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Abstract 

The theory of near-surface atmospheric wind noise is largely predicated on 
assuming turbulence is homogeneous and isotropic. For high turbulent 
wavenumbers, this is a fairly reasonable approximation, though it can 
introduce non-negligible errors in shear flows. Recent near-surface 
measurements of atmospheric turbulence suggest that anisotropic 
turbulence can be adequately modeled by rapid-distortion theory (RDT), 
which can serve as a natural extension of wind noise theory. Here, a 
solution for the RDT equations of unidirectional plane shearing of 
homogeneous turbulence is reproduced. It is assumed that the time-
varying velocity spectral tensor can be made stationary by substituting an 
eddy-lifetime parameter in place of time. General and particular RDT 
evolution equations for stochastic increments are derived in detail. 
Analytical solutions for the RDT evolution equation, with and without an 
effective eddy viscosity, are given. An alternative expression for the eddy-
lifetime parameter is shown. The turbulence kinetic energy budget is 
examined for RDT. Predictions by RDT are shown for velocity 
(co)variances, one-dimensional streamwise spectra, length scales, and the 
second invariant of the anisotropy tensor of the moments of velocity. The 
RDT prediction of the second invariant for the velocity anisotropy tensor is 
shown to agree better with direct numerical simulations than previously 
reported. 
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1 Introduction 

The theory of near-surface atmospheric wind noise—that is, static and 
stagnation interaction pressure fluctuations—is largely predicated on 
assuming turbulence is homogeneous and isotropic (Raspet et al. 2008). 
For high turbulent wavenumbers this is a fairly reasonable approximation, 
though it can introduce non-negligible errors in shear flows (Wyngaard 
2010, pp. 326, 327). Later work considered an anisotropic turbulence 
model, Kraichan's mirror flow model (Kraichnan 1956), for static (shear-
turbulence) pressure fluctuations, which is prominent at low turbulent 
wavenumbers (Yu et al. 2011). Recent near-surface measurements of 
atmospheric turbulence suggest that anisotropic turbulence can be 
adequately modeled by rapid-distortion theory (RDT) (Chougule et al. 
2017, 2018), which can serve as a natural extension of wind noise theory. 
These models for anisotropic turbulence consider the presence of a 
temperature gradient and plane shearing of homogeneous turbulence. 

Unidirectional, plane shearing of homogeneous turbulence is a 
fundamental problem in turbulence research. Under the premise of “weak 
turbulence” (Townsend 1976, p. 81), Townsend (1970) presented the first 
analytical solutions for the Fourier series expansion of turbulent velocity 
components. These solutions effectively apply to the RDT equations by 
neglecting terms containing an “effective eddy viscosity.” Hunt and 
Carruthers (1990) notes that features of turbulent shear flows over 
boundary layers can be described by RDT models for homogeneous 
turbulence in a uniform shear. In their review, considerable discussion 
was given to RDT predictions of covariances, comparisons to direct 
numerical simulations (DNS), and spectra. It was emphasized that the 
main result of RDT is to show that linear distortion effects of the mean 
shear dominate nonlinear interactions in the high-wavenumber range. 

The physical assumptions inherent to RDT are discussed at length by 
Cambon and Scott (1999). In particular the time scale of distortion by the 
mean flow is small compared to turbulent evolution in the absence of 
distortion. In other words, linearization of the Navier-Stokes equation 
implies, for large scales, the characteristic root-mean-square fluctuating 
velocity is much less than the product of mean strain (shear) and a 
correlation length scale. As a consequence, interaction of turbulence with 
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itself, including the cascade process, is ignored. Furthermore, initially 
homogeneous turbulence remains homogeneous if the flow is uniformly 
sheared. 

Here, a solution for the RDT equations of unidirectional plane shearing of 
homogeneous turbulence is reproduced. Particular attention is given to the 
presentation by Mann (1994), in which it is assumed that the time-varying 
velocity spectral tensor can be made stationary by substituting an eddy-
lifetime parameter in place of time. Section 2 reviews the stochastic 
Fourier-Stieltjes formalism for representing turbulent velocity fields. 
Section 3 outlines general and particular RDT evolution equations for 
stochastic increments. Section 4 provides the analytical solution for both 
the RDT evolution equation and for the case where an effective eddy 
viscosity is retained. Mass conservation is noted for the analytical solution. 
Section 5 derives the eddy-lifetime parameter. An alternative expression 
for the eddy-lifetime parameter is given. Section 6 examines the 
turbulence kinetic energy budget associated with the uniform-shear RDT 
equation. Section 7 discusses the consequences of the RDT solution with 
respect to velocity (co)variances, one-dimensional streamwise spectra, 
length scales, and the second invariant of the anisotropy tensor of the 
moments of velocity. The RDT prediction of the second invariant for the 
velocity anisotropy tensor is shown to agree better with direct numerical 
simulations than previously reported. 
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2 The Stochastic Fourier-Stieltjes Integral 
of Turbulent Velocity 

By Reynolds decomposition the turbulent velocity field, 
( ; ) = ( ; )+ ( ; )i i iu t U t u tx x x , is a linear sum of a mean velocity field and 

fluctuating velocity field, and 1 2 3 ) ,  ,(  iu u u u= . Assume the fluctuating field 
is statistically homogeneous in space 1 2 3 ) ,  ,  (x x x=x , and nonstationary in 

time, t . In this case time is represented as a parameter. The fluctuating 
velocity field is a stochastic process that is neither integrable nor periodic. 
As a consequence, Fourier analysis is not formally applicable for 
fluctuating velocity iu . Instead, a stochastic Fourier-Stieltjes integral 

represents the fluctuating velocity field through another stochastic 
process, ;( )iZ tk  (Wyngaard 2010, pp. 332–336), 

 ( ; ) d ( ; ),i
i iu t e Z t⋅

∞

−∞
= ∫∫∫ k xx k  (1) 

where 1 2 3 ) ,  ,  (k k k=k  is the turbulent wavenumber vector, d ;( )iZ tk  is a 
difference or increment in iZ , and the integral is over all wavenumbers. 
The differences d ;( )iZ tk  may be considered as complex amplitudes of the 

Fourier modes for turbulent wavenumber. 

