ARL-TR-9520 ¢ AuG 2022

[BEvecom

Toward Material Property Extraction from
Dynamic Spherical Indentation Experiments

by John D Clayton, Daniel T Casem, Jeffrey T Lloyd, and Emily
H Retzlaff

Approved for public release; distribution is unlimited.



NOTICES

Disclaimers

The findings in this report are not to be construed as an official Department of the

Army position unless so designated by other authorized documents.

Citation of manufacturer’s or trade names does not constitute an official endorse-

ment or approval of the use thereof.

Destroy this report when it is no longer needed. Do not return it to the originator.



ARL-TR-9520 e AuG 2022

Z DEVCOM

Toward Material Property Extraction from
Dynamic Spherical Indentation Experiments

John D Clayton, Daniel T Casem, and Jeffrey T Lloyd
DEVCOM Army Research Laboratory

Emily H Retzlaff
United States Naval Academy

Approved for public release; distribution is unlimited.



REPORT DOCUMENTATION PAGE o A g

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and maintaining the
data needed, and completing and reviewing the collection information. Send comments regarding this burden estimate or any other aspect of this collection of information, including suggestions for reducing
the burden, to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-
4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it does not display a
currently valid OMB control number.

PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) 2. REPORT TYPE 3. DATES COVERED (From - To)
August 2022 Technical Report January 2022—-August 2022
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER
Toward Material Property Extraction from Dynamic Spherical Indentation

Experiments 5b. GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER
John D Clayton, Daniel T Casem, Jeffrey T Lloyd, and Emily H Retzlaff

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION REPORT
DEVCOM Army Research Laboratory NUMBER
ATTN: FCDD-RLW-TB ARL-TR-9520

Aberdeen Proving Ground, MD 21005-5066

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S)

11. SPONSOR/MONITOR'S REPORT NUMBER(S)

12. DISTRIBUTION/AVAILABILITY STATEMENT
Approved for public release; distribution is unlimited.

13. SUPPLEMENTARY NOTES
primary author’s email: <john.d.claytonl.civ@army.mil>.

14. ABSTRACT
A new treatment of dynamic indentation using dimensional analysis is forwarded, and a general framework for extraction of

material property information (i.e., constitutive model parameters) from spherical indentation experiments is set forth. Static
indentation is reviewed as a prerequisite to dynamic indentation, since the former is a subset of the latter with inertia, rate
dependence, and adiabatic heating removed. Experimental data obtained from instrumented spherical indentation in a miniature
Kolsky bar apparatus are evaluated via the proposed method of dimensional analysis. The substrate material is aluminum alloy
Al6061-T6. Several definitions of indentation strain proposed for static indentation are newly assessed for dynamic indentation,
as are indentation strain rates. The analysis suggests that while fidelity of the experimental method and inertial effects could
inhibit extraction of elastic properties, extraction of certain plastic constitutive properties is feasible. However, current data are
insufficient to enable determination of a complete and unique set of all physical properties. Motivated by the current results, new
experiments and simulations are proposed that would enable identification of influential properties, facilitating inverse analysis.

15. SUBJECT TERMS

indentation, metals, plasticity, rate dependence, constitutive modeling

16. SECURITY CLASSIFICATION OF: 17. LIMITATION 18. NUMBER 19a. NAME OF RESPONSIBLE PERSON
) ’ OF OF John D Clayton
ABSTRACT PAGES
a. REPORT b. ABSTRACT c. THIS PAGE 19b. TELEPHONE NUMBER (Include area code)
Unclassified Unclassified Unclassified uu 53 410-278-6146

Standard Form 298 (Rev. 8/98)
Prescribed by ANSI Std. 7Z39.18

i



Contents

List of Figures

List of Tables
Acknowledgments
1. Introduction

2. Static Indentation
2.1 Elastic Indentation
2.2 Elastic-plastic Indentation

2.3 Constitutive Property Extraction

3. Dynamic Indentation
3.1 Dynamic Elastic-plastic Indentation
3.2 Prior Work

3.3 Indentation Strain Rate

4. Dynamic Dimensional Analysis
4.1 Variable Identification

4.2 Functional Forms

5. Application to Instrumented Indentation Data

5.1 Experimental Protocols
5.2 Data Analysis

5.3 Recommendations
6. Conclusions
7. References
List of Symbols, Abbreviations, and Acronyms

Distribution List

1l

iv

iv

o w NN

11
13
15

17
18
21

22
22
24
33

36

37

45

46



List of Figures

Fig. 1 Experimental data: a) force vs depth with Hertz analytical solution, b)
depth vs time, and ¢) depth rate vs time ............coceveviiiiniiniinennnn... 25
Fig. 2 Data and unloading tangent: a) experiment 1, b) experiment 2, and c)
1) 4 0 81111311 O 26
Fig. 3 Dimensionless variables: a) normalized force, b) contact radius, and c)
PlASEIC WOTK ..ottt e 27
Fig. 4 Stress vs depth: a) mean pressure (hardness) and b) constraint factor ... 29
Fig. 5 Indentation stress vs a) Tabor’s strain®* and b) Kalidindi and Pathak’s
SErain!? L e 31
Fig. 6 Indentation strain rates from a) Tabor’s strain®* and b) Kalidindi and
Pathak’s strain!” ...............ooiiiiiiiiii i 32
List of Tables
Table 1 Material and geometric Parameters ...........coevuvuereeneniniininineenenennn. 23

Table 2 Loading conditions and results at max depth (-),,, or averaged results

over the 10ading Phase (*) 4 «..ueveueeneeniiieiie e 23

v



Acknowledgments

The authors acknowledge support from the intramural component of the High-
Throughput Materials Discovery for Extreme Conditions program at the US Army
Combat Capabilities Development Command (DEVCOM) Army Research Lab-
oratory (ARL). Information exchanges with Prof Surya Kalidindi of the Georgia
Institute of Technology on spherical indentation experiments and models are ac-

knowledged as well.



1. Introduction

Indentation experiments, being relatively simple and inexpensive to perform, offer
the possibility of high-throughput mechanical testing, i.e., numerous experiments
conducted in rapid time. Other advantages include the following: only small sam-
ples of material are needed, and response variations in different regions of het-
erogeneous bodies can be easily probed.! Furthermore, numerical simulations of
spherical indentation of elastic-plastic solids are now routinely accomplished us-
ing conventional finite element (FE) methods with widely available commercial
software.>™* The disadvantage of the indentation experiment, relative to traditional
mechanical testing (e.g., uniaxial tension/compression), is proper analysis of the
resulting data.> Stress and strain fields are highly nonuniform during indentation.
Friction at the interface, pile-up, and sink-in effects complicate analysis.>>¢ In dy-
namic indentation, strain rate is also highly nonuniform, even if the indenter veloc-
ity is constant. Inevitably, the indenter will decelerate prior to unloading, drastically

reducing the average strain rate over time.

The present research is focused on issues associated with extraction of material
constitutive properties from dynamic spherical indentation tests. The discussion
is geared toward ductile elastic-plastic solids (e.g., engineering metals), though
some issues are shared among other material classes. Materials with viscoelastic

response,’® or those undergoing brittle fracture,” are not addressed explicitly.

Governing relationships among global variables are cast in dimensionless form in
a new application of dimensional analysis to dynamic spherical indentation. Rela-
tionships among useful dependent and independent variables are analyzed in the
context of Buckingham’s Pi theorem.”!%!! This approach, which enables a system-
atic reduction of the number of independent quantities entering a physical problem,
has been used previously to analyze static spherical indentation'? and ballistic im-
pact.!® Here, the treatment of Lee and Komvopoulos!# is extended to account for
thermal effects, and different mathematically admissible (and thought more physi-
cally useful) choices are made for independent and dependent variables of interest.
Results provide guidance on which parameter(s) should be varied systematically
in a design of experiments, real or numerical, to enable a complete understanding
of the problem. Outcomes are then applied to experimental data on an aluminum

alloy, producing dimensionless indentation force, contact area, and global tempera-



ture rise. Different indentation strains and strain rates are calculated and examined

for potential suitability in the context of constitutive model determination.

This report is organized as follows. Pertinent aspects of static indentation, notably
governing equations and constitutive model forms, are reviewed first in Section 2,
since many carry over to the dynamic regime. Dynamic indentation is addressed
in Section 3, including extension of constitutive models to incorporate rate and
temperature, as well as several proposed definitions of effective indentation strain
rate. Dimensional analysis of dynamic spherical indentation is undertaken in Sec-
tion 4. Techniques are applied to newly acquired, instrumented indentation data for
aluminum alloy Al6061-T6 in Section 5. Recommendations are given for future
experiments, and possible numerical simulations, that would facilitate constitutive
model parameterization using dynamic spherical indentation data. Lastly, conclu-

sions follow in Section 6.

