength extrapolation (slope: 0.0015, 

length 15). 

 

      Case 2 added an upper wavelength extrapolation to Case 1. The absorption curve was 

extrapolated at 1,000 nm to zero, spanning 100 nm. This termination, as expected, resulted in a 

slight decrease in the real index of refraction peaks, as shown in Figure 16. 

 

  
Figure 16: Case 2 – KM 825 absorption with lower wavelength extrapolation (slope: 0.0015, 

length 15) and upper wavelength smoothing and termination after 1,000 nm (length 100 nm). 

 

Shortening the upper wavelength extrapolation in Case 2 to a length of only 50 nm results in a 

slightly lower real index of refraction response. This is shown in Figure 17. 

 

  
Figure 17: Case 3 – KM 825 absorption with lower wavelength extrapolation (slope: 0.0015, 

length 15) and upper wavelength smoothing and termination after 1,000 nm (length 50 nm). 

 

For KM 825, Case 2 is recommended, as it provides smoothing and termination at higher 

wavelengths, reducing trailing noise, while still aligning closely with the dye’s spectral behavior. 
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KM 832 

 

      Dye KM 832 has its main absorption peak near 832 nm and a secondary absorption peak near 

445 nm. At the lower wavelength of 350 nm, the absorption curve approaches zero. Extending this 

slope towards zero with a slope of 0.005 (length of 20 nm) results in no noticeable modification in 

the calculated indices of refraction, as shown in Figure 18. 

 

  
Figure 18: Case 1 – KM 832 absorption with lower wavelength extrapolation (slope: 0.005, length 

20 nm). 

 

Modifying the lower extrapolation, such that it instead consists of a wider absorption base, causes 

slight changes in the indices of refraction. For a lower wavelength extrapolation length of 100, 

slight adjustments in results of the Kramers-Kronig analysis are shown in Figure 19. 

 

  
Figure 19: Case 2 – KM 832 absorption with lower wavelength extrapolation (slope: 0.00096, 

length 100). 

 

      Taking the lower wavelength extrapolation from Case 1, and adding an upper wavelength 

termination starting at 1,100 nm for a length of 100 nm, causes a notable shift down in the real 

index of refraction curve. This is shown in Figure 20. 
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Figure 20: Case 3 – KM 832 absorption with lower wavelength extrapolation (slope: 0.005, length 

20 nm) and upper wavelength termination at 1,100 nm (length 100 nm). 

 

For KM 832, Case 3 is recommended, as it provides smoothing and termination at lower and higher 

wavelengths, reduces trailing noise, and still aligns closely with the dye’s spectral behavior. 

 

KM 836 

 

      Dye KM 836, with a lower wavelength extrapolation to zero (slope 0.0044) that aligns with the 

absorption slope at 350 nm, is shown in Figure 21. This modification results in no noticeable 

changes to the Kramers-Kronig calculations. 

 

  
Figure 21: Case 1 – KM 836 absorption with lower wavelength extrapolation (slope: 0.0044, 

length 40). 

 

Case 1 is expanded upon in Figure 22, such that it also includes a median smoothing filter spanning 

20 nm. This removes the measurement noise observed near the absorption peak of 836 nm. The 

smoothing function causes very minimal shift in the real index of refraction, as shown in Figure 

22. 
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Figure 22: Case 2 – KM 836 absorption with lower wavelength extrapolation (slope: 0.0044, 

length 40) and a median smoothing filter of 20 nm. 

 

      Case 2 is then expanded upon in Figure 23, such that it also includes an upper wavelength 

termination at 1,200 nm for a length of 100 nm. This termination results in a noticeable shift lower 

for the index of refraction near the peak absorption wavelengths. 

 

  
Figure 23: Case 3 – KM 836 absorption with lower wavelength extrapolation (slope: 0.0044, 

length 40), median smoothing filter of 20 nm, and an upper wavelength extrapolation at 1,200 

(length 100 nm). 

