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Abstract:

We investigate a few techniques to improve the signal-to-noise-ratio (SNR) of rangefind-
ing, sensing, and other light-detection applications. First technique filters out low photon
numbers using photon-number-resolving detectors (PNRDs). This technique has no classical
analog and cannot be done with classical detectors.

Then, we use quantum hypothesis testing — a tool of quantum information theory — to
show this detection is optimal, for an unknown coherent-state return signal. It is done by
deriving the limits of symmetric and asymmetric error probabilities and showing that this
detection saturates those quantum limits.

Finally, we show that a coherent state is the optimal probe in the sense that adding
squeezing, single-mode and two-mode, does not improve the performance. In particular,
quantum illumination does not outperform laser rangefinding when the phase is unusable.
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In addition, we checked other techniques; correlation functions and machine learning.
Using first-order correlation function, a factor of 2 improvement is obtained, which by re-
peating N times can be 2N . Unfortunately, Higher order correlation functions don’t present
any improvement. Moreover, a machine learning code is used, but could not provide the
same performance of optimal detection.

General introduction and photon-number thresholding:

Electromagnetic radiation is regularly used for measuring and sensing the physical world.
One particular sensing method, namely, laser rangefinding and Light Detection and Ranging
(LIDAR) is under continuous development. Increasing the range requires sensitive detectors,
and more recently, single-photon detectors (SPDs) [1, 2, 3, 4], and photon-number-resolving
detectors (PNRDs) [5, 6] have been used for this purpose.

It is an ongoing question what quantum optics can contribute to applications like LIDAR.
It has been proven that loss, such as in rangefinders and LIDARs, eliminates most quantum
effects [7, 8], thus, it is ineffective to use quantum states of light for those applications, rather
than classical light such as coherent states [9]. However, many proven quantum effects are
not a result of using quantum states, but of using quantum detection of these states. For
example, Bell-inequality violations are commonly attributed to the use of entangled states
[10]. However, all-optical demonstrations have been done with Gaussian states, such as
spontaneous parametric down-conversion [11]. It is well known that Bell’s inequalities are
satisfied when both the state and the detection are Gaussian [12], thus, in all-optical demon-
strations, Bell-inequality violations are caused by the non-Gaussian single-photon detection
[11]. Having said that, even though rangefinders and LIDARs are operated with coherent
states, quantum detection strategies such as parity [9], and photon thresholding (filtering out
low photon-numbers) [5] might still give a quantum advantage. In this paper, we rigorously
derive the SNR improvement of threshold detection over intensity detection.

One form of laser rangefinding is illustrated in Fig. 1. By sending short pulses of light,
and recording their return time, one can measure the range to a target using the speed of
light. The rangefinding information can be extended to three-dimensional imaging by adding
spatial resolution to the detection. Spatial resolution can be obtained by a gated camera
[13], raster scanning [3] or blocking masks [2, 6]. The last method also provides compressed
data acquisition, where the number of required measurements is far less than the number of
image pixels.

In daylight rangefinding, the classical noise from solar radiation dominates the quantum
noise, the latter of which is due to the photon-number fluctuations of the coherent source.
Solar radiation is blackbody radiation, and thus, single-mode sunlight has thermal photon-
statistics:

pth(n) =
n̄n
th

(n̄th + 1)n+1
, (1)

where pth(n) is the probability to measure n-photons within the coherence time, and n̄th =
(eh̄ω/kBT − 1)−1 is the average photon number, h̄ and kB are the Dirac and Boltzmann
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Figure 1: Illustration of the rangefinder system. A laser pulse is sent to a remote target
and a small portion is reflected back into the device. After spatial and spectral filtering, the
light is detected by a PNRD. Then, the photon number is thresholded by thresholding the
voltage height. A one-bit comparator stops the timer when a voltage peak, caused by the
detection of a bunch of photons, exceeds the voltage threshold.

constants and ω is the light frequency. The laser is a coherent light source and thus has a
Poisson photon distribution:

pp(n) = e−n̄p
n̄n
p

n!
, (2)

where n̄p is the average photon number. Since the solar flux is continuous, identifying the
signal is equivalent to distinguishing a mixture of coherent and thermal light from thermal
light alone. The mixture has mixed photon-statistics [14], p(n) =

∑n
m=0 pp(m)pth(n − m)

which can be written as

p(n) = e
n̄p
x
−n̄p

xn

n!
Γ
( n̄p

x
, n+ 1

)
, (3)

where x = n̄th/(n̄th + 1), and Γ(y, n+ 1) = n!e−y
∑n

m=0(y
m/m!) =

∫∞
y

tne−tdt is the incom-
plete gamma function.