2. Static Indentation

The scientific literature on static indentation, even when focused purely on model-
ing techniques for material property extraction, is immense. A thorough review of
the subject is thus outside the present scope, which instead reports details needed
in subsequent dimensional analysis of the dynamic case. See the book by John-
son'® for seminal analytical methods applied to contact problems, and two review

papers>!6 for contemporary overviews that include computer simulations.

2.1 Elastic Indentation

The linear isotropic elastic solutions of Hertz are conventionally used to analyze
static indentation data up to initial yield, as well as elastic unloading from a plas-
tically deformed state. The Hertz analysis'®> assumes frictionless contact of homo-
geneous elastic bodies whose surfaces are parabolic in shape. In the limit of small
indentation depths and contact areas pertinent to the elastic regime, the quadratic
surface approximation adequately represents the true spherical geometry of the in-
denter.!” Provided that the yield strength of the material is a small fraction of the
elastic stiffness, effects of elastic nonlinearity are typically deemed negligible, and
thus omitted in nearly all reported analytical and numerical studies of indentation of
ductile metals. However, for large elastic indentation depths, nonlinear compress-

ibility has been shown to mildly increase indentation force.!®



Hertz’s equations for spherical indentation into an initially flat substrate are sum-
marized as follows."!> Denote by P the indentation force, h, the elastic (i.e., re-
versible) indentation depth, £ the effective system modulus, R the effective system
radius, a the contact radius, and k a system stiffness. Denote by F;, Es, v;, vs, R;, Ry
the elastic moduli, Poisson’s ratios, and radii of the indenter and sample, labeled

with respective subscripts (-); and (-)s. Then Hertz’s solution encompasses
P=khi? — k=4ER?,  a=(Rh)"* (1

E=[1-v)/E+1—-v3)/E), R=(1/R; +1/R,)™". (2)

For a rigid indenter, £ = E, and R; = constant, and prior to deformation R, —
oo = R = R;. If the indenter is deformable, a typical approximation for its elastic

displacement h; is given by Hertz’s solution for indentation into a rigid flat surface':
hi =~ 3(1 — v})P/(4E;a). (3)

The effective system modulus £ encompasses all effects of material constitutive
behavior on the load-displacement curves in the linear elastic regime. This mod-
ulus has also been widely used to fully encompass elastic constitutive effects on
load-displacement response in the elastic-plastic regime, e.g., in dimensional analy-
sis.!*~2! Justification for this assumption in early stages of elastic-plastic indentation
has been obtained from analytical methods'>** and verified for v, € [0.01,0.49] in
FE simulations.? For a very stiff or rigid indenter, effects of Poisson’s ratio of the
sample on indentation force are small relative to effects of elastic modulus of the
sample over typical ranges of constitutive behaviors of ductile metals.”?*2* In other
words, sensitivity of load-displacement to Poisson’s ratio is typically low, though
exceptions exist for unusual material property combinations® and for large inden-

tation depths.?

2.2 Elastic-plastic Indentation

In the elastic-plastic regime, the total indentation depth for the system, h, is decom-
posed into!
h=h.+h, = hs+ h;; he = (P/k)*. 4)

The elastic indentation depth of the system is /., and when the indenter deforms

only elastically, its indentation displacement h; can be approximated via Eq. 3. The



residual indentation depth is h,; after elastic unloading, h = h,. and h, = h; = 0.

During elastic unloading, the slope of the load-indentation curve is the derivative

S(h) = dP(h)/dh. = 2k(h) - h}/* = 2F - a(h). 5)

If S is measured at a given elastic-plastic contact depth h.° then the contact radius

a at that depth can be inferred from Eq. 5 if £ is known.?

Constitutive behavior of a ductile metallic specimen is typically described via isotropic
elasto-plasticity with possible power-law hardening.?!?’=% Although subtle differ-
ences exist among numerous functional forms of hardening laws given in the liter-

ature, a reasonably standard model for von Mises-equivalent flow stress o is
o) =00 [L+£K-(€")"], m=dlno/dIne’. (6)

Cumulative scalar plastic strain is €7, the strain hardening exponent is n, and  is a
fitting parameter. For perfect plasticity, x = 0, and for linear hardening, n = 1 with
Kk > 0.

Standard, physically justified, and established methods (i.e., associative flow, nor-
mality, consistency) can be used to implement Eq. 6 in the context of finite defor-

mations with incremental plasticity in a numerical setting':

de = de” + de”, dw” =0 : de’ = ode”. (7)
The tensor-valued strain increment de is additively decomposed into elastic (-)Z
and plastic (-)”" parts, the stress tensor is o, and the scalar plastic strain increment
de” is obtained from the increment of the plastic strain tensor such that its work
conjugate entering plastic work per unit volume w?’” is the von Mises stress o. For

uniaxial stress conditions, such treatment reduces to, with ¢ the total axial strain,

o= (8)

Define the projected contact area by A, and the mean contact pressure by p, where

the latter is identified with Meyer’s hardness H in an indentation hardness experi-



ment (i.e., spherical indentation on a flat substrate for a Brinell test):

__ P P _

An effective value of the flow stress o in the sample is 7, and c is the constraint
factor that depends on geometry, and to a lesser extent, constitutive behavior.>%3233
Yielding in the sample is initiated at ¢ ~ 1.1,%3? whereby h,, first becomes nonzero.
For sufficiently deep indentation, & >> h. such that the plastic response dominates.
In this regime, analysis and data of Tabor>* suggest ¢ ~ 2.8 for spherical indentation
in ductile metals, later corroborated by numerical methods by Hill et al.> Another
typical approximation is ¢ ~ 3 for this regime.® In an intermediate regime between

elastic and deep indentation, 1.1 < ¢ < 3.

For strain hardening materials (n. > 0), c likely depends on both 7 and the definition
used for “indentation strain” € substituted into Eq. 8 for €© to acquire a represen-
tative value of 7.%° Tabor** proposed ¢ ~ € = 0.2a/R;, which corresponds to
plastic strain at the indentation edge.? In that work,** a ~ a, was approximated as
the radius a, of the residual indent after load removal, and thus is not consistent
with the Hertz definition of the true contact area at the instant load removal begins.
Additionally, the approximation R ~ R; is often used in practice rather than the
second of Eq. 2 to characterize unloading from a plastically deformed state, an ap-
proximation which tends to poorly capture the effective stress-strain behavior and

unloading modulus.’

A potential difficulty with many definitions for indentation strain®** is determi-
nation of the contact radius a, which may be challenging to obtain directly from

experiments. An estimate proposed by Field and Swain® for this purpose is
a=[2(h— he/2)R; — (h — he/2)?]V/2. (10)

However, noted by Kalidindi and Pathak!” is that the definition of a in Eq. 10,
based on spherical geometry assuming elastic displacement of a preformed spheri-
cal impression is evenly divided above and below the circle of contact,® is not fully

consistent with Hertz’s definition in Eq. 1.

An alternative measure of indentation strain €, with corresponding stress &, is thus



proposed by Kalidindi and Pathak>!”:

4 hg s . _ P
O‘:p:

— ~ o (11D
ma

5,17

The contact radius incorporated in these works™'’ obeys the Hertz definition in

Eq. 1 and can be found from Eq. 5 during unloading, provided £ is known from
fitting to data collected in the elastic regime. Note that Eq. 11 produces 6 = E¢ for

h = he, i.e., for elastic loading/unloading commensurate with the Hertz solution

127,28

Eq. 1. Application of Eq. 11 to experimental' and numerica results produces

a constraint factor of ¢ ~ 2 for metals with no strain hardening, or for strain-

hardening metals at a uniaxial-equivalent offset strain of € ~ 0.1% — 0.2%. Possible

reasons for ¢ < 2.8 in some investigations'?"-?

2,34,35

are shallower indentation depths

than used by Tabor and others and different definitions or measures of « among

the different investigations.

Three indentation strain measures are collected below for reference and compari-

son:

e Tabor**: €= 0.2 (a/R;);
» Kalidindi and Pathak'’”: ¢ = (4/{37}) - (hs/a);
* Lee and Komvopoulos®®: ¢ = (E,/o0) - (h/{2R;h — h?}'/?).

Notably, constitutive scaling factor F /oy is present in €, while the other two mea-
sures are purely geometric. Only € requires knowledge of two transient variables
(i.e., a and h,).

2.3 Constitutive Property Extraction

Numerous works have sought to extract uniaxial stress-strain constitutive behav-
ior from spherical indentation data in the quasi-static regime, claiming various de-
grees of success. A relatively simple model for loading-unloading cycles® incorpo-
rating Eq. 10 is widely mentioned, though it is not valid for the transition regime
1.1 < ¢ < 3. Early FE simulations*+¥738 of quasi-static spherical indentation date
to the 1980s. Existence, uniqueness, and stability of the inverse solution have been
investigated in the context of dimensional analysis.?!'* In related work,?! a repre-
sentative strain is determined that renders a dimensionless indentation force inde-

pendent of strain hardening exponent. An optimal data acquisition location from



which to extract field variables from FE solutions for material property evaluation
has been proposed.>® An average representative strain and confidence domain for

which property correlations are accurate have been defined.**#!

