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within an underutilized frequency band. Recent research efforts have sought to formalize the first presumption of the detection
of UV communications. This effort seeks to begin the study of the localization of UV communication sources after they are
detected. We focus here exclusively on the range-estimation problem. Using a phenomenon relating UV received power and
range over short-to-medium distances (≪ 1 km), we develop a simple range estimator using the received signal strength. We
also theoretically study the performance of the estimator using the Cramér-Rao bound, via simulations, and using previously
collected data.

localization, range estimation, ultraviolet communications, Cramér-Rao bound, root mean-square error

19Unclassified Unclassified Unclassified UU

Terrence J Moore

240-247-7438

ii



Contents

List of Figures iv

1. Introduction 1

2. UV Link Model 2

3. Estimation of the Range 4

4. Cramér-Rao Bound 5

5. Results 6

6. Conclusion 9

7. References 11

Distribution List 13

iii



List of Figures

Fig. 1 Mean received photon count versus range for a NLOS scenario presented
in the work of Arslan et al. and described in Section 5 ........................2

Fig. 2 UV link geometry shown in the work of Drost et al............................3

Fig. 3 The sensor takes UV measurements at two different positions at unknown
ranges r0 and r1 = r0 +∆, where the displacement ∆ is known ...........5

Fig. 4 The RMSE and CRB of the estimate vs. range r0 with fixed displacement
∆ = 5m between measurements and varying number of samples n .......7

Fig. 5 The RMSE and CRB of the estimate vs. the displacement ∆ at varying
ranges r0 and fixed number of samples n ........................................8

Fig. 6 The RMSE and estimated CRB from data collected in the work of Arslan
et al. demonstrating the power-law phenomena observed in Fig. 1 .........9

iv



1. Introduction

Passive source localization is an often studied research problem in radio, optical,
and acoustic sensor networks. A common approach1–3 is indirect estimation based
on direct measurements, such as received signal strength (RSS), direction of arrival,
time of arrival, time difference of arrival, and frequency difference of arrival. For
example, RSS measurements can be converted to estimates of the range from a
target source to individual sensors (or groups of sensors) that can be collectively
used for localization.

Ultraviolet (UV) communications (over optical wavelengths of, say, 200–300 nm)
and networking has received increasing interest as it offers a robust short-range non-
line-of-sight (NLOS) alternative communication modality when radio frequency is
unavailable. Unfortunately, despite decades of research, the literature is still lacking
with respect to some basic signal processing tasks of signals at the UV wavelengths,
such as source localization. To the best of our knowledge, currently only one ap-
proach for locating a UV-emitting source has been published. In particular, Zhao
et al.4 estimate the range between unmanned aerial vehicles using a Lambert W
function (or omega function) to solve for the range in a reformulation of the usual
expression determining the received UV link communication power. This approach
can work for line-of-sight (LOS) and NLOS cases, but requires knowledge of vari-
ous other parameters, including the transmitted and received power, the atmospheric
scattering and absorption coefficients, and the geometry of the link in the NLOS
case (i.e., the inclination and azimuth angles, as well as the transmitter beamwidth
and receiver field of view). Hence, there is an assumption of cooperation between
the source and sensor.

We present a simple scheme to estimate the range to a stationary UV source from a
single mobile sensor (or UV detector) without such cooperation. Various UV exper-
iments have demonstrated an approximate relationship between the received photon
count λ and the range (or distance) r between the UV transmission source and the
sensor or receiver.5–8 An example measurement of this phenomenon is shown in
Fig. 1 for the NLOS case. (Details of this example, originally described in the work
of Arslan et al.,9 are discussed in Section 5.) If the system geometry is preserved
and only the distances are proportionally increased or decreased, then over a short
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range there exists the following approximate relationship:

λ ∝ r−α, (1)

where the exponent is α = 1 in the single-scattering NLOS case and α = 2 in
the LOS case for r ≪ 1 km.10 We use this observation to estimate the range to
the UV source by sampling the mean photon count (or received power) at different
positions. We also present a performance bound and study the performance via
simulations.