Results, Discussion:

Typically, in quantum sensing technologies, it is the shot-noise limit (SNL) that is beaten
[15, 16]. While sub-SNL sensitivity can be obtained when the classical noise is negligible, it
is a much harder task when the classical noise is dominant [17, 18]. Nevertheless we show
that even in this regime, the SNR of quantum detection schemes can still surpass the SNR
of classical detection schemes.

Let us compare the classical intensity and our quantum-thresholding detection. Here the
signal is regarded as the detection output with the coherent light, and the noise with the
thermal light alone. As standard intensity detection is sensitive only to the average number
of detected photons, the average photon number of the thermal light alone is the noise and
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the sum of the average photon-number of the two light sources is the signal. Thus, the
classical SNR is

SNRc =
n̄p + n̄th

n̄th

. (4)

Threshold detection has a binary outcome; it is zero — if the detected photon number is
below the threshold photon number, and one — if the detected photon number is above the
threshold photon number. The signal of threshold detection is proportional to the probability
of successfully exceeding the threshold when coherent light also hits the detector. The noise
is proportional to the probability of exceeding the threshold when only thermal light hits
the detector. These probabilities are calculated by summing all the photon-number statistics
above N , the threshold photon-number.

Thus, the noise is ν
∑∞

n=N pth(n) = νxN , and the signal ν
∑∞

n=N p(n) = ν
[
1−∑N−1

n=0 p(n)
]
,

where ν is the number of experimental repetitions. After substituting p(n), reordering the
sums and summing over n, we are left with, ν

[
1 − ∑N−1

m=0

(
1 − xN−m

)
pp(m)

]
. Using the

formula of the incomplete gamma function and dividing by the noise, we get that the SNR
for threshold detection is:

SNRq =
1−

(
Γ(n̄p,N)

(N−1)!
− Γ(

n̄p
x
,N)

(N−1)!
e

n̄p
x
−n̄pxN

)
xN

. (5)

Notice that the noise exponentially decays with the threshold number. This decay eventually
gives the SNR improvement that we will see in the following.

We wish to get some insights into the expression of Eq. 5. First, we differentiate the SNR
with respect to n̄p,

∂

∂n̄p

SNRq =
(1
x
− 1

)Γ( n̄p

x
, N)

(N − 1)!
e

n̄p
x
−n̄pxN > 0

which means that the SNR is a monotonically increasing function of the coherent mean-
photon number regardless of the threshold and average thermal photon number. This de-
pendence is expected since increasing the signal intensity should increase the SNR.

Next, we check the threshold dependence on photon number. The difference [SNRq(N +
1) − SNRq(N)] can be written as [

∑∞
n=N p(n + 1) − ∑∞

n=N p(n)x]/xN+1, where the first
summation is transformed as n → n + 1. Now the two summations can be regrouped into
one, and its argument is (1− x)pp(n+ 1). Thus, the SNR obeys

[SNRq(N + 1)− SNRq(N)] =
1− x

xN+1

∞∑
n=N

pp(n+ 1) > 0 , (6)

i.e, taking larger photon-number thresholds increases the SNR for any intensity of the co-
herent and thermal light.

In order to demonstrate the advantage of our quantum scheme, Fig. 2 shows the ratio of
the quantum and classical SNR for a fixed average thermal photon number of one. Different
threshold photon numbers are plotted with different line widths.
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Figure 2: The ratio of the quantum and classical SNR for fixed thermal average photon-
number of one. Thresholds of N = 2, 3, 4, 5 are plotted where a thicker line corresponds
to a higher threshold. The dashed black line at one represents the limit, above which the
quantum scheme gets a better SNR.

For many average signal and threshold photon numbers, the ratio of SNR is above one,
which means that the quantum SNR exceeds the classical SNR. This improvement is a result
of the difference between the signal and noise photon distribution. The thermal distribution
is dominant near the low photon numbers, whereas the Poisson distribution is more dominant
near the mean photon number. By using threshold detection we exclude low photon numbers
where the noise is dominant.

As shown in Eq. 6, the quantum SNR increases when a larger photon number threshold
is used. Thus, the ratio of the two SNRs increases with the threshold, since the classical
SNR is independent of the threshold. However, taking threshold much larger than the
average photon number will cause substantial decrease in the successful threshold detection.
Any practical application should choose the threshold photon number in accordance with
this trade-off; higher threshold means higher SNR but lower successful threshold detection,
lower threshold means higher successful threshold detection but lower SNR. For a practical
rangefinder or LIDAR, threshold detection success should be every couple of trials. Thus, in
the regime of a few detected signal photons, the best improvement is around four.

