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Abstract 

Measurement of sea ice thickness is of great importance for safety of navigation and for 

monitoring the environment, climate and geophysical information. In this research, we propose 

and investigate a novel concept of measuring sea ice thickness in a non-destructive way through 

electromagnetic field measurements, and in addition, also estimating the dielectric properties 

of sea ice. The method involves measuring electric and magnetic fields in the near field zone 

and estimating the thickness and dielectric properties using deep learning. First, we have 

developed several analytical methods to simulate an air- sea ice- sea water environment, 

assuming they form a planar three-layered system. The planewave reflection coefficient, which 

is a strong function of the thickness and dielectric constant of sea ice bulk, is calculated first, 

and the expressions are embedded into the source equation of a horizontal electric dipole. A 

model of sea ice has been developed whose dielectric functions are varied across each layer 

with changing thickness and age of sea ice and has been used to model the sea ice bulk in the 

three-layered system.  For data acquisition, the source is placed at the air - sea ice interface, 

and the receiver is swept along a predefined direction across the sea ice bulk. The receiver 

height can be kept fixed or can be varied as a constant function of wavelength, but for all cases, 

the 𝑧-component of the E and H fields appear to show clear dependence with the changing 

parameters of sea ice. The analytical results are verified with multiple independent calculations 

and with the help of a finite element simulation software. Afterwards we try to exploit this 

dependence by forming a deep learning dataset, composed of the normalized field components, 

operating frequency, and the thickness and dielectric properties of sea ice. A model is fit with 

the dataset, in order to solve the inverse problem of retrieving the thickness and dielectric 

properties of ice from the given field data. While evaluating the model, it is found that the 

thickness and dielectric property estimation is very accurate for the in-domain test set, but the 

performance degrades for an out-of-domain test set, where the source frequency is outside the 

training range. We have been able to mitigate this performance degradation by varying the 

spatial measurement range as a function of wavelength. When we try to estimate the thickness 

only using the dielectric properties as a priori information, the estimation performance 

increases even more. Small scale practical experiments have also been performed with wood 

and ice, whose dielectric properties are very similar to the sea ice dielectric properties at the 

operating frequencies. The experimental results agree with the intuition developed from the 
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analytical development and simulation experiments. With a strong theoretical basis, and 

simulation results as foundation, together with basic experimental validation, this idea can have 

fascinating prospects for large scale sea ice monitoring. 
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1. Introduction: 

In this project, we seek to develop a novel nondestructive method of estimating sea ice 

thickness, with the use of low frequency Electromagnetic waves. At present, there exist 

multiple methods to determine the thickness of sea ice in the arctic region. However, almost 

all of the state-of-the-art methods are either destructive or have some practical limitation in 

large scale monitoring of sea ice. In our work, we explore a new concept of near-field 

electromagnetic measurements in the sub wavelength region, which appears to show very 

strong dependencies with both the thickness and the dielectric properties of sea ice. The process 

to retrieve the actual thickness and dielectric properties of sea ice is mathematically intractable 

since the inverse relation of the thickness and the dielectric properties with EM field values is 

notoriously complicated. For such complex cases, recently deep learning models provide the 

pathway to estimate the inverse relation between the estimation parameter(s) and the extracted 

variable(s). Thereby we propose the use of deep learning to estimate not only the thickness, but 

also the dielectric properties simultaneously, which has never been done before.  

The use of low frequency EM waves to estimate the sea ice parameters have some advantages 

over the state-of-the-art methods. First of all, in GPR based thickness estimations, the presence 

of brine packets inside the sea ice bulk induces strong undesirable scattering, which ends up in 

erroneous estimations. Low frequency EM waves circumvent this limitation, as at such low 

frequencies, the sea ice bulk would appear as a homogeneous medium, thereby overcoming the 

limitation of scattering. Furthermore, low frequency responses are often monotonic and 

therefore the relation with thickness and dielectric variation is not strongly nonlinear, which is 

often a good trait to have when using estimation techniques. 

 

2. Objectives of the Project: 

Based on the aforementioned facts, the project objectives are as follows: 

● Develop an analytical model of sea-ice layer response due to low frequency EM waves 

● Investigate the feasibility of sea-ice thickness measurement using low frequency EM waves 

● Develop a deep learning neural network methodology for noninvasive measurement of sea-

ice thickness 



6 

 

3. Proposed Methodology: 

The schematic diagram of the proposed approach is shown in Fig. 1. The transmit dipole 

antenna will emit low frequency EM waves and the response from different interface 

boundaries will be recorded by the receiver at different receiver points. We would use a 

horizontal electric dipole antenna as a transmitter, which would excite both TM and TE waves. 

The waves respond with the thickness and dielectric variation of sea ice. These receiver points 

are directed along a particular direction, gradually increasing distance from the source, with 

keeping the receiver height fixed. This sweep of the receiver along a predefined direction is 

termed as “radial sweep” from the source. After extracting the field data from the radial sweep 

measurements, we feed them into a deep learning model to train and learn the thickness and 

dielectric variation, and later use the model to test the performance over unknown field data. 

 

Fig. 1: Schematic arrangement of the radial sweep method over sea ice 

4. Statement of Work: 

The work was divided into the following tasks: 

Task 1:  

Objective: Development of an analytical model of the response characteristics of sea-ice media 

due to low frequency EM waves 

Description: We would develop an analytical model to solve the electromagnetic fields due to 

different types of dipole antennas in the presence of layered sea-ice and seawater media. The 

objective of this task was to explore the quantitative relationship between sea-ice thickness and 



7 

 

E-field response. The effects of both anisotropy and layering had to be considered and the 

model would be expanded to n-layer system with arbitrary position of the source dipole in any 

medium. Again, receiver often could be exposed to different sources of noise and the noisy 

condition will be taken into account in the study.  

Completion criteria: After the completion of the task, we would get an analytical model that 

defines the quantitative relationship between E-field response and sea-ice thickness. 

Task 2:  

Objective: Validate the developed analytical model using finite-element simulation and 

experimental data 

Description: We had to develop a virtual model of the sea-ice and seawater media using 

COMSOL, a high-fidelity finite-element computer simulation software. We would generate 

the simulated data using this virtual model by placing dipole antennas in appropriate locations 

and solving the model for appropriate boundary conditions. The data from the COMSOL model 

would be analyzed to verify the quantitative relationship between E-field response and sea-ice 

thickness obtained from the analytical model. If experimental data is made available to us by 

ONRG through the experiments conducted by Dr. Bjorn Erlingsson or from any other suitable 

source, we would validate our model using that real dataset.  

Completion criteria: After the end of the task, we would be able to verify our analytical model 

using simulation and real data.  

Task 3:  

Objective:  Develop a deep learning neural network methodology to measure sea-ice thickness 

Description: Deep learning neural network is a powerful set of techniques that enables a 

computer to learn from observational data. Currently, it is the state-of-the-art methodology in 

many scientific domains surpassing the performance of traditional techniques by significant 

margin. We would develop a deep learning methodology in order to measure the ice thickness 

using the features of the received EM signal. The developed analytical and simulation models 

in task 1 and 2 would be utilized to generate synthetic data and augment experimental data to 

prepare the train, validation and test dataset for the deep learning model.  We would also 

delineate performance analysis of our method with relevant data. 

