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1. Introduction

We reconsider the class of 1-D nonlocal wave equations studied by Beyer et al.,1

whose solutions to initial value problems (IVPs) that arise in the linear theory of
peridynamics are written in terms of an infinite series of spherical Bessel functions
of the first kind, and constructed through determination of the kth−convolution of
the micromodulus or kernel function2 with the initial condition (either displacement
or velocity). Our solutions to this class of wave propagation problems, however, do
not require direct use of the micromodulus function, but only the dispersion rela-
tion (cf., Eq. 2.7.6 of Kunin,3 Eq. 13 of Silling et al.4 or Eq. 6 of Weckner and
Abeyaratne5) and existence of the Fourier transform of the initial condition. Fourier
transformation of the peridynamic momentum balance equation and initial condi-
tions5 permits derivation of exact or numerical solution of the IVPs studied in Beyer
et al.1 Exact analytical IVP solutions to the local wave equation are thus obtained
by inverse Fourier transform of the Fourier-domain, D’Alembert equation; for the
nonlocal wave equation, a Fourier-domain D’Alembert-like equation is solved by
numerical integration which employs an inverse fast Fourier transform (IFFT) al-
gorithm.

Our numerical solutions* compare well with those of Beyer et al.1 but suffer from
the Gibbs phenomenon in those problems where the initial condition is only piece-
wise continuous and piecewise smooth; in such cases, we employ the discrete in-
verse Fourier transform and observe reduction of the Gibbs effect, and a dramatic
speedup in solution time by employing Mathematica’s IFFT algorithm.7 Further re-
duction of the Gibbs effect is possible using a low pass filter, for example, herein
we employ Lanczos sigma factors cf., pg. 78 of Lanczos,8 which have been success-
fully used for numerical inversion of the Laplace transform in problems involving
multiple jump discontinuities due to impact.9

Weckner and Abeyaratne5 have also studied a number of IVPs in the linear theory
of peridynamics with both continuous and discontinuous initial data using Green’s
function methods; their solutions to the IVPs are written in terms of spatial domain
integrals involving a convolution of the initial condition with Green’s functions de-
rived using the Dirac-delta function. One solution makes use of Taylor series and

*The solutions to the IVPs in this report were originally presented6 at the USACM Thematic
Conference on Nonlocal Methods in Fracture held at the University of Texas, Austin, Texas, January
15-16, 2018.
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binomial expansions of the trigonometric functions that appear in the integral that
defines the Green’s function to derive numerical solutions for the relaxation of a
bar disturbed by a Gaussian pulse initial condition. In contrast, our solutions do not
explicitly rely on the use of generalized functions, such as the Dirac-delta distribu-
tion (cf., Weckner and Abeyaratne5), to determine Green’s functions, but only on a
means for determining the inverse Fourier transform of Eq. 21; in a subsequent sec-
tion, we will illustrate these solutions by employing numerical integration and IFFT
routines available in Mathematica.7 Emmrich and Weckner10 have also derived nu-
merical solutions to IVPs in the linear theory of peridynamics using numerical in-
tegration based on Gauss-Hermite quadrature. Beyond the solution of IVPs, more
general fast Fourier transform methods have recently been developed for the solu-
tion of peridynamic boundary value problems involving transient diffusion11 and
brittle fracture.12 Other higher-order spatial and spectral numerical techniques for
solving the peridynamic equation of motion have also recently been developed by
Coclite et al.13

Eringen14 introduced a methodology to determine the spatial dependence of non-
local elastic moduli from dispersion curves based on 1-D lattice dynamics, which
compared well with experimental dispersion curves for aluminum.* Other relevant
work akin to Eringen’s determination of the spatial dependence of nonlocal elastic
moduli from dispersion curves appears in the work of Weckner and Silling16 who
derive a micromodulus function from a finite set of frequency-dependent phase ve-
locities (cf., Eq. 20 of Weckner and Silling16). In more recent work, Silling17 em-
ploys a direct numerical solution (DNS) methodology that uses 1-D impact simu-
lations on periodic elastic layers to derive values for the peridynamic horizon size
and micromodulus function that are incorporated into a homogenized peridynamic
model. The homogenized peridynamic model results are verified by the DNS sim-
ulations.

Finally, we show how a nonlinear dispersion relation that is derived using Floquet
theory for a periodic elastic medium of infinite extent can be used to solve IVPs for
homogenized peridynamic media using the IFFT methods we have developed, and

*Eringen’s14 nonlinear dispersion model for aluminum consisted of a linear chain of equally
spaced, identical particles; our extension to employ Floquet theory for periodic elastic media to
model the dispersion in peridynamic media follows quite naturally. The methodology described
herein is not limited to a unit cell comprised of only two elastic materials but can be extended to
unit cells containing any number of sublayers of arbitrary length and material properties using the
recursive dispersion relations derived by Velo et al.15

2



that these solutions compare well with the series solution method of Beyer et al.1

where it is first necessary to determine the kth−convolution of the micromodulus
function with the initial condition.

The remainder of the report is outlined as follows: Section 2 develops the governing
equation of motion, dispersion relation and micromodulus function for a microelas-
tic material. Fourier and inverse Fourier transformation relations are defined and
applied to the governing equations in Section 3. A local-nonlocal correspondence
principle is identified (without proof) in Section 3.1.1. A set of four IVPs with both
continuous and discontinuous initial values are outlined in Section 4. Error esti-
mates using Mathematica’s “NIntegrate” function and the IFFT method appear in
Section 5; comparison of these numerical solutions with exact analytical solutions
and associated error estimates also appear in Section 5 and are discussed in more
detail in Section 6. In Section 7 we derive a nonlinear dispersion relation for a
periodically layered medium of infinite extent and use this in the solution of a ho-
mogenized peridynamic IVP with an initial displacement in the form of a Gaussian
pulse. This solution compares very well with the solution using the series solution
method of Beyer et al.1 Conclusions follow in Section 8.

2. Governing Equations in the Time Domain

We consider solution of 1-D IVPs for the so-called microelastic material with the
governing equation of linear momentum (cf., Eq. 11 of Silling et al.4) given by,

ρ
..
u (x, t) =

∫ ∞

−∞
C(x′ − x)

(
u(x′, t)− u(x, t)

)
dx′ + b(x, t) ,

for −∞ < x < ∞, t > 0 .

(1)

The corresponding governing equation of linear momentum for a local elastic medium
is given by,

ρ
..
ul (x, t) = E

∂2ul

∂x2
+ b(x, t) ,

for −∞ < x < ∞, t > 0 ,

(2)

where E is Young’s modulus, and the displacements u and ul correspond to the non-
local and local problems, respectively. In this report, we will only consider prob-
lems involving initial conditions in displacement u, and zero initial particle velocity

3



.
u = v = 0

u(x, 0) = f(x),
.
u(x, 0) = 0, x ∈ R . (3)

A superposed dot is used to denote the ordinary derivative of a function of time
only, and we will also use a superposed dot to denote the partial derivative of a field
variable with respect to time, for example,

v(x, t) =
∂u

∂t
=

.
u(x, t) . (4)

With these conventions, Eq. 1 describes the dynamic 1-D motion of a microelas-
tic medium where ρ is the density,

..
u is the particle acceleration, and b(x, t) is

the body force. C(x′ − x) denotes the real and even micromodulus function, such
that, C(ξ) = C(−ξ), ξ ∈ R; as pointed out in Weckner and Abeyaratne5 C(ξ)

might also have compact support so that the condition that ensures that the inte-
gral Eq. 1 converges, such that, C(ξ) → 0 as ξ → ±∞ is automatically satis-
fied. On substituting the expression for progressive 1-D plane-waves, such that,
u(x, t) = exp(i(kx − ωt)) (with wavenumber k in rad/m, angular frequency ω in
rad/s, i =