 

For KM 836, Case 3 is recommended, as it provides smoothing and termination at lower and higher 

wavelengths, reduces trailing noise, and still aligns closely with the dye’s spectral behavior. 

 

KM 845 

 

      Dye KM 845 has two absorption peaks, its main absorption peak near 845 nm and a secondary 

absorption peak near 374 nm. The lower wavelength termination of the secondary peak is 

incomplete within the measurement range. Adding a lower extrapolation with a slope 0.0052 

(length 50) and applying a median smoothing filter (length 20 nm) does not change the indices of 

refraction noticeably. This is shown in Figure 24. 
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Figure 24: Case 1 – KM 845 absorption with lower wavelength extrapolation (slope: 0.0052, 

length 50) and median smoothing filter of 20 nm. 

 

Doubling the length of the lower extrapolation to 100 (slope 0.026) results in the KM absorption 

shown in Figure 25. This modification still does not change the Kramers-Kronig analysis 

significantly from the original associated with an incomplete wavelength integration range. 

 

  
Figure 25: Case 2 – KM 845 absorption with lower wavelength extrapolation (slope: 0.026, length 

100) and median smoothing filter of 20 nm. 

 

      Using the first case, with a lower wavelength extrapolation of 50 nm, and adding an upper 

wavelength extrapolation at 1,100 nm (length 100 nm), results in the indices of refraction shown 

in Figure 26. This addition of an upper wavelength termination lowers the real indices of refraction 

peaks. 
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Figure 26: Case 3 – KM 845 absorption with lower wavelength extrapolation (slope: 0.0052, 

length 50), median smoothing filter of 20 nm, and lower wavelength termination at 1,100 nm 

(length 100 nm). 

 

For KM 845, Case 2 is recommended, as it provides smoothing and termination at lower and higher 

wavelengths, reduces trailing noise, and aligns closer to the dye’s spectral behavior. 

 

KM 848 

 

      Dye KM 848 is very similar to Dye KM 845, with its absorption peak slightly shifted to a 

higher wavelength. Following the analysis for Dye KM 845, a similar lower wavelength 

extrapolation with a slope of 0.005 (length 50) was applied to terminate the secondary absorption 

peak at zero. Similar to KM 845 this had a negligible impact on the indices of refraction, as shown 

in Figure 27. 

 

  
Figure 27: Case 1 – KM 848 absorption with lower wavelength extrapolation (slope: 0.005, length 

50) and median smoothing filter of 20 nm. 

 

Similar to Dye KM 845, an upper wavelength termination at 1,100 nm (length 100 nm) was 

applied. This resulted in a similar down shift for the real index of refraction, as shown in Figure 

28. 
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Figure 28: Case 2 – KM 848 absorption with lower wavelength extrapolation (slope: 0.005, length 

50), median smoothing filter of 20 nm, and lower wavelength termination at 1,100 nm (length 100 

nm). 

 

For Case 3, the lower extrapolation was shortened to a length of 50 nm, as shown in Figure 29. 

 

  
Figure 29: Case 3 – KM 848 absorption with lower wavelength extrapolation (slope: 0.005, length 

50), median smoothing filter of 20, and lower wavelength termination at 1,100 nm (length 50 nm). 

 

In this case the real index of refraction does not change noticeably, as the change in termination 

length is minimal. For KM 848, the smoothing and termination in Case 2 is recommended for 

closing the integration range. 

 

KM 920 

 

      Dye KM 920’s measurement included measurement noise in the primary peak near 900 nm. 

The measurement range also cut off the secondary peaks at lower wavelengths. To address these 

issues, a lower wavelength extrapolation was applied with a slope matching the original absorption 

curve (slope 0.011, length 30 nm). Additionally, a moving median smoothing filter (length 20 nm) 

was applied to reduce the measurement noise. The resulting absorption and results of Kramers-

Kronig analysis are shown in Figure 30. 
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Figure 30: Case 1 – KM 920 absorption with lower wavelength extrapolation (slope: 0.011, length 

30 nm) and median smoothing filter of 20 nm. 