Inverse methods incorporating numerically generated databases of spherical in-
dentation response data have been used for property extraction.’**>* More so-

phisticated data-driven approaches utilize neural networks?>#44

or Bayesian in-
ference.?®4¢ Simplified analytical fitting functions or surrogate numerical models
(i.e., calibrated replacements of full FE models) can be invoked in this context to
greatly improve computational efficiency.?®?° Though not of present focus, spheri-
cal indentation FE simulations have also been used to understand anisotropic elastic

and plastic properties.*’*

Most often, correlation of the loading portion of a predicted force-displacement
curve with test data” is used to determine plasticity parameters (e.g., 0g, &, ), while
unloading is used to determine elastic stiffness £ with some estimate of the contact
area.® However, periodic load-unload cycles can be used to determine the projected
contact area A = 7wa? if £ is measured from the initial elastic loading phase.!” The

3.27.28 involves fitting or comparison

strategy advocated by Kalidindi and coworkers
of indentation stress-strain curves rather than indentation force-displacement curves
to ascertain elastic-plastic properties. Elastic-plastic properties have been identified

42,46

by numerically matching residual imprints, as opposed to force-displacement

curves.

Protocols for generating uniaxial stress-strain curves from indentation stress-strain
curves, where the latter follow Eq. 11, are described by Patel and Kalidindi.?” The
equivalent uniaxial stress-strain behavior is of the standard form o = F, - €& =
E, - (¢ — €"). Then the following relations apply among indentation stress-strain

curves (6 vs. €) and uniaxial curves (o vs. €):

E - € (5’ < CO’Q),

E-(e—¢e") (6> cop);

p_ 1B o 1B 0 1E P - 2@ gy
c FE cE E c¢E?na? s

€

The constraint factor ¢ is measured at the yield point (¢ = 0¢) for continuity, and

Bisa fitting factor that depends on the material. FE simulations for a representa-



tive elastic-perfectly plastic solid?’ produce ¢ ~ 2.2 and B ~ 1.3. The indentation
stress-strain fitting method can be advantageous to fitting of force-displacement re-
sponses since pertinent elastic-plastic properties may be strongly correlated to only
relatively small regions of the force-displacement curve. Thus, a certain precision
of fitting for entire force-displacement curves does not necessarily carry over to
similar precision in extracted stress-strain curves, elastic modulus, yield strength,
and/or strain hardening parameters.?’ Another method of reducing fitting errors as-
sociated with estimation of contact area involves correlation of total and recoverable
strain energies (i.e., integrals of load-displacement relations) rather than indentation

7,12

forces,” '~ since integral values are less sensitive to experimental noise.

According to Cao and Lu,?! an inverse problem is ill-posed if one of the following

properties is not respected:

* Existence: there exists a solution to the problem.
* Uniqueness: there is, at most, one solution to the problem.

* Stability: the solution continuously depends on the data.

The condition number of an inverse problem measures sensitivity of the identified
parameter to small changes in the input data. A problem is ill-conditioned if the
condition number is large, and it is ill-posed if the condition number is infinity. A
thorough numerical analysis of spherical elasto-plastic indentation?!' found stability
to degrade with increasing n and with increasing o/ E;. To the above three criteria,

an obvious measure of success of an inverse analysis procedure can be added:
* Accuracy: how closely the inverse solution matches the exact solution.

The exact solution would be procured from independent property specifications or
measurements (e.g., uniaxial stress-strain experiments) in the present application to

indentation analysis.

Some challenges mentioned in the literature for static property extraction are now

reiterated. In Zhao et al.,”

the error of reverse analysis was less than 10% in most
cases, where discrepancies were caused in part by accuracy of fitting functions, and

in part by the error of applying a power-law hardening model to real materials. In



1.,4041 jt was found that extraction of stress-strain curves from

works by Moussa et a
indentation gives precise results only over a range of strain, which was termed a
“confidence domain”. Patel and Kalidindi*’ noted the difficulty with pinpointing an
initial yield stress oy when yielding occurs at low indentation depths, given typical
resolution of experimental data in this regime. Shallow indentation may not provide
sufficient information for discriminating hardening parameters.?® An opinion stated
by Dean and Clyne™ is that a single indentation run with a spherical indenter should
be sufficient for property determination, at least for typical quasi-static isothermal

behaviors of ductile metals.

For indenters with self-similar shapes (e.g., conical, Berkovich or Vickers pyrami-
dal), no inherent length scale is introduced by the geometry. It follows that hardness,
representative strain, and curvature of the load-displacement relation are indepen-
dent of indentation depth, which can be proven using dimensional analysis.”*%-
This contributes to nonuniqueness of property extraction from a single indentation
using such an indenter shape. So-called “mystical materials” exist that have differ-
ent elastic-plastic property combinations but identical indentation curves obtained
from self-similar indenters.’'>> Nonuniqueness can be rectified by using combined
data from indenters of different shapes, e.g., different tip apex angles?**>> to de-
termine material properties from an inverse analysis. In contrast, nonuniqueness
is less problematic for spherical indentation since the indenter radius introduces a

geometric length scale independent of the indentation depth.”!243

According to Liu et al.,’> fundamental plastic constitutive properties such as the
yield stress and work hardening coefficient cannot always be uniquely determined
from the force-displacement curves of indentation analyses, including both plural
sharp indentation and deep spherical indentation. Mystical material pairs can still
exist in such cases, with a difference of their force-displacement curves below the
resolution of existing indentation techniques for large ranges of sharp indenter an-
gles or spherical indentation depths. From the indentation force-displacement curve
alone, it is generally not possible to precisely specify what plastic hardening model
should be used (e.g., Eq. 6 vs. some other constitutive equation) for an arbitrary
material, and the whole stress-strain curve of the material cannot be measured due
to geometric limitations on maximum depth that bound the indentation strain.”> A
Monte Carlo sensitivity analysis?* demonstrated, in the case of spherical indenta-

tion, that the experimental errors must be very small to enable reliable extraction of



material properties.

In summary, the existence, uniqueness, stability, and accuracy of an inverse tech-
nique for property extraction from static spherical indentation depend on multiple
factors. These factors may include the indentation depth and indenter radius, the as-
sumed constitutive model, and presumptive initial conditions (i.e., initial guesses)
and bounds on material parameters in a search algorithm. The aforementioned four
aspects of performance appear to generally improve as indentation depth increases
to the plasticity-dominated regime, wherein the plastic zone under the indenter has
enlarged sufficiently to control stiffness of the substrate that is registered at the
contact surface. Incorporation of more data in any calibration procedure, including
residual indentation geometry and a range of indentation load-unload depths and ge-
ometries, is expected to improve results. Fitting of indentation stress-strain data and
consideration of energy-displacement data rather than explicit force-displacement
data have been observed to improve stability and accuracy. Of course, when the
assumed constitutive form is close to true material behavior, with property ranges
typical of those for which the constitutive model is intended, success is more likely.
On the other hand, for exotic materials (i.e., different from typical ductile metals),
or for those with highly uncertain behaviors, success of constitutive model parame-
terization is not ensured a priori and thus should be verified on a case-by-case basis.
For example, if the material exhibits simultaneous viscoelastic and plastic mecha-
nisms, a unique constitutive model prescription from usual indentation data may be

impossible.>*
3. Dynamic Indentation

Substantial research has been directed toward material constitutive characterization
using dynamic indentation methods, albeit far less than that for the static regime
reviewed in Section 2. Early work® analyzed projectile impact of hard spheres
into softer metallic targets of much larger dimensions than the spheres. Dynamic
stress-strain curves were extracted from analysis of the results. The flow stress was
defined as p/c with a static value of ¢ ~ 3 depending on material, and Tabor’s strain
measure € = 0.2a,/R; was used, with a, the residual contact radius. More recent
experiments 8 likewise analyzed hardness data extracted from spherical projec-
tile impact. The above studies are not considered instrumented methods. Rather,

these methods rely on knowledge only of the impactor size and initial velocity, and

10



postmortem analysis of the impact crater, to infer material response information,

since transient forces and velocities are not recorded in-situ during the event.