√
−1) and ξ = x′ − x into Eq. 1 and using the evenness property of

C(ξ), results in (cf., Eq. 2.7.17 of Kunin,3 Eq. 14 of Silling et al.4 or Eq. 6 of Weck-
ner and Abeyaratne5) the integral form of the dispersion relation in terms of the
micromodulus function

ω(k) =

√
ρ−1

∫ ∞

−∞
C(ξ)

(
1− cos(k ξ)

)
dξ . (5)

Beyer et al.1 study IVPs for which the micromodulus function is a normal distri-
bution (Gaussian) with amplitude proportional to a, standard deviation σ, and with
zero mean,

C(ξ) =
a√
2 π σ

e−
ξ2

2σ2 . (6)

On substituting Eq. 6 into Eq. 5, and integrating, yields the nonlinear dispersion
relation,

ω(k) =

√
a

ρ

√
1 − e−

k2 σ2

2 . (7)

Beyer et al.1 (cf., Fig. 1 caption), further set a = ρ = σ = 1, and Eq. 7 simplifies
to,

ω(k) =

√
1 − e−

k2

2 . (8)
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A length scale parameter common to nonlocal media does not explicitly appear in
Eqs. 6 or 7 but if the standard deviation in Eq. 6 is associated with Kunin’s3 or
Weckner and Abeyaratne’s5 “material” length scale parameter l, then on substitut-
ing σ =

√
2
2
l and a = 4E

l2
= 4 ρ c2

l2
into Eq. 6, results in,

C(ξ) =
4E

l3
√
π
e−

ξ2

l2 =
4 ρ c2

l3
√
π
e−

ξ2

l2 , (9)

which recovers the micromodulus function given by Eq. 152 of Weckner and Abe-
yaratne5; here, E is Young’s modulus and c is the wave speed. On substituting Eq. 9
into Eq. 5 and integrating, results in the dimensionally correct nonlinear dispersion
relation (cf., Eq. 162 of5),

ω(k) =
2 c

l

√
1 − e−

k2 l2

4 , (10)

which, as before, can be directly obtained by setting a = 4 ρ c2

l2
and σ =

√
2
2
l in

Eq. 7. In linear elastic media, the frequency ω is a linear function of the wavenumber
k, such that, ω(k) = ω = c k and therefore the phase velocity c = ω/k and group
velocity cg = dω/dk are identical, which result in Fourier modes that travel at the
same speed and are independent of frequency in the medium. As will be shown in a
subsequent section, a nonlocal peridynamic medium with a Gaussian micromodulus
function results in Fourier modes that change shape and travel at different speeds
that exhibit normal dispersion such that, cg < c; anomalous dispersion occurs when
cg > c.

Finally, on expanding the square root function in Eq. 10 in a power series results in,√
1 − e−

k2 l2

4 =
k l

2
(1 − k2 l2

16
+

5 k4 l4

1536
− k6 l6

8192
+ O

(
k8
)
) . (11)

On substituting Eq. 11 into Eq. 10 results in,

ω(k) = c k (1 − k2 l2

16
+

5 k4 l4

1536
− k6 l6

8192
+ O

(
k8
)
) . (12)

The classical local dispersion relation ω(k) = c k is recovered as the product
k l → 0 in Eq. 12; this behavior is illustrated graphically in Fig. 2 of Weckner
and Abeyaratne.5
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3. Fourier Transformations

In this work, we employ the exponential Fourier transform denoted by û or by
F{u}, for functions u ∈ L1(R) ∩ L2(R), that are absolutely and square integrable
functions u*

û(k, t) = F{u(x, t) : x → k} ≡
∞∫

−∞

u(x, t) e−i k x dx , (13)

where k ∈ R is the Fourier transform parameter of spatial variable x, and the expo-
nential inverse Fourier transform:

u(x, t) = F−1{û(k, t) : k → x} ≡ 1

2π

∞∫
−∞

û(k, t) ei k x dk . (14)

On substituting Eq. 13 into Eq. 14 we arrive at the Fourier integral theorem:

u(x, t) =
1

2π

∞∫
−∞

ei k x dk

∞∫
−∞

u(r, t) e−i k r dr . (15)

The more general conditions under which the equality in the repeated integral in
Eq. 15 holds depend upon the regularity assumptions imposed upon the function u.†

Other useful formulae that will be used in subsequent sections include the space-
shifting property:

F{f(x− x0) : x → k} = f̂(k)e−i k x0 , (16)

*All functions u considered in this work are u ∈ L1(R) ∩ L2(R) for example, 1
1+x2 ,

2√
2π

e−2x2

,

e−xH(x); however, there are functions u that are absolutely integrable
∞∫

−∞
|u| dx < +∞ but not

square integrable
∞∫

−∞
|u|2 dx < +∞ and vice versa, see for example, pg. 306 of Weinberger.18

†For example, Eq. 15 can be derived by applying the Abel Limit definition,19

∞∫
−∞

f(k) dk := lim
δ→0+

∞∫
−∞

e−δ|k|f(k) dk ,

to the first integral in Eq. 15.

6



the nth derivative property, if f(x) and its first n derivatives are continuous for all
real values of x‡,

F{fn(x) : x → k} = (i k)nf̂(k) , (17)

and the convolution (or Faltung) property,

F{f ∗ h}(x) = F{f} · F{h} = f̂ · ĥ ,

or, f ∗ h = F−1(f̂ · ĥ) =
∞∫

−∞

f(k)h(x− k) dk ,

and, f ∗ h = h ∗ f ,

(18)

where “∗” denotes convolution and “·” multiplication; in some instances, the latter
property given by Eq. 182 will prove useful for constructing the IVP solutions by
replacing the inverse Fourier transform operator by a convolution operator.

3.1 Fourier Transform of the Governing Equations

On taking the Fourier transform of the body-force-free version of the linear mo-
mentum balance in Eq. 1 we obtain (see also Eq. 19 of Weckner and Abeyaratne5)

∂2û(k, t)

∂t2
+ ω2(k) û(k, t) = 0 , (19)

and the Fourier transform of the initial conditions, given by Eq. 3 results in,

û(k, 0) = f̂(k) =

∞∫
−∞

u(x, 0) e−i k x dx,
.̂
u(k, 0) = ĝ(k) =

∞∫
−∞

.
u(x, 0) e−i k x dx .

(20)
The general nonlocal IVP solution û(k, t) to differential Eq. 19 for the displacement
in the Fourier transform domain is

û(k, t) = Â(k) ei ω(k) t + B̂(k) e−i ω(k) t , (21)

where the nonlinear dispersion relation ω(k) is defined by integral Eq. 5 and func-

‡The consequences of applying the nth derivative property to a function f(x) that is only piece-
wise continuous and piecewise smooth are addressed in Appendixes E and F.
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tions Â(k) and B̂(k) are determined from the initial conditions (Eq. 20) to be,

Â(k) =
1

2

(
û(k, 0) − i

.̂
u(k, 0)

ω(k)

)
and B̂(k) =

1

2

(
û(k, 0) + i

.̂
u(k, 0)

ω(k)

)
.

(22)
On substituting Eq. 22 into the nonlocal Fourier transform domain solution in
Eq. 21 and simplifying we find that,

û(k, t) = û(k, 0) cos(ω(k) t) +

.̂
u(k, 0)

ω(k)
sin(ω(k) t) . (23)

On taking the inverse Fourier transform of Eq. 23, and using the definition given
by Eq. 14, results in the most general form of the nonlocal displacement solution
u(x, t)* in terms of the Fourier transforms of the initial displacement û(k, 0), parti-
cle velocity

.̂
u(k, 0) and dispersion relation ω(k),

u(x, t) =
1

2π

∞∫
−∞

(
û(k, 0) cos(ω(k) t) +

.̂
u(k, 0)

ω(k)
sin(ω(k) t)

)
ei k x dk . (24)

The general solution given by Eq. 21 is analogous to the Laplace transform domain
solution for waves in linear viscoelastic media under impact (cf., Eq. 53 of Gazonas
et al.9); the functions Ω(s) that appear in the exponentials of the Laplace transform
domain solution are related to the Carson transform of the relaxation modulus, and
are analogous to the nonlinear dispersion relation ω(k) that appear in Eq. 21.