Important properties of the Fourier-Stieltjes integral include orthogonality 
of stochastic increments and its relationship to the velocity spectral tensor. 
The stochastic differences of iZ  are complex valued and its components 

are orthogonal in wavenumber space (Batchelor 1953, pp. 31–33), 

 *
3

0,
d ( ; )d ( ; )

( ; )d ,i j
ij

Z t Z t
tφ

= ′ /〈 ′ 〉 =  ′==

k k
k k

k k k k
 (2) 

where 〈⋅〉  is the ensemble average operator, 3
1 2 3d  = d d dk k kk , and ( ; )i j tφ k  is 

the velocity spectral tensor. This quantifies the spatial scale and intensity 
of turbulence (Glegg and Devenport 2017, Sec. 8.4.3). The spatial cross-
correlation of turbulent velocity components is related to the velocity 
spectral tensor through a three-dimensional Fourier transform, 

( ; ) ( ; ) ( ; ) ,ij i jR t u t u t= 〈 + 〉r x x r  
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+ ( + ) *

3

d ( ; )d ( ; ) ,

( ; )d ,

i i
i j

i
ij

e Z t Z t

e tφ

− ⋅ ′⋅

⋅

∞

−∞
∞

−∞

〈 ′ 〉=

=
∫∫∫
∫∫∫

k x k x r

k r

k k

k k
 

where the complex conjugate of iu , being equal to itself, is used above. The 

inverse Fourier transform of the spatial cross-correlation gives the velocity 
spectral tensor, 

3
3

1( ; ) ( ; )d .
(2 )

i
i j ijt e R tφ

π
− ⋅

∞

−∞
= ∫∫∫ k rk r r  

By the continuity equation, / 0i iu x∂ ∂ = , it can be shown that stochastic 

increments are also orthogonal to the turbulent wavenumber vector, 

d ( ; ) = 0i ik Z tk , 

where it is understood that Einstein notation is used such that repeated 
indices are summed over—that is, 1 1 2 2 3 3d d d d  0i ik Z k Z k Z k Z= + + = . By way 

of Equations (1), (2), and the continuity equation, the following properties 
hold for the spatial cross-correlation and velocity spectral tensor: 

*

( ; ) ( ; ),

( ; ) ( ; ),
( ; ) ( ; ) 0.

( ; ) = ( ; ),ij ji

i

ij ji

ij j

i ij j ij

R
t t

t t
k t

t R t

k t

φ φ

φ φ

φ φ

= −

=

= =

−r r
k k

k k
k k
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3 Evolution Equation for Stochastic 
Increments by Rapid Distortion Theory 

A general evolution equation for stochastic increments, associated with 
turbulent velocity, follows from application of rapid distortion theory to 
the Navier-Stokes equation. Neglecting gravity and the rotation of the 
Earth, for an incompressible, constant density fluid, the Navier-Stokes 
equation is 

2

2

1i i i
j

j i j

u u upu
t x x x

ν
ρ

∂ ∂ ∂∂
+ = − +

∂ ∂ ∂ ∂
  

 , 

Where p  is fluid pressure, ρ  is fluid density, and ν  is kinematic viscosity. 
Each dependent variable, iu and p , are functions of position and time. The 

Navier-Stokes equation expresses conservation of momentum for fluid 
flow. Conservation of mass is expressed by the continuity equation 

 0i

i

u
x
∂

=
∂


. (4) 

Since the ensemble average is a linear operator—that is, it commutes with 
the gradient (Wyngaard 2010, p. 30), application to Equation (4) gives 

/ 0i iU x∂ ∂ = . Take the divergence of Equation (3) and consider the 

continuity equation 

2 2 2

2 2

2

2

1  ,

1 .

ji i i i
j

i i j j i i j i

j i

i j i

uu u u upu
t x x x x x x x x

u u p
x x x

ν
ρ

ρ

∂∂ ∂ ∂ ∂∂ ∂ ∂
+ + = − +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂
= −

∂ ∂ ∂



   





 

 

Rearrange right- and left-hand sides, 

2 2

2

2

1 ( ),

( ).

i j
i i j

i j j i i j i j
i j

p u u
x x x

U U u U u U u u
x x

ρ
∂ ∂

− =
∂ ∂ ∂

∂
= + + +
∂ ∂



 
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Take the ensemble average of both sides, 

2 2

2

1 ( )i j i j
i i j

P U U u u
x x xρ

∂ ∂
− = + 〈 〉

∂ ∂ ∂
, 

and subtract this from the earlier expression, 

2 2

2

2

1 ( ),

( ).

j i i j i j i j
i i j

j ji i
i j i j

i j j i i j

p u U u U u u u u
x x x

u UU u u u u u
x x x x x x

ρ
∂ ∂

− = + + − 〈 〉
∂ ∂ ∂

∂ ∂∂ ∂ ∂
= + + − 〈 〉
∂ ∂ ∂ ∂ ∂ ∂

 

Rearranging indices gives the fluctuating pressure Poisson equation, 

 
2 2

2

1 2 ( )j i
i j i j

i i j i j

U up u u u u
x x x x xρ

∂ ∂∂ ∂
− = + − 〈 〉

∂ ∂ ∂ ∂ ∂
. (5) 

Rapid distortion theory postulates that in the limit of rapid distortion, the 
first term on the right-hand side of Equation (5) is much larger than the 
remaining terms, 

 
2

2

1 2 j i

i i j

U up
x x xρ

∂ ∂∂
− =

∂ ∂ ∂
. (6) 

In other words, linear distortion effects of the mean shear dominate 
nonlinear interactions (Hunt and Carruthers 1990). Returning to Equation 
(3), neglecting viscosity and subtracting the ensemble average gives the 
fluctuating pressure gradient 

 1 ( )i i i
j j i j i j

i j j j

u u Up U u u u u u
x t x x xρ

∂ ∂ ∂∂ ∂
− = + + + − 〈 〉

∂ ∂ ∂ ∂ ∂
. (7) 

In rapid distortion theory, second-order fluctuations are neglected in 
Equation (7), resulting in 

 1 i i i
j j

i j j

u u Up U u
x t x xρ

∂ ∂ ∂∂
− = + +

∂ ∂ ∂ ∂
. (8) 
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Defining the average material derivative as 

D
D j

j

U
t xt
∂ ∂

= +
∂ ∂

 

provides for a succinct expression of the fluctuating linearized Navier-
Stokes equation: 

 D1
D

i i
j

i j

u Up u
x xtρ

∂∂
− = +

∂ ∂
. (9) 

Consider a uniform mean shear in the flow: 

 j
j k

k

U
U x

x
∂

=
∂

. (10) 

This shear distorts turbulent wavenumber vectors according to the 
following ordinary differential equation (Townsend 1976, Eq. (3.2.8)): 

 
d
d

jk
j

k

Uk k
t x

∂
= −

∂
. (11) 