Dynamic indentation using the split Hopkinson pressure bar (SHPB) has been im-
plemented for a variety of indenter geometries and target materials, as pioneered
by Subhash and co-workers.>>? This technique allows for interrogation of veloc-
ities and mechanical forces during the transient indentation process. More recent
approaches of dynamic indentation with the SHPB have used a full sphere sand-

61

wiched between two specimens®’ or a striker with variable impedance to achieve

load cycling.%? Strain rate sensitivity of metals was deduced from dynamic conical

indentation experiments by Lu et al.,%

where the indenter was propelled by a light
gas gun, and a combination of interferometry and load transducer was used to ascer-
tain a time-resolved material response including rate sensitivity. Force and velocity
histories were recorded from spherical indentation at moderate impact velocities in

an instrumented drop-weight system,% again to assess rate sensitivity of flow stress.

Dynamic impact experiments with laser-driven flyers® may offer an alternative or
supplementary means of high-throughput characterization of mechanical proper-
ties, at potentially much higher local strain rates and different stress states (e.g.,
incurring spall) than dynamic indentation with the SHPB. Analysis of such con-

temporary techniques is outside the scope of this report.

3.1 Dynamic Elastic-plastic Indentation

Analytical and numerical models, the latter primarily dynamic FE methods, have
likewise been used to study dynamic indentation, and often more specifically, ex-
tract material property information. In addition to mechanisms pertinent to static
loading (i.e., elasticity, yield, and strain hardening), wave propagation enters the
dynamic problem, necessitating involvement of mass density py. For high loading
rates, conditions are nearly adiabatic and temperature rise could be substantial, so
specific heat capacity (e.g., cy) also affects the response. Finally, dislocation kinetic
processes depend on loading rate to varying degrees depending on specific metal.
It is assumed that impact conditions are not severe enough to warrant inclusion
of nonlinear elasticity (e.g., pressure-dependent compressibility) or thermoelastic
coupling (i.e., thermal expansion), which would be needed for accurate analysis of

intense shock waves, for example.

11



Focusing attention again on isotropic ductile polycrystalline metals, the inelastic
constitutive model for dynamic loading is usually augmented to account for strain
rate and temperature effects, in addition to initial yield and strain hardening. The
flow stress of Eq. 6 is often extended as a product of terms accounting for each

mechanism, for example,
o€, ", T) = oo [L+ k- (€7)"] - F(€7) - 9(T), (14)

where T is absolute temperature and ¢” is a scalar effective strain rate.>' Functions
f and g account, respectively, for strain rate and thermal sensitivity. A widely used

form* is the Johnson-Cook model®0-%7:
f=1+C- In[e" /e, g=1—[(T —Tg)/(Ta — Tr)]" (15)

In the first of Eq. 15, C'is a fitting parameter and €, is a normalization constant. In
the second of Eq. 15, T’z and 7', are a reference temperature and melt temperature,

with g a thermal softening exponent. Other models include power-law forms®*!4:63-68;

f=14+("/)e)™,  g=(T/TRr)" (16)

In Eq. 16, conventional definitions® for material constants are m = d1lno/dIné”
for strain rate sensitivity and » = dlno/0InT for thermal sensitivity. Usually,
C >0,m>0,q>0,and r < 0, such that strength increases with increasing strain
rate and decreasing temperature. In the context of these two models, the number of
inelastic constitutive parameters is increased by at least two from the static case,
from three (o9, k,n) to five (09, k,n,C or m,qorr) if Tx and €, are interpreted
as fixed universal constants. More parameters are necessary to incorporate strain-
rate-history effects, and measurements are presumably needed for mass density and
specific heat, where the latter two properties do not directly influence solutions to

the static indentation problem.

The local temperature rate can be obtained from the continuum balance of energy®:
poch% C~u')P ~ C~aéP. (17)

Thermoelastic coupling is omitted, and adiabatic conditions pertinent to rapid load-

*Often in the literature, oy — A, 0g -« — B, and ¢ — m are used for Johnson-Cook constants.
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ing are assumed. The Taylor-Quinney factor is { € [0, 1], typically much closer to
unity than zero and assumed constant in practice, though its value is expected to
evolve with deformation.* Later, the approximation ( = 1 is used, presuming the

missing thermoelastic heating in Eq. 17 is offset by a maximally high value of (.

3.2 Prior Work

Important findings from previous modeling of dynamic indentation are summarized
next. The analytical model of Mok and Duffy> was used to extract dynamic stress-
strain curves from sphere-impact experimental data, and a representative strain rate
of € ~ 1500/s was deduced to match dynamic uniaxial compression stress-strain
data. More recently, analytical models have been used to assess dynamic hardness
and dynamic rate sensitivity (n) for conical® and spherical’® impacts. An analytical
model®® is used to infer that adiabatic plastic strain localization causes a reduction
in hardness for sufficiently high sphere impact velocities, at correspondingly high
indentation strains and strain rates.’’® The model of Tirupataiah and Sundararjan®

I wherein

is used to analyze dynamic sphere impact by Kumaraswamy and Rao,’
the plastic zone depths from dynamic and static indentation were of similar depth
when normalized by indenter diameter. Therein, it is also determined that inertial
effects on indentation response were unimportant due to the short time required for
stress waves to traverse the contact area, relative to the total duration of the impact

event.

An analytical expanding cavity model is derived by Ito and Arai®’ for dynamic
spherical impact, showing reasonable correlation of local field variables with those
from FE solutions. This analytical model is later invoked’? to determine strain rate
sensitivity parameter C' of the Johnson-Cook model from knowledge of indentation
craters from spherical impacts obtained from experiments at two or more distinct

impact velocities.

FE simulations provide more information than approximate analytical solutions,
and thus enable more reliable material response parameter extraction. In Lu et al.,%
FE simulations with strain rate dependence as in Eq. 16 (but no thermal effects:
g = 1) are used to validate the strain rate sensitivity extracted from dynamic conical

1., FE simulations are used in con-

indentation experiments on copper. In Calle et a
junction with drop-test data to determine strain rate sensitivity in terms of increase

over static yield strength, without direct prescription of a strain-rate-hardening func-
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tion f as entering Eq. 14. Results are comparable to conventional SHPB rate sen-
sitivity data, thereby validating the method for the particular metals of study: steel,
copper, brass, and a titanium alloy.

The residual indentation imprint from dynamic FE simulations of spherical inden-
tation has been used to identify elastic-plastic constitutive parameters,*> for mate-
rials without rate or temperature dependence, i.e., a model of the form in Eq. 6.
Similarly, static yield and strain hardening parameters are identified from simu-
lated SHPB-driven dynamic indentation using two conical indenters of different
apex angles.”® Spherical impact data for rate-insensitive, linear hardening materi-
als are generated in dynamic FE simulations’ for a range of depths and indenter
sizes. Then support vector machine algorithms, Gaussian process regression, and
nonlinear regressions as machine learning techniques are employed to estimate the

material’s plastic properties given only certain indentation response data.

Thorough parametric studies of dynamic spherical indentation using FEM have
been reported®® for rate-insensitive elastic-plastic solids (m = 0) and were ex-
tended'* for potentially rate-sensitive elastic-plastic solids (m > 0). In these stud-
ies, the indenter is a rigid sphere moving at constant velocity v;, conditions that
differ from experimental protocols wherein velocity usually decreases with depth,
and wave speeds of an elastic indenter are finite. Temperature effects are also omit-
ted (¢ = 0), and non-reflecting boundary conditions are invoked such that wave
interactions with sample boundaries vanish in the simulations. For impact speeds
that are large, mean contact pressure ¢ = P/(wa?) is found to significantly exceed

30 at early simulation times, when inertial effects dominate.

In Lee and Komvopoulos,'* four possible stages of the dynamic deformation pro-

cess are identified for spherical indentation at constant rates:

* Elastic-plastic deformation characterized by an elastic core separating the

plastic zone from the contact interface;

* Initial surface plastic deformation encountered upon disappearance of the
elastic core and occurrence of maximum local plastic strain in the subsur-

face;

* Transient fully plastic deformation, where maximum local plastic strain shifts

close to the contact interface and ¢ = /0 increases with indentation depth;

14



» Steady full plastic deformation wherein ¢ ~ 3 representing static material
hardness. This state is achieved for rate-insensitive materials at sufficient

depths, when inertial effects become negligible.

Lee and Komvopoulos'* discover a dimensionless parameter x = (E,/0)(v;/C;) =
[(3p0v2)/ (A E4e2)]H? = /Uy /U, that is found to delineate elastic-plastic, initial
surface plastic, and transient fully plastic regimes achieved in the initial state, re-
spectively, with increasing y. Here, C; = \/m is the longitudinal wave speed
for uniaxial stress, Uy is a kinetic energy density, and Uj is elastic energy density
at initial yield strain ¢y = o/ E;,. For the case of rate-sensitive solids (m > 0),
mean contact pressure decreases, contact area increases, and plastic work increases
with increasing m and increasing static hardening coefficient n. Effects of plastic
parameters are more easily delineated when inertial effects decay, as indentation

depth and simulation time increase.