Completion criteria: After the end of the task, we would get a data driven model to predict 

sea-ice thickness from E-field response 



8 

 

Task 4: Methodology Demonstration 

Finally, we would develop an engineered system to demonstrate the validity of our 

methodology for measurement of sea-ice thickness. The advantage of using deep learning 

technique is that the performance of the model can be improved continuously by acquiring 

more E-field data and adding multiple data types such as surface texture from infrared imagery 

and freeboard measurement with the E-field response. 

5. Achievements: 

5.1 Developing the analytical expressions of electromagnetic fields over layered media: 

In order to discuss the feasibility of our proposed method of sea ice thickness estimation from 

near-field measurement, we needed to develop the analytical foundation of the proposition. 

Result obtained through analytical computation serves as the primary baseline of what to expect 

when we extract near-field measurement data over an air sea ice sea water environment (see 

Fig.1). To do that, first we developed the analytical framework for generalized three layered 

systems and approached to characterize the middle layer, which can have arbitrary dielectric 

values. The analytical treatment has been divided in the following steps: 

5.1.1 Determination of the planewave reflection coefficient over layered media: 

The first step to solving the analytical problem was to determine the planewave response of the 

three-layered air-sea ice- sea water systems. The information regarding the thickness and the 

dielectric properties of the sea ice lies in the “Generalized planewave reflection coefficient”, 

which can be both TM and TE reflection. For an 𝑛 layered system, this generalized reflection 

coefficient is recursively computed bottom up [1] using 𝑛 − 1 recursions. 

The TM reflection is a strong function of the sea ice thickness and dielectric properties, whereas 

the TE reflection is a strong function of the sea ice thickness only. We take advantage of this 

fact and extract one TM and one TE excited fields, so that we can make good estimations of 

all the characterization parameters of sea ice [2]. 

5.1.2 Developing a low frequency EM model of sea ice: 

Initially, we developed a crude, low frequency electromagnetic model of sea ice [3] where the 

sea ice has been considered as a gradually varying dielectric with thickness changing with 

porosity and salinity across each layer. We have developed three different models of sea ice, 
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with increasing complexity and nonlinear relation between the dielectric properties and the 

associated physical parameters. One of the models also takes into account the effect of age of 

the sea ice on its properties. One-year-old ice (also known as “frazil" ice) has higher salinity 

than multiyear ice, and that creates a noticeable difference between the conductivities of frazil 

ice and multiyear ice.  

Later on, we developed a more refined model of sea ice using the experimental data published 

in [4].  We used the updated model to investigate further complex responses of sea ice in the 

presence of varying EM fields at different frequencies.   

5.1.3 Calculation of the Sommerfeld integrals: 

The most common electromagnetic sources available are spherical in nature. In order to fit the 

planewave reflection coefficients into the spherical wave expressions, we needed to decompose 

the spherical source into an integral superposition of a circular wave and a planewave along 

the direction of stratification. We have done this by using the “Sommerfeld Identity”, and such 

integral representations are termed as Sommerfeld integrals. While evaluating the Sommerfeld 

integral for dipole radiation, several singularities and branch points had arisen.  We have taken 

into account these singularities and branch points when employing any method to compute the 

integral. Though computation of Sommerfeld integral is discussed in the literature for different 

contexts, no known work has addressed the problem at near-field region for low-frequency EM 

waves. 

 

5.1.4 Evaluation of electric and magnetic fields in the presence of three-layered systems 

After properly evaluating the Sommerfeld integrals, we computed the electric and the magnetic 

field components at any point due to radiation from a dipole antenna with arbitrary orientation. 

The simulation codes were developed for the Horizontal electric dipole configuration, which 

excites both TM and TE reflections. Among 12 different field components, we put emphasis 

on the TE component of the magnetic field and the TM component of the electric field, since 

these two were the only two decoupled waves and the other 10 components are dependent on 

them.  We apply the sea ice model which has been developed and observed the field response 

with changing thickness and dielectric properties of sea ice.  
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5.2 Proposition of a new method “Near field interferometry” to determine the field 

relation with thickness and dielectric properties of sea ice: 

5.2.1 The near field interferometry method to characterize lossy dielectrics like sea ice 

After observing the near-field dependencies of sea ice with changing thickness and dielectric 

properties, we proposed a field measurement method to observe the change of EM field values 

with varying thickness, loss tangent and dielectric constant. We name the method as “Near 

field interferometry”, where the source is kept at the interface between the air and sea ice 

sample. The receiver is placed at different points along the broadside direction for determining 

the 𝑧-component of the magnetic field. The receiver height was fixed at 2 meters, and the 

location was varied from 2 meters to 20 meters from the source along the preferred direction. 

We have noted strong and monotonic dependencies for the magnetic field with changing 

thickness of sea ice [1]. Later on, in [5] we have found that the E fields along the endfire 

direction also show considerable variation with not only the thickness but also the dielectric 

and loss tangent variation of sea ice (see Fig. 2). 

 

(a) 

 

(b) 

Fig 2. Analytically computed magnitude of the 𝑧-component of the E and H fields of the air-sea 

ice-sea water system, in the near field interferometry approach. The frequency is 5 MHz, 𝜖𝑖𝑐𝑒 ≈

7.5 , tan 𝛿𝑖𝑐𝑒 ≈ 0.55, the bottom layer is highly conductive sea water.  
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5.2.2 Exploring the theoretical limits of the measurement of dielectric (sea ice) thickness: 

In [1] we have also presented the theoretical lower and upper limits of the dielectric loss tangent 

value, below (above) which the near-field dependencies of the dielectric subsurface tend to 

subside. It has been shown that the loss tangent values of sea ice lie in the perfect place, neither 

too much or too little, and the field values vary maximally with both the thickness and dielectric 

properties of sea ice. 

 

5.3 Verification of the analytical expressions: 

5.3.1 Numerical Implementation   

Since the analytical expressions for near-field measurement were not explored before and there 

was no experimental data to verify the computational results, we chose to verify the 

Sommerfeld-integral based analytical results, by using several methods: (i) The modified 

Simpson's rule, (ii) the DFT rule, (iii) the Gauss-Kronrod method, (iv) the Romberg-Shanks 

method, and (v) the “emmod” software package to cross check and validate the analytical 

results. The entirely different computational methods provided identical results which ensure 

that the analytical results are accurate.  