In an analogous fashion, on taking the Fourier transform of the body-force-free
version of the linear momentum balance Eq. 2 for the local elastic medium we
obtain,

∂2ûl(k, t)

∂t2
+ ω2(k) ûl(k, t) = 0 . (25)

In the general solution ûl(k, t) to the classical local IVP, the dispersion relation is
linear in the wavenumber, ω(k) = ω = c k:

ûl(k, t) = Â(k) ei ω t + B̂(k) e−i ω t , (26)

*It turns out that our solution given by Eq. 24 can be transformed into Weckner and Abeyaratne’s5

result using convolution properties Eq. 182,3; see for example, their Eq. 21 given by u(x, t) =
∞∫

−∞

(
u0(x− x̂)

.
g (x̂, t) + v0(x− x̂) g(x̂, t)

)
dx̂ , where g(x, t) = F−1

(
sin(ω(k)) t

ω(k)

)
is the Green’s

function for Eq. 1.
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and the wave speed c is not dependent on frequency as is the case for dispersive
media. On applying the initial conditions in Eq. 20 to the general local solution in
Eq. 26 we find that,

ûl(k, t) = ûl(k, 0) cos(ω t) +

.̂
ul(k, 0)

ω
sin(ω t) . (27)

On taking the inverse Fourier transform of Eq. 27 and using the definition given by
Eq. 14 results in,

ul(x, t) =
1

2π

∞∫
−∞

(
ûl(k, 0) cos(ω t) +

.̂
ul(k, 0)

ω
sin(ω t)

)
ei k x dk ,

=F−1{ûl(k, t)} .

(28)

3.1.1 A Correspondence Principle

It is thus evident that for solution of nonlocal microelastic peridynamic IVPs on
an infinite domain, we can use a correspondence principle,* stated here without
proof, to obtain the Fourier transformed nonlocal peridynamic solution given by
Eq. 21 after having first determined the Fourier transformed local elastic solution
given by Eq. 26, namely,

û(ω, t) = ûl(ω(k), t) . (29)

This local-nonlocal correspondence principle is similar to that used to obtain dy-
namic viscoelastic solutions (involving convolutions in time) to the wave equation
from elastic solutions using Fourier transform (cf., Eq. 53 of Carcione et al.21)†

or Laplace transform methods.22,23 Our ability to obtain solutions depends upon
whether we can find analytical or numerical inverse Fourier transforms of Eq. 29.
The local-nonlocal correspondence principle, as stated, only requires identification
of a dispersion relation, possibly from experimentation, and does not require iden-
tification of a micromodulus function, although the latter is implicitly defined via
integral Eq. 5.

*This correspondence principle is not related to the concept of a correspondence material
model,20 “which defines what it means to require a peridynamic material model to agree with a
given classical material model for a given deformation.”

†Carcione et al.21 simply replace the real wave number in the elastic solution by the complex
wave number to obtain the viscoelastic solution.
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4. Solution of the Initial Value Problems

In this section, we solve four IVPs considered in Examples 5.1 and 5.2 of Beyer
et al.1 for problems that involve both local and nonlocal (peridynamic) wave equa-
tions for both continuous and discontinuous initial data; for brevity we only study
problems in which u(x, 0) ̸= 0 and

.
u(x, 0) = 0. The initial conditions in the next

two example problems 1 and 2 are continuous.

4.1 Problem 1: Local Wave Equation with Continuous Initial Conditions

The initial condition and its Fourier transform for Problem 1 are given by,

ul(x, 0) = f(x) =
1

1 + x2
,

.
ul(x, 0) = 0 ,

=⇒ ûl(k, 0) = f̂(k) = πe−|k| ,
.̂
ul(x, 0) = 0 .

(30)

On substituting the Fourier transformed initial conditions Eq. 302 into Eq. 28, we
arrive at the local solution for the displacements,

ul(x, t) = F−1ûl(k, t) =
1

2π

∞∫
−∞

π e−|k| cos
(
ω t
)
ei k x dk , ω = k c . (31)

On applying the convolution property Eq. 182 to Eq. 31 we find that:

ul(x, t) =

∞∫
−∞

f(y)h(x− y, t) dy , (32)

where,
f(y) =

1

1 + y2
, (33)

is the initial condition Eq. 301 and,

h(x, t) =
1

2π

∞∫
−∞

ei k x cos
(
k c t

)
dk =

1

2
(δ(ct+ x) + δ(ct− x)) . (34)

On substituting Eqs. 33 and 34 into Eq. 32 we obtain the following expression:

ul(x, t) =

∫ ∞

−∞

1

1 + y2
1

2
(δ(ct+ (x− y)) + δ(ct− (x− y))) dy . (35)

10



On using the “sifting” property24 of the Dirac delta δ function to Eq. 35 we arrive
at the explicit local solution:

ul(x, t) =
1

2 (1 + (ct+ x)2)
+

1

2 (1 + (−ct+ x)2)
. (36)

Alternatively, the same solution can be obtained by applying the space-shifting
property (Eq. 16) to Eq. 26 we find that:

ul(x, t) = F−1ûl(k, t) = F−1
{ f̂(k)

2
ei k c t

}
+ F−1

{ f̂(k)
2

e−i k c t
}
, or,

ul(x, t) =
1

2
f(x + c t) +

1

2
f(x − ct) ,

ul(x, t) =
1

2

(
1

1 + (x + c t)2
+

1

1 + (x − c t)2

)
,

(37)

which is the D’Alembert solution obtained by a more direct method. The function
f in Eq. 372 is given by the initial condition Eq. 301, and thus one can see that
Eqs. 373 and 36 are equivalent.

4.1.1 Problem 1a: Nonlocal Wave Equation with Continuous Initial Con-
ditions

Beyer et al.1 do not solve* the nonlocal version of Problem 1 but we can use the
local-nonlocal correspondence principle (Eq. 29) to transform the local solution
(Eq. 31) to the nonlocal solution,

u(x, t) = F−1û(k, t) =
1

2π

∞∫
−∞

π e−|k| cos
(
ω(k) t

)
ei k x dk , (38)

where here, and in what follows, we use the nonlocal dispersion relation Eq. 8 so
that we may directly compare our IVP solutions with those of Beyer et al.1

*The Beyer et al.1 IVP solutions are written in terms of an infinite series of spherical Bessel
functions of the first kind, and constructed through determination of the kth−convolution of the
micromodulus function with the initial condition (either displacement or velocity); using this method
we were unable to derive a nonlocal series solution to Problem 1 because of the inherent difficulty in
forming the kth−convolution of the micromodulus function with this particular displacement initial
condition given by Eq. 30.
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4.2 Problem 2: Nonlocal Wave Equation with Continuous Initial
Conditions

The initial condition and its Fourier transform for Problem 2 are given by,

u(x, 0) = f(x) =
2√
2π

e−2x2

,
.
u(x, 0) = 0 ,

=⇒ û(k, 0) = f̂(k) = e−
k2

8 ,
.̂
u(x, 0) = 0 .