Fig. 1 Mean received photon count versus range for a NLOS scenario presented in the work
of Arslan et al.9 and described in Section 5

2. UV Link Model

In this section, we provide a brief description of the UV link geometry and model.
We shall limit the presentation in this work to the short-to-medium range (r ≪
1 km), single-scattering scenario where the exponent in Eq. 1 is α = 1, but the pre-
sentation can be easily modified to include the LOS and potentially the multiscat-
tering NLOS cases. In this single scattering case, the assumption is that the receiver
only (or mostly) receives photons from the transmitter that have been scattered only
once by atmospheric particles. More details of this and the other scenarios are pre-
sented elsewhere.9
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Figure 2 depicts the typical UV link geometry of a transmitter (Tx) and receiver
(Rx) separated by a distance r. The figure shows several relevant parameters, in-
cluding the azimuth and inclination angles of the transmitter (ϕT, θT) and the re-
ceiver (ϕR, θR), the Tx beamwidth βT, the Rx field of view βR, and, of course, the
range r.

Rx
(0,0,0)

Tx
(0,r,0)ϕR

βR
βT

θR θT

2π − ϕT

x

y

z

Fig. 2 UV link geometry shown in the work of Drost et al.11

The received signal power depends on these parameters in the geometry, as well
as system and environment (or channel) parameters. System parameters include the
transmitted power PT, the quantum efficiency of the photon multiplier tube (PMT)
detector at the receiver, the filter efficiency of the receiver, and the receiver aper-
ture area AR. Environment parameters include the atmospheric scattering coeffi-
cient Ks and the atmospheric extinction parameter Ke. These parameters determine
the power received at the sensor.

For simplicity, as considered in the work of Zhao et al.,4 we consider the configura-
tion in Fig. 2 under the assumption of azimuthal alignment between the Tx and Rx,
i.e., ϕT, ϕR ∈ {±π

2
}. Under this condition, a close approximation for the received

optical power PR was derived in the work of Xu10 and is given by

PR =
PTARKsβRβ

2
T sin(θT + θR)

32π3r sin θT(1− cos βT
2
)
e
−Ker(sin θT+sin θR)

sin(θT+θR) . (2)

This received power can be converted into the mean number of photons received
over a specified time period by the sensor. The number of photons received over a
given time interval can be modeled as a Poisson distribution. In addition to the shot
noise, there also exists additive environment noise due to external sources, such as
out-of-band solar noise depending on the filter efficiency. This noise is also modeled
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as a Poisson distribution.

To estimate the range from the received power from the simple expression in Eq. 2
requires significant cooperation from the source. Without the knowledge of the pa-
rameters gained from this cooperation, the sensor (Rx node) is unaware of any sys-
tem parameters and is limited to the collection of readings at different positions.
This is similar to RSS-based approaches, where the sensor will only be able to
measure the received power (equivalently the number of photons collected) and the
relative distances in the positions where measurements were collected. The sensor
can then estimate the range utilizing the phenomenon, mentioned in Section 1, re-
lating the received number of photons to the range. Details of this proposed method
are presented in the following section.

3. Estimation of the Range

To estimate the range, we use the observation that, for the single-scatter NLOS UV
link, the mean signal photon count is inversely proportional to the distance between
the transmitter and receiver. Under the assumption that the geometry is preserved
(i.e., only the range is changed along the y-axis dimension of Fig. 2), when the
sensor takes measurements at different ranges as in Fig. 3, the inverse proportion in
Eq. 1 with α = 1 implies that

λ0r0 = λ1r1, (3)

where λ0 is the true mean photon count at initial range r0 and λ1 is the true mean
photon count at current range r1. The displacement between the two measurement
positions is given by ∆ = r1−r0 > 0 and is known to the sensor. Substituting r1−∆

for r0 and replacing the true photon count means λ0 and λ1 with sample means λ0

and λ1 from measurements into Eq. 3 provides an estimate for the range r1:

λ0(r1 −∆) = λ1r1 =⇒ r̂1 =
∆λ0

λ0 − λ1

. (4)

However, the sensor actually measures samples of the Poisson means λ0 + µ and
λ1 + µ due to ambient noise in the atmosphere. The sensor needs to also estimate
the mean ambient noise parameter µ. This modifies the formula in Eq. 4 to

r̂1 =
∆(ν0 − µ)

ν0 − ν1

, (5)
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where µ is the sample mean of the ambient noise parameter µ and νi is the sample
mean of the signal plus noise parameter νi = λi + µ for i = 0, 1. Note, the esti-
mate r̂0 is obtained by replacing ν0 with ν1 in the numerator of the RHS of Eq. 5.

