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1. Introduction 

The design of a guided projectile for long-range precision targeting requires a 
combination of high-fidelity modeling, precise sensing, state estimation, optimal 
guidance, and advanced control design. Some tradeoffs can be made between the 
disciplines; for example, less fidelity in aerodynamic modeling can be somewhat 
compensated by more expensive adaptive and robust control design. However, 
when a projectile is widely deployed, unit production cost can be reduced by 
employing cheaper sensors and controls while more thorough and precise modeling 
ensures program success.  

Traditionally, aerodynamic modeling was accomplished through wind tunnel (WT) 
and flight tests.1,2 Dynamic quantities such as damping constants were difficult in 
the WT, and poorly estimated prior to flight tests. Now that computational fluid 
dynamics (CFD) are widely used, steady-state aerodynamics can be precisely 
determined without WT or flight tests; however, the dynamic terms require more 
innovative tools. Recently coupled CFD/rigid body dynamics (RBD) simulations 
are becoming more prevalent as a means to estimate dynamic terms by performing 
a virtual “fly-out” of the vehicle.3,4 Since the CFD codes directly supply the forces 
and moments as functions of time and vehicle state, most of the aerodynamic 
coefficients are easily found through a simple regression. Dynamic terms such as 
damping and actuator authority still require some additional insight that is provided 
by system identification theory.  

The vehicle used in this study has been modeled extensively using several 
computational tools. A baseline aerodynamic model (AM) was developed by Vasile 
et al.5 using DATCOM, Cart3D, and CFD++. Several assumptions were made to 
reduce the number of configurations tested in each of the computational 
environments.  This study will demonstrate the validity of those assumptions, 
particularly the roll dependence and superposition applied to individual flap 
deflections. The baseline model is described in further detail in Section 2.4.  

The vehicle was also subjected to extensive WT testing at Florida State University.6 
In a previous work7 we proposed a method to tune the flap pitch authority terms for 
the full configuration at zero aerodynamic bank. Although the WT test matrix 
included six flap deflections (𝛿𝛿 ∈ {±5, ±10, ±20}∘) the pitch experiments were 
performed at only two Mach numbers and two bank angles. Thus, the data set is far 
too sparse for global tuning over the (𝑀𝑀, 𝛿𝛿) flight envelope. Also, all four flaps 
were deflected in a symmetric fashion; therefore, individual contributions could not 
be easily isolated. Due to the expensive and time-consuming nature of WT testing, 
we turn to a numerical experiment to capture vehicle performance at a wide range 
of flight conditions. 
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Recent advances in system identification provide a means of designing input signals 
for flight tests such that all actuators are moved simultaneously, and their individual 
contributions are observable in the response.8 By using this input signal design 
technique, we can contrive a numerical experiment where all four actuators are 
moved over a short time horizon and their individual contributions to the total 
forces and moments can be estimated.  

This report will review a recently developed high-fidelity, coupled CFD/RBD 
simulation. We will then briefly review the design of multisine staircase inputs for 
system identification. After that we describe the sorting, regression, and global 
model fit in some detail. Finally, we discuss fusing the new estimates with an 
existing aerodynamic database. Results corresponding to each step of the process 
are presented in the relevant subsections of this report.  

2. MATLAB/CFD++ Coupled Simulation 

2.1 CFD Technique 

The complete set of 3-D, time-dependent Navier–Stokes equations is solved in a 
time-asymptote manner to obtain converged steady-state solutions. A commercially 
available code, CFD++,9,10 is used and the 3-D, time-dependent Reynolds-averaged 
Navier–Stokes (RANS) equations are solved using the following finite volume 
method: 

 𝜕𝜕
𝜕𝜕𝜕𝜕
�𝐖𝐖𝑑𝑑𝑑𝑑
𝑉𝑉

+ �[𝐅𝐅 − 𝐆𝐆] ∙ 𝑑𝑑𝑑𝑑 = �𝐇𝐇𝑑𝑑𝑑𝑑
𝑉𝑉

 (1) 

where W is the vector of conservative variables, F and G are the inviscid and 
viscous flux vectors, respectively, H is the vector of source terms, V is the cell 
volume, and A is the surface area of the cell face. 

Several techniques such as implicit scheme and relaxation are used to achieve faster 
convergence. Use of an implicit scheme circumvents the stringent stability limits 
suffered by their explicit counterparts, and successive relaxation allows update of 
cells as information becomes available and thus aids convergence. Second-order 
discretization was used for the flow variables and the turbulent viscosity equation. 
The turbulence closure is based on topology-parameter-free formulations. A 
realizable two-equation k-ϵ turbulence model11 was used for the computation of 
turbulent flows. These models are ideally suited to unstructured bookkeeping and 
massively parallel processing due to their independence from constraints related to 
the placement of boundaries and/or zonal interfaces. The basic CFD solution 
technique described here is coupled with an RBD for simultaneous prediction of 
controlled and uncontrolled flights. 
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2.2 Coupled CFD/RBD/Flight Control System (FCS) Procedure 

In the coupled CFD/RBD procedure, the forces and moments are computed every 
CFD time step and transferred to a six-degrees-of-freedom (6-DOF) module that 
computes the body’s response to the forces and moments. The response is converted 
into translational and rotational accelerations that are integrated to obtain 
translational and rotational velocities and then integrated once more to obtain linear 
position and angular orientation. This coupled technique provides both the unsteady 
aerodynamics and the flight dynamics in an integrated manner. Figure 1 illustrates 
the coupled CFD/RBD workflow. Force and state values are passed to the 
MATLAB RBD module, which determines the rate of change of state variables and 
integrates forward in time. In turn the RBD module passes selected elements of the 
state vector to the FCS module, which computes control commands that pull 
actuator positions from the system state vector. The updated states and actuator 
positions are passed back to CFD++ for prediction of aerodynamic forces and 
moments at the next time step, and so on. 

 

Fig. 1 Coupled CFD/RBD workflow 

A time-accurate numerical approach is used in the coupled CFD/RBD simulations. 
This approach requires that the 6-DOF RBD be computed at each repetition of a 
flow solver. The CFD capability9,10 used here solves the full Navier–Stokes 
equations and incorporates advanced boundary conditions and grid motion 
capabilities. For time-accurate simulations of coupled flights, a dual time-stepping 
procedure is generally used to achieve the desired time accuracy in the time-
accurate solutions. The entire grid is moved to account for the motion of the 
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projectile. To account for RBD, the grid point velocities were set as if the grid is 
attached to the rigid body with 6-DOF.  

Typically, the coupled solution procedure requires three steps. First, we begin with 
a computation performed in the “steady-state mode” with the grid velocities 
prescribed to account only for the translational motion component of the complete 
set of initial conditions. At the second step, we also impose the angular orientations 
from the initial conditions. At this stage, spin is normally added. In the present 
study, we are interested in pitching motions only; thus, spin is set to zero. 
Computations are performed in a time-accurate mode for a desired number of time 
steps (500–1000). Converged solution from this second step provides the initial 
condition for the third step. In the third step, the remaining rotational velocity 
components (pitch and yaw) are added. The solution from the third step should 
correspond to the complete set of initial conditions that includes all translational 
and rotational velocity components and accounts for initial position and angular 
orientations. For simulations of controlled maneuvers (open- or closed-loop), a 
procedure that integrates flight control into the coupled CFD/RBD method is used. 

2.3 MATLAB-Based 6-DOF 

An in-house RBD that is completely based on MATLAB has been developed and 
implemented in the coupled procedure. In addition to using the MATLAB 
environment, we added two significant enhancements to the existing in-house 
simulation framework.  

First, continuous states from all subsystems (plant, actuator, control laws) are 
concatenated in one long system state vector and integrated simultaneously for 
more realistic continuous time simulation. The current implementation provides for 
up to 300 continuous states; however, expansion is easily facilitated by 
modifications to the “.c-based” interface. To avoid difficulty compiling the 
MATLAB codes, we chose to make the MATLAB memory space completely 
volatile—requiring the state history to be stored entirely on the CFD++ side.  

Second, actuator and control system state derivatives are sequestered to a 
subfunction to achieve modularity. Simulation users can provide their own actuator 
models and dynamic control systems without modifying the baseline CFD/RBD 
simulation engine. 

The CFD++ simulation uses a 12-state input vector consisting of the vehicle 
position and mass center velocity in ground-fixed Cartesian coordinates, 𝐗𝐗 =
{𝑥𝑥 𝑦𝑦 𝑧𝑧} and 𝐗̇𝐗 = {𝑥̇𝑥 𝑦̇𝑦 𝑧̇𝑧}, respectively, the vehicle orientation expressed as 
the standard set of aircraft Euler angles (𝚯𝚯 = {𝜙𝜙 𝜃𝜃 𝜓𝜓}), and the three body-
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fixed angular rates (𝛚𝛚 = {𝑝𝑝 𝑞𝑞 𝑟𝑟}). From these inputs it renders force/moment 
predictions in the ground-fixed frame.  

The relationships between ground- and body-fixed coordinates are illustrated in 
Figs. 2 and 3.  