3.3 Indentation Strain Rate

When correlating dynamic indentation data with dynamic experimental data that
have been recorded at a less fluctuating rate (e.g., recorded from traditional SHPB
experiments), a measure of global or effective strain rate for the indentation exper-
iment is often sought. Just as there is no unique definition of global strain for static
indentation, no unique definition of indentation strain rate exists. Plastic strain is lo-
cally heterogeneous during indentation, and local plastic strain rates are even more
so, due to inherent changes in velocity of the indenter (e.g., deceleration after im-

pact) as well as stress wave transients.

Several pragmatic definitions have been proposed elsewhere, in order to assign an

effective strain rate to a dynamic hardness [ or strength & measurement. In Lu et

al.,®® with ¢, the loading duration, the following function is proposed for dynamic

conical indentation by an indenter of mass m;, cone angle ¢, and initial velocity v;:

. €R 9m,; tan? 0 1

r = T3 = 007, tr - 14 )
T, R dv; mog 1+ In{[E,/(300)] tan 6}

(18)

where ey is the representative strain from Atkins and Tabor” and ¢, is obtained

from derivations by Johnson.?? The strain rate in Eq. 18 is an average measure, i.e.,

a constant for a given experiment.
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Perhaps most often used for spherical indentation is the derivative of Tabor’s inden-

tation strain:

Ht) = % [O.Q%ﬂ | (19)

A definition for the average strain rate ()4 over the duration of the experiment,
similar to that of Lu et al.®®> but now applicable to spherical indentation, was pro-
posed by Kren et al.,’® which is obtained by dividing Tabor’s indentation strain by

the measured loading time ¢,,, for which strain increases:

: 1 [t d a(t) A,
€E)g = — — 0.2 dt =0.2 . 20
(1 =1 /0 dt {0 R, } 02t 20)

The contact radius at maximum depth is a,,; this could be substituted with the

residual contact radius after unloading, a,., for consistency with Tabor’s techniques.

The following expressions are derived for a rigid indenter (hs = h) of potentially
transient velocity v;(t) = h(t), using Tabor’s strain measure and geometry of the

indented surface®:

e(t) = 02° < 04 {h(t) (1 - h“))} el

R 2R, 2R e 21
o250 - e (5]

In the context of Eq. 10 derived by Field and Swain,® it is assumed in the calculation
of the contact radius a in Eq. 21 that A & h, > h./2. For an alternative strain rate

definition, differentiation of Eq. 11 produces an effective indentation strain rate of

é(t) = %%(t) {hs(t) - @w)} : (22)

Uniaxial-equivalent elastic and plastic strain rates could be obtained from differen-
tiation of Eq. 13. Finally, a general order-of-magnitude relation applicable to any

indenter type is defined by Subhash®:
én=v;/h,  [éx = h/h for rigid indenter]. (23)

Here v; is a representative velocity of the indenter, and depth A could be substituted

with another measure of the size of the impression (e.g., residual imprint diagonal
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or radius). The rigid-indenter version of Eq. 23 is used in the context of creep and

viscoelasticity in Cheng and Cheng.” For example, Kren et al.”

use Eq. 23 with v;
the initial impact velocity and A replaced by the residual (plastic) contact diameter

2a,.
4. Dynamic Dimensional Analysis

In the analysis that follows, two major assumptions are invoked regarding the in-
denter and contact interface. These assumptions reduce the number of independent
parameters, simplifying analysis. Firstly, the indenter is assumed rigid. This is a
typical assumption in static and dynamic FE simulations (e.g.,'*?%3%), most valid
when E; > FE,. Besides reducing £ — E,, R — R;, h — h, in the Hertz theory of
Section 2.1, this assumption eliminates effects of wave transmission in the indenter

that could affect contact under dynamic indentation.

Secondly, contact is assumed frictionless, the most common assumption in FE sim-
ulations of dynamic indentation.'*3¢6473 Ag shown in FE simulations of static in-
dentation,’ contact friction significantly affects the local strain field in the vicinity
of the indenter and has a non-negligible effect on the contact radius versus indenta-
tion depth relation. Most calculations show that the load-displacement curve is not
significantly affected by friction for static spherical indentation,*?**} though excep-
tions exist.?! The assumption of frictionless contact is often made for convenience,
but appears in many cases to produce sound agreement between force-depth data ex-
tracted from models and experiments.6’28 In some numerical studies, nonzero (con-
stant) friction coefficients ranging from 0.1 to 0.25 are used,?**%*? choices which
also seem to enable close agreement with experimental data. Effects of friction for
dynamic indentation remain to be elucidated in numerical or experimental studies.
The validity of the frictionless assumption likely improves as the surface roughness

of sample and indenter decrease.

Several assumptions are also made regarding the testing apparatus. It is assumed
that the radius of the indenter R = R, is variable from experiment to experiment,
but that other aspects of the system geometry remain fixed among experiments.
Boundaries may be of infinite extent in simulations, or of finite extent in experi-
ments, where the latter (i.e., specimen size) is fixed such that the domain size is not

an independent variable.

17



It is also assumed that a system velocity, denoted by v, is a defined, controllable
constant for each simulation or experiment analyzed, and is not a dependent vari-
able. For example, the system velocity v can be simply assigned as the indenter

14,36,73

velocity hif prescribed as a constant in a simulation, or can be assigned as the

initial (measured) projectile impact velocity for a spherical impact experiment.3>—8
In a dynamic hardness or dynamic indentation experiment using a SHPB, the inden-
ter velocity is generally not constant, even during the loading phase®*%?: a transient
period may exist over which the indenter accelerates, and then the indenter always
decelerates. In that case, the velocity of the striker bar could be used for v as a mea-
sure of the input loading rate, or the average indenter velocity, if controlled, over

some finite time interval of the loading phase could be used.®

4.1 Variable Identification

The analysis considers only global, scalar quantities that are either (1) imposed or
extracted from indentation experiments or (2) homogeneous and stationary material
properties. Local field variables (e.g., stress and strain distributions depending on

position in the sample) are not addressed.

Application of concepts of dimensional analysis and Buckingham’s Pi theorem be-
gins with identification of all dependent and independent variables in dimensional

form. Dependent variables are defined as follows:

¢ Indentation force P;
¢ Indentation contact radius a;

* Plastic work of indentation W7

hr
wt = / P(h)dh. (24)
0

Note that quantification of W requires loading to a maximum depth h,, followed
by unloading to a residual depth h, at which P = (. From these three dependent
variables, other quantities of interest can be defined, for example:

 Mean pressure p = P/(ma?) and constraint factor ¢ = p/oy;

* Average temperature rise in a volume V' of material assuming adiabatic condi-

tions: AT = W /(pocy'V'), where the plastic zone volume can be estimated
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5,17

as the cylindrical region V' ~ 3724 as in other works.

Y

The inelastic constitutive model of Eq. 14 is assumed a priori, with ( = 1 in Eq. 17
for the adiabatic regime. As discussed in Section 3, linear isotropic elasticity is
assumed without thermoelastic coupling, and as discussed in Section 4, frictionless
contact is assumed. The material is also presumably homogeneous. In dimensional

form, independent variables are then the following:

Indentation depth / and maximum depth h,,;

Effective indentation (system) velocity v;

Indenter radius R;

Initial temperature 7y;

Substrate elastic properties [dropping (-)s subscripts] £, v;

Substrate plastic properties og, x, m, n, 1, €9, Tr;

Substrate initial mass density py and specific heat per unit mass cy .

Of these independent variables, only A varies with time during an indentation sim-
ulation or experiment, given the definition of v as a constant explained already. The
maximum depth is needed for determination of T, since h is multi-valued during
a load-unload cycle.”'> However, h,, can be excluded from the list if only P and
a are sought from a monotonic loading process. Sixteen independent variables are
listed, of which 11 are material property constants. Time is not an explicit indepen-
dent variable, since given the system velocity, indenter radius, initial temperature,
and material properties, the time at which a particular depth value A is achieved is

determined implicitly.’

Next, the Buckingham Pi theorem is invoked to reduce the number of independent
variables when expressed in dimensionless form.”!%!!13 The number of indepen-
dent dimensions entering the problem is four: mass, length, time, and temperature.
Since the stress dimension is recovered from mass, length, and time, the four inde-
pendent dimensions are reassigned into stress, length, time, and temperature. The

following independent variable combinations are then used for normalization:

e Stress: modulus F;
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* Length: indenter radius R;
* Time: viscoplastic time scale to = 1/¢g ;

« Temperature: plastic thermal susceptibility 7 = oo/ (pocy).

The elastic modulus is a standard prescription for stress normalization.” Unlike
analysis in prior works,”!>!%3¢ h and v are herein excluded as normalization fac-
tors, since it is more convenient to work with constant quantities R and ¢, which
later serve to define dimensionless strain and strain rate. Note that as ¢, decreases,
plastic relaxation is faster and a rate-independent response is approached. Note also

that as T decreases, the tendency for adiabatic temperature rise decreases.