5.3.2 Finite element simulation 

As a next step to verification, we used COMSOL Multiphysics, a finite element software, to 

simulate a three-layered system like the ones developed analytically. The COMSOL simulation 

results agreed with very high precision with the analytical results (see Fig. 3a) [5]. The near E-

field showed distinct maxima and minima location, followed by a monotonic decrease of the 

signal amplitude directly related to the thickness and permittivity of the middle layer. The 

location of the minima is also showed to be directly proportional to the thickness of the middle 

layer (see Fig. 3b). 
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(a) 

 

(b) 

Fig 3. (a) Comparison between analytical and FEM data for different thickness and 

dielectric values of the middle layer, (b) A proportional relation of the minima locations 

with varying thickness of the middle layer. [5] 
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5.4 Estimation of thickness and dielectric properties of sea ice using a neural network 

model: 

5.4.1 Solution of inverse problem for dielectric characterization: 

Having developed multiple computational and simulation methods to determine the field 

response in the presence of three-layered media and establishing a high degree of correlation 

between the EM field values and the dielectric properties, we approached to develop a neural 

network based deep learning method to solve the inverse problem i.e., to estimate the thickness, 

permittivity and conductivity values of the dielectric from its associated field values [6]. The 

frequency dependent characteristics of the middle substrate layer were also considered so that 

it would resemble a practical geophysical dielectric.  

The deep learning model consists of a three-layered multi-layer perceptron (MLP) network 

with fully connected layers. The normalized field values were fed into the network to train the 

model. The accuracy of the model was evaluated on the held-out test set considering a fully 

conductive or a regular dielectric bottom layer. The trained model could estimate the 

permittivity, conductivity and the thickness of both middle and bottom layers with very low 

error [6].  

5.4.2 Estimation of thickness and dielectric properties of sea-ice from near-field 

measurements: 

After training and evaluating the model on a generalized planar three-layered system, we 

proceeded to estimate the characterization parameters of sea ice. Sea ice permittivity and loss 

tangent are strong functions of the operating frequency, temperature and salinity, and the 

dispersion curve of sea ice has been extracted from [6]. Similarly, the bottom layer has been 

modeled using sea water properties which are also a strong function of frequency, temperature, 

and salinity. The top layer, where the source dipole is kept, is air, which is modeled with 𝜖0 =

1, tan 𝛿0 = 0. 

After modeling a complex three-layered system for sea ice, we proposed two methods of data 

acquisition technique with the near-field measurement. The first one is termed as the “Fixed 

radial sweep” and the second one is termed as “Scaled radial sweep”. In the first method, the 

height of the receiver and its distance from the source are always fixed independent of the 

wavelength, whereas in the second method the receiver distance is scaled with the wavelength 

by a constant multiplication factor. Our analysis shows that the scaled radial sweep method is 



14 

 

less dependent on frequency, and more suitable for estimating the sea ice thickness and 

dielectric properties over a wide band of frequency.  

 

5.5 Performance evaluation of the proposed method for measuring the sea ice thickness 

and dielectric properties  

After laying down the methods to estimate the sea ice thickness and dielectric properties, we 

seek to investigate the performance of the two proposed methods. We reported [2] that the 

fixed and scaled radial sweep methods both show extremely low error when the frequency of 

the test data falls inside the training limits. The estimation performance of the fixed radial 

sweep degrades rapidly when the test frequencies are outside the training limits, although this 

degradation of the scaled sweep is much less for the same amount of frequency deviation (see 

Fig. 4). 

Afterwards, we used the dielectric constant and loss tangent values as input training data, 

assuming we know these values as priori. For this case, the estimation of thickness improves 

further to a near zero error (see Fig. 5). 

It is worth noting that the amount of the FEM simulation data was significantly less than that 

of the analytical data, and therefore the deep learning models trained only on the FEM 

simulation data tend to overfit and perform with much less accuracy. 
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(a) 

Fig 4. Estimation error of 𝜖1, 

tan 𝛿1 and 𝑑 for the test 

dataset at different 

measurement frequencies: (a) 

fixed radial sweep (b) scaled 

radial sweep. 

 

(b) 
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(a) 

Fig 5. Estimation error of 

determining the sea ice 

thickness using a 

priori dielectric information: 

(a) fixed radial sweep (b) 

scaled radial sweep 

 

(b) 
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5.6 Experimental demonstration of near-field dependency: 

Finally, we seek to experimentally verify the near-field dependency of dielectric thickness, 

conductivity and permittivity values through experiment, and try to verify the claim that the 

field value depends on the thickness of the middle layer, especially when the bottom layer is a 

very highly reflecting ground. We used two different dielectric substrate materials for our 

experiments - wood and ice.  

 

 

(a) The transmitter monopole, connected 

with an RF oscillator 

(b) The receiver, TES Electrosmog meter. 

 
 

(c) Stacked arrangement of the wood 

sample for experiment 

(d) Ice container arrangement for the 

experiment 

Fig 6: Apparatus for the near-field measurement experiment 
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Transmitter and receiver 

The source antenna is a monopole antenna, connected with an RF 433MHz Transmitter 

module which has a frequency of 433 MHz (see Fig. 6a).  At this frequency, the dielectric 

constant and loss tangent values of sea ice, regular ice and wood are very close to each other 

[7]. The receiver is an EMF meter, which can operate between 50 MHz to 2.5 GHz (see Fig. 

6b). The transmitter was powered using Arduino Uno. 

Wood substrate 

For the wood sample, multiple slabs of wood with dimensions 80 × 80 × 3.5 cm3 have been 

cut. Two slabs of wood samples were stacked over one after another. The bottom wood surface 

is covered with Aluminum foil to emulate a highly reflective ground. The monopole is placed 

on the top surface and the EMF meter is swept along the broadside direction from 10 cm to 20 

cm in front of the source.  

Ice substrate 

For the ice sample, a plastic container with dimension 50 × 35 × 25 cm3 is used to form ice 

slabs. The inside of the container was first covered with aluminum foil to facilitate reflection. 

Two slabs of ice were formed with thickness 3.5 cm and 5.2 cm. Once again, the H field values 

are computed along the broadside direction with the receiver being swept from 10 to 20 cm in 

front of the source.  

 

Results 

The resulting H-field for the two configurations are shown in Fig. 7. From the figures we can 

see that the magnitude value is directly related with the thickness of the wood or ice sample, 

and the larger the thickness, the more the magnitude of the field values. The magnitude of the 

H-field also decreased with the distance from the source. These observations agree with our 

simulation results presented in [2]. However, the experimental arrangement was done in a crude 

environment and we have faced multiple shortcomings while taking measurements. These are: 

(a) It was not possible to create an ideal dipole, and therefore we had to use an approximate 

short monopole antenna. 

(b) The measured data was not always stable, and therefore we took the statistical mode.   
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(a) (b) 

Fig. 7: Experimental results of the magnetic field in the near field zone for (a) wood 

and (b) ice samples, for different thickness values  
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6. Conclusion 

During the project implementation period, every task has been addressed and completed. 