 

 

Fig. 2 Ground-fixed Cartesian coordinates for projectile center of gravity (cg) position 
defined 

 

 

Fig. 3 Standard Euler angles defined 

Our 6-DOF RBD model uses a standard state vector consisting of the concatenation 
of vehicle cg position in ground-fixed Cartesian coordinates, 𝐗𝐗 = {𝑥𝑥 𝑦𝑦 𝑧𝑧}, 
orientation as the customary set of Euler angles, 𝚯𝚯 = {𝜙𝜙 𝜃𝜃 𝜓𝜓}, velocity in the 
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body-fixed frame, 𝐔𝐔 = {𝑢𝑢 𝑣𝑣 𝑤𝑤}, and body angular rates in the body frame, 𝛚𝛚 =
{𝑝𝑝 𝑞𝑞 𝑟𝑟}. Thus, the overall state is 𝛇𝛇 = {𝐗𝐗 𝚯𝚯 𝐔𝐔 𝛚𝛚}. 

Since the CFD uses ground-fixed velocity, forces, and moments, the first step in 
the RBD simulation is to transform these quantities into the body frame. Given 

𝐓𝐓𝑖𝑖2𝑏𝑏 = �
𝑐𝑐𝜃𝜃𝑐𝑐𝜓𝜓 𝑐𝑐𝜃𝜃𝑠𝑠𝜓𝜓 −𝑠𝑠𝜃𝜃

𝑠𝑠𝜙𝜙𝑠𝑠𝜃𝜃𝑐𝑐𝜓𝜓 − 𝑐𝑐𝜙𝜙𝑠𝑠𝜓𝜓 𝑠𝑠𝜙𝜙𝑠𝑠𝜃𝜃𝑠𝑠𝜓𝜓 + 𝑐𝑐𝜙𝜙𝑐𝑐𝜓𝜓 𝑠𝑠𝜙𝜙𝑐𝑐𝜃𝜃
𝑐𝑐𝜙𝜙𝑠𝑠𝜃𝜃𝑐𝑐𝜓𝜓 + 𝑠𝑠𝜙𝜙𝑠𝑠𝜓𝜓 𝑐𝑐𝜙𝜙𝑠𝑠𝜃𝜃𝑠𝑠𝜓𝜓 − 𝑠𝑠𝜙𝜙𝑐𝑐𝜓𝜓 𝑐𝑐𝜙𝜙𝑐𝑐𝜃𝜃

�       ,            (2) 

the body-fixed velocity vector is found as: 

 𝐔𝐔 = 𝐓𝐓𝑖𝑖2𝑏𝑏𝐗̇𝐗 , (3) 

the body-fixed force vector 𝐅𝐅𝐑𝐑𝐑𝐑𝐑𝐑 = {𝑋𝑋 𝑌𝑌 𝑍𝑍} is given as: 

 𝐅𝐅𝐑𝐑𝐑𝐑𝐑𝐑 = 𝐓𝐓𝑖𝑖2𝑏𝑏𝐅𝐅𝐂𝐂𝐂𝐂𝐂𝐂 , (4) 

and the body-fixed moment vector 𝐌𝐌𝐑𝐑𝐑𝐑𝐑𝐑 = {𝑙𝑙 𝑚𝑚 𝑛𝑛} is given as: 

 𝐌𝐌𝐑𝐑𝐑𝐑𝐑𝐑=𝐓𝐓𝑖𝑖2𝑏𝑏𝐌𝐌𝐂𝐂𝐂𝐂𝐂𝐂 . (5) 

The CFD force vector does not include gravity, which is found as: 

 
𝐅⃗𝐅𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈 = �

−𝑠𝑠𝜃𝜃
𝑠𝑠𝜙𝜙𝑐𝑐𝜃𝜃
𝑐𝑐𝜙𝜙𝑐𝑐𝜃𝜃

�𝑚𝑚𝑚𝑚 = 𝐓𝐓𝑖𝑖2𝑏𝑏 �
0
0
𝑚𝑚𝑚𝑚

� , 
(6) 

and simply added to render the total force on the projectile:  

𝐅𝐅𝒕𝒕𝒕𝒕𝒕𝒕 = 𝐅𝐅𝐑𝐑𝐑𝐑𝐑𝐑 + 𝐅⃗𝐅𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈 .                                       (7) 

Once the required quantities are found in the body frame, the derivatives of the state 
vector follow a standard formulation: 

 
�
𝑥̇𝑥
𝑦̇𝑦
𝑧̇𝑧
� = 𝐓𝐓𝑖𝑖2𝑏𝑏𝑇𝑇 �

𝑢𝑢
𝑣𝑣
𝑤𝑤
� (8) 

 
�
𝜙̇𝜙 
𝜃̇𝜃
𝜓̇𝜓
� = 𝐓𝐓𝑏𝑏2𝑒𝑒 �

𝑝𝑝
𝑞𝑞
𝑟𝑟
�  (9) 

 
�
𝑢̇𝑢 
𝑣̇𝑣
𝑤̇𝑤
� = �

𝑋𝑋/𝑚𝑚
𝑌𝑌/𝑚𝑚
𝑍𝑍/𝑚𝑚

� − 𝐒𝐒 �
𝑢𝑢
𝑣𝑣
𝑤𝑤
� (10) 

 
�
𝑝̇𝑝 
𝑞̇𝑞
𝑟̇𝑟
� = [𝐈𝐈]−1 ��

𝑙𝑙
𝑚𝑚
𝑛𝑛
� − 𝐒𝐒[𝐈𝐈] �

𝑝𝑝
𝑞𝑞
𝑟𝑟
�� (11) 
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where 

𝐓𝐓𝑏𝑏2𝑒𝑒 = �
1 𝑠𝑠𝜙𝜙𝑡𝑡𝜃𝜃 −𝑐𝑐𝜙𝜙𝑡𝑡𝜃𝜃
0 𝑐𝑐𝜙𝜙 −𝑠𝑠𝜙𝜙
0 𝑠𝑠𝜙𝜙/𝑐𝑐𝜃𝜃 𝑐𝑐𝜙𝜙/𝑐𝑐𝜃𝜃

� 𝐒𝐒 = �
0 −𝑟𝑟 𝑞𝑞
𝑟𝑟 0 −𝑝𝑝
−𝑞𝑞 𝑝𝑝 0

� 
,                    (12) 

and [𝐈𝐈] is the 3-D body-fixed inertia tensor.  

2.4 Roll-Dependent Aerodynamic Model 

The vehicle in this study has long, low-aspect ratio fins that cause the aerodynamic 
forces and moments to be strongly roll dependent. In addition, the baseline AM 
predicts forces and moments in the “wind” frame as functions of aerodynamic bank 
and total angle-of-attack (AoA) rather than AoA and sideslip. Mathematically, we 
may write this as 

 𝐅𝐅 = 𝐟𝐟(𝜙𝜙𝑎𝑎,𝛼𝛼�) (13) 
 𝐌𝐌 = 𝐠𝐠(𝜙𝜙𝑎𝑎,𝛼𝛼�) (14) 

where  

 𝜙𝜙𝑎𝑎 = tan−1(𝑣𝑣/𝑤𝑤) (15) 
and 

 𝛼𝛼� = �𝛼𝛼2 + 𝛽𝛽2 (16) 
and 

 𝛼𝛼 = sin−1 � 𝑤𝑤
√𝑢𝑢2+𝑣𝑣2+𝑤𝑤2� ,𝛽𝛽 = sin−1 � 𝑣𝑣

√𝑢𝑢2+𝑣𝑣2+𝑤𝑤2� .                       
(17) 

Force/moment coefficients are decomposed into contributions from the rigid 
aerodynamic surfaces (. )𝑅𝑅 and moveable aerodynamic surfaces (. )𝑀𝑀. Each 
component is predicted as a high-order polynomial in sin𝛼𝛼� = 𝑠𝑠𝛼𝛼� :  

 
𝐶𝐶𝜗𝜗𝑅𝑅 = 𝐶𝐶𝜗𝜗0𝑅𝑅 (𝑀𝑀,𝜙𝜙) + 𝐶𝐶𝜗𝜗1𝑅𝑅 (𝑀𝑀,𝜙𝜙)𝑠𝑠𝛼𝛼� + 𝐶𝐶𝜗𝜗2𝑅𝑅 (𝑀𝑀,𝜙𝜙)𝑠𝑠𝛼𝛼�2 + 𝐶𝐶𝜗𝜗3𝑅𝑅 (𝑀𝑀,𝜙𝜙)𝑠𝑠𝛼𝛼�3

+𝐶𝐶𝜗𝜗4𝑅𝑅 (𝑀𝑀,𝜙𝜙)𝑠𝑠𝛼𝛼�4 + 𝐶𝐶𝜗𝜗5𝑅𝑅 (𝑀𝑀,𝜙𝜙)𝑠𝑠𝛼𝛼�5
 . 