Applying the Pi theorem, the number of independent variables is reduced from 16

to 12, now defined in dimensionless form as

Indentation depth 4/ R and maximum depth h,,/R;

Indentation rate (v/R) - to;

Yield strength o/ F;
Elastic wave speed via R/(Cjty), where C; = \/ E/ po;

» Reference temperature T /Tg and initial temperature T /To;

Dimensionless elastic and plastic properties v, k, m, n, r.

The following physically appealing results are apparent. Normalized depth h/R
is an approximate global strain measure. Normalized rate vty /R is an approximate
global measure of strain rate times plastic relaxation time, where the larger the value
of this dimensionless quantity, the greater the viscoplastic rate effect. As ¢ty — 0 or
v — 0, the rate-independent case is recovered. Use of the ratio o/ E characterizes
plastic to elastic stiffness, a standard choice.”!*3® The ratio R/(Cjt,) is interpreted
as the elastic wave relaxation time R/C; divided by viscoplastic relaxation time
to. As R/(City) — 0, inertial effects should become less important since stress
wave equilibrium should be achieved more rapidly relative to viscoplastic rate ef-
fects. Typically in practice, Tk 1s simply fixed at room temperature (=~ 294 K), but
T /Tr — 0 as the material becomes resistive to temperature change. Ambient tem-
perature 7 will differ from 7', for indentation at other thermal conditions (e.g.,

testing of pre-heated samples).
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4.2 Functional Forms

Given the independent dimensionless variables, the sought dependent variables can

be expressed as dimensionless functions I1p, I1,, [Ty :

il = 1Ip ﬁ%i@ﬂTyﬁmnr (25)
ER? R R’ T() E’ 1/E'/po TR ’

a hUtoTO'O R/to T

=1L |5 — = = — 26
R <RRT0E,/—E/pOTRyRmnr’ (20)
WP— ﬁh_mv_tgz@—R/to iulimnr 27)
ERS "W\R R R Ty E' JEjp T’ )

Arguments preceding the the semicolons on the right sides of Eqs. 25-27 are load-
ing conditions, and arguments following the semicolon are material properties. As
noted in Section 4.1, h,,/R is not required for determination of force and contact
area during monotonic loading so is excluded from IIp and II,. Parametric exper-
iments and/or FE simulations are needed to fully determine the functions on the
right sides of Eqs. 25-27. Results from such studies will enable assessment of rel-
ative importance of loading rate, temperature, and material properties on the global

mechanical and thermal response.

The isothermal, quasi-static Hertz solution should be recovered as oy /E — 0, v —
0, T — 0, and C; — oo, where for small indentation depths Ry — oc:

h 4 h\ /2 _
Hp (E’()’O;O’O’O’ v, ﬁ,m,n,r> = m (E) [R — RL (28)
h B\ /2 B
I1, (E,O,O; 070,0,1/,/~€,m,n,7’) = (E) [R — R, (29)
h hp,
HWRROOOOOI//@mnr =0. 30)

Analytical functional forms, if they can be determined, should be consistent with
the limiting cases in Eqs. 28-30. Given Eqs. 25-27, the mean contact pressure,

constraint factor, and temperature rise can be reconstructed:

 E(R\? _ 4E [(R\’ AE Ty
p:—<—> -Ip = coy, ATZ—(—) Ay = 37‘(‘2-(1_[(1)3' 3D




17,34

Similarly, indentation strains can be found as

4h  4h/R

e=0.2 = )
€=0 3ra 3w Il

=02-T,  é= (32)

==

If the constitutive model of Eq. 15 is used instead of Eq. 16, then the subset of
two independent dimensionless variables (m,r) is replaced with the set of three
dimensionless variables (C, g, Ty /T') in Egs. 25-27.

5. Application to Instrumented Indentation Data

5.1 Experimental Protocols

Data from three dynamic spherical indentation experiments are analyzed using
equations and techniques of Sections 2, 3, and 4. Experimental methods have been

discussed by Casem® and summarized in what follows.

A miniature Kolsky bar (i.e., SHPB)’® is adapted for instrumented indentation,
whereby transient force, displacement, and velocity data are acquired in each ex-
periment. The loading history (e.g., indenter velocity) depends on the velocity of
the striker bar and geometric properties of the system (including pulse shaping)
as well as indentation resistance afforded by the substrate. Initial clearance be-
tween indenter and substrate also affects the velocity history. The loading history
is thus not strictly controlled; however, different final indentation depths are gener-
ally achieved by increasing the striker velocity, commensurate with an increase in
the average loading rate. Experimental data include both the loading and unloading

histories for each test.

Relevant properties and parameters are listed in Table 1 with supporting refer-
ences. Of these values, the hardening, rate-, and temperature-sensitivity parame-
ters (k,n,C, q, €, Ths) are not used explicitly in the forthcoming analysis but are
included for context to aid in interpretation of results. All current experiments are
performed at standard room temperature: 7y = 7’r. Prominent results are summa-
rized in Table 2 for reference, to be defined and discussed in detail later. Pertaining
to loading conditions, h,, in the leftmost column is the maximum indentation depth
prior to unloading, and /4 in the rightmost column is the average indenter tip ve-

locity over the loading phase of each experiment.
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The indenter is tungsten carbide (WC) with a radius R = R; of 3.175 mm. The
substrate is aluminum alloy Al6061-T6, of cylindrical geometry with L,/ D, = 1
and Dy = 4R; = 4R. Static spherical indentation experiments on this material have
been reported elsewhere,?® albeit with an indenter of larger radius 2R. Numerical
simulations of the static problem?® loaded to comparable indentation strain levels
suggest that the current dimensions of the substrate are sufficiently large to miti-
gate boundary edge effects. However, effects of stress wave interactions with finite

boundaries cannot be ruled out in dynamic experiments.

The elastic stiffness of WC (£; = 640 GPa) is an order of magnitude larger than
that of aluminum, and F in Table 1 accounts for the correct modulus of both the
indenter and substrate, assumed known a priori. If a rigid indenter is assumed in-
stead, then F increases by ~10%. However, since the indenter material is held fixed
among experiments, elastic properties of the indenter can be excluded from the list
of independent variables in the forthcoming dimensional analysis, as assumed in

the general framework of Section 4.

The reported indentation depth and velocity account for far-field displacement (in-
cluding rigid body motion) of the substrate but not the (presumably small) elastic
deformation of the very stiff indenter tip. In the notation that follows, h ~ h, and
h =~ hy are interpreted as the true indentation depth and depth rate in the substrate,
relative to those measured for the far-field surface away from any pile-up or sink-in
effects. Cursory calculations with the approximation in Eq. 3 confirm that the con-
tribution of deformation of the indenter, h;, to h should be negligible for loads and

contact radii reported in what follows.

5.2 Data Analysis

Experimental force-depth, depth-time, and depth rate-time histories are shown in
Fig. 1, labeled “exp” (experiment) 1, 2, and 3. The time ¢ at a given depth h is
confirmed by the integral t = [(h/h)dh where h is known as a function of » and
initially ¢ = 0. Shown for reference in Fig. 1a is the Hertz elastic solution of Eq. 1

obtained assuming R = R.

For h 2 10 um, the data are more compliant than the elastic solution, as expected
for an elastic-plastic material post yielding. For & < 10 pum, experiments are simi-

lar to the elastic solution. Notably, some data appear slightly stiffer than the elastic
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Fig. 1 Experimental data: a) force vs depth with Hertz analytical solution, b) depth vs time,

and c) depth rate vs time
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solution over small intervals of h. These unusual features could be due to inertial
effects and/or imprecision of experimental measurements at very low indentation
depths. Depth-time histories shown in Fig. 1b indicate total load-unload durations
ranging from around 20 to 30 ps. Maximum depth and depth rate increase with
experiment number. Velocity histories are drastically different among experiments.
For example, velocity ramps up quickly with time for experiment 2, while it is
initially near maximal for experiment 3. In the latter case, the indenter clearly ac-
celerates prior to contact with the substrate. Note h <0 during the unloading phase
of each experiment. Peak loading and unloading velocities are notably smaller for

experiment 1 than experiments 2 and 3.
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Fig. 2 Data and unloading tangent: a) experiment 1, b) experiment 2, and c) experiment 3
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Force-depth data are delineated for each experiment in Fig. 2, wherein the slope S

upon initial unloading is extracted from the tangent for each case. The maximum
indentation depth is denoted by h,,. The unloading slope S at h = h,,, is then used
to obtain the Hertz contact radius at maximum depth a,, = a(h = h,,), assuming
quasi-static elastic unloading, via Eq. 5.2?8 Elastic modulus F is assumed, a priori,

to have the value listed in Table 1. No attempt is made to extract elastic properties

from the present indentation data

as has been done in some investigations else-
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Fig. 3 Dimensionless variables: a) normalized force, b) contact radius, and c) plastic work

Dimensionless dependent variables (II-terms) introduced in the analysis of Sec-
tion 4 are reported in Fig. 3. General functional forms are Eqs. 25-27. In each figure,
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the independent variable resolved on the abscissa is dimensionless depth h/R (or
hm/R), which is well-defined and fully known from the data. Among different ex-
periments, the normalized indentation velocity vty /R also varies, as does the max-
imum normalized depth h,,/R. Since the substrate material and initial temperature
(room temperature) are identical among experiments, the other independent vari-
ables on the right sides of Eqgs. 25-27 are fixed among the present results. Hence,
potential influences of the latter (fixed) properties cannot be discerned among the
presently available data. A candidate definition for effective velocity is the average
loading rate v = h A = hp/t,, where t,, is the time instant at which h = h,,. As
shown in the rightmost column of Table 2, v 4 increases from 0.9 to 1.7 to 2.6 m/s

over experiment numbers 1 to 2 to 3.