(39)

On substituting the Fourier transformed initial conditions in Eq. 392 and the nonlin-
ear dispersion relation from Beyer et al.1 (Eq. 8) into Eq. 24, results in the solution
to the nonlocal IVP,

u(x, t) = F−1û(k, t) =
1

2π

∞∫
−∞

e−
k2

8 cos
(√

1 − e−
k2

2 t
)
ei k x dk . (40)

Equation 40 cannot be integrated in closed form but will be numerically integrated
using Mathematica’s NIntegrate function as well as using an IFFT algorithm in a
subsequent section. The Beyer et al.1 solution* to this problem is given by,

u(x, t) =

√
2

π

∞∑
k=0

(
√

c t2

ρ
)k+1

2kk!
jk−1(

√
c t2

ρ
)
e−

2 x2

1+4 k

√
1 + 4 k

, (41)

where jk−1 is the spherical Bessel function of the first kind.

An error estimate ϵ for the sum involving N− terms in Eq. 41 is determined using
ϵ ≈ π

N !
e

t2

4 , where t is the time (cf., Corollary 4.6. (Error Estimates) in Beyer et
al.1). For example, for t = 20 and N = 50 terms the error in the “exact” solution
given by Eq. 41 is ϵ ≈ 2.78× 10−21. The initial conditions in the next two example
problems 3 and 4 are discontinuous.

*Here we integrate Eq. 9 to obtain the positive constant c :=
∫
R

C(ξ)dξ = 1 that appears in

Eqs. 41 and 46, cf., pg. 25 of Beyer et al.1; note also that c ̸= c, that is, the wave speed.
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4.3 Problem 3: Local Wave Equation with Discontinuous Initial
Conditions

The initial condition and its Fourier transform for Problem 3 are given by,

u(x, 0) = f(x) = e−x H(x) ,
.
u(x, 0) = 0 ,

=⇒ û(k, 0) = f̂(k) =
1− i k

1 + k2
,

.̂
u(x, 0) = 0 .

(42)

On substituting the Fourier transformed initial conditions Eq. 422 into Eq. 28 we
arrive at the local solution which can be integrated in closed form as,

ul(x, t) = F−1ûl(k, t) =
1

2π

∞∫
−∞

1− i k

1 + k2
cos
(
ω t
)
ei k x dk , ω = k c ,

=
1

2
e−(x+ c t) H(x + c t) +

1

2
e−(x− c t) H(x − c t) .

(43)

This is the D’Alembert solution that can also be obtained by the standard method
through evaluation of the function f in Eq. 421 at x → x ± c t as was done
previously in Eq. 372.

4.4 Problem 4: Nonlocal Wave Equation with Discontinuous Initial
Conditions

The initial condition and its Fourier transform for Problem 4 are given by,

u(x, 0) = f(x) = e−x H(x) ,
.
u(x, 0) = 0 ,

=⇒ û(k, 0) = f̂(k) =
1− i k

1 + k2
,

.̂
u(x, 0) = 0 .

(44)

On applying the local-nonlocal correspondence principle by substituting the non-
linear dispersion relation Eq. 8 into Eq. 431 we obtain the solution to the nonlocal
IVP,

u(x, t) = F−1û(k, t) =
1

2π

∞∫
−∞

1− i k

1 + k2
cos
(√

1 − e−
k2

2 t
)
ei k x dk . (45)

Equation 45 cannot be integrated in closed form but will be numerically integrated
using Mathematica’s NIntegrate function as well as an IFFT algorithm in a subse-
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quent section. The Beyer et al. solution1 to this problem is given by,

u(x, t) = cos(

√
c t2

ρ
) e−x H(x)

+
2

π

∞∑
k=1

(
√

c t2

ρ
)k+1

2k k!
jk−1(

√
c t2

ρ
) e

k
2
−x erfc

(
k − x√

2 k

)
,

(46)

where H and erfc denote the Heaviside step and complementary error functions,
respectively.

5. Numerical Solution of the Initial Value Problems

In this section, we illustrate the solutions to the initial value problems posed in
Section 4 by employing Mathematica’s NIntegrate function and the IFFT algorithm
developed in this report; the accuracy of our numerical solutions are quantified us-
ing the absolute error (AE), which is plotted at each discrete time instant and spatial
location, as well as the absolute timing (AT), in seconds, required for each solution
method; these quantities appear in Table 1 at the end of Section 5.

The AE is defined for every point (t, x) in the computational domain denoted by
indices (i, j),

AE(i, j) = |uexact(i, j)− unum(i, j)| , (47)

where u(i, j) is the displacement and the subscript num refers to the numerical
solutions. In the figures that follow the L∞-norm of the absolute error ||AE(i, j)||∞
given by Eq. 47 is shown as the maximum value of the ordinate in the plots, so
that solution accuracy can be directly compared between Mathematica’s NIntegrate
function and the IFFT algorithm (see also Table 1).* The relative error was not used
as an error measure since the solutions involving jump discontinuities pass through
zero, and the relative error is undefined in these portions of the domain cf., Problems
3 and 4 are illustrated in Figs. 8 and 10, respectively. Alternatively, we could have
normalized AE(i, j) by ||uexact(i, j)||∞ but this latter quantity is unity for the initial
conditions given in Problems 1, 2, and 4 studied in this report and thus would not
alter the magnitude of this latter normalized error measure.

*In the remainder of this report, for clarity, the orange-colored figures refer to solutions obtained
using the Mathematica’s NIntegrate function, the yellow-colored figures refer to solutions using the
IFFT algorithm, and the cyan-colored figure refers to the series solution.
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For determining accuracy in our solutions using the previous error measures, either
the exact analytical solutions are used or “exact” series solutions.1 As mentioned
previously, the error estimate ϵ for the sum involving N− terms in Eq. 41 is esti-
mated using ϵ ≈ π

N !
e

t2

4 , where t is the time (cf., Corollary 4.6. (Error Estimates) in
Beyer et al.1). For example, for t = 20 and N = 50 terms the error in the “exact”
series solution given by Eq. 41 is ϵ ≈ 2.78 × 10−21.

All calculations use the parallel capabilities inherent in Mathematica’s built-in func-
tions and are performed on a desktop system with an Intel (R) Xeon (R) Gold 6136
CPU running at 3.00 GHz and 48 logical processors and 256 GB RAM. These cal-
culations are conducted at a minimum of machine precision where $MachinePrecision
= 15.9546 decimal digits of precision for floating point calculations.

5.1 Aliasing in Spatial and Frequency Domains

In order to implement the IFFT algorithm in Mathematica the spatial domain is
discretized using,

Dv =
2 π

n dk
, (48)

where Dv is the spatial resolution, n = 2jj is a power of two and dk is the spatial
sampling period,

dk =
1

10
kk
2
−1

, (49)

with spatial discretization given by,

xi = Dv ∗ (i− n/2), i = 1...n , (50)

(see Mathematica source code in Appendix C). Figure 1 illustrates contours of the
maximum absolute error using the IFFT algorithm vs. the exact local solution given
by Eq. 36 with c = 1 as a function of jj and kk; a relative minimum in the error
occurs for jj = 14 or n = 2jj = 16, 384 and kk = 5 or dk = 1

10
√
10

so we use these
values in all the IFFT solutions in the following sections. Thus for a fixed n we see
that the choice of dk is a compromise between aliasing in frequency and aliasing in
space.25
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(a) (b)

Fig. 1 (a) Absolute error contour map as a function of jj and kk; (b) absolute error vs. jj for
selected kk values
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5.2 Problem 1: NIntegrate Solution and Absolute Error

Figure 2 shows the NIntegrate solution to Problem 1 and the associated AE.

(a) (b)

Fig. 2 Problem 1: (a) Numerical solution by integration of Eq. 31 using Mathematica’s7 NIn-
tegrate function; (b) AE = |exact − numerical|; the exact solution is given by Eq. 372

5.3 Problem 1: IFFT Solution and Absolute Error

Figure 3 shows the IFFT solution to Problem 1 and the associated AE.