 

(18) 

Vasile et al.5 proposed that the forces and moments due to a deflected flap could be 
determined from the difference of predictions of the forces and moments on the 
total body with one flap deflected and the forces and moments with zero 
deflections. They further proposed that the force/moment model for an individual 
flap over a full roll cycle could be assembled from the force/moment prediction at 
zero aerodynamic bank as follows. 
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 𝐶𝐶𝑁𝑁
𝑀𝑀1(𝛿𝛿,𝜙𝜙) =  𝐶𝐶𝑁𝑁

𝑀𝑀1(0,𝜙𝜙) + �𝐶𝐶𝑆𝑆
𝑀𝑀1(𝛿𝛿, 0) −  𝐶𝐶𝑆𝑆

𝑀𝑀1(0, 0)� ∙ sin𝜙𝜙𝐴𝐴 

+ �𝐶𝐶𝑁𝑁
𝑀𝑀1(𝛿𝛿, 0) −  𝐶𝐶𝑁𝑁

𝑀𝑀1(0, 0)� ∙ cos𝜙𝜙𝐴𝐴 
(19) 

 𝐶𝐶𝑆𝑆
𝑀𝑀1(𝛿𝛿,𝜙𝜙) =  𝐶𝐶𝑆𝑆

𝑀𝑀1(0,𝜙𝜙) + �𝐶𝐶𝑆𝑆
𝑀𝑀1(𝛿𝛿, 0) −  𝐶𝐶𝑆𝑆

𝑀𝑀1(0, 0)� ∙ cos𝜙𝜙𝐴𝐴 

−�𝐶𝐶𝑁𝑁
𝑀𝑀1(𝛿𝛿, 0) −  𝐶𝐶𝑁𝑁

𝑀𝑀1(0, 0)� ∙ sin𝜙𝜙𝐴𝐴 
(20) 

 𝐶𝐶𝑚𝑚
𝑀𝑀1(𝛿𝛿,𝜙𝜙) =  𝐶𝐶𝑚𝑚

𝑀𝑀1(0,𝜙𝜙) + �𝐶𝐶𝑚𝑚
𝑀𝑀1(𝛿𝛿, 0) −  𝐶𝐶𝑚𝑚

𝑀𝑀1(0, 0)� ∙ cos𝜙𝜙𝐴𝐴 

+ �𝐶𝐶𝑛𝑛
𝑀𝑀1(𝛿𝛿, 0) −  𝐶𝐶𝑛𝑛

𝑀𝑀1(0, 0)� ∙ sin𝜙𝜙𝐴𝐴 
(21) 

 𝐶𝐶𝑛𝑛
𝑀𝑀1(𝛿𝛿,𝜙𝜙) =  𝐶𝐶𝑛𝑛

𝑀𝑀1(0,𝜙𝜙) −  �𝐶𝐶𝑚𝑚
𝑀𝑀1(𝛿𝛿, 0) −  𝐶𝐶𝑚𝑚

𝑀𝑀1(0, 0)� ∙ sin𝜙𝜙𝐴𝐴 

+ �𝐶𝐶𝑛𝑛
𝑀𝑀1(𝛿𝛿, 0) −  𝐶𝐶𝑛𝑛

𝑀𝑀1(0, 0)� ∙ cos𝜙𝜙𝐴𝐴 
(22) 

This assumption has two significant consequences. First, over a full roll cycle, each 
force/moment will have a maximum amplitude at some 𝜙𝜙𝐴𝐴 = 𝑛𝑛(𝜋𝜋/2) for an integer 
value of n.  Second, this maximum amplitude will be shared by the transverse forces 
(N, S) at a given deflection and likewise by the transverse moments (m, n) at a given 
𝛿𝛿. Both assumptions will be confirmed in the ensuing analysis.  

As shown in Fig. 4a, the moveable aerodynamic surface (MAS)1 table may be 
applied for each of MAS2–MAS4 by simply incrementing the aerodynamic bank 
angle by 𝜋𝜋/2 for each MAS. For example, for side force: 

 
𝐶𝐶𝑆𝑆
𝑀𝑀2(𝜙𝜙) = 𝐶𝐶𝑆𝑆

𝑀𝑀1 �𝜙𝜙 +
𝜋𝜋
2
� ,𝐶𝐶𝑆𝑆

𝑀𝑀3(𝜙𝜙) = 𝐶𝐶𝑆𝑆
𝑀𝑀1(𝜙𝜙 + 𝜋𝜋). 

 𝐶𝐶𝑆𝑆
𝑀𝑀4(𝜙𝜙) = 𝐶𝐶𝑆𝑆

𝑀𝑀1(𝜙𝜙 + 3𝜋𝜋/2) 

 

(23a,b) 

 

(23c) 

And for normal force: 

 
𝐶𝐶𝑁𝑁
𝑀𝑀2(𝜙𝜙) = 𝐶𝐶𝑁𝑁

𝑀𝑀1 �𝜙𝜙 +
𝜋𝜋
2
� ,𝐶𝐶𝑁𝑁

𝑀𝑀3(𝜙𝜙) = 𝐶𝐶𝑁𝑁
𝑀𝑀1(𝜙𝜙 + 𝜋𝜋). 

 𝐶𝐶𝑁𝑁
𝑀𝑀4(𝜙𝜙) = 𝐶𝐶𝑁𝑁

𝑀𝑀1(𝜙𝜙 + 3𝜋𝜋/2) 

(24a,b) 

 

(24c) 

The wind frame is constant and oriented as shown with respect to the relative wind.  
Thus, the total force/moment for the airframe is a simple sum of components from 
RAS and MAS terms. 

 𝐶𝐶𝜗𝜗𝐵𝐵 = 𝐶𝐶𝜗𝜗𝑅𝑅 + 𝐶𝐶𝜗𝜗
𝑀𝑀1 + 𝐶𝐶𝜗𝜗

𝑀𝑀2 + 𝐶𝐶𝜗𝜗
𝑀𝑀3 + 𝐶𝐶𝜗𝜗

𝑀𝑀4 (25) 

 



 

13 

 
a) Wind and body frames with aerodynamic 
bank defined 

 
b) Numbering scheme and 
sign convention for trailing 
edge flaps 

Fig. 4 Reference frames for MAS deflection and buildup. Viewed from projectile base. 

The focus of this work is to better characterize the zero AoA flap authority 
coefficients—namely, 𝐶𝐶𝜗𝜗0

𝑀𝑀1 , for 𝜗𝜗 ∈ {𝑁𝑁, 𝑆𝑆,𝑚𝑚,𝑛𝑛}. We capitalize on the relationships 
in Eqs. 23 and 24 and their moment counterparts to map simultaneous motion of all 
four MAS effectors back to a single bank varying term by setting up the regressor 
vectors accordingly. This is discussed at length in Section 4.2. 

2.5 Numerical Integration 

To limit the number of calls to the CFD solver and capitalize on the history of 
force/moment predictions, a third-order, Adams-Moulton numerical integration 
scheme was used. This method can be compactly written as 

𝑦𝑦𝑛𝑛+1 = 𝑦𝑦𝑛𝑛 +
ℎ

12
(23𝑦̇𝑦𝑛𝑛 − 16𝑦̇𝑦𝑛𝑛−1 + 5𝑦̇𝑦𝑛𝑛−2)  (26) 

𝑦𝑦𝑛𝑛+1 = 𝑦𝑦𝑛𝑛 +
ℎ

12
(5𝑦̇𝑦𝑛𝑛+1 + 8𝑦̇𝑦𝑛𝑛 − 𝑦̇𝑦𝑛𝑛−1)  (27) 

where y is the full system state vector, and h is the integration time step. Dot 
notation indicates the state–time derivative prediction from Eqs. 8–11 and auxiliary 
equations included in the control laws and actuator dynamics. The subscript n 
indicates the current time step, n + 1 is one step in the future, n - 1 is one step in the 
past, and so forth. The method is implicit because the state prediction at the next 
time step depends upon a derivative estimate at the next time step.  

Equation 26 serves as a predictor step where the state at the next time step is 
predicted in order to estimate the state derivative 𝑦̇𝑦𝑛𝑛 + 1 one step into the future. 
This future state derivative prediction will rely on the current force/moment 
predictions from CFD, so the algorithm suffers slightly from this approximation. 
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Equation 27 serves as a corrector step, using the one-step-ahead derivative 
prediction in conjunction with the current and one-step-ago predictions. This 
implicit predictor–corrector scheme was chosen as opposed to the explicit Adams-
Bashforth in order to enhance the numerical stability of the integration.  

Additional details on all aspects of the simulation are available in our previous 
publications.3,4,9 

3. Orthogonal Multisine Staircase Inputs and System 
Identification 

The virtual fly-out environment allows the user to test various control algorithms 
and prescribed maneuvers without the costly overhead of actual flight hardware and 
instrumentation. However, state-of-the-art parallel computing facilities still require 
about 100 h of actual time to compute 3 s of flight time. Thus, the computational 
experiment needs to be well designed prior to submitting to the supercomputer—
trial and error would be far too costly. To design the numerical experiment well, 
we depend on system identification theory. 

A key part of the experiment design is to choose input functions for the actuators, 
so that they are moved simultaneously over a short time horizon in such a way that 
their individual contributions are observable and separable. The input functions 
should move the vehicle enough to vary the transverse forces and moments; 
however, the vehicle states should remain near the initial flight conditions so that 
Mach number and altitude can be considered constant.  