Noteworthy information is disseminated to the community of interest through multiple 

conferences and journals. The low frequency near-field responses of sea ice over sea water is 

examined analytically and verified with suitable finite element analysis. The experimental 

prototype of wood and ice samples also appear to agree with the general expectations; however, 

both the experiments are done using ordinary devices in sub-optimal environments. Further 

experiments with proper transmitter and receiver over natural or synthetic sea ice samples are 

needed in laboratory scale to gain even more practical sense, and to generate real field data for 

deep learning purposes. Overall, after the project, it has been found that the near-field 

measurement over sea ice can simultaneously estimate the thickness and the dielectric 

properties of the ice bulk, which is a completely novel idea and can have fascinating prospects 

in the study of sea ice monitoring.   
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Estimation of Thickness and Dielectric
Characteristics of Sea Ice from Near-Field EM

Measurements using Deep Learning
M. Shifatul Islam, Sadman Shafi and Mohammad Ariful Haque

Abstract—The near and far field EM responses over layered
media has long been exploited in diversified applications such
as remote sensing, monitoring and communication. In this
work, we utilize the near field dependence of the EM fields
of a three layered structure resembling air-sea ice-sea water to
estimate the thickness and dispersion characteristics of sea ice
using deep learning technique. We explore two key methods
of field measurement termed as the fixed and scaled sweep
methods, which employ fixed or variable length spatial sampling
for different radiation frequency. A synthetic training dataset
has been generated (using analytical computation and FEM
simulation) in the low MHz band, which is used to train a deep
learning model. The model is tested on different test datasets
with frequencies inside, below and above the training limits.
Both measurement methods work well for test frequencies
inside the training range, whereas the scaled sweep method
performs significantly better for test frequencies outside the
training band. Later, we investigate the problem of determining
sea ice thickness assuming a priori knowledge of sea ice
dielectric parameters, and results show that the model estimates
the thickness of the sea ice bulk with very low error.

Index Terms—sea ice, dispersive media, thickness measure-
ment, neural network application, modeling, electromagnetic
fields, electromagnetic measurements, electromagnetic propa-
gation in dispersive media, dipole radiation.

I. INTRODUCTION

The study of electromagnetic field variations with the
changing thickness and dielectric properties of geophysical
substances (also sometimes termed as substrate) is known as
“interferometry”. Far field interferometry has widely been
used in determining the field response in the presence of
different geophysical substrates. [1]–[5] The relative location
of the peak and troughs, and the sharpness of the interference
curve yield crucial dependencies on the dimensions and
dielectric properties of the substrate under interest. It is
well known that this method is not suitable for determining
the properties of substrate when its thickness is very small
compared to the wavelength, and when the loss is several
orders higher. For this case, interference patterns diminish
very quickly, which has been studied thoroughly in [2]. For
such types of dielectric configurations, [6] proposed an idea

M. Shifatul Islam is with Anyeshan Limited, Dhaka, Bangladesh. E-mail:
shifatul@anyeshan.com

Sadman Shafi is with Anyeshan Limited, Dhaka, Bangladesh.
Mohammad Ariful Haque is with the Department of Electrical and Elec-

tronic Engineering, Bangladesh University of Engineering and Technology,
Dhaka, Bangladesh.

of “near field interferometry”, where an analytical study
of near field magnetic fields show clear monotonic depen-
dence with both thickness and dielectric properties of the
substrate, whose thickness is in the subwavelength regime.
The study was progressed further in [7], where the analytical
results were verified using a finite element model, with the
additional exploration of the electric field dependencies. It
was shown that electric fields show a stronger, and more
non linear dependence with thickness, and show distinctive
maxima and when the field values are measured very close to
the top interface. The study also showed that the positions
of those extremes are directly related to the thickness and
the dielectric constant of the substrate. A later work [8]
tried to solve the inverse problem of actually retrieving the
constituent parameters from the field values, using deep
learning to learn the established clear correlations of the
near field patterns with the substrate properties. The study
used arbitrary dielectric constants for different planar three
layered structures, and demonstrated that it is indeed possible
to extract the thickness and dielectric properties for more
than one layer of stratification, using simplified deep learning
regression methods. However, the estimation performance
degraded with more number of layers, and with addition of
different level of noise.
In the theoretical development of both far and near field
interferometry, particular attention has been given to the case
where the bottom layer is highly reflective [1], [3], [6],
[7]. For near field condition, it is shown that fields vary
significantly with the substrate characterization parameters
if the bottom layer reflects all the waves from the bottom
interface; and consequently it gives an obvious advantage for
solving the inverse problem [8]. This observation motivated
us to use this method to characterize sea ice bulks. In the
MHz range, the ground (sea water) works as a very lossy
medium with reflection coefficient near unity [9] and the
air-sea ice-sea water environment would form a three layered
system, over which the near field interferometry is supposed
to work. However, sea ice is a more lossy dielectric [10]–
[12] as compared to regular ice, snow or glacier [4], [5], [10],
[13], which is primarily attributed to the presence of saline
brine packets trapped inside the sea ice bulk. This increases
both the dielectric constant and loss tangent values of sea
ice resulting in a more complex dispersion relation. Hence,
the characterization of sea ice can be more challenging than
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a general three-layered dielectric structure discussed in [8].
In the literature, there do exist methods which can measure
sea ice dielectric properties [10]–[14] and thickness [15]–
[22] independently with or without electromagnetic waves.
Among these methods, the EM sounding [22] is a well-
known technique which uses a transmitter and a receiver
coil; where the transmitter-sea water interaction induces
a secondary field in the receiver coil and it exploits the
theoretical relationship between the received field strength
and the sea-ice thickness. The relationship is expressed as
a complex integral representation with a Bessel function of
the first kind of order zero, which can be solved numerically
to estimate the thickness for given conductivities of the
ice and water. In our work, we present a novel method
of simultaneous estimation of both sea ice thickness and
dispersion relation using deep neural networks (DNN) which
would open up a completely new paradigm in large scale
monitoring of polar marine environment. The DNN is trained
on near field data with a defined range of frequencies;
the choice of frequency is such that the thickness of sea
ice falls in the subwavelength dimensions. In addition to
characterizing sea ice from low frequency measurements, we
also explore the frequency mismatch between the training
and test data. In other words, we want to determine the
possibility of characterizing sea ice parameters even when
the range of frequencies at inference time is different from
those in the training dataset. If this is a plausible case, we can
actually train a deep learning model with a limited training
dataset and use this model to characterize sea ice over a
wide range of experimental frequencies. We will present the
results in a later section, and show that the idea is feasible if
we define the measurement method in a wavelength scaled
way.
We divide the rest of the paper into three sections. In
section II, we discuss the feasibility of the sea ice thickness
measurement from a theoretical perspective, and describe
the general characteristics of the field data. In section III,
we provide two measurement schemes termed as the fixed
and the scaled radial sweep methods to obtain the field
dataset. We also describe the deep learning model which
learns the thickness and inherent dispersion relation of sea
ice from the field measurements. In section IV we presents
the performance of the deep learning model to characterize
sea ice, with a qualitative comparison between the two
measurement schemes, and discuss some possible limitations
and scope for improvement of the near field measurement
method. Finally, the results and our findings are summarized
in section V.