The spatial scales of turbulence distort and rotate according to Equation 
(11) as a result of flow being solenoidal (velocity and mean velocity have 
zero divergence) (Townsend 1976, p. 47). The Fourier-Stieltjes integral of 
the average material derivative of fluctuating velocity is 

D ( ; ),
D

d ( ; ) ,

d d ( ; ) ,
d

i
j i

j

i
j j i

i k
i

k

u U u t
t xt

e ik U Z t
t

ke Z t
t t k

⋅

⋅

∞

−∞

∞

−∞

 ∂ ∂
= +  ∂ ∂ 

 ∂  = + ∂   
  ∂ ∂

= +  ∂ ∂  

∫∫∫

∫∫∫

k x

k x

x

k

k

 

which is proved by recognizing / 0j kk k∂ ∂ =  when indices k j=/ , and by 

continuity / 0j kU x∂ ∂ =  when indices k j= . A shorthand for the operator 

in the Fourier-Stieltjes integral is defined as 
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dD
dD

k

k

k
t tt k
∂ ∂

= +
∂ ∂





, 

which can be thought of as an average material derivative in turbulent 
wavenumber space. 

A general evolution equation for stochastic increments follows from 
Equations (6) and (9). Consider the following Fourier-Stieltjes integral for 
fluctuating pressure, 

( ; ) d ( ; )ip t e Y t⋅
∞

−∞
= ∫∫∫ k xx k . 

Converting Equation (6) to its Fourier-Steiltjes representation and 
equating stochastic increments of fluctuating pressure to fluctuating 
velocity gives 

2

d ( ; ) 2 d ( ; )j
j i

i

Uk Y t i k Z t
xρ

∂
=

∂
k k . 

Multiplying by iik−  and dividing by 2k  results in 

2d ( ; ) 2 d ( ; )i j ji
i

i

k k Uik Y t Z t
k xρ

∂−
=

∂
k k . 

The Fourier-Stieltjes integral of Equation (9) gives the following equality: 

Dd ( ; ) d ( ; ) d ( ; )
D

i i
i j

j

ik UY t Z t Z t
t xρ

− ∂
= +

∂
k k k





. 

Combining these two expressions gives the evolution equation for 
stochastic increments of fluctuating velocity: 

 2

D d ( ; ) 2 d ( ; ) d ( ; )
D

i j j i
i k j

k j

k k U UZ t Z t Z t
t k x x

∂ ∂
= −

∂ ∂
k k k





. (12) 

Equation (12) is similar to Equation (3.10.3) of (Townsend 1976), except 
that continuous wavenumbers are considered here, as opposed to discrete 
wavenumbers, and rather than representing fluctuating velocity as a 
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Fourier series, here it is represented as stochastic increments via the 
Fourier-Stieltjes integral representation. 

Consider streamwise coordinates such that the only nonzero term in mean 
shear is 1 3/U x∂ ∂ . Under this condition, the uniform shear rapid distortion 

equation is (Mann 1994, Eq. (3.11)) 

 11
1 32

3

D d ( ; ) 2 d ( ; )
D

i
i i

k kUZ t Z t
t x k

δ∂  = − ∂  
k k





. (13) 

Furthermore, the solution to Equation (11), given initial conditions 
0 1 2 30( 0) ( , , )t k k k= = =k k , is simply (Townsend 1976, p. 83) 

 1 2

1 30 1

3

2( , , ),
( ,  ,  )
k k k k
k k k

β= −
=k

 (14) 

where 1 3( / )U x tβ = ∂ ∂  is a nondimensional time. Note, the average 

material derivative in turbulent wavenumber space is appropriately 
interpreted as a total time derivative. Therefore, Equation (13) can be 
interpreted as a system of ordinary differential equations: 

 11
1 32

3

d d ( ; ) 2 d ( ; )
d

i
i i

k kUZ t Z t
t x k

δ∂  = − ∂  
k k . (15) 

Effective eddy viscosity 

In discussing an evolution equation for Fourier components of fluctuating 
velocity (i.e., stochastic increments d iZ ), Townsend (1976, p. 73) remarks 

that “interactions between pairs of Fourier components are negligible, if 
both contribute to the larger eddies, and that interaction between these 
components and components of larger wavenumber (smaller eddies) has 
the general effect of a viscous damping.” This effect is introduced into the 
stochastic increment evolution equation by way of an effective eddy 
viscosity tν : 

 2 11
1 32

3

d d ( ; ) d ( ; ) 2 d ( ; )
d

i
i t i i

k kUZ t k Z t Z t
t x k

ν δ∂  = − + − ∂  
k k k ,  (16) 

which accounts for viscous damping by smaller eddies.  
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4 Analytical Solution to the Uniform Shear 
Rapid Distortion Equation 

The uniform shear rapid distortion equation is a system of first-order 
ordinary differential equations that are analytically soluble. Consider first 
the third component of the stochastic increment, 

31
3 1 32

3

d d ( ; ) 2 d ( ; )
d

kUZ t k Z t
t x k

∂
=

∂
k k . 

A detailed solution for this equation will be given, and only critical details 
will be described for the other components. The following indefinite 
integral will be of use: 

3 3
3 32 2 2 2 2 2

1

1 2 3 1

2
2

2

2

1d d ,
1

tan d ,

1 d ,

ln ,

/ ( )
k

k

kk k
k k

x
x

c
k k

k k k k

θ θ=



=
+



+

= −


= +

 


+

+ 

∫ ∫
∫
∫

 

where c is a constant of integration, a substitution of 2 2
3 1 2tan /k k kθ = + , 

and 2 2 2
3 1 2d (1 tan ) dk k k θ θ= + +  is made after the first line, followed by a 

substitution of cosx θ=  and d sin dx θ θ= − . For 3dZ  the method of solution 

is by separation of variables. Integrating from time zero to t, 

1
1

3

3 3
3

3 0

2

2

2

3 3

2

3

0

3

30

0 0

d

;d ( )ln 2 d ,
d ( ;0)

[d ( ; )] 2 d ,
d

ln

( ; )

,

t

k

k

t Z t kk t
Z k

U
x

Z t k k
Z

k
k

t

k

∂
∂

  ′
′= − 

 

 
=  

 

′
′=

′∫ ∫
∫

k

k
k

k
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where the substitution 3 30 1 1 3( / )k k k U x t′ ′= − ∂ ∂ and 3 1 1 3d ( / )dk k U x t′ ′= − ∂ ∂  

follows the first line. Hence, 

 
2
0

3 3 02d ( ; ) d ( ;0)kZ t Z
k

=k k . (17) 

Substituting Equation (17) back into Equation (15) serves as a check. 