3.1 Orthogonal Multisine Inputs  

Orthogonal multisine staircase inputs are an established method to achieve the 
previously stated goals. Optimized multisine inputs have been recently presented 
by Morelli and others. Here we will summarize the treatment of Morelli.8  

Multisine inputs are simply a sum of harmonics as the name implies: 

 
𝐮𝐮 = ∑ 𝐴𝐴�𝑃𝑃𝑘𝑘 sin �2𝜋𝜋𝜋𝜋𝜋𝜋

𝑇𝑇
+ 𝜙𝜙𝑘𝑘�𝑘𝑘∈{1,2,…,𝑀𝑀)  . (28) 

Since k is an integer, the minimum separation between harmonics is (1/𝑇𝑇) Hz. The 
highest frequency in Eq. 28 is 2𝜋𝜋𝜋𝜋/𝑇𝑇 rad/s and the lowest frequency is 2𝜋𝜋𝜋𝜋/𝑇𝑇 
rad/s. The T and M should be chosen so that the spectrum of vehicle-free response 
dynamics is within this range.  
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When designing for multiple actuators, subsets of the harmonics in Eq. 28 are 
assigned to each actuator. A common technique is to interleave the harmonics. For 
instance, in the case with four actuators, one would choose 

𝑢𝑢1 𝑘𝑘 ∈ {1,5,9, … }
𝑢𝑢2 𝑘𝑘 ∈ {2,6,10, … }
𝑢𝑢3 𝑘𝑘 ∈ {3,7,11, … }
𝑢𝑢4 𝑘𝑘 ∈ {4,8,12, … }

 

One can easily show the mutual orthogonality of signals determined by Eq. 28 as 
follows. Consider two inputs where each contains a single harmonic  

 
𝑢𝑢1 = sin �2𝜋𝜋𝑘𝑘1𝑡𝑡

𝑇𝑇
+ 𝜙𝜙1� ,𝑢𝑢2 = sin �2𝜋𝜋𝑘𝑘2𝑡𝑡

𝑇𝑇
+ 𝜙𝜙2� ,𝑘𝑘1 ≠ 𝑘𝑘2. 

 

(29) 

 

To show that the two signals are orthogonal, take the inner product, write the time 
vector as a discrete set (𝑡𝑡𝑖𝑖 = 𝑖𝑖Δ𝑡𝑡 and 𝑇𝑇 = (𝑁𝑁 − 1)Δ𝑡𝑡), and sum the product over 
one fundamental period 

 

𝑢𝑢1𝑇𝑇𝑢𝑢2 = � sin �
2𝜋𝜋𝑘𝑘1
𝑁𝑁 − 1 

𝑖𝑖 + 𝜙𝜙1� sin �
2𝜋𝜋𝑘𝑘2
𝑁𝑁 − 1 

𝑖𝑖 + 𝜙𝜙2�
𝑁𝑁−1

𝑖𝑖=0

. 

 

(30) 

Using the identity 

 
sin(𝑢𝑢) sin(𝑣𝑣) = 1

2
(cos(𝑢𝑢 − 𝑣𝑣) − cos(𝑢𝑢 + 𝑣𝑣)), (31) 

Eq. 30 becomes  

𝑢𝑢1𝑇𝑇𝑢𝑢2 =
1
2
� cos�

2𝜋𝜋(𝑘𝑘1 − 𝑘𝑘2)
𝑁𝑁 − 1 

𝑖𝑖 + 𝜙𝜙1 − 𝜙𝜙2�
𝑁𝑁−1

𝑖𝑖=0

−
1
2
� cos�

2𝜋𝜋(𝑘𝑘1 − 𝑘𝑘2)
𝑁𝑁 − 1 

𝑖𝑖 + 𝜙𝜙1 − 𝜙𝜙2�
𝑁𝑁−1

𝑖𝑖=0

 (32) 

and since the summation of any harmonic over the fundamental period is zero, both 
terms in Eq. 32 are zero. Thus, the four inputs designed using Eq. 28 and subsequent 
equations will be mutually orthogonal.  

3.2 Phase Optimization 

Signals designed using Eq. 28 with 𝜙𝜙𝑘𝑘 = 𝜙𝜙 ∀ 𝑘𝑘 will have large amplitudes where 
the underlying harmonics are in phase with each other. These large amplitudes can 
have the deleterious effects of a) requiring deflections beyond physical limits and/or 
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b) causing the vehicle to depart too far from the desired nominal flight condition. 
The latter effect is only exacerbated when multiple actuators are commanded to 
large deflections simultaneously. Since 𝜙𝜙𝑘𝑘 are free variables in the design, they 
may be selected to minimize the largest amplitudes in each input. This is done by 
minimizing the relative peak factor (RPF) of each input by modifying the individual 
phases:  

 
min
𝜙𝜙𝑘𝑘

𝑅𝑅𝑅𝑅𝑅𝑅(𝑢𝑢(𝜙𝜙𝑘𝑘)) = (max(𝑢𝑢)−min(𝑢𝑢))
2√2rms(u)

. (33) 

The minimization can be easily performed by a simplex method. Figure 5a and 5b 
illustrate the summation of harmonics before and after application of Eq. 33. 
However, the phase optimized signal in Fig. 5b has one fatal flaw—it begins at a 
large nonzero value. Since the actuator has finite bandwidth, this is physically 
impossible to implement. Thus, one final step is applied to shift the phase of all the 
harmonics an equal amount until the initial value of the input is close to zero. The 
result of such a shift is shown in Fig. 5c where the starting point is shifted about 
0.3 s along the time axis. No large discontinuity in the actuator motion is required 
to use the signal in Fig. 5c. 

The design outlined in Eq. 28 and subsequent equations is completely implemented 
in the SIDPAC function mkmsswp.m.  
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a) Sum of harmonics  

b) With phase optimization 

 
c) After shifting initial time to a node 

Fig. 5 Orthogonal multisine design. Panel a) shows the sum of harmonics in phase resulting 
in large amplitudes. Panel b) shows the same sum with phases modified to minimize RPF.  
Panel c) shows the signal from panel b) with all phases shifted so that the deflection at  
time = 0 is zero. 

3.3 Orthogonal Multisine Staircase Functions 

Early attempts at system identification in the coupled environment with smooth 
signals such as those shown in Fig. 5 resulted in two problems. First, the coherence 
and conditioning of the regression was hindered by samples in the time history 
where the deflections are small. Second, the coefficients to be determined are 
actually a table of values at finite flap deflections—namely, 

𝜹𝜹 ∈ ±{0, 2, 5, 10, 15, 20, 25, 30}∘  .                          (34) 

Thus, the input signal was redesigned so that the actuators would dwell at one of 
the finite deflections previously listed. In the latest iteration, we chose the set of 
deflections: 

𝜹𝜹 ∈ {5, 10, 15, 20}∘    .                                 (35) 
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Symmetry will be assumed for the negative deflections. In fact, the previous set 
defines the amplitudes of the final signals; therefore, negative deflections will be 
commanded, but will be lumped in with the corresponding positive counterpart by 
applying symmetry.  

The orthogonal multisine functions presented previously can be converted to square 
waves simply be taking the signum of each harmonic prior to summation:  

 
𝐮𝐮 = ∑ 𝐴𝐴�𝑃𝑃𝑘𝑘sign �sin �2𝜋𝜋𝜋𝜋𝜋𝜋

𝑇𝑇
+ 𝜙𝜙𝑘𝑘��𝑘𝑘∈{1,2,…,𝑀𝑀) . (36) 

For a simulation with a 3-s time horizon and a vehicle with natural frequencies 
between 4 and 19 rad/s, only eight harmonics are possible. Each input will use two 
of the possible eight. The final test signals for the largest deflection are shown in 
Fig. 6.  

 
a) Actuator 1 

 
b) Actuator 2 

 
c) Actuator 3  

d) Actuator 4 

Fig. 6 Orthogonal staircase input signals for 20° of deflection 
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4. Post-Flight Data Reduction and Results 

4.1 Basic Regression Analysis 

The coupled CFD/RBD simulation provides the full state history plus forces and 
moments in the body frame at 2 kHz sampling for the 3-s flight. A sample force 
and moment history is shown in Fig. 7. After examining the moment data, we 
decided to perform smoothing on it using the lsmoo function in SIDPAC with a 
window length of 50 samples.  

 
a) Side force 

 
b) Normal force 

 
c) Pitch moment 

 
d) Yaw moment 

Fig. 7 Transverse force and moment components in the body frame, all actuators driven 
by orthogonal multisine staircase inputs, Mach = 0.99, |𝛅𝛅| = 𝟐𝟐𝟎𝟎∘ 

Basic regression is easily applied when the predicted forces and moments are 
available. Essentially, it only requires rescaling the forces and moments to their 
nondimensional equivalents, choosing a vector of regressors, and applying least 
squares to solve for the underlying coefficients. Forces are divided by the dynamic 
pressure and reference area to render the coefficient form: 
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𝐶𝐶𝐹𝐹𝐹𝐹 = 𝐹𝐹𝑖𝑖/(𝑞𝑞 �𝑆𝑆) .                                                  (37) 

Moments are divided by the dynamic pressure, reference area, and characteristic 
length: 

𝐶𝐶𝑀𝑀𝑀𝑀 = 𝑀𝑀𝑖𝑖/(𝑞𝑞 �𝑆𝑆𝑆𝑆) .                                               (38) 

Next, a set of regressors are chosen to reflect the terms in the AM expected to be 
dominant in the input/output path for the system identification scenario. The model 
should have a form such as  