Fig. 3 The sensor takes UV measurements at two different positions at unknown ranges r0
and r1 = r0 +∆, where the displacement ∆ is known

4. Cramér-Rao Bound

In the scenario considered in this work, where the sensor is unaware of any of
the system parameters, range estimation performance is determined by the ability
to estimate the Poisson parameter determining the received number of photons at
each position, as well as the Poisson parameter associated with the ambient noise.
It is well known that the sample mean of the measurements of a Poisson random
variable is a minimum variance unbiased estimator.* Hence, the sample mean is
efficient with variance equal to the Cramér-Rao bound (CRB), which for n samples
from a Poisson distribution with parameter λ is given by λ/n.

Under the model assumptions for the zero-azimuth case, the range parameter r1 can
be expressed as a function of the Poisson parameters λ0, λ1, and µ in the estima-
tor in Eq. 5. The performance of the estimate r̂1 can then be found from a trans-
formation of parameters on the CRB12–14 by taking the gradient of r1(λ0, λ1, µ)

in Eq. 5 with respect to the parameters. This CRB of the estimate is given by
∂r1/∂θ

T ·I−1(θ) ·∂r1/∂θ, where θ = [λ0, λ1, µ]
T and the Fisher information I(θ)

is diagonal with entries n/λ0, n/λ1, and m/µ. When the sensor takes n samples at
each position to estimate the Poisson parameters ν0 = λ0 + µ and ν1 = λ1 + µ

and m samples to estimate the ambient noise Poisson parameter µ, then the lower
bound on mean-square error performance, as determined by the CRB, is given by

CRB(r1) =
∆2λ0λ1(λ0 + λ1)

n(λ0 − λ1)4
+

∆2(λ2
0 + λ2

1)µ

n(λ0 − λ1)4
+

∆2µ

m(λ0 − λ1)2
, (6)

*This is a consequence of the sum of observations of a Poisson random variable being a complete
and sufficient statistic and the Lehmann-Scheffé theorem.12
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where the first term on the RHS is the bound for the noiseless case (when µ = 0),
the second term accounts for the existence of the ambient noise, and the final term
is the error due to estimating the ambient noise (as m → ∞ then µ̂ → µ and
the last term of Eq. 6 vanishes, but the second term remains). Note, even though
the estimates of the Poisson means ν0, ν1, and µ are minimum variance unbiased
estimators, the estimate r̂1 in Eq. 5 is not guaranteed to be the same. Note, the CRB
for r0 is identical to that for r1, which means it is greater relative to the distance
since r0 < r1.

5. Results

To test the performance of the estimator, we simulate observed photon counts re-
ceived by the sensor. We assume the source transmit power is PT = 14mW with
a wavelength of ℓ = 265 nm. At this wavelength, the number of photons transmit-
ted per second is given by PT/(hc/ℓ), where h is Planck’s constant and c is the
speed of light. For a given configuration of the UV link model in Fig. 2, we uti-
lize the Monte Carlo method described in the work of Drost et al.11 to calculate
the channel gain Γ. Here, we make the following system assumptions: the absorp-
tion coefficient is ka = 2.8275 × 10−4m−1; the Rayleigh scattering coefficient is
kr = 2.4702×10−4m−1; the Mie scattering coefficient is km = 1.8275×10−4m−1;
the model parameters in the generalized Rayleigh phase function and the general-
ized Henyey-Greenstein phase function modeling the Rayleigh and Mie scattering
are γ = 0.017, f = 0.5, and g = 0.72; the transmitter beamwidth is 21◦; and the de-
tector has a field of view of 38.875◦, a circular aperture of radius 1 cm2, and receiver
efficiency η = 0.1252. The model also requires the range between the transmitter
and receiver, as well as their respective inclination and azimuth angles. For the sce-
nario considered here, we set the transmitter inclination to be 0◦ (pointing straight
up) and the sensor receiver inclination and azimuth angles to be, respectively, 60◦

and 90◦ (pointed toward the transmitter). Given the system parameters, the mean
number of photons received at the sensor is calculated to be

λ = (# of photons transmitted)× Γ× η. (7)

Observations of photon counts at the sensor are then generated from a Poisson ran-
dom variable using the above calculated mean. In addition to the shot noise from
the signal, we generate a Poisson random variable with mean µ = 100 that models
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the background noise in the atmosphere, and we assume this is estimated with the
same number of samples as the signal plus noise estimates, that is, m = n. The
results are averaged over 100 simulation runs.