(a) (b)

Fig. 3 Problem 1: (a) Numerical solution by IFFT of Eq. 31 using Mathematica’s7 Inverse-
Fourier function; (b) AE = |exact − numerical|; the exact solution is given by Eq. 372
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5.4 Problem 1a: NIntegrate and IFFT Solutions

Figure 4 shows the NIntegrate and IFFT solutions to Problem 1a.

(a) (b)

Fig. 4 Problem 1a: (a) Numerical solution by integration of Eq. 38 using Mathematica’s7

NIntegrate function; (b) Numerical solution by IFFT of Eq. 38 using Mathematica’s7 Inverse-
Fourier function; an AE plot is not generated here, because there is no exact solution to this
problem
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5.5 Problem 2: NIntegrate Solution and Absolute Error

Figure 5 shows the NIntegrate solution to Problem 2 and the associated AE.

(a) (b)

Fig. 5 Problem 2: (a) Numerical solution by integration of Eq. 40 using Mathematica’s7 NIn-
tegrate function; (b) AE = |exact − numerical|; the exact solution is given by Eq. 41

5.6 Problem 2: IFFT Solution and Absolute Error

Figure 6 shows the IFFT solution to Problem 2 and the associated AE.

(a) (b)

Fig. 6 Problem 2: (a) Numerical solution by IFFT of Eq. 40 using Mathematica’s7 Inverse-
Fourier function; (b) AE = |exact − numerical|; the exact solution is given by Eq. 41
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5.7 Problem 3: NIntegrate Solution and Absolute Error

Figure 7 shows the NIntegrate solution to Problem 3 and the associated AE.

(a) (b)

Fig. 7 Problem 3: (a) Numerical solution by integration of Eq. 431 using Mathematica’s7

NIntegrate function; (b) AE = |exact − numerical|; the exact solution is given by Eq. 432

5.8 Problem 3: IFFT Solution and Absolute Error

Figure 8 shows the IFFT solution to Problem 3 and the associated AE.

(a) (b)

Fig. 8 Problem 3: (a) Numerical solution by IFFT of Eq. 43 using Mathematica’s7 Inverse-
Fourier function; (b) AE = |exact − numerical|; the exact solution is given by Eq. 432
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5.9 Problem 4: NIntegrate Solution and Absolute Error

Figure 9 shows the NIntegrate solution to Problem 4 and the associated AE.

(a) (b)

Fig. 9 Problem 4: (a) Numerical solution by integration of Eq. 451 using Mathematica’s7

NIntegrate function; (b) AE = |exact − numerical|; the exact solution is given by Eq. 46

5.10 Problem 4: IFFT Solution and Absolute Error

Figure 10 shows the IFFT solution to Problem 4 and the associated AE.

(a) (b)

Fig. 10 Problem 4: (a) Numerical solution by IFFT of Eq. 451 using Mathematica’s7 Inverse-
Fourier function; (b) AE = |exact − numerical|; the exact solution is given by Eq. 46
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6. Discussion

It is evident from Table 1 that both NIntegrate functions using the DoubleExpo-
nential Method and the IFFT algorithm produce solutions for Problems 1 and 2
requiring less than 1 min of CPU time with NIntegrate providing more accurate
solutions than the IFFT algorithm; for these two problems, the initial condition was
continuous. However, Beyer et al.1 do not solve Problem 1 with the initial condi-
tion given by Eq. 301 and we were unable to accomplish this, but instead applied our
correspondence principle to solve this nonlocal problem using both the NIntegrate
function and the IFFT algorithm, which appear in Fig. 4.

Problems 3 and 4 involve initial conditions with displacement jump discontinuities
at the origin x = 0, that is they are discontinuous and given by Eq. 421. Although
not all jump discontinuities have physical relevance, we may think of the jump
discontinuity in displacement as representing an initial “fracture” of the 1-D local
continuum at the origin. Indeed, such displacement discontinuity functions appear
in the integrand of finite part integrals for solution of crack boundary value prob-
lems. Interestingly, the displacement discontinuity for the local problem immedi-
ately heals at x = 0 , t = 0+, and can be seen propagating away from the origin at
wave speed c = 1 into the undisturbed local medium towards x = ±∞, cf., Figs. 7
and 8, which correspond to the NIntegrate and IFFT solutions to this problem, re-
spectively. Both solutions contain absolute errors of comparable magnitude that are
maximum in the neighborhood of the displacement jump. In fact, the IFFT solu-
tion errors at the jump discontinuities that appear in Figs. 8 and 10 are consistent
with “INVERSION THEOREM 2.” on pg. 317 of Weinberger,18 which states that
if u(x, t) has a jump discontinuity at x0 then the inversion formula gives a solution
which is the average of the jump magnitude at the discontinuity,

1

2
(u (x0 + 0, t) + u (x0 − 0, t)) =

1

2 π
lim
L→∞

∫ L

−L

û(k, t)e−ikx0 dk . (51)

Furthermore, since the local IVP solution ul(x, t) given by Eq. 432 is piecewise
continuous, the value that the displacement function ul(x, t) takes on depends upon
which of the one-sided limits is employed in its evaluation, that is, either from above
or below; as such, the particular values that ul(x, t) takes on at the jump discontinu-
ity have no real physical significance. A more detailed discussion of the propagation
of discontinuities in stress and particle velocity induced by impact can be found
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in Gazonas et al.26 For Problems 3 and 4 that involve initial conditions with dis-
placement jump discontinuities, Mathematica’s NIntegrate function using the Dou-
bleExponential Method did not converge to a solution, and thus we employed the
GaussKronrodRule as a method that converged only on the finite transform domain
k ∈ {−300, 300}; increasing the size of this domain resulted in severe numerical
underflow errors and unacceptable computation times. Even using the GaussKron-
rodRule, the solution to Problem 4. required a surprising 3.63 h of CPU time on 48
processors, (see Table 1).

In contrast, the nonlocal solutions to this same problem that appear in Figs. 9 and 10
have displacement jump discontinuities that remain stationary at the origin (i.e., do
not heal), and are thus more physically satisfying than the local solutions that con-
tinuously fracture the 1-D medium through propagation along characteristics. For
the nonlocal solutions, even though the discontinuities remain stationary at the ori-
gin, waves continuously propagate away from the source of the discontinuity, which
for a peridynamic medium is not a fracture unless (e.g.), a critical stretch or other
failure criterion is satisfied. Jump displacement discontinuities, which become neg-
ative at times t = 0+, cf., Problem 4 and illustrated in Figs. 9 and 10, indicate that
particle interpenetration occurs if the displacement is considered to be longitudinal.
However, as pointed out by Weckner and Abeyeratne5 this is not problematic if the
displacement jump is considered to be transverse. Finally, the appearance of sta-
tionary jump discontinuities is not a new phenomenon, but has also been reported
in solutions to IVPs for wave propagation in 1-D linear viscoelastic media.27
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Table 1 The L∞ norm of the Absolute Error and Absolute Timing for solutions to Problems
1-4

Problem no.: Method No. of (x, t) grid points L∞* AT† (s) k-range
Problem 1: NIntegrate‡ (101, 51) 2.00× 10−7 54 (−∞,∞)
Problem 1: InverseFourier§ (214, 101) 8.08× 10−3 23 (−8192, 8192)

Problem 2: NIntegrate (201, 121) 6.87× 10−10 9 (−∞,∞)
Problem 2: InverseFourier (214, 201) 1.23× 10−2 42 (−8192, 8192)

Problem 3: NIntegrate (101, 51) 5.01× 10−1 58 (−300, 300)
Problem 3: InverseFourier (214, 101) 4.97× 10−1 26 (−8192, 8192)

Problem 4: NIntegrate (201, 121) 2.51× 10−1 13, 056 (−300, 300)
Problem 4: InverseFourier (214, 201) 6.07× 10−1 53 (−8192, 8192)

7. Solution of a Peridynamic IVP Using Dispersion Relations
Derived from a Periodically Layered Medium

In this section, we show how nonlinear dispersion relations can be derived using
Floquet theory for a periodic medium consisting of alternating layers of aluminum
and 4.5-min epoxy, together with the correspondence principle (Eq. 29), to solve an
IVP for a homogenized peridynamic medium. This solution is also compared with
the series solution method of Beyer et al.1 where it is first necessary to derive the
micromodulus function from the nonlinear dispersion relation.