𝑦𝑦 = 𝛽𝛽0𝑥𝑥0+𝛽𝛽2𝑥𝑥1 + 𝛽𝛽3𝑥𝑥3 + ⋯+ 𝛽𝛽𝑚𝑚 ∙ 1 ,                           (39) 

where 𝛽𝛽0, … ,𝛽𝛽𝑚𝑚−1 are unknown constants, 𝑥𝑥0, . . . , 𝑥𝑥𝑚𝑚 are the regressors, and the 
final term 𝛽𝛽𝑚𝑚 is a bias. Given Eq. 39 and data vector 𝐲𝐲 of length > m, and matrix of 
regressors X, the least-squares estimate for the coefficient vector 𝛃𝛃 =
[𝛽𝛽0,𝛽𝛽1,𝛽𝛽2, … ,𝛽𝛽𝑚𝑚] can be found by13:  

 𝛃𝛃 = (𝐗𝐗𝑇𝑇𝐗𝐗)−1(𝐗𝐗𝑇𝑇𝐲𝐲). (40) 

4.2 Regression for a Roll-Dependent Controlled Projectile 

For the virtual fly-outs we choose the model:  

𝐶𝐶𝜗𝜗 = 𝐶𝐶𝜗𝜗1𝑅𝑅 (𝑀𝑀,𝜙𝜙𝑅𝑅)𝑠𝑠𝛼𝛼� + 𝐶𝐶𝜗𝜗2𝑅𝑅 (𝑀𝑀,𝜙𝜙𝑅𝑅)𝑠𝑠𝛼𝛼�2 + 𝐶𝐶𝜗𝜗3𝑅𝑅 (𝑀𝑀,𝜙𝜙𝑅𝑅)𝑠𝑠𝛼𝛼�3 + 𝐶𝐶𝜗𝜗𝜗𝜗
𝑀𝑀1(𝑀𝑀,𝜙𝜙1, 𝛿𝛿1)

+𝐶𝐶𝜗𝜗𝜗𝜗
𝑀𝑀1(𝑀𝑀,𝜙𝜙1 +

𝜋𝜋
2

, 𝛿𝛿2) + 𝐶𝐶𝜗𝜗𝜗𝜗
𝑀𝑀1(𝑀𝑀,𝜙𝜙1 + 𝜋𝜋, 𝛿𝛿3) + 𝐶𝐶𝜗𝜗𝜗𝜗

𝑀𝑀1(𝑀𝑀,𝜙𝜙1 +
3𝜋𝜋
2

, 𝛿𝛿4)
 (41) 

In Eq. 41 there are five aerodynamic bank angles, one for the rigid aero surfaces 
and four for the moving aero surfaces, respectively. The MAS aero bank is related 
to the RAS by 𝜙𝜙1 = 𝜙𝜙𝑅𝑅 + 𝜋𝜋/4. Next, since we are estimating coefficients for the 
transverse terms only in a virtual environment, we expect the model to be perfectly 
symmetric; therefore, no forces or moments at zero AoA. Thus, there is no bias 
term. Finally, note that the same flap authority term 𝐶𝐶𝜗𝜗𝜗𝜗

𝑀𝑀1appears in each of the MAS 
terms. This is capitalizing on the facts presented in Eqs. 23 and 24. The 
consequence of this is that each regression will actually render four estimates of the 
coefficient 𝐶𝐶𝜗𝜗𝜗𝜗

𝑀𝑀1 at four distinct phase angles. This is shown in Fig. 8 where four 
estimates of 𝐶𝐶𝑚𝑚0

𝑀𝑀1 from regression are shown over the full cycle prediction from the 
existing model.  

One final note—the MAS terms in Eq. 41 correspond to table entries of the existing 
model for a specific flap deflection. Since the flaps in simulation move with a finite 
rise time, some samples of deflection will be less than the prescribed amplitude. 
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Thus, we divide each flap deflection history by the maximum deflection amplitude 
observed in each fly-out and fill the regression matrix with deflections as a portion 
of the max deflection. Thus, the final regressor matrix X for transverse forces is: 

𝐗𝐗 =

�
𝑠𝑠𝛼𝛼�(𝑡𝑡1) 𝑠𝑠𝛼𝛼�2(𝑡𝑡1) 𝑠𝑠𝛼𝛼�3(𝑡𝑡1) 𝜹𝜹𝟏𝟏(𝑡𝑡1)/𝛿𝛿̅ 𝜹𝜹𝟐𝟐(𝑡𝑡1)/𝛿𝛿̅ 𝜹𝜹𝟑𝟑(𝑡𝑡1)/𝛿𝛿̅ 𝜹𝜹𝟒𝟒(𝑡𝑡1)/𝛿𝛿̅
𝑠𝑠𝛼𝛼�(𝑡𝑡2) 𝑠𝑠𝛼𝛼�2(𝑡𝑡2) 𝑠𝑠𝛼𝛼�3(𝑡𝑡2) 𝜹𝜹𝟏𝟏(𝑡𝑡2)/𝛿𝛿̅ 𝜹𝜹𝟐𝟐(𝑡𝑡2)/𝛿𝛿̅ 𝜹𝜹𝟑𝟑(𝑡𝑡2)/𝛿𝛿̅ 𝜹𝜹𝟒𝟒(𝑡𝑡2)/𝛿𝛿̅

⋮ ⋮  ⋮
�(42) 

and for moments it is: 

⎣
⎢
⎢
⎡
𝜔𝜔(𝑡𝑡1)𝐷𝐷
𝟐𝟐𝑉𝑉∞(𝑡𝑡1)

𝑠𝑠𝛼𝛼�(𝑡𝑡1) 𝑠𝑠𝛼𝛼�2(𝑡𝑡1) 𝑠𝑠𝛼𝛼�3(𝑡𝑡1) 𝜹𝜹𝟏𝟏(𝑡𝑡1)/𝛿𝛿� 𝜹𝜹𝟐𝟐(𝑡𝑡1)/𝛿𝛿� 𝜹𝜹𝟑𝟑(𝑡𝑡1)/𝛿𝛿� 𝜹𝜹𝟒𝟒(𝑡𝑡1)/𝛿𝛿�
𝜔𝜔(𝑡𝑡2)𝐷𝐷
𝟐𝟐𝑉𝑉∞(𝑡𝑡2)

𝑠𝑠𝛼𝛼�(𝑡𝑡2) 𝑠𝑠𝛼𝛼�2(𝑡𝑡2) 𝑠𝑠𝛼𝛼�3(𝑡𝑡2) 𝜹𝜹𝟏𝟏(𝑡𝑡2)/𝛿𝛿� 𝜹𝜹𝟐𝟐(𝑡𝑡2)/𝛿𝛿� 𝜹𝜹𝟑𝟑(𝑡𝑡2)/𝛿𝛿� 𝜹𝜹𝟒𝟒(𝑡𝑡2)/𝛿𝛿�

⋮ ⋮  ⋮ ⎦
⎥
⎥
⎤
(43) 

where the first column contains the angular velocity of the axis of interest (𝜔𝜔 ∈
{𝑞𝑞, 𝑟𝑟}) scaled by the characteristic length D and the total velocity 𝑉𝑉∞. 

The post-flight data reduction is most easily explained by first looking at the 
expected form of the results. Figure 8 compares predictions of the zero AoA pitch 
moment due to a 20° deflection of MAS1 as a function of the aerodynamic bank 
with respect to MAS1. Since this is the zero AoA term, the aerodynamic bank is 
actually undefined; therefore, some explanation is in order before we proceed. Note 
in Fig. 4a that the aerodynamic bank defines the angular relationship between the 
vehicle and the wind frame. For this example in particular, when the aerodynamic 
bank is zero, the wind frame pitch moment unit vector 𝑚𝑚�  will be aligned with 
MAS1. Thus, the pitch moment due to MAS1 will be at a maximum in the wind 
frame when the aerodynamic bank is zero or 𝜋𝜋 radians. The pitch moment generated 
in the MAS1 frame will be projected onto the 𝑚𝑚�  and 𝑛𝑛� directions in the wind frame 
for aero bank angles other than zero and 𝜋𝜋. In Fig. 8, this is evident as the zero AoA 
moment due to flap 1 varies as a fundamental harmonic with period 2𝜋𝜋.  
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Fig. 8 Zero AoA pitch moment prediction for MAS 1. Baseline AM shown as solid blue 
line. Points from regression at a single bank angle shown as black diamonds.  

Because we wish to capture the aerodynamic bank dependency of the flap authority 
coefficients (𝐶𝐶𝑁𝑁0

𝑀𝑀1 ,𝐶𝐶𝑆𝑆0
𝑀𝑀1 ,𝐶𝐶𝑚𝑚0

𝑀𝑀1 ,𝐶𝐶𝑛𝑛0
𝑀𝑀1), we will subdivide the post-flight data into sets 

with a common aerodynamic bank. The baseline AM was formed from several data 
sources, the most comprehensive of which uses a grid of 32 aerodynamic bank 
angles or every 11.25° around the roll cycle. After some trial and error, we 
determined that using 16 distinct bank angles gave the best balance between the 
number of estimates along the bank axis and the conditioning of each estimate. 