In Fig. 2, for every threshold there is an average signal photon number where the improve-
ment is maximal. In Fig. 3a this maximum mean photon number is plotted as a function of
the threshold. The improvement is maximal where the threshold is around the mean photon
number. This observation can be understood by the fact that the coherent light has a more
localized distribution than the thermal light, i.e. the variance of Poisson distribution equals
the mean and that of thermal distribution equals the mean square. Thus, if the threshold is
well-above the mean photon number of the signal, the detection loses most of the signal, and
if it is well below the mean photon number, it is contaminated with noise without gaining
signal.

As seen in Fig. 2, the quantum SNR does not always exceed the classical SNR. Figure
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Figure 3: (a) The coherent light (signal) intensity that achieve the best improvement with
respect to the classical detection scheme for fixed thermal average photon-number of one.
(b) Parameter-space representation of the quantum improvement. The line denotes the limit
of quantum improvement, where below the line the threshold detection gives higher SNR
than the classical detection, for particular threshold number, N. The area under the line
increases for larger threshold numbers, showing the improvement achieved by taking larger
threshold.

3b is a parameter-space plot, showing the parameters under which quantum detection is
superior. Below the line (the darker area) threshold detection presents better SNR. As
expected from Eq. 6, the area, where quantum detection outperforms the classical detection,
grows as the threshold number is increased. We note that the curved point of each graph
holds N ≈ n̄th. This fact may help to set the threshold as in most applications the noise
intensity is approximately known or can be easily measured.

In the same manner, it seems from the bottom right side of Fig. 3b that threshold
detection always gives better results where the noise is high and the signal is low. Thus, in
high-noise low-signal regime, threshold detection is definitely preferable.

While Eq. 5 and Fig. 2 show the average results for the quantum SNR and SNR ratio
(i.e. infinite ensemble of measurement samplings), most applications may sample the signal
only a few times. We simulate multi-target rangefinding to show the improvement with a
finite number of samplings. In the simulation, the time is divided to 50 time-bins, where
the thermal noise is fixed with n̄th = 1. Each time-bin contains noise photons distributed
thermally. Four targets are simulated by adding photons with a Poisson distribution of
0.5 , 1 , 3 and 10 mean photon numbers at times of 10, 20, 30 and 40, respectively. The
simulation runs 100 and 10,000 times, where the former is equivalent to less-than-a-second
operation of a typical rangefinder.

The simulation results are shown in Fig. 4. Naturally, the effect of low sampling is larger
fluctuations, which can be seen in Fig. 4a, especially for five-photon thresholding where the
detection rate is low. The weak target with n̄p = 0.5 is detected well with two-photon
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Figure 4: The simulation results comparing intensity detection and thresholding detection
for 100 (a) and 10,000 (b) repetitions. The intensity detection is plotted with solid black
line, two-photon thresholding with red dotted line, and five-photon thresholding with blue
dashed line. The three graphs are slightly shifted, for visual purposes. The signal height is
normalized such that the noise average is one. The inset shows the same comparison only
for the time bins with the coherent photons. The intensity detection is plotted with black
boxes, two-photon thresholding with red asterisks, and five-photon thresholding with blue
circles.

thresholding but not detected at all with five-photon thresholding. This effect is again due
to the detection rate. When the number of simulation repetitions is increased, the ratio of
the SNR approaches the values of Fig. 2. For the target with n̄p = 10, the output of five-
photon thresholding is 31.7 and of intensity is 11.1. As the noise is normalized to one, the
ratio of the SNR is just 31.7

11.1
= 2.86 which is exactly the result of Fig. 2. For the weak target

with n̄p = 0.5, the output of two-photon thresholding is 1.58, of five-photon thresholding is
1.77 and of intensity is 1.51, which gives SNR ratio of 1.04 and 1.17 where 1.05 and 1.10 are
deduced from Fig. 2.

We propose to implement the threshold detector with PNRD. There may be other im-
plementation methods, such as N-photon-ionization processes. Additionally, other detection
protocols using PNRDs may give higher gain of the localized photon distribution, and thus,
better SNR improvement. Examples include exact photon-number detection (i.e. projecting
on a specific Fock state) [19] and a range of photon-number detection. These protocols re-
quire knowledge about the signal intensity and are suited to applications with known signal
intensity. Threshold detection does not require knowledge about the signal intensity, and
thus is suited to applications like rangefinding and LIDAR, where the signal intensity is a
priory unknown.