 

Next, extending the lower wavelength extrapolation in Case 1 to a length of 150 nm, causes a slight 

deviation in the real index of refraction. This is shown in Figure 31. 

 

 

  
Figure 31: Case 2 – KM 920 absorption with lower wavelength extrapolation (slope: 0.011, length 

150 nm) and median smoothing filter of 20 nm. 

 

Returning to Case 1, with the lower extrapolation length of 30 nm, and adding an upper termination 

point at 1,400 nm (length 100 nm), results in a larger shift down in the real index of refraction for 

the wavelengths below its peak at 1,120 nm. This change is shown in Figure 32. 

 

  
Figure 32: Case 3 – KM 920 absorption with lower wavelength extrapolation (slope: 0.0022, 

length 150 nm), median smoothing filter of 20 nm, and upper wavelength termination at 1,400 nm 

(length 100 nm). 
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For KM 920, Case 3 is recommended, as it provides smoothing and termination at lower and higher 

wavelengths, reduces trailing noise, and still aligns closely with the dye’s spectral behavior. 

 

KM 949 

 

      Dye KM 949 has measurement noise near 800 nm. A moving median smoothing filter, with a 

length of 20 nm, was applied to reduce this noise. Additionally, a lower wavelength extrapolation 

was integrated, which matches the slope at 350 nm (slope: 0.0053). These modifications are shown 

in Figure 33, and resulted in a smoother Kramers-Kronig result. 

 

 
Figure 33: Case 1 – KM 949 absorption with lower wavelength extrapolation (slope: 0.0053, 

length 70 nm) and median smoothing filter of 20 nm. 

 

Next, modifying the lower wavelength extrapolation, such that the slope is only 0.0025, increases 

the lower wavelength absorption base and causes a slight shift in the real index of refraction. This 

is shown in Figure 34. 

 

  
Figure 34: Case 2 – KM 949 absorption with lower wavelength extrapolation (slope: 0.0025, 

length 150 nm) and median smoothing filter of 20 nm. 

 

      Returning to the lower wavelength extrapolation in Case 1, keeping the median smoothing 

filter, and now applying an upper wavelength termination at 2,200 nm results in a slight shifting 

of the real index of refraction, particularly at wavelengths between 1,300-2,200 nm. This is 

shown in Figure 35. 
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Figure 35: Case 3 – KM 949 absorption with lower wavelength extrapolation (slope: 0.0053, 

length 70 nm), median smoothing filter of 20 nm, and upper wavelength termination at 2,200 

(length 100 nm). 

 

For KM 949, Case 3 is recommended, as it completes the integration range, while aligning closely 

with the dye’s spectral behavior. 

 

KM 978 

 

      KM 978 absorption contains two peaks, a main peak at 978 nm and a secondary peak near 400 

nm. Applying a lower wavelength extrapolation, matching the original slope, and smoothing the 

measurement noise with a median smoothing filter resulted in minimal changes to the indices of 

refraction (other than reducing measurement noise). This first case is shown in Figure 36. 

 

  
Figure 36: Case 1 – KM 978 absorption with lower wavelength extrapolation (slope: 0.0055, 

length 40 nm) and median smoothing filter of 20 nm. 

 

Using the lower wavelength extrapolation in Case 1, and adding an upper wavelength termination 

at 1,400 nm, causes the real index of refraction peaks to shift lower, as shown in Figure 37. 
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Figure 37: Case 2 – KM 978 absorption with lower wavelength extrapolation (slope: 0.0055, 

length 40 nm), median smoothing filter of 20 nm, and upper wavelength termination at 1,400 nm 

(length 100 nm). 

 

Terminating the upper wavelengths even closer to the main absorption peak (at 1,150 nm), causes 

a more significant shift in the real index of refraction peaks. An example of this is shown in Figure 

38. 