Since the aero bank varies continuously during the simulation, we use the 
MATLAB histogram tool to sort all of the data into bins that are equally spaced in 
aero bank. The histogram tool determines the bin edges and plots the frequency of 
samples in each bin based on the user-specified number of bins. These edge values 
will vary somewhat between fly-outs; therefore, we use the tool with each fly-out 
to determine the bin edges. A sample histogram of aero bank angles for a fly-out 
with 6000 total time steps is shown in Fig. 9.  
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Fig. 9 Sample histogram from fly-out aero bank data 

Once the bin edges are determined, they are used to down-select 16 corresponding 
subsets of the X matrix (Eqs. 42 and 43), and the corresponding rows of 
force/moment coefficient predictions in y. Equation 36 is then used to find the least-
squares estimates of the seven coefficieints for force terms, or eight for moment 
terms. Thus, for each fly-out, 16 estimates are rendered at 16 aero bank angles for 
each of 7 or 8 coefficients. Four of these coefficients are actually duplicates of one 
another at different phase angles (recall Eq. 41); therefore, we in fact have 64 total 
estimates of the flap influence on each transverse force/moment at zero AoA.  

The estimated rigid aero surface coefficients are ignored in this study as our goal is 
to better predict the flap control authority. Since we have 64 estimates of 𝐶𝐶𝜗𝜗𝜗𝜗

𝑀𝑀1 as a 
function of 64 aero bank angles, we will compute and plot a few more quantities to 
complete the analysis.  

Figure 10 shows the baseline AM prediction and all 64 regression estimates of 
transverse forces/moments at 0.99 Mach with a maximum deflection of 20°. The 
blue lines are the baseline AM predictions. It is immediately evident that the 
regression results match the trend of the existing model—namely, varying in 
amplitude as a single harmonic with period equal to the roll cycle. The red line is 
formed by finding the single harmonic of period 2𝜋𝜋 that fits the regression estimates 
best in a least-squares sense. This is a way of quantifying the regression results in 
terms of amplitude and phase. Since we seek a global set of corrections to the 
baseline model, we want each force/moment term to be represented by a single 
quantity (if possible) at each Mach-deflection pair. We further note that the phase 
differences between the AM and best-fit harmonic are very small. Thus, we will 
keep only the best-fit harmonic amplitude at each Mach-deflection pair to use in 
correcting the global model.  
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a) Side force 

 
b) Normal force 

 
c) Pitch moment 

 
d) Yaw moment 

Fig. 10 Comparison: baseline AM, regression estimates at 16 aerodynamic bank angles for 
all four actuators, and single harmonic best fit to regression estimates 

4.3 Global Model Meta-Analysis 

The end goal of this study is to tune the global set of flap authority coefficients to 
better match the performance observed in the coupled study. Thus, we collect as 
many fly-outs as practical considering the heavy computation load of a single fly-
out (~100 wall clock hours per 3-s flight). The initial set of experiments was 
selected using a rank-one lattice technique14,15 to determine the minimal set of 
Mach-deflection pairs that best spanned the search space. This set is illustrated in 
Fig. 11. The Mach-deflection search space was limited to 0 < 𝛿𝛿 < 20∘ and  
0 < 𝑀𝑀 < 4.0. These limits were determined by running the fly-out in a low-
fidelity, 6-DOF simulation and observing whether the vehicle remained within the 
nominal flight envelope (did not tumble) for the full 3-s flight. 
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Fig. 11 Rank-one lattice design of flight conditions for global design of experiments. Red 
circles are 13 lattice points spanning the Mach/deflection space. Black diamonds are equal in 
Mach with deflections rounded up to the nearest 5°. 

Figure 11 shows the result of the rank-one lattice design of experiments. The lattice 
generated 13 possible flight conditions as shown by the red circles. The case at  
M = 0.5, 𝛿𝛿 = 0 was discarded since the goal is to observe flight with nonzero 
deflections. The deflections were rounded up to the nearest 5° for the remaining 
cases, since the goal is to tune a table as described in Section 4.3. The points tested 
are shown as black diamonds in Fig. 11.  

All 12 flight conditions were bench tested in the low-fidelity, 6-DOF prior to 
deployment in the high-performance computing (HPC) environment since each 
virtual fly-out required 100 h and used hundreds of cores.  

The data reduction of each individual fly-out resulted in a set of four amplitudes for 
the transverse force/moment prediction models as shown in Section 4.2. In Fig. 12, 
we juxtapose each set of 12 amplitude estimates in Mach-deflection space over the 
corresponding surface of amplitudes from the baseline AM. The corresponding data 
is also shown in Table 1. On average, the force predictions from the system ID are 
15% larger than those from the AM with the largest difference.  
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a) Pitch moment 

 
b) Normal force 

 
c) Yaw moment 

 
d) Side force 

Fig. 12 Comparison between baseline AM max amplitude and results of the 12 coupled 
simulation fly-outs for the transverse flap authority zero AoA terms 

Table 1 Experiment and model determined amplitudes 

Mach, 
delta 

𝑪𝑪𝑺𝑺𝟎𝟎 
Experiment 

𝑪𝑪𝑺𝑺𝟎𝟎 
Model 

𝑪𝑪𝑵𝑵𝟎𝟎 
Experiment 

𝑪𝑪𝑵𝑵𝟎𝟎 
Model 

0.72,10 0.1992 0.1688 0.21079 0.16927 

0.99,20 0.41951 0.38792 0.43071 0.38855 

1.27,5 0.083303 0.097523 0.073156 0.097618 

1.54,15 0.3289 0.21729 0.34213 0.21782 

1.81,20 0.28716 0.22991 0.35044 0.23103 

2.09,10 0.11781 0.10323 0.11202 0.10357 

2.36,15 0.15821 0.13673 0.15211 0.13751 

2.63,5 0.032641 0.034518 0.032874 0.034383 

2.91,10 0.075707 0.069153 0.074686 0.069069 

3.18,20 0.18385 0.16215 0.15903 0.16268 

3.45,5 0.021559 0.022142 0.021715 0.021925 

3.73,15 0.1992 0.1688 0.21079 0.16927 
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Table 1 Experiment and model determined amplitudes (continued) 

Mach, 
delta 

𝑪𝑪𝒍𝒍𝟎𝟎 
Ex 

𝑪𝑪𝐥𝐥𝐥𝐥 
Model 

𝑪𝑪𝒎𝒎𝟎𝟎 

Ex 

𝑪𝑪𝒎𝒎𝟎𝟎 

Model 
𝑪𝑪𝒏𝒏𝟎𝟎 
Ex 

𝑪𝑪𝐧𝐧𝐧𝐧 
Model 

0.72,10 0.0947 0.1182 0.75982 0.64516 0.86641 0.64574 

0.99,20 0.1673 0.2523 1.5715 1.5366 1.5757 1.5326 

1.27,5 0.0509 0.0581 0.358 0.38363 0.22182 0.38422 

1.54,15 0.1236 0.1474 1.2574 0.86567 1.2154 0.86831 

1.81,20 0.1415 0.1849 1.2188 0.92127 1.0368 0.92163 

2.09,10 0.0709 0.0679 0.42613 0.41568 0.45114 0.41622 

2.36,15 0.1012 0.1034 0.57402 0.54976 0.61058 0.54982 

2.63,5 0.0233 0.0209 0.12901 0.14242 0.12401 0.14234 

2.91,10 0.0499 0.0503 0.26968 0.2793 0.27636 0.27969 

3.18,20 0.1058 0.1118 0.67062 0.6522` 0.75046 0.65432 

3.45,5 0.0145 0.0154 0.080384 0.090744 0.070824 0.092219 

3.73,15 0.0947 0.0659 0.75982 0.64516 0.86641 0.64574 

 
In Fig. 12, absolute values are plotted for the moment terms (positive deflections 
create negative moments in the specified frames). The surface and points for pitch 
and yaw are nearly identical when viewed this way because of symmetry. The 
normal and side force data shown are also nearly identical. This confirms the 
second corollary to the original modeling assumptions.5 We have included all four 
plots to give two perspectives of the surface in 3-D. Finally, note the large ridge in 
the AM surface at transonic (M = 1) speeds. The rank-one lattice method of 
choosing flight conditions ignored the fact that aerodynamic forces and moments 
tend to have large variations near Mach 1. Unfortunately, this resulted in picking 
only one subsonic point: (𝑀𝑀, 𝛿𝛿) = (0.723,10∘), and only two transonic points: 
(𝑀𝑀, 𝛿𝛿) = {(0.996,20∘) and (1.269,5∘)}. This lack of data on the “ridge” will make 
it difficult to provide more than a global correction in bias. Our primary goal in 
performing these computational experiments is to tune the flap authority model 
over the flight envelope. In Section 4.4, we explore the use of kriging and cokriging 
to provide the best possible outcome.  
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4.4 Kriging and Cokriging 

4.4.1 Kriging 

Kriging is a statistical interpolation method introduced first in the mining 
community by Krige.16 It has come into recent prominence in the aerodynamic 
modeling and aerospace multidisciplinary design communities. One of the most 
accessible treatments of kriging and cokriging is by Forrester et al.17 We rely on 
their notation here as modified by Bailly and Bailly.18 Kriging is closely related to 
the radial basis function (RBF) in machine learning, and relies on spatial correlation 
between n sample points (𝑿𝑿𝟏𝟏, … ,𝑿𝑿𝒏𝒏) for which the function values have been 
found (𝒀𝒀𝟏𝟏, … ,𝒀𝒀𝒏𝒏). The kriging model is a Gaussian process with covariance given 
as 