Since 3dZ  is known, solving for 2dZ  follows along the same lines. In 

particular, 

2
2 01

2 1 3 04
3

d d ( ; ) 2 d ( ;0)
d

k kUZ t k Z
t x k

∂
=

∂
k k , 

which as before is solved by separation of variables and integrating from 
time zero to t. The following indefinite integral is required: 

32 2 2 2 2 2 2
1 2 3 1 2

2
2 2 3/2

1 2

13 3
2 2 2 2 2 3/2 2 2

1 2 2 1

3

1 2

4

1

,

1 1 d ,
( ) [1 / ( ]

1 cos d ,
( )

1 tan
2( ) 2( )

d k
k k k k k

k k

k k c
k k k k k k

k

k

k

θ θ

−

=
+ + +

=
+

 
 = + +
 + + + 

∫
∫

∫
 

where the substitution 2 2
3 1 2tan /k k kθ = +  is used as before, and the 

indefinite integral for 2cos θ  follows from use of the double angle 
formula—that is, 2cos [1 cos(2 )] / 2θ θ= + . The solution for 2dZ  is 

 

2 2 2
2 30 3 0 2 0

2 2 0 2 2 2 2 2 3/2
1 2 1 2

1 130 3
32 2 2 2

1 2 1 2

( )d ( ; ) d ( ;0)
( ) ( )

tan tan d ( ;0)

k k k k k k kZ t Z
k k k k k

k k Z
k k k k

− −

 −
= + + + +

    
    × −

     + +     
0

k k

k

  (18) 

The solution for 1dZ  is nearly identical to 2dZ , except one additional 

indefinite integral is required. This arises from a second term in the 
ordinary differential equation: 
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2 2
1 0 01

1 1 3 04 2
3 1

2d d ( ; ) d ( ;0)
d

k k kUZ t k Z
t x k k k

 ∂
= − ∂  

k k . 

The required indefinite integral is 

3

3 32 2 2 2 2 2
1 2 3 1 2

2 2
1 2

1

2 2 2 2
1 2 1 2

1 1 1d d ,
1 / ( )

1 d ,

1 tan .

k k
k k k k k k

k k

k
c

k k k k

θ

−

=
+ + +

=
+

 
 = +
 + + 

∫ ∫
∫  

The solution for 1dZ  is 

2 2 2 2
1 30 3 0 2 0

1 1 0 2 2 2 2 2 3/2
1 2 1 1 2

1 130 3
3 02 2 2 2

1 2 1 2

( )d ( ; ) d ( ;0)
( ) ( )

tan tan d ( ;0).

k k k k k k kZ t Z
k k k k k k

k k Z
k k k k

− −

 −
= + − + +

    
    × −

     + +     

k k

k
 (19) 

Equations (17–19) are equivalent in form to solutions by Hunt and 
Carruthers (1990), in which they cite Townsend (1970). The inverse 
tangent terms in the solutions can be combined by the identity 

1 1 1tan tan  = tan [( )/(1 )]x y x y xy− − −− − + , such that 

2 2
30 3 1 21 1 130 3

2 22 2 2 2
1 2 30 31 2 1 2

( )
tan tan tan

k k k kk k
k k k kk k k k

− − −
     − +
     − =
     + ++ +     

. 

Composing Equations (17–19) into matrix form, 

 
1 01

2 2 0
2 2
03 3

1

1

0

d ( ;d ( ; 1 0
d ( ; 0 1 d ( ; ,

0 0 /d ( ; d

0))
) 0)
) 0)( ;

ZZ
Z Z

k k Z
t
tZ

t ζ
ζ

    
    =     
        

kk
k k
k k

 (20) 

 2
1 1 2

1

kC C
k

ζ = − , (21) 

 2
2 1 2

1

k C C
k

ζ = + , (22) 
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2 2

1 30 3 0
1 2 2 2

1 2

( )
( )

k k k k kC
k k k

−
=

+
, (23) 

 
2 22

30 3 1 212 0
2 2 2 3/2 2 2

1 2 1 2 30 3

( )
tan

( )
k k k kk kC

k k k k k k
−
 − +
 =
 + + + 

, (24) 

which is equivalent to Equations (3.14–3.17) of Mann (1994). 

Assuming the postulate that the time-varying velocity spectral tensor can 
be made stationary by substituting an eddy-lifetime parameter ( )kτ in 
place of time t , the components of the tensor follow from Equation (2), 

*

3

d ( ; )d ( ; )
( ; ),

d
( ).

i j
ij

ij

Z Zτ τ
φ τ

φ

〈 〉
=

=

k k
k

k
k

 

In like manner 

*
0 0

03

d ( ;0)d ( ;0)
( )

d
i j

i j

Z Z
φ

〈 〉
=

k k
k

k
, 

where 0( )ijφ k  is the spectral tensor for incompressible isotropic turbulent 

flow. The form of the initially isotropic spectral tensor is (Wyngaard 2010, 
p. 344), 

 20
0 0 0 04

0

( )( )
4

( )ij ij i j
E k k k k

k
φ δ

π
= −k , (25) 

where E  is the three-dimensional energy spectrum. By definition it is 
(Wyngaard 2010, p. 343) 

 2
0 0 0

0
0

( )( ) d
2i i

ii
k k k

E k aφ
=

= ∫∫ k
, (26) 

which represents the contribution of all Fourier modes with turbulent 
wavenumber magnitude 0k  to the turbulence kinetic energy. A form of the 

von Kármán energy spectrum is used by Mann (1994), 
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4

2/3 5/3
2 17/6

( )( )
[1 ( ) ]

LkE k L
Lk

α=
+

 , (27) 

where 1.7α = ,   is the specific turbulent kinetic energy viscous dissipation 
rate, and L  is a length scale. Components of the uniformly sheared 
velocity spectral tensor are (Mann 1994) 

 

2
11 11 0 13 0 1 31 0 1 33 0 1

2 2 2 2 20
0 1 1 30 1 1 2 14

0

( ) ( ) ( ) ( ) ( ) ,
( ) 2 ( )

4
[ ],E k k k k k k k

k

φ φ φ ζ φ ζ φ ζ

ζ ζ
π

= + + +

= − − + +

k k k k k
 (28) 