After we published the thresholded quantum-LIDAR paper, we had a few discussions
regarding the paper [20]. One question, raised from those discussions, was how the SNR
should be defined. One way to define the SNR is to compare the detection output with and
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without the signal photons. In this case, the classical SNR is [21, 22]:

SBRc =
n̄p + n̄th

n̄th

. (7)

For clarity, we rename this SNR as signal to background ratio (SBR). Alternatively, the SNR
can be defined as the detection output difference (with and without signal photons) over the
total noise. In this case the classical SNR is [23]:

SNRc =
n̄p − n̄th√

Δ2(np + nth) + Δ2nth

=
n̄p − n̄th√

n̄p + 2n̄th(1 + n̄th)
. (8)

Threshold detection has a binary outcome; it outputs zero if the detected photon number
is below the threshold photon number, and it outputs one if the detected photon number is
above the threshold photon number. Thus, the detector output without the signal photons
is γth =

∑∞
n=N pth(n) = xN , and with them it is γp =

∑∞
n=N p(n) =

[
1 − ∑N−1

n=0 p(n)
]
.

After substituting p(n), reordering the sums and summing over n, we are left with, γp =[
1 − ∑N−1

m=0

(
1 − xN−m

)
pp(m)

]
. Using the formula of the incomplete gamma function and

dividing by the noise, we get that γp = 1 −
(

Γ(n̄p,N)

(N−1)!
− Γ(

n̄p
x
,N)

(N−1)!
e

n̄p
x
−n̄pxN

)
. Therefore, the

SBR and SNR for threshold detection are as follows:

SBRq =
γp
γth

, (9)

SNRq =
γp − γth√

γp(1− γp) + γth(1− γth)
. (10)

As seen in Figure 5, both measures show quantum enhancement; i.e., the quantum SNR
(SBR) is greater than the classical SNR (SBR). SBR and SNR are two measures for evaluat-
ing the performance of a LIDAR system, but not the only ones [21, 22, 23]. It is interesting
to consider different measures like the error probability in further research.

Introduction to quantum hypothesis testing:

One of the main goals of quantum information theory [24, 25, 26, 27] is to identify the
ultimate limits of information-processing tasks. One such basic task is the discrimination of
two quantum states, and this problem is known as quantum hypothesis testing [28, 29, 30].

There are various ways of measuring the performance of hypothesis testing, and two
prominent methods are known as symmetric and asymmetric hypothesis testing. In the
former, there is an assumed prior probability distribution on the two states, and the goal
is to minimize the average error probability of misidentifying the states. In the latter, no
prior probability distribution is assumed, and the goal is to minimize the probability of a
missed detection error (Type II), subject to a constraint on the false alarm error probability
(Type I).

A sensing task, which measures an unknown physical quantity of a system, is usually
accomplished by detecting a probe state that interacts with the system [17]. The interaction
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Figure 5: The ratio of the quantum and classical SBR (a) and SNR (b) for fixed thermal
average photon-number of one. Thresholds of N = 2, 3, 4, 5 are plotted where a thicker line
corresponds to a higher threshold. The dashed black line at one represents the limit, above
which the quantum scheme gets a better SBR/SNR.

results in a change of the probe state, and this change depends on the physical quantity of
interest. Then identifying the probe state extracts the quantity’s value [31]. Thus, there is
an intimate connection between quantum information processing and quantum sensing.

In particular, for the well-known setting of range finding and LIDAR, a short laser pulse
is transmitted in a direction in which a target is suspected to be present (see Figure 6).
If the target is present, the return state is a mixture of the original laser light and the
background light, which is thermal. If the target is absent, then the return state is just
thermal background light. Thus, discriminating between a thermal state and a mixture of
a thermal and coherent state is equivalent to sensing the presence or absence of the target
(known as target detection).

Target detection has been shown to be one of the tasks that can be improved by using
quantum probes [32, 21]. This is typically conducted, as mentioned, by differentiating be-
tween two and only two states: one representing the presence of a target and the other the
absence. However, a hidden assumption is present in this commonly employed model: if the
target is present, the return state is assumed to be known; in particular, its intensity and
phase are assumed to be known. While the optimal detection – the detection that saturates
the quantum limit – might be known [33] and implementable in principle, it uses all the
information available about the two states. Thus, for ranging applications, in which the
intensity and phase of the return state are often unknown, different limits should be found,
and another detection scheme should be devised. This motivates the results reported in here.
The results of quantum target detection are still valuable for a fixed range with a known
phase, i.e., imaging.