 𝐂𝐂𝐂𝐂𝐂𝐂(𝑿𝑿𝒊𝒊,𝑿𝑿𝒋𝒋) = 𝜎𝜎𝟐𝟐𝑹𝑹(𝑿𝑿𝒊𝒊,𝑿𝑿𝒋𝒋:𝜽𝜽), (44) 

where 𝜎𝜎𝟐𝟐 is the variance of the process and R is a correlation function with 
hyperparameters 𝜽𝜽. Typically, and in this report, the Gaussian (RBF) kernel is 
preferred 

 𝑹𝑹�𝑿𝑿𝒊𝒊,𝑿𝑿𝒋𝒋:𝜽𝜽� = exp �−�𝜽𝜽 ∙ �𝑿𝑿𝒊𝒊 − 𝑿𝑿𝒋𝒋�𝟐𝟐
𝒑𝒑�

1
�, (45) 

where ‖. ‖2 indicates the Euclidean norm and ‖. ‖1 indicates the taxicab norm. 
Since 𝜽𝜽 is a vector of positive constants, 𝑹𝑹�𝑿𝑿𝒊𝒊,𝑿𝑿𝒋𝒋:𝜽𝜽� ≤ 1,∀ (𝑖𝑖, 𝑗𝑗), the 
hyperparameters consist of (𝜽𝜽,𝒑𝒑), which may both have differing values in each 
dimension. In this report, we choose 𝒑𝒑 = 2 for all dimensions and solve for the best 
𝜽𝜽 by maximizing the likelihood function: 

 𝐿𝐿 = −
𝑁𝑁
2

ln(𝜎𝜎2) −
1
2

ln(det(𝑹𝑹)) . (46) 

We use a genetic algorithm to determine the set of best 𝜽𝜽 for each surface 
representing a particular force/moment coefficient (Fig. 13).  

The kriging prediction is the unbiased maximum likelihood estimate given by 

 𝑌𝑌�(𝑿𝑿) = 𝜇𝜇𝑌𝑌 + 𝒓𝒓T(𝑿𝑿)𝑹𝑹−1(𝒀𝒀𝒄𝒄 − 𝟏𝟏𝜇𝜇𝑌𝑌) , (47) 

where 𝒓𝒓(𝑿𝑿)= 𝑹𝑹�𝑿𝑿,𝑿𝑿𝒋𝒋:𝜽𝜽�, 𝑗𝑗 = 1, . . . ,𝑛𝑛 (i.e., a column vector), 𝜇𝜇𝑌𝑌 = 𝟏𝟏𝑇𝑇𝑹𝑹−𝟏𝟏𝒀𝒀𝒄𝒄/
(𝟏𝟏𝑇𝑇𝑹𝑹−1𝟏𝟏), and 𝟏𝟏 is an 𝑛𝑛 × 1 column vector of ones.  

4.4.2 Cokriging 

Cokriging is a well-established method to increase the fidelity of a low-cost 
predictor by adjusting its output to match a sparse set of high-fidelity predictions. 
The general idea is that the high-cost predictions can be modeled by scaling the 
low-cost predictions by a factor 𝜌𝜌 and adding a second Gaussian process (RBF) 𝒁𝒁𝒅𝒅:  
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 𝒁𝒁𝑒𝑒(𝑿𝑿) = 𝜌𝜌𝒁𝒁𝑐𝑐(𝑿𝑿) + 𝒁𝒁𝑑𝑑(𝑿𝑿).  (48) 

To find the second model there must be some overlap in the underlying data sets 
and typically 𝑿𝑿𝒆𝒆 ⊂ 𝑿𝑿𝒄𝒄. A combined covariance matrix is built as: 

𝑪𝑪(𝑿𝑿𝒄𝒄,𝑿𝑿𝒆𝒆:𝜽𝜽𝒄𝒄,𝜽𝜽𝒅𝒅) = �
𝜎𝜎𝑐𝑐2𝑹𝑹𝒄𝒄(𝑿𝑿𝒄𝒄,𝑿𝑿𝒄𝒄) 𝜌𝜌𝜎𝜎𝑐𝑐2𝑹𝑹𝒄𝒄(𝑿𝑿𝒄𝒄,𝑿𝑿𝒆𝒆)
𝜌𝜌𝜎𝜎𝑐𝑐2𝑹𝑹𝒄𝒄(𝑿𝑿𝒆𝒆,𝑿𝑿𝒄𝒄) 𝜌𝜌2𝜎𝜎𝑐𝑐2𝑹𝑹𝒄𝒄(𝑿𝑿𝒆𝒆,𝑿𝑿𝒆𝒆) + 𝜎𝜎𝑑𝑑2𝑹𝑹𝒅𝒅(𝑿𝑿𝒆𝒆,𝑿𝑿𝒆𝒆)� , 

(49) 

where the subscripts (𝑐𝑐,𝑑𝑑) indicate which set of hyperparameters are used to form 
that particular quantity. The low-fidelity hyperparameters are found by kriging the 
low-fidelity data as shown in Section 4.4.1. To determine the hyperparameters for 
the high-fidelity set, difference data is found from the overlapping samples: 

 𝒅𝒅 = 𝒚𝒚𝑒𝑒 − 𝜌𝜌𝒚𝒚c(𝑿𝑿𝒆𝒆) . (50) 

And, maximizing the updated likelihood function:  

 𝐿𝐿 = −𝑁𝑁𝑒𝑒
2

ln(𝜎𝜎𝑑𝑑2) − 1
2

ln(det (𝑹𝑹𝒅𝒅(𝑿𝑿𝒆𝒆,𝑿𝑿𝒆𝒆))) . (51) 

The cokriging maximum likelihood predictor is then given by  

 𝑌𝑌�𝑒𝑒(𝑿𝑿) = 𝜇𝜇𝑌𝑌 + 𝒄𝒄T(𝑿𝑿)𝑪𝑪−1(𝒀𝒀 − 𝟏𝟏𝜇𝜇𝑌𝑌)  (52) 

where  

 𝐜𝐜 = �
𝜌𝜌𝜎𝜎𝑐𝑐2𝑅𝑅(𝑿𝑿,𝑿𝑿𝒄𝒄:𝜽𝜽𝒄𝒄)

𝜌𝜌2𝜎𝜎𝑐𝑐2𝑅𝑅(𝑿𝑿,𝑿𝑿𝒆𝒆:𝜽𝜽𝒄𝒄) + 𝜎𝜎𝑑𝑑2𝑅𝑅(𝑿𝑿,𝑿𝑿𝒆𝒆:𝜽𝜽𝒅𝒅)�  (53) 

and 𝒀𝒀 = [𝒀𝒀𝒄𝒄𝑻𝑻 𝒀𝒀𝒆𝒆𝑻𝑻]𝑻𝑻, 𝜇𝜇𝑌𝑌 = 𝟏𝟏𝑇𝑇𝑪𝑪−𝟏𝟏𝒀𝒀/(𝟏𝟏𝑇𝑇𝑪𝑪−1𝟏𝟏). 

4.4.3 Results of Cokriging the Coupled System ID Data with Existing 
Aero Database 

To prepare for the cokriging step, a kriging model 𝒁𝒁𝑐𝑐(𝑿𝑿) is formed by sampling 
the maximum force/moment due to flap deflection along each axis (side, normal, 
pitch, yaw) from the existing AM using an equally spaced 15 × 15 grid in  
0.5 ≤ 𝑀𝑀 ≤ 4, 2∘ ≤ 𝛿𝛿 ≤ 20∘ space. This model is validated against the AM, then 
used to predict 𝒚𝒚c(𝑿𝑿𝒆𝒆)—the model predictions at the high-fidelity data points—as 
shown. Cokriging is then applied to the 13 data points from the virtual fly-outs 
using Eqs. 48, 50, and 51. The resulting Gaussian process models are used to predict 
a 14 × 4 grid of updated estimates in the range 0.45 ≤ 𝑀𝑀 ≤ 4, 5∘ ≤ 𝛿𝛿 ≤ 20∘ using 
Eqs. 49, 52, and 53 as illustrated in the following.  

Figures 13 and 14 show the result of cokriging results of coupled system ID runs 
for 13 flight conditions. These include the 12 listed in Table 1. Since the response 
surfaces typically have a steep ridge at high deflection near Mach 1 with a deep 
ridge in the adjacent subsonic region, a 13th flight condition was included at 
(𝑀𝑀, 𝛿𝛿) = (1.2, 20∘). The plot in Fig. 13 typifies the overall results, except that we 
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have plotted the roll authority without taking the magnitude thereof. The existing 
aero database, which was determined using the Cart3D inviscid CFD tool, is shown 
as a solid surface. The coupled system ID data are shown as red asterisks. The 
cokriging prediction is shown as a semitransparent surface with black mesh. Since 
positive flap deflections cause negative roll moments, the “ridge” at Mach 1 is a 
deep trough in the solid surface. The largest deflections are in the foreground, and 
it is apparent that Cart3D overpredicts flap roll authority in the transonic region. 
The data at Mach 0.99 and Mach 1.2 have a much smaller magnitude than the 
corresponding Cart3D predictions. Cokriging seeks to preserve the overall shape of 
the low-fidelity model (Cart3D) while matching the high-fidelity predictions 
(coupled CFD++). In this case the surfaces match reasonably well, and the transonic 
trough retains its shape, save for the region near the system ID predictions.  