7.1 Band Structure of the Dispersion Relation

The band structure for a periodically layered medium of infinite extent can be an-
alytically determined by invoking Floquet theory, which results in the following
dispersion relation for a unit cell consisting of two components, cf., Eq. 23 of Lee
and Yang,29

cos(k d) = cos

(
df ω

cf

)
cos

(
dm ω

cm

)
− 1

2
sin

(
df ω

cf

)
sin

(
dm ω

cm

)(
cmηf
cfηm

+
cfηm
cmηf

)
,

(52)

*L∞ = max
i

|AE(i, j)|
†This column uses Mathematica’s AbsoluteTiming (AT) function7 rounded to the nearest second.
‡Mathematica source code for the various NIntegrate functions used in the solution to Problems

1 through 4 can be found in Appendix A.
§Mathematica source code for the various IFFT functions28 used in the solution to Problems 1

through 4 can be found in Appendix B.
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where k is the wavenumber, ω is the angular frequency, d = df + dm is the period
of the unit cell consisting of fiber fraction df , and matrix fraction dm. The fiber
wave speed, elastic modulus, and density are cf , ηf , ρf , respectively, where cf =√
ηf/ρf and the matrix wave speed, elastic modulus, and density are cm, ηm, ρm,

respectively, where cm =
√
ηm/ρm. Using these definitions, together with the ma-

terial properties for aluminum (df = 0.09 mm), and 4.5-min epoxy (dm = 0.02 mm)
from Table 1 of Esquivel-Sirvent and Cocoletzi30 we can plot the frequency spec-
trum using the reduced zone scheme29 illustrated in Fig. 11(a), which reproduces
Fig. 2 of Esquivel-Sirvent and Cocoletzi.30

As mentioned in a previous section, the methodology described herein is not limited
to a unit cell comprised of only two materials but can be extended to unit cells
containing any number of sublayers of arbitrary length and material properties using
the recursive dispersion relations derived by Velo et al.15

On applying Mathematica’s “NonlinearModelFit” function7 to the data points from
the first pass band shown in Fig. 11(a) to the nonlinear dispersion relation,

ω(k) =

√
a
(
1− e−

1
2
b2k2
)
, (53)

we find “best-fit” parameters a = 205.680 and b = 0.557383; the fit to the data
points from the first pass band is illustrated in Fig. 11(b). This nonlinear dispersion
relation is consistent with a slight generalization of the micromodulus function used
by Beyer et al.1 and the dispersion relation given by Eq. 7 with ρ = 1, where a is
proportional to the amplitude and b = σ is the standard deviation of the Gaussian
micromodulus function. This identification will allow us to directly compare the
IVP solution using our IFFT method,

u(x, t) = F−1û(k, t) =
1

2π

∫ ∞

−∞
e−

k2

8 cos

(√
a
(
1− e−

1
2
b2k2
)
t

)
eikx dk , (54)

with the series solution,

u(x, t) = e−2x2

√
2

π
cos
(√

at
)
+

√
2

π

∞∑
k=1

(
√
at)k+1jk−1 (

√
at) e

− 2x2

1+4kb2

(2kk!)
√
1 + 4kb2

. (55)

The series solution shown in Eq. 55 was derived by first forming the kth-convolution
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of the micromodulus function C(x) = a√
2πb

e−
x2

2b2 with initial condition u(x, 0) =√
2
π
e−2x2 . The solutions given by Eqs. 54 and 55 are illustrated in Fig. 13(a) and Fig. 13(b),

respectively. The Mathematica source code for the IFFT solution appears in Ap-
pendix C and for the series solution in Appendix D.

(a) (b)

Fig. 11 (a) Band structure of the dispersion relation in a periodically layered “superlattice”
consisting of aluminum (df = 0.09mm) and 4.5-min epoxy (dm = 0.02mm), with period
d = df + dm, reproduced from Fig. (2) of Esquivel-Sirvent and Cocoletzi30 using Eq. 23 of Lee
and Yang29; (b) Nonlinear least-squares fit to the first pass band in (a) using Mathematica’s

“NonlinearModelFit” function7 applied to ω(k) =

√
a
(
1− e−

1
2 b

2k2
)

with best fit parameters:

a = 205.680 and b = 0.557383.

The nonlinear band structure of the dispersion relation generates waves that have
different group and phase velocities whose magnitudes decrease as a function of
frequency as illustrated in Fig. 12(a); Figure 12(b) shows how the group velocity
varies with frequency for the first four pass bands determined using the frequency
spectrum plotted using the extended zone scheme, cf., Fig. 2 of Lee and Yang29 and
how the group velocity can be determined from the phase velocity using Eq. 20-15
from Pilant31 or Eq. 3.85 from Ben-Menahem and Singh.32
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(a) (b)

Fig. 12 (a) Group Cgr and phase Cph velocities vs. frequency derived from the first pass band
in Fig. 11(a), and (b) group velocities vs. frequency for the first four pass bands in Fig. 11(a)
determined using the frequency spectrum plotted using the extended zone scheme, cf., Fig. 2.
of Lee and Yang29

(a) (b)

Fig. 13 Numerical solutions to the nonlocal IVP given by a Gaussian initial displacement field

cf., Eq. 391 and dispersion relation ω(k) =

√
a
(
1− e−

1
2 b

2k2
)

using (a) IFFT evaluation of

Eq. 54 (AT = 11 s), (b) series solution given by Eq. 55 (AT = 286 s)
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8. Conclusions

An IFFT algorithm was developed to solve IVPs for wave propagation in nonlo-
cal peridynamic media. For IVPs involving continuous initial conditions, the IFFT
solutions compared well with solutions obtained using Mathematica’s NIntegrate
function7 and verified using the Bessel series solutions developed by Beyer et al.1

The NIntegrate function and IFFT algorithm solutions were all generally computed
in less than 1 min of CPU time; one solution, however, using Mathematica’s NIn-
tegrate function with the “GaussKronrodRule” required 3.63 h of CPU time on 48
processors cf., Table 1. The accuracy of Mathematica’s NIntegrate function and the
IFFT algorithm was diminished cf., Table 1, however, for IVPs involving discontin-
uous initial conditions, particularly in the vicinity of the jump discontinuity where
Mathematica’s plotting functions “ListPlot3D” and “Plot3D” plotted a continuous
surface for the solution jumps in Figs. 7 through 10. The Mathematica NIntegrate
and IFFT solution algorithms are provided in Appendixes A and B, respectively, so
that users can evaluate them in order to improve the speed and accuracy of IVPs
involving discontinuous initial conditions. Solution accuracy might be improved in
IVPs with discontinuous inital conditions, using Fourier reconstruction methods for
piecewise-smooth functions.33

A nonlinear dispersion relation using Floquet theory was derived for a periodic elas-
tic medium of infinite extent, which was used to solve an IVP that compared well
with the series solution method of Beyer et al.1 where it was first necessary to deter-
mine the kth−convolution of the micromodulus function with the initial condition.
The Mathematica IFFT and Bessel series solution algorithms are provided in the
Appendixes C and D, respectively.

A local-nonlocal peridynamic correspondence principle was identified, which en-
abled direct determination of nonlocal Fourier transform domain solutions to IVPs
from the local Fourier transform domain solutions; the correspondence principle
only requires identification of the nonlinear dispersion curve for the material and
does not require definition of a micromodulus function, although the latter is implic-
itly defined via an integral equation. Results are useful for modeling and verification
of dispersive wave propagation in large-scale peridynamic numerical simulations.