Normalized force IIp versus normalized depth 4/ R in Fig. 3a provides the same
information in Fig. 1a, since £ and R are identical among experiments. Assuming
v = hy, the results in Fig. 3a show that dependence of dimensionless indentation
force I1p on dimensionless loading rate vty / R is low for Al-6061T6 over the current

domain of loading rates.

Since the present data do not contain intermittent unload-reload cycles or contin-
uous stiffness measurements (CSM) to obtain unloading slope S(h) for h # h,,,
approximations are used to compute contact radius a(h) for h # h,,. First, for the
loading phase, t < t,,, it is assumed that a(t) for each experiment depends only on
h/R and not v. As shown in Fig. 3b, the normalized radius II, is then estimated by

the following function, where o« > 0 and 3 > 1 are dimensionless fitting constants:

II,=a/R=(1+a{l —exp(—ph/R)})\/h/R [t <tn] (33)

The Hertz solution is recovered in the limit of infinitesimal depth, whereby a —

VhR.

Available data do not enable fitting of a(t) for t > t,,, i.e., throughout the entire
unloading process. Thus, during unloading, it is assumed that the indentation stress-
strain data (specifically, p versus ¢) demonstrate a fixed slope of F, consistent with

quasi-static unloading.>!” To this end, the following quadratic equation is solved at
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p [GPa]

each time increment for a(h(t)) during the unloading phase:

e (ﬁ — @) = P [t > t,] (34)

3mr \a ay ma? -

Here, hy is the final (residual) indentation depth upon complete unloading, and ay
is the corresponding final contact radius. The latter can be computed by solving
Eq. 34 at h = h,, with corresponding peak load P = P,, and radius a = a,, from
Eq. 33.

Finally, normalized plastic work IIy; is shown in Fig. 3c. Its computation requires
the entire load-unload force-displacement cycle for a given h,,; hence, only three
data points are available (one for each experiment). Though not shown in Fig. 3,
ITy logically could depend on hf/R as well, since h; varies among experiments,
increasing from 9.8 to 14.4 to 23.6 um over experiments 1, 2, and 3. Such depen-
dency is permissible via inclusion of 4/ R in addition to A, /R in the arguments of
Eq. 27. However, the identity IIp(h = hy) = 0 provides an additional constraint
equation that can be used to eliminate explicit dependence of Iy, on hf/R. Nor-

malized plastic work clearly increases with increasing maximum penetration depth.
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Fig. 4 Stress vs depth: a) mean pressure (hardness) and b) constraint factor

Given a (or equivalently, II,) along with force data P(h), mean pressure p =
P/(ma?), i.e., Meyer’s hardness, is computed. Results are shown in Fig. 4a. Con-

straint factor c is shown in Fig. 4b, where the initial yield stress oy from Table 1 is
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used for normalization. Note that this value of o is considered to be known a pri-
ori, rather than extracted from the present indentation data. Mean pressure closely
tracks the Hertz solution at a very small h/R for experiments 1 and 2, whereas
p for experiment 3 suggests anomalously low compliance in the limit h/R — 0.
Mean pressures are similar among the loading phases of all three experiments for
h/R Z 0.0025, in the regime where plastic compliance is expected to overtake elas-
tic compliance. Such similarities suggest strain rate and strain rate-history effects
on p are small for these experiments on A16061-T6, given the very different velocity

histories among tests in Fig. 1c.

Taking v = h, the results in Fig. 4a suggest that dependence of mean stress on
dimensionless loading rate vty/R is low. In fact, mean stress and constraint factor
appear to decrease slightly with increasing loading rate, though such decrease may
be due to imprecision of the experimental measurements and uncertainty inherent

in Eq. 33 that neglects possible rate dependence of the transient contact radius.

Recall that initial yielding corresponds to ¢ ~ 1.1 in the quasi-static Hertz theory.®
After yielding, the calculated constraint factor increases from ¢ ~ 1.5 to c = 2.5
over the full domain of indentation depths in the experiments. Strain hardening
likely influences c to increase with increasing i/ R in the fully plastic regime. The
computed range of c is within bounds observed elsewhere in quasi-static spheri-
cal indentation experiments and simulations.">%27-32735 Similar ranges have been
observed in dynamic spherical indentation simulations of elastic-perfectly plastic,
rate-independent solids for constant rigid indenter velocities that are not too large
(e.g., h < 75 m/s), albeit for representative metallic substrates with different prop-
erties than those of aluminum.*® Transient increases in ¢ due to inertial effects man-
ifest at velocities on the order of 100 m/s®; at such high velocities, effects of strain
rate sensitivity on c also become stronger.'* During elastic unloading, c is easily

computed, but does not have any physical significance.

Indentation stress (i.e., mean pressure D) is reported versus the two different inden-
tation strain measures of Eq. 32 in Fig. 5. Elastic deformation followed by plastic
yielding and mild to moderate strain hardening is apparent in each representation.
The hardening behavior is qualitatively consistent with traditional dynamic uniaxial
stress-strain behavior of this material.”®’® The anomalously high initial compliance

of experiment 3 is also apparent in Fig. 5. Elastic unloading is perfectly represented
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Fig. 5 Indentation stress vs a) Tabor’s strain® and b) Kalidindi and Pathak’s strain'”

in Fig. 5b as a result of implementation of Eq. 34. On the other hand, the unloading
portions of p versus € curves in Fig. 5a show slopes inconsistent with £. Similar
inconsistencies have been noted when € is used as the indentation strain measure
for static indentation.>!” In Fig. 5b, yielding is apparent at ¢ ~ 0.6% for experi-
ments 1 and 2. From Eq. 13, with ¢ ~ 2.5, the uniaxial equivalent yield strain is
then estimated as ¢/ F ~ 0.25%.

Strain rates in Eq. 19 and Eq. 22 are consistently obtained from numerical differen-
tiation of Eq. 32. Results are shown in Fig. 6. According to each strain definition,
strain rates are initially large where both the indentation depth and contact radius
increase rapidly with time. Initial values of ¢ and ¢ range from 7,000/s to 28,000/,
with the highest strain rates observed in experiment 3. Strain rates decrease subse-
quently with increasing time, as the indenter necessarily decelerates. Negative rates
persist during unloading. However, oscillations also arise during unloading to ac-
commodate the assumed form of contact radius in the elastic response function of
Eq. 34.

Due to uncertainty in assumed relations Egs. 33 and 34, the strain rate histories
shown in Fig. 6 should be considered highly approximate. However, average strain
rates during the loading phase of each test should be much more accurate, since

these do not rely on Eq. 33 or Eq. 34. Rather, such averages depend only on the

31



¢ [1/ms]

25 t T T T T T 30 T T T T T T
: — expl : — expl
20 —— exp?2 25 —— exp 2
5L e exp 3 20l E ..... exp 3
_ i
L 4 n L& 4
10 = 15
~~
51 : = 10} .
[Xq\s}
o 1 5b |
’\\-_u
—5L i ok - i
_10 Il Il Il Il Il Il _5 1 1 1 1 1 1
0 5 10 15 20 25 30 0 5 10 15 20 25
t [ps] t [us]
(a) Tabor (b) Kalidindi and Pathak

Fig. 6 Indentation strain rates from a) Tabor’s strain** and b) Kalidindi and Pathak’s strain'”

unloading slope S in Eq. 5 used to obtain a,, = 35/ E at known time t,, at the

measured depth h = h,,:

. 4 hy,
€a=02-""0 = —

= 35
Rt,, 3T Atm (35

Values of these average strain rates are listed in Table 2. Notably, average rates
follow the same trends over all three experiments, with €4 ~ 1.5¢ 4 1n each case.
These average strain rates are within ranges that can be obtained in conventional

uniaxial SHPB experiments.’”