 

  
Figure 38: Case 3 – KM 978 absorption with lower wavelength extrapolation (slope: 0.0055, 

length 40 nm), median smoothing filter of 20 nm, and upper wavelength termination at 1,150 nm 

(length 50 nm). 

 

For KM 978, Case 2 is recommended, as it provides smoothing and termination at lower and higher 

wavelengths, reduces trailing noise, and still aligns closely with the dye’s spectral behavior. 

 

KM 1072 

 

      A lower wavelength extrapolation was applied to KM 1072 to align with the spectral slope at 

the start of the measurement range. A median smoothing filter with a length of 20 nm was also 

applied to reduce measurement noise. As shown in Figure 39, the lower wavelength extrapolation 

resulted in no significant deviation in the indices of refraction.  
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Figure 39: Case 1 – KM 1072 absorption with lower wavelength extrapolation (slope: 0.0065, 

length 40 nm) and median smoothing filter of 20 nm. 

 

Building off of Case 1, and adding an upper wavelength termination starting at 2,000 nm, results 

in only a slight reduction in the real index of refraction peaks. This is example is shown in Figure 

40. 

 

  
Figure 40: Case 2 – KM 1072 absorption with lower wavelength extrapolation (slope: 0.0065, 

length 40 nm), median smoothing filter of 20 nm, and upper wavelength termination at 2,000 nm 

(length 100 nm). 

 

Starting the lower wavelength extrapolation closer to the end of the absorption peak (near 1,900 

nm), causes a slightly larger shift in the real index of refraction over the center wavelengths. This 

case is shown in Figure 41. 
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Figure 41: Case 3 – KM 1072 absorption with lower wavelength extrapolation (slope: 0.0065, 

length 40 nm), median smoothing filter of 20 nm, and upper wavelength termination at 1,900 nm 

(length 50 nm). 

 

For KM 1072, Case 2 is recommended, as it provides smoothing and termination at lower and 

higher wavelengths, reduces trailing noise, and aligns closely with the dye’s spectral behavior. 

 

5. Aspects of Analysis 

 

        The extrapolation analysis provided useful insight into the Kramers-Kronig sensitivity 

resulting from the incomplete measurement ranges. So long as the behavior of the absorption data 

does not significantly change beyond the measurement range (i.e., no significant changes in slope), 

the estimated indices of refraction resulting from the Kramers-Kronig analysis can sufficiently 

represent the dye behavior.  

       Since lower wavelength extrapolations that align with the lower measurement range behavior 

do not cause notable shifts in the indices of refraction, the extrapolations are not necessary, though 

can be included to demonstrate completeness within the measurement range. However, the lower 

wavelength extrapolations are needed if the behavior is known to change at those wavelengths. 

The upper wavelength terminations are also recommended for dyes that have long tails near zero, 

as this can add additional process noise. These upper wavelength terminations should only be 

started after the absorption spectra has tapered off near zero.  

       Additionally, moving median smoothing filters are recommended for the dyes with 

measurement noise, as this can prevent the noise from transferring into the Kramers-Kronig 

analysis. Also of note, the common dye response to the extrapolation and smoothing features 

resulted in a slight shift (lower) of the real index of refraction. However, this shift does not 

significantly change the relative behavior of the index of refraction within the spectral response. 

Therefore, these extrapolation and smoothing procedures can provide a means to complete the 

integration range and minimize measurement noise, while providing more accurate representation 

of the dye material properties, including the indices of refraction and their associated permittivity 

responses. 

6. Conclusion 

 

       Determining estimates of the dielectric response of NIR/SWIR-absorbing dyes poses a 

specific problem. This study presents and demonstrates an inverse spectral analysis procedure for 

determining such estimates via Kramers-Kronig analysis and KM theory. The estimated dielectric 

response functions can be used to construct a parametric space for developing effective-medium 
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models capable of estimating reflectance from dyed fabrics. Furthermore, for measurements with 

noise or incomplete features near the spectral limits, extrapolation/smoothing techniques can  

support construction of approximate effective-medium models capable of estimating reflectance 

from dyed fabrics. 
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