Finally, Appendix E includes some notes relevant to problems where the Fourier
transform is applied to the balance of linear momentum for a local continuum, and
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where we assume that the displacements u = u(x, t) are continuous functions of
position and time, so that jump in u is identically zero, i.e., [[u]] = 0, but that
[[σ]] ̸= 0 and [[v]] ̸= 0. In Appendix F, we study the consequence of allowing for a
jump discontinuity in u, i.e., in assuming that [[u]] ̸= 0, in solutions to IVPs with
discontinuous initial conditions (cf., Problem 3 and Eq. 42) that involve the 1-D
local wave equation; future work may consider application to the nonlocal equation
of linear momentum given by Eq. 1.
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Appendix A. NIntegrate Mathematica Code for Problems 1
Through 4
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CloseKernels[];LaunchKernels[48];MP = $MachinePrecision;

F [x_?NumericQ, t_?NumericQ]:=

NIntegrate
[
1
2
Exp[−Abs[k]]Cos[kt]Exp[ikx], {k,−∞,∞},AccuracyGoal → MP,

WorkingPrecision → MP,MaxRecursion → 60,

Method → {“DoubleExponential”, “SymbolicProcessing” → 0}];

NIntProb1 = Chop[ParallelTable[F [x, t], {t, 0, 5, 1/10}, {x,−5, 5, 1/10}]]; //

AbsoluteTiming

F [x_?NumericQ, t_?NumericQ]:=

NIntegrate
[

1
2π

Cos
[
t
√

1− Exp
[−k2

2

]]
Exp [−k2/ 8]Exp[ikx], {k,−∞,∞},

AccuracyGoal → MP,WorkingPrecision → MP,MaxRecursion → 60,

Method → {“DoubleExponential”, “SymbolicProcessing” → 0}];

NIntProb2 = Chop[ParallelTable[F [x, t], {t, 0, 20, 1/10}, {x,−6, 6, 1/10}]]; //

AbsoluteTiming

F [x_?NumericQ, t_?NumericQ]:=

NIntegrate
[

1−ik
2π(1+k2)

Cos[kt]Exp[ikx], {k,−300, 300},

AccuracyGoal → MP,WorkingPrecision → 6MP,MaxRecursion → 60,

Method → {“GaussKronrodRule”, “SymbolicProcessing” → 0}];

NIntProb3 = Chop[ParallelTable[F [x, t], {t, 0, 5, 1/10}, {x,−5, 5, 1/10}]]; //AbsoluteTiming

F [x_?NumericQ, t_?NumericQ]:=

NIntegrate
[

1−ik
2π(1+k2)

Cos
[
t
√
1− Exp [−k2/ 2]

]
Exp[ikx],

{k,−300, 300},AccuracyGoal → MP,WorkingPrecision → 6MP,MaxRecursion →

60,Method → {“GaussKronrodRule”, “SymbolicProcessing” → 0}];

NIntProb4 = Chop[ParallelTable[F [x, t], {t, 0, 20, 1/10}, {x,−6, 6, 1/10}]]; //AbsoluteTiming
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Appendix B. IFFT Mathematica Code for Problems 1 Through 4
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CloseKernels[];LaunchKernels[48];MP = $MachinePrecision;

n = 214; dk = 1
10

√
10
;Dv = N [2π/(ndk)];

F [k_?NumericQ, t_?NumericQ]:=πCos[dkkt]Exp[−Abs[dkk]];

ifft1 = Chop[ParallelTable[g = N [Table[F [k, t], {k,−(n/2), n/2}],MP];

IFFTValues = InverseFourier[RotateLeft[g, n/2−1], FourierParameters → {1,−1}];

IFFTValue = Chop[RotateRight[IFFTValues/Dv, n/2−1]], {t, 0, 20, 1/10}]]; //AbsoluteTiming

n = 214; dk = 1
10

√
10
;Dv = N [2π/(ndk)];

F [k_?NumericQ, t_?NumericQ]:=Cos
[
t

√
1− Exp

[
−(dkk)2

2

]]
Exp [−(dkk)2/ 8] ;

ifft2 = Chop[ParallelTable[g = N [Table[F [k, t], {k,−(n/2), n/2}],MP];

IFFTValues = InverseFourier[RotateLeft[g, n/2−1], FourierParameters → {1,−1}];

IFFTValue = Chop[RotateRight[IFFTValues/Dv, n/2−1]], {t, 0, 20, 1/10}]]; //AbsoluteTiming

n = 214; dk = 1
10

√
10
;Dv = N [2π/(ndk)];

F [k_?NumericQ, t_?NumericQ]:=Sinc
[
2π k
n

]
1−idkk

(1+(dkk)2)Cos[dkkt];

ifft3 = Chop[ParallelTable[g = N [Table[F [k, t], {k,−(n/2), n/2}],MP];

IFFTValues = InverseFourier[RotateLeft[g, n/2−1], FourierParameters → {1,−1}];

IFFTValue = Chop[RotateRight[IFFTValues/Dv, n/2−1]], {t, 0, 20, 1/10}]]; //AbsoluteTiming

n = 214; dk = 1
10

√
10
;Dv = N [2π/(ndk)];

F [k_?NumericQ, t_?NumericQ]:=Sinc
[
2kπ
n

]
1−idkk

(1+(dkk)2)Cos
[
t
√

1− Exp [−(dkk)2/ 2]
]
;

ifft4 = Chop[ParallelTable[g = N [Table[F [k, t], {k,−(n/2), n/2}],MP];

IFFTValues = InverseFourier[RotateLeft[g, n/2−1], FourierParameters → {1,−1}];

IFFTValue = Chop[RotateRight[IFFTValues/Dv, n/2−1]], {t, 0, 20, 1/10}]]; //AbsoluteTiming
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Appendix C. Mathematica Notebook for the IFFT Solution of Eq. 54
and Shown in Fig. 13(a)
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n = 214; dk = 1/(10
√
10);Dv = N [2π/(n dk)]; a = 205.680; b = 0.557383;

space = Table[Dv(i− n/2), {i, 1, n}]; ifft = Chop[ParallelTable[

g = N

[
Table

[
Cos

[
t

√
a
(
1− e−

b2dk2k2
2

)]
e−

dk2k2
8 , {k,−(n/2), n/2}

]]
;

IFFTValues = InverseFourier[RotateLeft[g, n/2−1], FourierParameters → {1,−1}];

IFFTValue = Chop[RotateRight[IFFTValues/Dv, n/2− 1]], {t, 0, 3, 1/20}]];

IFFTsirventcocoletzsoln =

ListPlot3D[Re[ifft],DataRange → {{space[[1]], space[[n]]}, {0, 3}},

PlotRange → {{−6, 6}, {0, 3}, {−.5, 1}},Mesh → 20,AspectRatio → 1,

Ticks → {{−6,−4,−2, 0, 2, 4, 6}, {0, 1, 2, 3}, {0, 1}},

BaseStyle → {FontFamily → “Times”,FontSize → 14},

AxesEdge → {{−1,−1}, {1,−1}, {−1,−1}},AxesLabel → {x, t, u},

ViewPoint → {1.3,−2.4, 2}]
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Appendix D. Mathematica Notebook for the Series Solution Given
by Eq. 55 and Shown in Fig. 13(b)
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a = 205.680; b = 0.557383;Beyersirventcocoletzsoln =

Plot3D[
(
e−2x2

√
2
π

Cos [
√
at] +√

2
π

ParallelSum[
(
√
at)

k+1

2k k!
SphericalBesselJ [k − 1,

√
at] e

− 2x2

1+4 k b2√
1+4 k b2

, {k, 1, 75}]