II. BACKGROUND THEORY

In this section, we present a mathematical and physical
interpretation of the EM field response of an air-sea ice-
seawater environment [22] and describe how the field re-
sponses are related to the characterization parameters. As
shown in Fig. 1, we consider a Hertzian electric dipole
as the source of EM radiation, and label air, sea ice and

Air

Sea Ice
Source dipole

Endfire

Broadside

Sea Water

= 1+0ic,0 

c,1 1 =     (1+tan   )1

c,2 2  =     (1+tan   )2

x
y

z

Fig. 1. Schematic diagram of the three layered air-sea ice-seawater
environment, with stratification along the negative z axis

seawater as layers 0, 1 and 2 respectively. Each layer has a
complex dielectric constant of ϵc,i, which consists of a real
polarization component ϵi and an imaginary loss component
tan δi through the following relation:

ϵc,i = ϵi(1 + tan δi),where i = 0, 1, 2

The EM fields depend on the “generalized planewave
reflection coefficient” [6] of the three layered system, which
in turn is a function of the thickness and the dielectric
properties of the substrate (i.e. sea ice). The expression of
the total reflection coefficient for the three layered system is
[23]

R̃0,1 =
R0,1 + R̃1,2e

2ikz,1d

1 +R0,1R̃1,2e2ikz,1d
(1)

Here, the tilde superscript over the reflection coefficient
denotes total generalized reflection, which considers the re-
flection from all the layers below. The reflection coefficients
without tilde superscript indicates the ”Fresnel reflection
coefficient” between the two successive layers [24]. The
propagation constant in each media is ki, its component
along the direction of stratification is kz,i, for i= 1,2. the
component tangential to the surface boundaries is kt, and d
is the thickness of sea ice. Dipole sources excite spherical
waves, which can be decomposed into a tangential cylindrical
wave component [25] and a planewave component along the
direction of the stratification. Therefore, kt = kρ, [23] and
ki =

√
k2ρ + k2z,i. Throughout the paper, we have chosen

an e−jωt time dependence, and therefore for choosing the
appropriate square roots in all the following equations, we
have taken the value which has a positive real and imaginary
component to satisfy the radiation condition. For the source
medium (air or medium 0), we omit the i subscripts from
the propagation components to avoid congestion in the field
expressions. That is, in the source region, the propagation
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constant and the component along stratification are k and kz
respectively.

If we represent the term 2ikz,1d in (1) in the angular
representation [23], we can write assuming |ϵc,1| >> 1 :

2ikz,1d = 2id
√

k21 − k2ρ =
4πid

λ

√
ϵc,1 − sin2 θ

≈ 4πid

λ

√
ϵc,1 = g(

√
ϵc,1d)

where, θ = atan
kρ

kz
is the angle of incidence, which can

be either real of complex. The reflection coefficient R can
be either TE or TM mode. However, irrespective of the
mode, since the ground is highly conductive, the bottom
layer will always have reflection coefficient R1,2 ≈ R̃1,2 ≈
±1 = e±iπ . Now, for TM case, the expression of the Fresnel
reflection coefficient between medium 0 and 1 (air and sea
ice) is:

RTM
0,1 =

ϵc,1kz − ϵ0kz,1
ϵc,1kz + ϵ0kz,1

=
ϵc,1

√
ϵ0 − sin2 θ − ϵ0

√
ϵc,1 − sin2 θ

ϵc,1
√
ϵ0 − sin2 θ + ϵ0

√
ϵc,1 − sin2 θ

=
ϵc,1 cos θ −

√
ϵc,1 − sin2 θ

ϵc,1 cos θ +
√
ϵc,1 − sin2 θ

= f1(
√
ϵc,1) (2)

and, for TE waves:

RTE
0,1 =

µ1kz − µ0kz,1
µ1kz + µ0kz,1

=
cos θ −

√
ϵc,1 − sin2 θ

cos θ +
√
ϵc,1 − sin2 θ

= f2(
√
ϵc,1) (3)

R̃0,1 =
fj(

√
ϵc,1) + eg(

√
ϵc,1d)±iπ

1 + fj(
√
ϵc,1)e

g(
√
ϵc,1d)±iπ

(4)

From (4), it is evident that both TM and TE reflection coef-
ficients are functions of medium thickness and the dielectric
property. Comparing (2) and (3) with (4), we also find that
the TM reflection is a strong function of both ϵc,1 and d,
and TE reflection is a weaker function of ϵc,1 but a strong
function of d. The idea is, we excite a source which has both
TM and TE component, then extract one TE field (a strong
function of d) and a TM field (a strong function of ϵ1 and d),
and use them to estimate both the unknown parameters from
the measurements. The choice of using a horizontal source
dipole therefore is the convenient choice as it excites both
field modes.

Even though the mathematical reasoning is plausible,
there underlies some difficulties in simultaneously estimating
the thickness and dielectric properties. Since the dielectric
constant and thickness appear as a product term (

√
ϵc,1d)

in (4), an error in measuring thickness should contribute to
the erroneous estimation of dielectric constant to a certain
degree, and vice versa. Furthermore, the complex and non
linear nature of ϵc,1 with frequency, makes the task of
estimating the parameter more challenging.
We have chosen the frequency of operation in the MHz
range as sea ice works as a partially transparent medium
at this frequency range. The feasibility of the whole method
depends on the fact that the air-sea ice interface will produce
a partial and the sea ice-seawater interface will produce a
total reflection; the combination of which will suppress the
source field and provide information on the medium charac-
teristics. The choice of the MHz frequency is convenient for
two reasons.

• For lower frequencies, sea ice bulks have a very large
dielectric constant [10], [11], [14], which results in
almost total reflection from the top interface, and very
few waves will leak through the bulk, which will result
in a very low resolution in measurement performance.

• As sea ice bulk has a moderately high dielectric loss, a
higher frequency would mean a larger propagation loss.
Hence, the penetrating waves will attenuate very quickly
inside the sea ice bulk before reflecting back to the
receiver, and therefore there would be no information
of the depth of sea ice.

Before divulging into the methodology section, we provide
a physical interpretation of the variation of field magnitudes
with changing thickness and dielectric constant of the sea
ice. Since the bottom seawater layer is highly conductive, it
will reflect almost all the waves from the sea ice-seawater
interface (ray 1) as shown in Fig. 2. Another wave reflection
will come from the air-sea ice interference (ray 2). With
respect to the source, both of these reflected waves are in
opposite phase, and will always try to cancel the source
ray in the subwavelength or near field region. Hence the
magnitude of the total fields will be lower. The more opposite
in the phase the combined ray 1 and 2 are with respect to
the source, the lower will be the total field response.

A. Relation with thickness d

When the thickness is low, ray 1 will travel less path
from the bottom interface to the receiver point, therefore
at the receiver, ray 1 will be more “out of phase” to the
source, which will suppress the source field more, and the
total field will be lower. When the thickness is large, ray 1
will travel a longer path, and therefore will be less “out of
phase” compared to the source. In addition, the propagation
inside a lossy sea ice bulk will degrade the magnitude of the
reflected waves to some extent. This will result in a much
weaker reflected wave opposing the phase of the source, and
the cancellation will be smaller. So the total field response
will be larger at large thickness values of sea ice and smaller
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Fig. 2. Physical interpretation of the variation of field magnitudes with
changing thickness and dielectric constant of the lossy substrate.

for small thickness values of sea ice. As shown in Fig. 3a,
this effect is more pronounced with the TE waves, which
strongly depend on the thickness.