 
12 11 0 13 0 2 32 0 1 33 0 1 2

2 20
1 2 1 30 2 2 30 1 1 2 1 24

0

( ) ( ) (k ) (k ) ( ) ,
( ) ( )

4
[ ],E k k k k k k k k k

k

φ φ φ ζ φ ζ φ ζ ζ

ζ ζ ζ ζ
π

= + + +

= − − − + +

k k k
 (29) 

 

2 2
0 0

13 13 0 33 0 12 2

2 20
1 30 1 2 12 2

0

( ) ( ) ( ) ,

( ) ( )
4

[ ],

k k
k k

E k k k k k
k k

φ φ φ ζ

ζ
π

= +

= − + +

k k k
 (30) 

 

2
22 22 0 23 0 2 32 0 2 33 0 2

2 2 2 2 20
0 2 2 30 2 1 2 24

0

( ) ( ) ( ) ( ) ( ) ,
( ) 2 ( )

4
[ ],E k k k k k k k

k

φ φ φ ζ φ ζ φ ζ

ζ ζ
π

= + + +

= − − + +

k k k k k
 (31) 

 

2 2
0 0

23 23 0 33 0 22 2

2 20
2 30 1 2 22 2

0

( ) ( ) ( ) ,

( ) ( )
4

[ ],

k k
k k

E k k k k k
k k

φ φ φ ζ

ζ
π

= +

= + +−

k k k
 (32) 

 

4
0

33 33 0 4

2 20
1 24

( ) ( ) ,

( )
4

( ).

k
k

E k k k
k

φ φ

π

=

= +

k k
 (33) 

4.1 Effective eddy viscosity factor 

By introducing an effective eddy viscosity an additional term is present in 
the evolution equation for stochastic increments. The 3dZ  component in 

Equation (16) is 
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2 1 31
3 3 3

3 2

d d ( ; ) d ( ; ) 2 d ( ; )
d t

k kUZ t k Z t Z t
t x k

ν
 ∂

= − +  ∂  
k k k . 

As before, separation of variables leads to a solution. Integrating the 
additional term is straightforward: 

2 2 2 2
1 2 3 3

1 1 3

2 2 3 3
1 2 3 30 3 30

3 30

2 2
0 1 30 1

3

300
d ( )d ,

( / )

( )( ) ( ) / 3

( ) / 3

,[ ]

[ ].

t
t

t

t

t k

k
k t k k k k

k U x

t k k k k k k
k k

t k k k k

νν

ν

ν β β

− ′ = + + ′ ′
∂ ∂

= − + − + −
−

= − − +

∫ ∫
 

This is the argument in the exponential for D  in Eq. (3.12.3) of 
(Townsend 1976, p. 83). Therefore, the solution for 3dZ  is 

2 2
0 1 30 1

2
[ ( ) /3] 0

3 3 02d ( ; ) d ( ;0)t t k k k k kZ t e Z
k

ν β β− − +=k k . 

As Savill (1987) notes, introducing an effective eddy viscosity to the rapid-
distortion equation introduces an integrating factor, such that the original 
solution is simply corrected by dividing through by this factor. In 
particular, multiplying each term of Equation (20) by 

2 2
0 1 30 1[ ( ) /3]t t k k k kD e ν β β− − +=  

provides a solution to Equation (16). 

4.2 Mass conservation 

A physical check of Equation (20) is the satisfaction of mass conservation. 
In particular, ( ) 0i ijkφ =k . Expanding the 3j = component, 
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3 1 13 2 23 3 33

2 2 2 20 0
1 1 30 1 2 1 2 2 30 1 2 22 2 2 2

0 0

2 20
3 1 24

2 2 2 2 2 2 20
30 1 30 2 1 1 1 2 3 1 0 3 2 02

0

( ) ( ) ( ) ( ),
( ) ( )( ) ( )

4 4
( )

4
( ) ( / )( ) ( / ) ( / )

4 ( )

,

[ ] [ ]

( )

[ ]

i ik k k k
E k E kk k k k k k k k k k

k k k k
E kk k k

k
E k k k k k C k k k k k k k k k k k

k k

φ φ φ φ

ζ ζ
π π

π

π

= + +

= + + + + +

+ +

= − +

−

+ +

−

+−

k k k k

0.

,

=

 

This can be shown to be true for 1j =  and 2 , as well. Equation (20) 
satisfies mass conservation. 
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5 Eddy-Lifetime Parameter 

A scale-varying eddy-lifetime parameter is proposed by Mann (1994) as a 
timescale during which an eddy is formed and breaks up. This parameter, 
as noted in Section 4, is central to the postulate that the time-varying 
velocity spectral tensor can be made stationary. The form proposed is 

 
1/2

1( ) ( )d ,
k

k k E k kτ
−

−
∞ 

′ ′∝  
 ∫  (34) 

where the eddy lifetime is considered proportional to its size 1k −  divided by 

its characteristic velocity, approximated as ( )1/2

( )d
k

E k k
∞

′ ′∫ . This definition 

is used to extend the notion of an eddy-lifetime to eddies in the energy 
subrange of turbulence. Substituting Equation (27) into the integral of the 
energy spectrum and making the variable substitution 2( / )s k k= ′  and 

3/2d ( 1/ 2) dk s k s−′ = −  gives 

4
2/3 5/3

2 17/6

2/3
2/3 2/3

2 17/6

2/3 2/3 2
2 1

1

0

( )( )d d ,
[1 ( ) ]

d ,
2 [1 ( ) ]

(1/ 3) (17 / 6,1/ 3;4 / 3; ( ) ),
2 (4 / 3)

k k

LkE k k L k
Lk

sk s
kL s

k F kL

α

α

α

−
−

−

− −

∞ ∞ ′
′ ′ = ′

+ ′

=
+

Γ
= −

Γ

∫ ∫
∫







 

where the hypergeometric function has the following integral form 
(DLMF, Eq. 15.6.1), 

1 1

2 1

1

0

( ) (1 )( , ; ; ) d
( ) ( ) (1 )

b c b

a

c t tF a b c z t
b c b zt

− − −Γ −
=
Γ Γ − −∫ . 

It is unclear why the first and second arguments of the hypergeometric 
function are switched in Equation (3.3) of Mann (1994). However, 
switching these arguments leaves the value of the hypergeometric function 
unchanged as can be seen by its infinite series definition (DLMF, Equation 
15.2.1): 
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2 1
0

( ) ( ) ( )( , ; ; )
( ) ( ) ( ) !

s

s

c a s b sF a b c z z
a b c s s

∞

=

Γ Γ + Γ +
=
Γ Γ Γ +∑ . 