The same trends apply for maximum strains: €, ~ 1.5¢,, in all three experiments.
Values of €, range from 1.8% to 2.5%. Taking B ~ 1.3 in Eq. 13 as in earlier simu-
lations of other elastic-plastic materials,”” maximum uniaxial equivalent strains are

then approximated as ranging from 1.4% to 1.9%.

Applying a representative rate sensitivity parameter of C' = (.01 from Table 1, the
ratio of dynamic flow stress at a strain rate of 2000/s is only 7.6% higher than that at
a rate of 1000/s. This result demonstrates the relatively low strain rate sensitivity of
the A16061-T6 material. Accordingly, any effects of different strain rates witnessed
in experiments 1, 2, and 3 may be too small to be discerned in the load-displacement

or indentation stress-strain curves. Such effects, if they exist, might also be obscured
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by limited fidelity of the data.

Other discrete data of interest are included in Table 2. Maximum depth A, and cor-
responding contact radius a,, have been discussed already in the context of Fig. 3a
and Fig. 3b. Average velocities h have been used to represent v entering dimen-
sionless rates in the legends of Fig. 3a and Fig. 4a. Likewise, plastic work W has
been used in construction of Fig. 3c. Note that W ! is the residual plastic work after

complete unloading from depth h,,,.

Average adiabatic temperature rise AT, is computed from Eq. 31, with W¥ = WP
and a = a,,. This is the temperature change that would be experienced by a cylindri-
cal column of plastically deformed material of radius a, and height 37a,,.>'” Given
the temperature sensitivity ¢ =~ 1 of Al6061-T6 in Table 1, the predicted heating-
induced change in flow stress for this volume of material would be negligible. How-
ever, localized temperature increases in regions of concentrated plastic strain (e.g.,
near the edges of the contact surface) could be substantially larger, whereas heat
conduction could counteract such increases given sufficient time. Thus, thermal
effects cannot be completely ruled out without verification from simulations, for

example.

5.3 Recommendations

The following key points are noted from analysis of the dynamic indentation data:

* Maximum uniaxial-equivalent strains are estimated on the order of 1% to 2%;

* Average uniaxial-equivalent strain rates are estimated on the order of 700 to
1500/s;

* Subtle variations in indentation force-depth curves can lead to drastic changes

in indentation stress-strain curves, particularly at small indentation depths;

* Dynamic indentation stress-strain curves are qualitatively similar to those
given elsewhere?”-?® for static spherical indentation, with constraint factors

within ranges observed for static experiments on ductile metals;

* Mean pressure (i.e., indentation stress) shows evidence of yielding and mild-
to-moderate strain hardening characteristic in uniaxial stress-strain data for

the aluminum alloy;

* Strain rate and inertial effects are not detected among the experimental datasets,
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whereby an increase in average indentation strain rate by a factor of 2 pro-

duces no apparent increase in indentation stress;

* A negligible effect of average strain rate correlates with the low strain rate

sensitivity of flow stress for the aluminum alloy;

* Plastic work results in a trivially small adiabatic temperature rise (< 2K) av-
eraged over the entire plastically deformed zone, though magnitudes of local-

ized temperature increases at plastic strain concentrations are unknown.

Consider the inverse problem of determination of material parameters from recorded
dimensionless indentation force versus normalized depth, i.e., ITp versus /R data.
In dynamic experiments, dimensionless response function II, for contact radius
cannot be measured at present over the deformation history, and dimensionless re-
sponse function Il ultimately offers no additional information over I1p since the

former can be constructed from the history of the latter.

The inverse problem can be stated as follows:

iven £ — h wtg T.oo _R/to T h if-
* Given 5z = llp (R, R>TO;E>\/%,TR,V,H,7TL,TL,7“ versus 7 for dif:

ferent effective loading rates % and initial temperatures Tio, determine the 11

material properties I, v, py, ¢y, 0, K, €9 = tgl, m,n,r, Tg.

Based on dimensional analysis of available results, the following deductions and

recommendations are then proposed to facilitate the solution of the inverse problem:

* The relatively small magnitudes of impact velocities and the similarities of
static and dynamic indentation curves suggest that inertial effects associated
with py cannot be discerned in the data. Thus, a standard (e.g., Archimedes)

method should be used to measure p.

* The relatively low changes in average temperature suggest that effects of spe-
cific heat capacity cy cannot be easily discerned in the force response data.

Thus, a standard (e.g., calorimetry) method should be used to measure cy .

* Precision of current experimental methods in the very small-depth regime
is likely insufficient to measure elastic compliance. Thus, a standard (e.g.,

longitudinal and shear wave speed) method should be used to measure £ and
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v. Any experimental facility equipped for dynamic instrumented indentation
should include the capability for such sound speed measurements, presuming

material samples are available.

* Precision of current experimental methods is likely inadequate for determi-
nation of an “exact” initial yield stress op. However, an offset yield stress
should be measurable, which can provide an approximate value of oy as in

static experiments.?’

* For low loading rates or rate-insensitive materials, extraction of static hard-
ening parameters ~ and n should be possible from measured increases of I1p

with increasing h/R.

* Effects of loading rate vty/R on Ilp for highly rate-sensitive materials re-
mains unknown. Experiments on other solids with much greater strain rate
sensitivity of flow stress are needed to determine if such rate sensitivity man-
ifests in dynamic indentation force-displacement (and corresponding inden-
tation stress-strain) curves. If differences in I1p at vastly different vt/ R do
not manifest for such materials, the present experimental method might be
unsuitable to extract rate sensitivity parameters (e.g., m, or C' if Eq. 15 is

used).

« Following typical protocols,®®® the two parameters ¢, and Tz can be set uni-

versally at 1/s and 294 K, which reduces complexity of the inverse problem.

* Presumably, systematic matching of experimental I1p data with results of
parametric FE simulations on the same geometry (sample size and R), load-
ing rate, and initial temperature, and covering a sufficient domain of possible
material property sets, will produce the sought material properties. Similar ef-
forts have been undertaken for static indentation as reviewed in Section 2.3,

though most not often invoking dimensional analysis techniques.

» Existence, uniqueness, stability, and accuracy of the inverse method should
be verified for multiple materials, with constitutive properties validated by
comparison with values obtained from independent, alternative experimen-
tal techniques (e.g., standard SHPB compression tests rather than dynamic

indentation).

Several other recommendations are in order. Firstly, experimental methods to di-

rectly measure the contact radius during dynamic indentation could supply data
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that would render the assumed rate-independent forms in Eqgs. 33 and 34 unneces-
sary. Efforts are presently underway to measure residual impressions with confocal
microscopy. Techniques involving periodic dynamic unloading in the SHPB appa-

t,62

ratus to measure contact stiffness are under development,’” though their accuracy

remains unclear.

While knowledge of @ = I14 - R is not needed to solve the stated inverse problem,
the contact radius is needed to calculate indentation stress (mean pressure) p as
well as indentation strains € and ¢. Constitutive property extraction might be more
efficient and accurate by matching experimental and simulated indentation stress-

strain curves rather than matching I1p vs. h/R.

Comparison of static and dynamic isothermal FE simulations on the same geometry
(i.e., same sample size and R), for a hypothetical rate-independent material, would
enable verification of the tentative conclusion that inertial effects are negligible
for the present range of loading rates. Lastly, adiabatic FE simulations could be
used to provide an upper bound on localized temperature rise in highly strained
regions under the indenter, and thus verify the tentative conclusion that effects of
temperature rise (but not necessarily initial temperature) on indentation force are

negligible over the present range of loading rates.

6. Conclusions

Analytical foundations for interpretation of data from instrumented dynamic spher-
ical indentation experiments have been established in this work. The ultimate intent
is acquiring constitutive properties, here focused on plastic properties of ductile
metals, from dynamic indentation force-depth data at different loading rates and
different initial temperatures. A new framework to guide future experiments and nu-
merical simulations has been set forth based on principles of dimensional analysis.
Potential utility, and limitations, of the framework have been assessed using new
data on Al6061-T6 obtained from SHPB experiments equipped for instrumented
spherical indentation. Average strain rates achieved in experiments are on the order
of 10%/s, with maximum equivalent strains on the order of 2%. Indentation stress-

strain results verify that rate sensitivity of the alloy is low.
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List of Symbols, Abbreviations, and Acronyms

TERMS:

Al aluminum

ARL Army Research Laboratory

CSM continuous stiffness measurement

DEVCOM US Army Combat Capabilities Development Command

FE finite element
SHPB split Hopkinson pressure bar
WC tungsten carbide
MATHEMATICAL SYMBOLS:
E modulus

h depth

p pressure

P force

t time

w work

€ strain

o stress

v velocity
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