)
,

{x,−6, 6}, {t, 0, 3},PlotRange → {{−6, 6}, {0, 3}, {−0.5, 1.0}},

Ticks → {{−6,−4,−2, 0, 2, 4, 6}, {0, 1, 2, 3}, {0, 1}},

BaseStyle → {FontFamily → “Times”,FontSize → 14},PlotPoints → 100,

AspectRatio → 1,AxesEdge → {{−1,−1}, {1,−1}, {−1,−1}},

AxesLabel → {x, t, u},MeshStyle → RGBColor[0/255, 139/255, 139/255],

ColorFunction → (RGBColor[255/255, 210/255, 115/255]&),

ViewPoint → {1.3,−2.4, 2}]
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Appendix E. Fourier Transform of the Local Balance of Momentum
Equation by Assuming JuK = 0
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The balance of linear momentum for a local continuum is given by

ρ
∂v

∂t
= ± ∂σ

∂x
. (E-1)

For a function f(x) that is only piecewise continuous and piecewise smooth, the
rule for the Fourier transform of its first derivative F{f 1(x) : x → k} = (i k)f̂(k)

(cf., Eq. 17) is not valid, and the correct relation is*

F
{
f 1(x)

}
(k) = (i k) f̂(k)−

∑
n≥1

[[f ]](xn) e
−i k xn , (E-2)

where x1 < x2 < . . . is the (finite or infinite) sequence of positions at which f

suffers a jump discontinuity, and [[f ]](xn) = f(x+
n )− f(x−

n ).
†

Let x1(t) < x2(t) < . . . denote the infinite sequence of positions at which the shock
arrives at time t in say a finite target under impact. That is, xn(t) is the position at
which the shock arrives at time t on its nth one-way trip across the target. Then on
applying Eq. E− 2 to f(x) = σ(x, t), we obtain

F
{∂σ(x, t)

∂x

}
(k, t) = (i k) σ̂(k, t)−

∞∑
n=1

[[σ]]
(
xn(t), t

)
e−i k xn(t) . (E-3)

This is the correct expression for the term F
{

∂σ(x,t)
∂x

}
that appears on the right side

of the Eq. E− 1 for the Fourier transform of the momentum balance.

Now consider the term on the left-hand side of Eq. E− 1. We have

F
{
v
}
(k, t) =

∫ ∞

−∞
v(x, t) e−i k xdx =

∞∑
n=1

∫ xn(t)

xn−1(t)

v(x, t) e−i k xdx , (E-4)

where x0(t) ≡ 0. It is not hard to see that for n ≥ 1,

xn(t) =


c t− (n− 1) l if n = 1, 3, 5, . . . ;

n l − c t if n = 2, 4, 6, . . . ,
(E-5)

*cf., pg. 182, Eq. A.2 of Sneddon,34 where the definition of the Fourier transform of f̂(k) =

F{f(x) : x → k} ≡ 1√
2π

∞∫
−∞

f(x) ei k x dx differs from that used in Eq. 13.

†In this Appendix E we assume that the displacements u = u(x, t) are continuous functions of
position and time so that jump in u is identically zero, [[u]] = 0, but that [[σ]] ̸= 0 and [[v]] ̸= 0.
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where c is the shock wave speed. By Eq. E− 5,

d

dt
xn(t) = c(−1)n−1 , n = 1, 2, 3, . . . , (E-6)

independent of t. Next, we take the partial derivative of Eq. E− 4 with respect
to t and use Leibniz’s rule for the derivative of an integral with variable limits of
integration. Then on using Eq. E− 6 in the result and rearranging terms, we obtain*

∂

∂t
F{v}(k, t) = F

{
∂v

∂t

}
(k, t) + c

∞∑
n=1

(−1)n [[v]]
(
xn(t), t

)
e−i k xn(t) . (E-7)

On substituting Eqs. E− 7 and E− 3 into Eq. E− 1 for the Fourier transform of
balance of momentum, we obtain

i k σ̂(k, t) + ρ
∂

∂t
v̂(k, t) =

∞∑
n=1

(
(−1)n ρ c [[v]] + [[σ]]

)(
xn(t), t

)
e−i k xn(t) . (E-8)

We claim that the right-hand side of Eq. E− 8 is zero. Indeed, when stress is taken
positive in compression the jumps in stress and particle velocity across a shock are
related by†

[[σ]] = ρU [[v]] , (E-9)

where U is the intrinsic or referential velocity of the wave front,

U(t) =
d

dt
Y (t) , (E-10)

and Y (t) is the position of the shock front at time t. For a linear elastic material
and finite thickness target, |U(t)| = c, independent of the time t, but during the nth
one-way trip of the shock,

U(t) = (−1)n+1c . (E-11)

U(t) is positive for odd n, when the wave is traveling in the positive x-direction
(i.e., toward the back face); and U(t) is negative for even n, when the wave is

*Observe that up to this point we have not made use of the fact that v is a velocity component;
hence Eq. E− 7 holds for other piecewise continuous and piecewise smooth functions with jumps
across the shock only. See also the interesting papers by Chadwick and Powdrill35 and Martin36 for
the multi-dimensional Laplace transform analog of Eq. E− 7 for a single jump; i.e., they do not
treat the case of multiple reflections as treated by Gazonas et al.9 Also, by E− 7 it follows that we
may interchange the Fourier transform and the partial derivative with respect to t for continuous and
piecewise smooth functions.

†cf., Davison.37
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traveling in the negative x-direction (i.e., toward the front face). From Eqs. E− 9

and E− 11, we see that

[[σ]]
(
xn(t), t

)
= ρ(−1)n+1c[[v]]

(
xn(t), t

)
. (E-12)

When this is substituted into Eq. E− 8, the terms inside the large parentheses can-
cel so that the right-hand side is zero, which yields the correct Fourier transform of
Eq. E− 1.
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Appendix F. Fourier Transform of the Local Wave Equation by
Assuming JuK ̸= 0
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In this Appendix F we study the consequence of allowing for a jump discontinuity
in u i.e., in assuming that [[u]] ̸= 0 in solutions to IVPs with discontinuous initial
conditions (cf., Problem 3 and Eq. 42) that involve the 1-D the wave equation:

∂2u

∂t2
= c2

∂2u

∂x2
. (F-1)

On taking the time-derivative of the Fourier transform (Eq. 13) of u where [[u]] ̸= 0

we arrive at,
∂

∂t
F
{
u
}
= F

{∂u
∂t

}
+ [[u]] e−i k x∂x

∂t
. (F-2)

Further, on replacing u by ∂u
∂t

in Eq. F− 2 and after rearrangement of terms obtain,

F
{∂2u

∂t2
}
=

∂

∂t
F
{∂u
∂t

}
− [[

∂u

∂t
]] e−i k x∂x

∂t
. (F-3)

On solving for the first term on the right-hand side of Eq. F− 2 with F
{
u
}
= û,

and substituting this into the first term on the right-hand side of Eq. F− 3 results
in,

F
{∂2u

∂t2
}
=

∂

∂t

(∂û
∂t

− [[u]] e−i k x∂x

∂t

)
− [[

∂u

∂t
]] e−i k x∂x

∂t
, (F-4)

or,

F
{∂2u

∂t2
}
=

∂2û

∂t2
−
(∂[[u]]

∂t

∂x

∂t
+[[u]]

∂2x

∂t2
−i k [[u]]

(∂x
∂t

)2
+[[

∂u

∂t
]]
∂x

∂t

)
e−i k x , (F-5)

which parallels the Laplace transform development of Martin36 (cf., Eq. 8.2 on pg.
16) i.e., L

{
∇2u

}
. For the spatial derivatives appearing on the right-hand side of

Eq. F− 1 we arrive at,

F
{∂2u

∂x2

}
= −k2 û +

(
i k [[u]] + [[

∂u

∂x
]]
)
e−i k x . (F-6)
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