B. Relation with ϵ1 and tanδ1

The larger the value of epsilon, the larger will be the
reflection from the top interface (ray 2) and there will be
more reflected waves cancelling out the source. So the total
field response will be lower. In the same token, the lower
the value of epsilon, the lower the reflection from the top
interface and the larger the response of the field values.
Addition of the medium loss will contribute not just to the
reflection magnitude, but also to the phase of the top surface
of the reflection coefficient, which will effect the reflection
characteristics. In general, the higher the loss tangent, the
more the reflection from the top surface, and the lower the
total field will be. The phenomenon is more prominent in
the TM reflections, which is a strong function of both the
thickness and the dielectric properties of the sea ice bulk (see
Fig. 3b).

III. METHODOLOGY

In this section we will discuss the method by which the
thickness and the dielectric properties of sea ice can be
estimated from the dipole radiated field values. As stated
earlier, we will consider the air-sea ice- seawater system as a
planar, three layered stratified system, and the frequency will
be in the MHz range. We choose to solve the inverse problem
of estimating the thickness and the dielectric properties using
a deep learning model, which needs sufficient data to train
and later to test the performance of the model. The training
data is generated using both an analytical method and a
finite element (FEM) simulation. We use analytical data to
describe the feasibility of solving such an inverse problem
from a theoretical perspective. In addition, due to the ease
of computation, we are also able to generate an enormous
amount of data using analytical method, so that the model
will always be very well trained and the results would be
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Fig. 3. Variation of TE and TM mode fields with radial distance of the
receiver from the source for different thickness and dielectric constants of
the substrate. The solid lines are for ϵ1 = 9, and the dotted lines are for
ϵ1 = 16. Fig. (a) shows strong dependency of Hz on thickness and Fig. (b)
shows strong dependency of Ez on both thickness and dielectric constant.

clearly interpreted and understood. On the other hand, FEM
simulation data is more representative of practically acquired
data, which should be much less in quantity and the error
propagation can be thought of as an error in measurement
schemes. The FEM simulation environment is generated
using COMSOL Multiphysics [26], a physics simulation
software. Due to the relatively large computation time, the
amount of generated data is much much less than those in
the analytical methods, and therefore the model is likely to
be overfitted on the training data. For the FEM modeling,
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Fig. 4. Attributes of the data samples used to solve the inverse problem.
The left arrows point to the training features, and the right arrows point to
the target values. The solid arrows represent the attributes used to estimate
both dispersion and thickness of sea ice. The dotted arrows correspond to
attributes when estimating thickness of sea ice only. The four double arrows
pointed to the left denote the complimentary features, which are neither used
for training nor as targets. The wavelength is used as an additional training
feature for the fixed radial sweep method. N is the number of data along
the measurement direction for the choice of radial sweep.

we chose the meshing to be relatively coarse, just enough so
as the integrity of the data is maintained, therefore ensuring
a faster computation as a tradeoff, and generate a reasonable
amount of data.

We describe the method of solving the inverse problem
of sea ice thickness in three steps. First, we will define the
three layered air- sea ice - sea water environment, then we
will generated field data for training and testing over a band
of frequencies, and finally we will use the dataset to train a
deep learning network capable of solving the inverse problem
of simultaneous estimation of the thickness and dispersion
relations.

A. Modelling of the three layered system

The top layer (air) is the simplest to model, with a
constant dielectric constant of ϵ0 = 1, and loss tangent

tan δ0 = 0. For modeling of the sea ice bulk, we have used
the dispersion curves presented in [12]. The dispersion of sea
ice is a direct function of temperature, frequency and salinity
of the ice sample. Due to the exponential and monotonic
dispersion relation in the low MHz ranges, we have used
linear interpolation to estimate the dielectric constants at
different temperature and salinity values.

The dielectric modelling of seawater is available in [9],
[27], where the dispersion of the sea water sample is fitted
into a debye model as follows:

ϵc,2 = ϵinf +
ϵs − ϵinf
1 + iωτs

− iσs

ωϵ0
; (5)

Here,

ϵref = 87.134− 1.949× 10−1T − 1.276× 10−2T 2

+ 2.491× 10−4T 3

σref = S(0.182521− 1.46192× 10−3S + 2.09324

× 10−5S2 − 1.28205× 10−7S3)

τref = 1.768× 10−11 − 6.086× 10−13T

+ 1.104× 10−14T 2 − 8.111× 10−17T 3

α = 1 + 1.613× 10−5ST − 3.656× 10−3S

+ 3.210× 10−5S2 − 4.232× 10−7S3

ϵs = ϵrefα

∆ = 25− T

β = 2.033× 10−2 + 1.266× 10−4∆+ 2.464× 10−6∆2

− S(1.849× 10−5 − 2.551× 10−7∆+ 2.551× 10−2∆2)

σs = σref exp(−∆β)

γ = 1 + 2.282× 10−5ST − 7.638× 10−4S

− 7.760× 10−6S2 + 1.105× 10−8S3

τs = τrefγ

ϵinf = 4.9

where T is the temperature in degree Celsius, and S is the
salinity in ppt (parts per thousand).

B. Description of the environment and dataset:

For the hypothetical three layered air-sea ice- sea water
system, we assume a horizontal electric dipole as the excita-
tion source. The source is placed on the sea ice surface. To
measure field components, we choose the z component of the
decoupled E and H fields as the necessary TM and TE field
data. Ez will be measured along the endfire [28] direction,
and Hz will be measured along the broadside direction. The
expressions of the two fields are given below [23]:

E⃗z
TM

=∫ ∞

−∞
i

Il

8πωϵ0

[
k2ρ

(
1− R̃TM

0,1

)
eikzzH

(1)
1 (kρρ) cosϕ

]
dkρ

(6)
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Fig. 5. The Ez and Hz field response with variation of the receiver height. Field values are obtained using mathematical computation and FEM simulation.
We have used f = 5 MHz, ϵ0 = 1, ϵc,1 = 10(1 + 0.5i), ϵc,2 ≈ i∞, z = 0.01λ in Figs. (a) and (d), z = 0.05λ in Figs. (b) and (e), z = 0.2λ in Figs.
(c) and (f).

H⃗z
TE

=∫ ∞

−∞
i
Il

8π

[
k2
ρ

kz

(
1 + R̃TE

0,1

)
eikzzH

(1)
1 (kρρ) sinϕ

]
dkρ

(7)

Here, ρ is the radial distance from the source to the
receiver, ϕ is the azimuth angle which defines the radiation
direction (ϕ = 0 is the endfire direction and ϕ = π/2 is the
broadside direction. I and l are the driving current and arm
length of the dipole respectively, ω = 2πf is the frequency
of operation. kρ is the tangential component of the dipole
radiation, kz = kz,0 is the propagation component along the
direction of stratification, and z is the height of the receiver.
We refer to [6], [23] for the description of each of the terms
and will not elaborate in this article.

The dataset consist of “train features” and “target values”.
The train features include the electric and magnetic field
values at defined receiver distance from the source, and
the target values are the concerned thickness and dielectric
properties of the sea ice bulk. There are also some “com-
plimentary features” such as the temperature and salinities

of the sea ice and sea water media; which are required
to generate the dielectric properties of the three layered
systems but not used to train the deep learning models. The
arrangement of the dataset in tabular form is presented in
Fig. 4.