An alternative solution for the integral expression is based on a rather 
straightforward substitution 1 ,  d dq s q s= − = − : 

2/3
2/3 2/3

2 17/6

17/3 2/3
2/3 2/3

2 17/6 2 1 17/6

5
2/3 2 1

2 12 17/6

1

0
1

0

( )d d ,
2 [1 ( ) ]

( ) (1 )( ) ( ) d ,
2 [1 ( ) ] [1 [1 ( ) ] ]

( ) (1/ 3)( ) (17 / 6,1;4 / 3;[1 ( ) ] ).
2 [1 ( ) ] (4 / 3)

k

sE k k k s
kL s

kL qL kL q
kL kL q

kLL F kL
kL

α

α

α

−
−

−

−
−

−

−

∞
′ ′ =

+

−
=

+ − +

Γ
= +

+ Γ

∫ ∫
∫







 (35) 

This representation is particularly important for numerically evaluating 
the vertical velocity variance 3 3u u〈 〉  since the 2 1[1 ( ) ]z kL −= +  argument of 
the hypergeometric function satisfies the condition | | < 1z  for (0, )k∈ ∞ . In 
contrast, the alternate form by Mann (1994), 2( )z kL −= − , does not satisfy 
the condition | | < 1z for all k . When 1/k L< , then | | 1z > . In this case 
some transformation formula must be applied to map z  to some region 
within the complex-valued unit disc in order to compute the 
hypergeometric function. It should be further noted that Equation (35) 
still maintains the same limiting characteristics in the eddy-lifetime 
parameter, as k  goes to zero 1( )kτ −∝  or infinity 2/3( )kτ −∝ . 

Instead of Equation (27), the following energy spectrum function is used 
throughout the remainder of this tutorial (Wilson 2000): 

 
2 4 5

2 17/6

55( )
9B(1/ 2,1/ 3) [1 ( ) ]

kE k
k

σ
=

+




, (36) 

where 2σ is the isotropic velocity variance,   is a length scale, and 
B( , ) ( ) ( ) / ( )x y x y x y= Γ Γ Γ + . This form for the energy spectrum function is 
equivalent to Equation (27), provided L= , and 

2 2/39B(1/ 2,1/ 3) ( ) / 55Lσ α=  . Integrating Equation (36) over all 
wavenumber magnitudes gives the turbulence kinetic energy for isotropic 
turbulence, that is, 
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2

0

3 ( )d
2 2
i iu u E k kσ ∞〈 〉

= = ∫ , 

where i iu u〈 〉  is evaluated at time zero. The integral for squared 

characteristic eddy velocity, following the same substitutions as above, is 

2 5
2 1

2 12 17/6

55 ( ) (1/ 3)( )d (17 / 6,1;4 / 3;[1 ( ) ] )
18B(1/ 2,1/ 3) [1 ( ) ] (4 / 3)k

kE p p F k
k

σ −
∞ Γ

= +
+ Γ∫ 





. (37) 

By Equation (34), the eddy lifetime is proportional in the following 
manner: 

2 17/12
2 1 1/2

2 17/2

6B(1/ 2,1/ 3) [1 ( ) ]( ) (17 / 6,1;4 / 3;[1 ( ) ] )
55 ( )

[ ]kk F k
k

τ
σ

− −+ ∝ + 
 
 





. 

Introducing the proportionality factor 1
1 355 / 6B(1/ 2,1/ 3) ( / ) ( / )U x σ−ϒ ∂ ∂   

gives an alternative to Equation (3.6) of Mann (1994): 

 
1 2 17/12

2 1 1/21
2 17/2

3

[1 ( ) ]( ) (17 / 6,1;4 / 3;[1 ( ) ] )
( )

[ ]U kk F k
x k

τ
−

− − ∂ +
= ϒ + ∂ 







, (38) 

where ϒ  is a dimensionless shear anisotropy parameter. 
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6 Turbulence Kinetic Energy Budget 

The turbulence kinetic energy (TKE) budget is an evolution equation for 
the mean kinetic energy per unit mass of the turbulence (Wyngaard 2010, 
Equation (5.42)): 

1 1 1
2 2 2

j i i i
i i i i i j i i j i

j j j i j j

U U u uu u u u u u u u u pu
t x x x x x x

ν
ρ

∂ ∂ ∂∂ ∂ ∂ ∂
〈 〉 = − 〈 〉 − 〈 〉 − 〈 〉 − 〈 〉 −

∂ ∂ ∂ ∂ ∂ ∂ ∂
, (39) 

where the right-hand side terms represent mean advection, mean-gradient 
production, turbulent transport, pressure-gradient interaction, and 
viscous dissipation, respectively. A corresponding TKE budget equation 
arises through manipulation of the uniform shear rapid distortion 
equation. Premultiplying Equation (15) with *d iZ , taking the complex 
conjugate of Equation (15) and premultiplying by d iZ , summing these two 

equations, and ensemble averaging gives 

* * *1
1 3 1 3

3

3 31
13 13

3

d d ( ; )d ( ; ) d ( ; )d ( ; ) d ( ; )d ( ; ) ,
d

d ( ; )d [ ( ; ) ( ; )]d ,
d

i i

ii

UZ t Z t Z t Z t Z t Z t
t x

Ut t t
t x
φ φ φ∗

∂
〈 〉 = − 〈 + 〉

∂
∂

= − +
∂

k k k k k k

k k k k k
 

where the condition for mass conservation, d 0i ik Z = , is applied. 

Integrating the above expression over all turbulence wavenumbers yields 

3 31
31 13

3

1
3 1 1 3

3

1
1 3

3

d ( ; )d [ ( ; ) ( ; )]  d ,
d

d [ ],
d

2 ,

ii

i i

Ut t t
t x

Uu u u u u u
t x

U u u
x

φ φ φ
∞ ∞

−∞ −∞

∂
= − +

∂
∂

〈 〉 = − 〈 〉 + 〈 〉
∂
∂

= − 〈 〉
∂

∫∫∫ ∫∫∫k k k k k

 

where commutativity is assumed for the total time derivative and 
integration over turbulent wavenumbers. Rearranging terms gives 

 1
1 3

3

1
2 2

j
i i i i

j

U Uu u u u u u
t x x

∂∂ ∂
〈 〉 = − 〈 〉 − 〈 〉

∂ ∂ ∂
. (40) 
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In comparison to Equation (39), the TKE budget for rapid distortion 
theory contains mean advection and one term for mean-gradient transport 
due to uniform shear. Furthermore, it neglects turbulent transport, 
pressure-gradient interaction, and viscous dissipation. Under some 
circumstances some of these assumptions may be justifiable. For example, 
in a horizontally homogeneous, quasi-steady boundary layer flow, absent 
buoyancy effects, the TKE balance near the surface is (Wyngaard 2010, p. 
105) 

1
1 3

3

1 0
2 i i

Uu u u u
t x

∂∂
〈 〉 = = −〈 〉 −

∂ ∂
 . 