Figure 4 presents the performance of the estimator, in terms of the root mean
squared error (RMSE) and the root CRB (or square-root of the CRB), at differ-
ent ranges when the displacement between the two measurements is ∆ = 5m. The
performance degrades as expected when the range r increases with ∆ fixed; this
degradation is approximately exponential with range. As the number of samples n
doubles, the root CRB scales by 1/

√
2, as seen from Eq. 6. However, the estimator

performance does not improve at the same rate, and we observe that the efficiency
(in this case, the ratio of the CRB to the mean squared error) also degrades as
n increases. The results in Fig. 4 demonstrate the difficulty of the problem when
compared with the cooperative approach presented in the work of Zhao et al.4 The
ranging error experienced in the uncooperative approach here is 5 to 10 times worse
than the results from the cooperative scenario (see Fig. 7 in the work of Zhao et al.4).
However, in that scenario, everything is known, including the transmitter character-
istics, the corresponding angles of the geometry, and the environmental conditions,
whereas in the scenario considered here, none of this information is assumed or
given.

Fig. 4 The RMSE and CRB of the estimate vs. range r0 with fixed displacement ∆ = 5m
between measurements and varying number of samples n
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Figure 5 presents the performance of the estimator at different displacements be-
tween the two measurements ∆ for different ranges r0; the number of samples is
fixed at n = 10. The results are as expected: as ∆ increases, both the root CRB and
RMSE decrease. Note from the CRB in Eq. 6 that while increasing ∆ increases the
bound, it also results in a greater difference between the photon counts in the de-
nominator. From Eq. 3, we can approximate that this photon count difference scales
with ∆ as λ0∆/r1. This is ultimately why the RMSE and root CRB decrease as ∆
increases. We also note the performance expectation, again based on observations
characterized in Eq. 1 and Eq. 3, that as the range halves, the photon count mea-
surements should approximately double, and this behavior is indeed observed in the
figure.

Fig. 5 The RMSE and CRB of the estimate vs. the displacement ∆ at varying ranges r0 and
fixed number of samples n

In addition to the simulation results described, we evaluate the estimate on the data
collected in the work of Arslan et al.9 and used to generate Fig. 1. In this experi-
ment, the receiver inclination angle was set to 10◦ with azimuth angle 90◦ (toward
the transmitter) and the transmitter inclination angle was set to 10◦ with azimuth an-
gle −90◦ (toward the receiver). The range positions selected from this experiment
are 2.4, 3.2, 4.0, 4.8, 5.6, 6.2, 12.0, 19.0, and 24.2m separating the transmitter and
receiver. At each position, measurements were taken of both the UV source sig-
nal and the background noise, that is, νi and µ. These measurements were split into
group sets to generate runs for the experiment with samples for signal plus noise and
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for the noise at each position. The RMSE results are presented in Fig. 6 for n = 5

and n = 10. In some instances, the noise photon count was excessive, exceeding
the mean count attributed to the signal, which is particularly evident in the samples
taken at 5.6 and 6.2m. There is slight improvement when the number of samples
increases. The estimated root CRB uses the mean of the entire sample at each posi-
tion as the “true” value of the parameter, which is unknown. These estimated root
CRB values generally track the behavior of the estimator.

Fig. 6 The RMSE and estimated CRB from data collected in the work of Arslan et al.9 demon-
strating the power-law phenomena observed in Fig. 1

6. Conclusion

With the increasing interest in utilizing the UV spectrum for military communica-
tions, there is a need to develop and improve approaches for detection, localization,
identification, and so on, of unknown UV communication source targets. The work
presented here can be applied to, for example, the case of an autonomous sensor
vehicle that discovers a target and seeks to locate the source by first obtaining range
estimates. The performance of the straightforward approach considered here de-
grades significantly as the range increases (e.g., see Fig. 4) but is enhanced with
increasing displacement between measurement positions (e.g., see Fig. 5). An im-
proved range estimate can also be obtained by using more samples to improve the
photon count estimate. However, if the UV source communication time is brief,
then more samples or more time to move the sensor may not be feasible. Future
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work includes investigating the use of two (or more) well-spaced and fixed sensors
to characterize the associated benefit, as well as examining the localization-from-
range multistep estimation problem in this UV source target context. Another av-
enue of investigation is the adaptation of one of the myriad multipath approaches to
localization in NLOS environments.
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