 

Fig. 13 Result of cokriging the flap roll authority 𝑪𝑪𝐥𝐥𝐥𝐥𝑴𝑴. Asterisks and black mesh are the 
system ID estimates and cokriging surface, respectively. Solid surface is the baseline AM 
formed from Cart3D. 
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a) Pitch moment 

 
b) Yaw moment 

 
c) Side force 

 
d) Normal force 

Fig. 14 Result of cokriging system ID (transparent) results against existing AM (solid) 

Figure 14 shows the cokriging results for the transverse forces and moments. A 
great deal of symmetry is expected since the forces and moments are predicted in 
the wind frame. That means over a roll cycle, a single flap deflection will exert a 
force that is resolved into both side and normal forces, and the peak contribution 
will occur when this force is aligned with one of the aforementioned axes. The same 
logic results in expecting pitch and yaw moment peak contributions to be 
symmetric as well.  

All results in Fig. 14 share one common feature—the existing AM apparently 
underpredicts the flap force and moment contributions at high deflections near 
Mach = 1. The cokriging model compensates for this by lifting the highest part of 
the Mach 1 ridge (large deflections) up to the system ID estimates. Due to the 
sparsity of subsonic system ID data (one point), the cokriging surface largely 
matches the shape of the existing AM; however, the trough in the subsonic region 
is not nearly as deep. Note that the kriging and cokriging models are trained in the 
domain 5∘ ≤ 𝛿𝛿 ≤ 20∘ and as such cannot extrapolate beyond these bounds. The 
existing AM is plotted using 2∘ ≤ 𝛿𝛿 ≤ 20∘ to show trends of the underlying 
surfaces in the foreground.  
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The point at (𝑀𝑀, 𝛿𝛿) = (3.73, 15∘) has little influence on the normal and side force 
cokriging results. It seems that other high-fidelity predictions in the vicinity cause 
it to consider this point as an outlier. On the moment plots, the point at (𝑀𝑀, 𝛿𝛿) =
(3.18, 20∘) is also significantly higher than the existing model; therefore, the 
cokriging surfaces rise to meet both.  

5. Conclusion 

This report shows how a high-fidelity, coupled CFD/RBD simulation was used to 
determine the zero AoA flap authority terms in an AM. A rank-one lattice technique 
was used to find 12 flight conditions that spanned the search space. At each flight 
condition, four independent flap deflection commands were determined using 
orthogonal multisine staircase functions. This allowed all four surfaces to move 
simultaneously during the virtual fly-out yet provide a response that is separable 
and observable for post-flight regressions. Due to the strong roll dependence of flap 
authority, input deflections and predicted forces were subdivided into 16 cases 
based upon the vehicle aerodynamic bank. Regressions were performed on each 
subset for the four transverse force/moment terms, resulting in 64 total estimates of 
each over a full roll cycle. These estimates were plotted, and a best-fit harmonic 
was found to capture the overall trend of each in a single amplitude at the fly-out 
Mach and deflection.  

The trend observed over a full roll cycle confirmed a fundamental assumption in 
the baseline AM that the force/moment contribution from a single flap could be 
predicted over the full roll cycle from zero roll predictions of the transverse 
components. The experiment was repeated at 12 flight conditions designed to span 
the Mach/deflection envelope for subsonic to high supersonic flight with small-to-
moderate defections. At each flight condition, the best-fit harmonic amplitudes 
were collected and compared to the baseline AM predictions. The regressions at all 
12 flight conditions bear out 2 essential corollaries to the fundamental modeling 
assumption that a) the flap force/moment contribution along a transverse axis 
resembles a single harmonic with a distinct amplitude, and b) this amplitude is 
shared (symmetric) between force components (S, N) and between moment 
components (m, n) for a specific flap deflection 𝛿𝛿. 

The single harmonic amplitudes found from regression were used to update the 
corresponding amplitudes from the baseline AM using cokriging. Cokriging 
combines a Gauss process model and a low-cost, low-fidelity model with a second 
model formed from the difference between the low-fidelity model and a higher-
fidelity model.  It is able to use a very sparse sampling of the high-fidelity model 
to tune the low-fidelity model to match the high-fidelity one, as long as the samples 
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span the input space. Since we chose the 12 flight conditions to adequately span the 
space, cokriging rendered updated response surfaces for the five force/moment 
quantities of interest that matched the amplitudes found from the computational 
experiment while generally preserving the response surface shapes of the baseline 
model. Since the response surface shapes were largely preserved during this tuning, 
we conclude that the baseline model was correct in assuming that combined flap 
contributions could be predicted from the force/moment contribution from a single 
flap. This also confirms the two corollaries previously mentioned.  
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Appendix. Rank-One Lattice Design of Experiments
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To generate n test points that span a d dimensional space, the jth test point is given 
as (Lyu et al.1): 

 
𝒚𝒚𝑗𝑗 = (𝑗𝑗∙𝐳𝐳)mod 𝑛𝑛

𝑛𝑛
, 𝑗𝑗 ∈ {0, 1, … ,𝑛𝑛 − 1}, (A-1) 

where the generating vector is given by  

 
𝐳𝐳 = �𝑔𝑔0 𝑔𝑔

𝑛𝑛−1
2𝑑𝑑 𝑔𝑔

2(𝑛𝑛−1)
2𝑑𝑑 ⋯ 𝑔𝑔

(𝑑𝑑−1)(𝑛𝑛−1)
2𝑑𝑑 � ∙ mod 𝑛𝑛, (A-2) 

and 𝑔𝑔 is a primitive root of n.  

For the 2-D search space in (𝛿𝛿, Mach) the entire design of experiment is found in 
just a few lines of MATLAB code:  
d = 2; 
n = 13; 
g = 2; % primitive root of n 
 
for k = 1:d 
 z(k,1) = mod(g^((k-1)*(n-1)/(2*d)),n); 
end 
 
y = mod(z*(0:n-1),n)*(1/n); 
 
% scale to degrees, & 0.45 < Mach < 4, round deflection to nearest 5 deg: 
y(1,:) = 5*(ceil(4*y(1,:))); 
y(2,:) = (4 - 0.45)*y(2,:) + 0.45; 
 

The circles plotted in Fig. 11 were rendered by this code without the rounding 
provided by “ceil.” The diamonds were rendered using the full code including 
“ceil.”  

  

 
1 Lyu Y, Yuan Y, Tsang I. Subgroup-based rank-1 lattice quasi-Monte Carlo. 34th Conference on Neural 

Information Processing Systems (NeurIPS 2020); 2020; Vancouver, Canada. 
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List of Symbols, Abbreviations, and Acronyms 

2-/3-D two-/three-dimensional 

6-DOF  six-degrees-of-freedom  

AM aerodynamic model 

AoA angle-of-attack 

ARL Army Research Laboratory 

CFD computational fluid dynamics 

cg center of gravity 

DEVCOM US Army Combat Capabilities Development Command 

FCS flight control system 

HPC  high-performance computing  

ID identification 

MAS moveable aerodynamic surface 

RANS  Reynolds-averaged Navier–Stokes  

RAS rigid aerodynamic surface 

RBD rigid body dynamics 

RBF radial basis function 

RPF  relative peak factor  

WT wind tunnel 

{x,y,z} projectile cg position in gun tube frame [m] 
{𝑉𝑉𝑥𝑥,𝑉𝑉𝑦𝑦,𝑉𝑉𝑧𝑧} projectile cg velocity in gun tube frame [m/s] 

{𝜙𝜙,𝜃𝜃,𝜓𝜓} projectile roll, pitch, and yaw in gun tube frame [rad] 

{u,v,w} projectile linear velocity in the body or no-roll frame [m/s] 

{p,q,r}  projectile angular rates in the body or no-roll frame [rad/s] 

{X,Y,Z} total force vector in projectile body frame [N] 

{L,M,N} total moment vector in projectile body frame [N-m] 

m projectile mass [kg] 

T rotation matrix 

S skew matrix for cross product 

I inertia matrix [kg-m2] or identity matrix 
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𝑉𝑉 total velocity √𝑢𝑢2 + 𝑣𝑣2 + 𝑤𝑤2 [m/s] 

𝜌𝜌 atmospheric density [kg/m3] 

S area of projectile cross section [m2] 

s arclength traveled [cal.] 

D projectile diameter [m] 

𝐶𝐶𝑁𝑁0
𝑀𝑀𝑖𝑖 normal force due to MAS i deflection at zero AoA 

𝐶𝐶𝑚𝑚0
𝑀𝑀𝑖𝑖  pitch moment due to MAS i deflection at zero AoA 

𝐶𝐶𝑙𝑙0
𝑀𝑀𝑖𝑖 roll moment coefficient due to MAS i deflection at zero AoA 

𝐶𝐶𝑆𝑆0
𝑀𝑀𝑖𝑖 side force due to MAS i deflection at zero AoA 

𝐶𝐶𝑛𝑛0
𝑀𝑀𝑖𝑖 side moment due to MAS i deflection at zero AoA 

Subscript 

b2i ground to body frame 

b2e body to Euler frame 

𝜗𝜗 placeholder for force moment terms 

Superscript 

T matrix transpose 

M MAS term 
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