However, it should be noted that pressure-gradient interaction terms are 
responsible for intercomponent TKE transfer (Wyngaard 2010, p. 105). 
Therefore, the simplifications inherent to Equation (12) necessarily limit 
its general applicability. 

Despite the assumptions inherent in Equation (40) a nondimensional 
form serves as a useful check for computational purposes. Making the 
substitution 1 3( / )U x tβ = ∂ ∂  for the total time derivative, dividing both 

sides by isotropic velocity variance 2σ , and integrating from zero to β  
gives 

 

1 3
2 2

1 3
2 2

0 0

0

d 2 d ,

3 2 d .

i i

i i

u u u u

u u u u

β β

β

β
σ σ

β
σ σ

〈 〉 〈 〉  = − ′ 
 

〈 〉 〈 〉
− = − ′

∫ ∫
∫

 (41) 

Furthermore, this expression is a useful check against approximations for 
velocity covariances after small times ( 1)β < . For example, per Equation 
(41), Equation (3.12.5) of Townsend (1976), 
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21 1
2

22 2
2

23 3
2

1 3
2

21 ,
7
81 ,
35
41 ,

35
2 ,
5

u u

u u

u u

u u

β
σ

β
σ

β
σ

β
σ

〈 〉
= +

〈 〉
= +

〈 〉
= −

〈 〉
= −

 (42) 

satisfies the balance in the TKE budget for 1β < . For 1β >  this 
approximation is no longer valid. 

Figure 1 gives an illustration of the integrated material derivative of TKE, 
and the integrated mean-gradient production, as in Equation (41). The 
mean-gradient production of TKE continuously feeds the combined time 
rate of change and mean-advection of TKE. Without viscous dissipation, 
TKE grows without bound, a nonphysical aspect of RDT. 

Figure 1. Rapid distortion theory integrated TKE budget terms as a function of 
nondimensional time β . 
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7 Shear-Distorted Velocity Covariances, 
Spectra, and Length Scales 

Before introducing predictions of shear-distorted velocity covariances, 
one-dimensional spectra, and length scales, it is worth noting that all 
results are presented in a nondimensional form. In particular, a turbulent 
wavenumber is made dimensionless by taking the product with length 
scale  , that is i in k=  . As a consequence the energy spectrum function of 

Equation (36) is made dimensionless by dividing by the product of 
isotropic velocity variance and length scale 

 
4

2 2 17/6

( ) 55
9 (1/ 2,1/ 3) (1 )

E n n
B nσ

=
+

, (43) 

where 2 2 2 2
1 2 3n n n n= + + . The velocity spectral tensor is made dimensionless 

by dividing by the product of isotropic velocity variance and length scale 
cubed, that is, 2 3( ) /ijφ σn  , where 1 2 3( , , )n n n=n . As such, the velocity 

covariances obtained by integrating the normalized velocity spectral tensor 
are a normalized covariance 

 3
2 2 3

( )
di j iju u φ

σ σ

∞

−∞

〈 〉
= ∫∫∫

n
n



. (44) 

Streamwise one-dimensional spectra are normalized similarly to the 
energy spectrum function, 

 
1

1
2 32 2 3

( ) ( )
d dij ijF n
n n

φ
σ σ

∞

−∞
= ∫∫

n
 

. (45) 

For a turbulent streamwise wavenumber 1̂n , such that 

1 1

1
1

1 2
1 ˆ

( )d 0
d

ij

n n

F n
n

n σ
=

 
=  

 

, 

normalized length scales are 



ERDC SR-22-2 24 

 
1

1
ˆ

ij

n
=





, (46) 

where ij are length scales for the streamwise one-dimensional spectra 
1

1( )ijF n . 

Equations (44) and (45) were numerically evaluated using Cubature, a 
package for adaptive multidimensional integration by Johnson (2017). A 
wrapper for this package was used for evaluation in Python 3 (Castro et al. 
2018). The Cubature package provides a vectorized interface, which was 
used to evaluate the nondimensional velocity spectral tensor on a 
logarithmically spaced vector of 200 streamwise wavenumbers for 
Equation (45) in a matter of minutes on a personal workstation. 

Velocity (co)variances for the nonstationary spectral tensor are shown in 
Figure 2. As required by isotropy, for 0β =  all normalized velocity 
variances are equivalent and equal to one. The increases in streamwise 
velocity variance and negative velocity covariance 1 3u u−〈 〉  is attributed to 

horizontal momentum changes due to vertical motion caused by shear 
(Hunt and Carruthers 1990). An important distinction in this comparison 
is that velocity (co)variances shown here evolve over time. On the other 
hand, Figure 4(a) in Mann (1994) illustrates velocity (co)variances under 
varying stationary conditions. In this sense the similarities between the 
two figures obscure very important differences. 

For nondimensional time 1β = , normalized premultiplied one-
dimensional spectra are shown in Figure 3. For this particular time the 
peak of the transverse velocity spectrum 1

1 22n F  exceeds the streamwise 

component 1
1 11n F , which is not typical of atmospherically stable near-

surface turbulence (Chougule et al. 2018). However, the situation is less 
clear under atmospherically unstable conditions, cf. Figures 4 and 5 of 
Chougule et al. (2018). Another point of comparison is the lower turbulent 
wavenumber peak in the vertical velocity spectrum 1

1 33n F  relative to the 

transverse velocity spectrum. Under both atmospherically unstable and 
stable conditions, experimental evidence shows an opposite relationship 
(Chougule et al. 2018). For this particular β  the predicted relationship is 
not physical. 
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Figure 2. Normalized velocity (co)variances as a function of nondimensional time β . 

 

Figure 3. Normalized premultiplied one-dimensional spectra as a function of nondimensional 
streamwise wavenumber 1n . Nondimensional time 1β = . 
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Figure 4 is a version of Figure 3 on log-log axes. This representation shows 
the power-law features of streamwise one-dimensional spectra. Beyond 
the peak in the figure, the premultiplied spectra fall off as 2/3

1n − , which 

goes as 5/3
1n − for the spectra. This power-law feature is termed Kolmogorov 

scaling and is indicative of an inertial subrange. Within this range, 
turbulence contains length scales between the largest and smallest scales. 
The rate of gain in TKE from the largest scales of turbulence is balanced by 
the rate of TKE loss by the smallest scales of turbulence, otherwise known 
as an energy cascade (Wyngaard 2010, pp. 145–147). 