The training features are generated over a range of fre-
quencies as shown in Table I so that the model can learn the
frequency dependent dielectric and loss tangent properties.
Furthermore, it allows us to check the performance of the
model when the test frequency is inside and outside the
training frequency bands; therefore we can evaluate the
frequency adaptation of the trained model. If the performance
of the model is acceptable outside the training bands, we can
use a narrow band training data and apply the model over
a wide range of frequencies. On the other hand, if the test
features work only inside the training range, we need to train
a larger model using a wide band training data.

First, to generate the data, we needed to determine the
height of the receiver and the spatial range across which the
receiver dipole will be swept to capture the field data. We
followed two approaches,
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TABLE I
RANGES OF EACH PARAMETER TO GENERATE DIFFERENT AIR-SEA ICE-SEA WATER ENVIRONMENTS. [a, b] IS A CLOSE INTERVAL RANGING FROM a

TO b.

Ranges of data for field generation Fixed scaled
Anlaytical FEM Anlaytical FEM

Frequency (MHz) [2,5] [2,5] [2,5] [2,5]
Temperature of sea ice (° C) [-35,-10] [-35,-15] [-35,-10] [-35,-15]

Temperature of sea water (° C) [2,8] [2,5] [2,8] [2,5]
Salinity of sea ice (ppm) [2.2,5.16] [2.2,5.16] [2.2,5.16] [2.2,5.16]

Salinity of sea water (ppm) [6.4,25.2] [6.4,25.2] [6.4,25.2] [6.4,25.2]
Thickness of sea ice (d) (m) [0.5, 7] [0.5, 7] - -

d/λ of sea ice - - [0.05,0.1] [0.05,0.1]
Receiver height (z) (m) 2 2 - -

z/λ height - - 0.05 0.05
Receiver distance from the source (ρ) (m) [3,15] [3,15] - -

ρ/λ distance from the source - - [0.01,0.05] [0.01,0.05]
Number of measurement data point 122 42 68 22

Number of data samples 142740 2688 315120 8568

• In the first method, the height of the receiver and
the spatial range of measurement with respect to the
source dipole remains constant. We term this method of
measurement as “Fixed radial Sweep” of the receiver.
The thickness of the sea ice layer is assumed to be
within 1m to 6m, which is the typical thickness of the
ice samples in the polar region [22]. We have chosen
the receiver height to be 2m, and the sweep distance of
the receiver is set from 3m to 15 m. Both of them are
empirical choices. We have also chosen the wavelength
(λ) of the excitation source as one of the training
features for fixed radial sweep, as adding wavelength
as an additional feature improves the performance of
the deep learning network.

• In the second approach, measurement distance and the
receiver height were scaled with respect to the wave-
length. We term the method of measurement as “Scaled
radial sweep” of the receiver. The receiver distance from
the source was varied from 0.01 λ to 0.05 λ, and the
height was fixed at 0.05 λ for each operating frequency.
Although the choice of the receiver height was empiri-
cal, we have noted that if the receiver is placed too close
to the sea ice surface, the field magnitudes diminish
very quickly with increased receiver distance (see Figs.
5a and 5d ). A slightly larger height of the receiver
tend to keep the field magnitude uniform with increased
receiver distance (see Figs. 5b and 5e ); however, an
arbitrary large height will increase the source receiver
distance too much, which causes the field signals to be
very small,(see Figs. 5c and 5f ). From these observation
of field patterns at different heights, we chose a value
of z= 0.05 λ, for the dataset generation.
For the scaled radial sweep method, the wavelength is
removed from the training features, as all the parameters
are scaled with respect to wavelength and the structures
are frequency independent, the wavelength would add
no additional information. We also note that removing
wavelength from the training features slightly improve
the performance of the training model.

When we try to measure the thickness and dispersion

Fig. 6. Extrapolation of the dispersion curves of sea ice outside the training
bounds: (a) extrapolation of dielectric constant (b) extrapolation of the loss
tangent. The dispersion curves are taken directly from [12].

curves beyond the training frequency range, we expect that
the scaled radial sweep method would perform better than
the fixed sweep method. Because the former method enables
us to get an approximately wavelength-independent represen-
tation of the field values, where the receiver distance, height
and the measured thickness is scaled to the wavelength, and
the only frequency-dependent variant is the dispersion rela-
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tion embedded in the reflection coefficients (the derivation is
provided in Appendix A). The concept is further explained in
Fig. 6, where the training frequency range and extrapolated
test frequency ranges are specified on the dispersion curves
obtained from experimental data. The curves are somewhat
exponential and monotonically decreasing in all the three
specified ranges and therefore, the model trained on the
middle range should be able to extrapolate the prediction
outside the training frequency boundary.

C. Description of the deep learning model:

As for the deep learning model, we have chosen a simple
three layered multilayer perceptron (MLP) for mapping the
input features into target values. For the fixed radial sweep,
the input layer consist of the wavelength and the magnitude
of the field values. For the scaled radial sweep, only the
field magnitudes are used in the input layer. The field data
are normalized using standard Z-score normalization. When
we try to estimate both the thickness and the dielectric
properties, the output layer included the ϵ1, tanδ1 and the
thickness values of the sea ice models. When we examined
the performance of the model to estimate the thickness only,
the ϵ1 and tanδ1 values are used as input features and the
thickness of the sea ice is the only output value.

The structure of the deep learning layers is shown in Fig. 7.
The intermediate layers are a series of three fully connected
layers, with 512, 1024 and 2048 nodes respectively at each
layer. Each layer is non linearized using the ReLu activation.
The final layer, or the output layer has no activation function
as the outputs are regressive. Since the inverse problem
of solving the thickness and the dielectric constants from
the field data is a regression problem, we use the mean
squared error (MSE) as the main loss function to update
the parameters of the model. As for the optimizer, Adam
optimizer has been defined, with an initial learning rate
of 0.001. The training data is divided into an 8:2 train to
validation set, and the batch size is set to 16. In order to
tackle overfitting, the learning rate is reduced at each plateau,
and the epoch count stopped after sufficient epoch count
failed to improve the validation loss.

IV. RESULTS

In this section, we present the performance of the deep
learning network to solve the inverse problem of estimating
the thickness and dielectric properties of sea ice on differ-
ent test datasets. For the performance evaluation, we have
defined the mean absolute percentage error (MAPE) as the
evaluation metric, which is given as follows:

MAPE =
1

I

∑
i

∣∣∣∣actual value(i)− predicted value(i)

actual value(i)

∣∣∣∣× 100%

Where, I =
∑

i
We first observe that the model learns very well with

the analytical dataset. Fig. 8a and 8b show the training
and validation loss curves for this dataset. We see that the
validation loss is quite low for both fixed and scaled radial

(a)

(b)

Fig. 7. (a) Architecture of the deep learning model for solving the inverse
problem. (b) The number of input features and output values for different
measurement methods and estimation parameters. Here, m is the number of
electric/magnetic field measurement points for fixed radial sweep and p is
the number of electric/magnetic field measurement points for scaled radial
sweep.

sweeps, and there is no sign of overfitting. To the contrary,
training with the FEM dataset results in higher validation
loss, as can be seen in Fig. 8a and 8d. There is some
overfitting to the training dataset due to the small amount
of FEM data.

A. simultaneous characterization of sea ice

Now we present the performance of our model for simulta-
neous characterization of sea ice using fixed and scaled radial
sweep methods. We also show whether a set of training data
with a defined frequency band can be used to interpolate at
different measurement frequencies.

1) Fixed radial sweep: Fig. 9a describes the efficacy of
the model to solve the inverse problem for fixed radial sweep
measurements. From the analytical test sets, we can see that
when the test dataset’s frequency is in the frequency range
of the training set, the percentage error of ϵ1 is always less
than 2%, the tan δ1 error is less than 10% , and the thickness
error is less than 5%. This suggests that the simultaneous
estimation of all three parameters is indeed possible, and
the model is capable of showing a high degree of accuracy.
However, for this method, if the measurement frequency
is even slightly outside the training range, performance of
the model degrades very rapidly. The thickness parameters
deteriorates the fastest, while ϵ1 and tanδ1 degrades more
gradually. Therefore, it can be said that the fixed radial
sweep measurement is not capable of frequency domain
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Fig. 8. Training and validation loss curves of the deep learning model for
different methods of training. (a) fixed radial sweep with analytical data, (b)
scaled radial sweep with analytical data (c) fixed radial sweep using FEM
model, (d) scaled radial sweep using FEM model

adaptation, but a very viable method to solve the inverse
problem provided the measurement data is within the training
range.

2) Scaled radial sweep: Fig. 9b shows the performance
of the model when we take a scaled approach to solve the
problem. We notice, when the measurement frequency is
inside the training limits, ϵ1, tanδ1 and d errors for analytical
dataset is less than 1%, which is a significant improvement
compared to the fixed radial sweep. The performance degra-
dation for test frequencies outside the training limits is also
gradual, and even for frequencies as high and low by a factor
of 5, we see that the estimation error is less than 10% for
ϵ1 and tanδ1, and less than 20% for d.

Though the scaled radial sweep performs better than the
fixed radial sweep, the gradual increase of error indicates
that the model is not capable of completely learning the
dispersion relations of the sea ice and sea water models
outside the training limits. The intertwined relation between
the thickness and the dielectric properties as mentioned in
Section II may cause an estimation error.

On the contrary, the fixed radial sweep fails even when
the test frequency is slightly outside the training frequency
range. This is because, if we keep the receiver height fixed,
then that would imply different z

λ ratio for each frequency
of measurement. This results in completely different patterns
of field magnitudes (see Fig. 6) which is difficult to learn by
the model.

Comparing the analytical results with the FEM estima-
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Fig. 9. Estimation error of ϵ1, tanδ1 and d for the test dataset at different
measurement frequencies: (a) fixed radial sweep (b) scaled radial sweep.

tions, we do see some degradation of quality for the latter.
Specially, for the scaled sweep method, the improvement
in performance is not so obvious. This can be attributed to
insufficient amount of FEM data used for the training, which
resulted in a quick overfitting of the model, which was not
the case for estimation using the analytical measurements.

B. Estimation of sea ice thickness

Finally, we have chosen to test the performance of our
deep neural network in determining the thickness only,
assuming ϵ1 and tanδ1 are known a priori. In this case, the ϵ1
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Fig. 10. Estimation error of determining the sea ice thickness using a priori
dielectric information: (a) fixed radial sweep (b) scaled radial sweep.

and tanδ1 values are passed to the deep learning network as
training features, and the thickness d remains the only target
to be estimated. Now the thickness measurement error, as
shown in Fig. 10, has improved drastically over all the ranges
of test frequency for both the fixed and the variable sweep
methods. We can see that the error is close to 0% inside the
training frequency range, and it is less than 20% outside the
training frequency range. However, a noticeable error still
persists when FEM data is considered.

V. CONCLUSION

In this work, we have examined multiple schemes of
thickness and dielectric estimation of sea ice over seawater.
Deep learning models trained on both analytical and FEM
data show good measurement accuracy, particularly when the
thickness is determined as a sole parameter. For practical
usecase and the most accurate evaluation of this method,
extensive physical measurements and data acquisition will be
necessary. While we believe that a thorough demonstration
and the feasibility has been presented, there is also significant
scope for improvements. Instead of using the “analytically
efficient” dipole antennas, there is definite possibility of
developing more complex antenna systems, which would ra-
diate more along the stratification layers and capture stronger
field responses. The one-dimensionality of the radial sweep
does pose a strict practical limitation that the receiver height
to wavelength ratio must always be nearly constant, and this
practical aspect of the problem could/may be circumvented
using more elaborate 2D and 3D mapping over multiple
receiver location. Overall, this work provides the baseline
methodology to simultaneously estimate the thickness and
dispersion characteristics of sea ice, and the performance of
the proposed method is already very encouraging. Branching
out further research and undertaking steps for practical
experiments would improve on this baseline, which is a part
of further work.
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APPENDIX

A. Wavelength normalized representation of the field values

Let, the receiver distance, height and thickness of the sea
ice, are expressed as a constant scaling factors of wavelength,
i.e. ρ = c1λ, z = c2λ and d = c3λ. Since the wave
propagation constant, k = 2π

λ , the tangential component,
kρ = 2π

λ sinθ, and the component along propagation kz =
2π
λ cosθ, from section II we can write kρρ = 2πc1 sin θ,
kzz = 2πc2 cos θ and g(

√
ϵc,1d) = 2ikz,1d = 4iπc3

√
ϵc,1.

Substituting these values to equation (4) we get:

R̃0,1 =
fj(

√
ϵc,1) + e4iπc3

√
ϵc,1±iπ

1 + fj(
√
ϵc,1)e

4iπc3
√
ϵc,1±iπ

= R̃j(ϵc,1, c3) (8)

with j= 1, 2 representing TM or TE reflection. Considering
free space (where ω = kc, c being the speed of wave
propagation) and modifying (6) we find:

ETM
z = K1

∫ ∞

−∞
(
2π

λ
)2sin2θ(1− R̃1(ϵc,1, c3))e

2πic2cosθ

·H1
1 (2πc1 sin θ) cosϕ cos θdθ

∝ 1

λ2

∫ ∞

−∞
(1− R̃1(ϵc,1, c3))e

2πic2 cos θH1
1 (2πc1 sin θ)

· sin2 θ cos θ cosϕdθ
(9)

where, K1 = iIl
8πcϵ0

. Since c1, c2 and c3 are all constant
terms and the only frequency-dependent term is R̃1(ϵc,1, c3),
the values of ETM

z during the radial sweep become weakly
dependent on frequency. Similary, it can be shown from (7)
that the normalized HTE

z is also weakly dependent on the
frequency:

HTE
z ∝ 1

λ2

∫ ∞

−∞
(1 + R̃2(ϵc,1, c3))e

2πic2 cos θH1
1 (2πc1 sin θ)

· sin2 θ cos θ sinϕdθ
(10)
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