Figure 4. Normalized premultiplied one-dimensional spectra as a function of nondimensional 
streamwise wavenumber 1n . Nondimensional time 1β = . Both axes are logarithmically 

scaled. 

 

Figure 5 illustrates the evolution of normalized length scales as a function 
of nondimensional time β . 
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Figure 5. Normalized length scales as a function of nondimensional time β . 

 

Under isotropic conditions the normalized length scales are (Mann 1994) 

11

1/23322

2 / 3,

2(6 3 5) ,−

=

= = +







 

 

which can be derived from Equation (46) and the analytical expressions 
for the one-dimensional velocity spectra, 

1
11 1

2 5/6
1

11 2
33 122 1 1

2 11/6
1

2

2 2

( ) 1 1 ,
B(1/ 2,1/ 3) (1 )

( )( ) 3 81 .
6B(1/ 2,1/ 3) (1 )

F n
n

F nF n n
n

σ

σ σ

=
+

+
= =

+



 

 

It is evident that for all times greater than zero 33 exceeds 22 and 
apparently at some point for 3β >  will exceed 11 . This shows how RDT, in 

its unmodified form, is unsuitable for near-surface atmospheric 
turbulence. 
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Figure 6 shows stationary premultiplied one-dimensional spectra for 
shear anisotropy parameter 3ϒ = . In contrast to Figure 3, the peak of 1

1 22n F  

is less than 1
1 11n F , and its peak is lower in streamwise wavenumber than 

1
1 33n F . This translates into 22  being greater than 33 , which is typical for 

experimental measurements of near-surface turbulence. Another 

distinguishing characteristic is the low wavenumber skew in the 
cospectrum 1

1 13n F , as opposed to the high wavenumber skew in Figure 3, an 

indicator that relatively more energy resides below the premultiplied 
spectral mode. 

Figure 6. Normalized premultiplied one-dimensional spectra as a function of 
nondimensional streamwise wavenumber 1n . Shear anisotropy parameter 3ϒ = . 

 

Stationary premultiplied one-dimensional spectra are shown for various 
shear anisotropy ϒ  values in Figure 7. Relatively large increases in peak 
amplitude and length scale is evident for 1

1 11n F . Relatively modest increases 

in peak amplitude and length scale for 1
1 22n F  arise as shear anisotropy 

increases, while the opposite is true for 1
1 33n F . The length scales derived 

from premultiplied spectra are illustrated in Figure 4(b) of Mann (1994). 
As noted, the length scales take the order of 11 22 33> >   , which is 

experimentally observed. 
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Figure 7. Normalized premultiplied one-dimensional spectra as a function of nondimensional 
streamwise wavenumber 1n . Shear anisotropy parameter ϒ  varies according to the legend. 

 

Second Invariant for the Velocity Anisotropy Tensor 

One way to characterize the distortion of different flows is through the 
second invariant IIu  for the velocity anisotropy tensor (Hunt and 

Carruthers 1990), 

 
1II
2u ij jib b= − , (47) 

 
1
3

i j
ij ij

l l

u u
b

u u
δ

〈 〉
= −
〈 〉

, (48) 

where the moments of velocity ijb , and their product is 
2 2 2 2 2 2

11 22 33 12 13 232 2 2ij jib b b b b b b b= + + + + + . The terms 12b  and 23b  are zero since 

the only nonzero shear term is 1 3/U x∂ ∂ . Equation (47) describes the 

anisotropy levels of large-scale turbulence. 

In the limit of infinite strain ( ) II 0.33uβ →∞ − = , and the second invariant 
for the vorticity anisotropy tensor II 0.083v− =  (Hunt and Carruthers 

1990). As a consequence, the structure of turbulence becomes one-
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dimensional in velocity such that streamwise velocity fluctuations are very 
large compared to transverse or vertical fluctuations. Furthermore, the 
turbulence becomes two-dimensional in vorticity such that transverse and 
vertical fluctuations in vorticity are much larger compared to streamwise 
fluctuations. 

Figure 8 shows RDT predictions alongside direct numerical simulations of 
the viscous Navier-Stokes equations (Lee et al. 1990), and an early time 
approximation of Equation (42). The numerical solution by RDT, contrary 
to discussion by Hunt and Carruthers (1990), does not underestimate the 
anisotropy. In contrast to computations by Lee et al. (1990), the early time 
solution ( 1)β <  is matched well by the approximation of Townsend (1976), 
Equation (42). This suggests that for high strain rate conditions the RDT 
prediction for anisotropy is fairly adequate for large-scale motions. 

Figure 8. Second invariant for the velocity anisotropy tensor as a function of nondimensional 
time β ; solid line: from Equation (44), dashed line: from Equation (42), filled circles: DNS 

results from Lee et al. (1990). 

 

The main reason there is better agreement between DNS simulations and 
predictions by RDT in Figure 8 is due to improved predictions of velocity 
moment 11b , as seen in Figure 9. Errors in all other velocity moments are 

the same as reported by Lee et al. (1990); however, the RDT prediction for 
11b  is different due to the corrected expression for 11( )φ k  by Mann (1994). 
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Figure 9. Moments of velocity ijb  as a function of nondimensional time β ; symbols: DNS 
results from Lee et al. (1990). 
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8 Conclusion 

The derivation of the rapid-distortion theory equation is reproduced here, 
along with the analytical solution to the uniform shear rapid distortion 
equation, Equations (20–24), which was reported earlier by Mann (1994). 
It is shown how this solution satisfies both mass conservation and balance 
in the turbulence kinetic energy budget of Equation (40). An alternative 
expression for the eddy-lifetime parameter of Mann (1994, Equation 3.3) 
is given by Equation (38). This expression is crucial to computing the 
vertical velocity variance by numerical integration. Lastly, predictions of 
the second invariant for the velocity anisotropy tensor are shown to agree 
better with DNS than previously reported by Lee et al. (1990). 

The findings here support closer examination of recent velocity spectral 
tensor models that include both uniform shear and temperature 
stratification (Chougule et al. 2017, 2018). Future work will consider how 
these turbulence models can be incorporated into the theory of near-
surface atmospheric wind noise. 
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