Here, we tackle the problem of detecting an unknown return state, by proceeding in two
steps. As a first step, we lift the assumption of known intensity but leave the phase fixed
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Transceiver

Figure 6: Illustration of a typical ranging setup. A short laser pulse is sent to a potential
target. If the target is present, an unknown coherent state is received together with the
background. If the target is absent, only the background thermal state is detected.

and known. The physical scenario corresponding to this step is one in which the range is
fixed but the attenuation is unknown. As a second step, we lift the assumption of a known
phase, which corresponds to the general scenario of ranging applications. More precisely, we
calculate the bounds for the symmetric and asymmetric single-shot error probabilities, and
we then devise a single detection scheme and measurement to minimize the error probabilities
over all possible return states. To verify the theory presented here, we have also performed
numerical simulations.

Setup and background—In range finding and LIDAR, a short pulse of a laser is sent
towards a potential target with an unknown range. The fragment of the laser light is detected
by a receiver. In the absence of the laser light, a thermal state is received (corresponding to
the thermal background), denoted by the state ρth and defined as

ρth :=
1

1 + n̄th

∞∑
n=0

(
n̄th

1 + n̄th

)n

|n〉〈n| , (11)

where n̄th is the average photon number, and |n〉 is the n-photon number state. Henceforth,
the Fock basis is used to represent the states. (See Ref. [34] for background on quantum
optics.) In the presence of the target, the received state is a displaced thermal state ρs,
defined as

ρs := D̂(α)ρthD̂(α)† , (12)

where D̂(α) = ei(αâ
†−α∗â) is the displacement operator and α = eiφ|α| is the parameter of

the unknown coherent state reflected from the target. The amplitude |α| is determined by
the overall attenuation of the round trip to the target and back, and the parameter φ in eiφ

is the overall accumulated phase. In particular, both parameters depend on the range to the
target. Notice that we assume here that the laser light and the background light interfere
and the received light is always a single mode. The displaced thermal state ρs is represented
in the number-state basis as follows:

〈n|ρs|m〉 = 1

1 + n̄th

∞∑
k=0

(
n̄th

1 + n̄th

)k

〈n|D̂(α)|k〉〈m|D̂(α)|k〉∗ , (13)
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and the number-state representation 〈n|D̂(α)|m〉 of the displacement operator D̂(α) is as
follows [35]:

〈n|D̂(α)|m〉 =
⎧⎨
⎩
e

−|α|2
2

√
m!
n!
eiφ(m−n)(−|α|)n−mL

(n−m)
m (|α|2) n ≥ m

e
−|α|2

2

√
n!
m!
eiφ(m−n)|α|m−nL

(m−n)
n (|α|2) m ≥ n

, (14)

where L
(k)
n (x) is a generalized Laguerre polynomial.

Symmetric error setting:

For a single-shot experiment, the optimal symmetric error probability is given by the Hel-
strom bound [36, 28]:

pHerr =
1

2

(
1− 1

2
‖ρs − ρth‖1

)
, (15)

where ρs/th are the two states under question and ‖ · ‖1 is the trace norm. Related to this,
the limit of a specific measurement channel M is given by

pHerr(M) =
1

2

(
1− 1

2
‖M(ρs)−M(ρth)‖1

)
, (16)

where M(ω) denotes the probability distribution resulting from the measurement acting on
the state ω and ‖ ·‖1 in this case denotes the 	1 distance of the two probability distributions.

The Helstrom bound as a function of the return intensity is plotted as the dotted blue
curve in Figure 7a. Reaching the Helstrom bound is accomplished by optimizing over all
possible measurements. In this work, we limit the measurement setup to displacement op-
erations followed by photon-number detection, known as the generalized Kennedy receiver
[37, 38]. This measurement scheme is experimentally realizable but does not generally achieve
the Helstrom bound. It has been used for the related problem of discriminating a thermal
state from a coherent state and demonstrated error probabilities close to the Helstrom bound
for that problem [39]. Furthermore, photon-number detection has been demonstrated in LI-
DARs [6]. Optimizing over displacements, the limit of this measurement setup is calculated
by Eq. (16) and is depicted as the green solid curve in Figure 7a. We note that the displace-
ment is optimized for Ns = 1 and has been kept fixed for all intensities, because we have
assumed that the intensity is unknown to the receiver.

To validate the theory outlined above, we have performed numerical simulations that
replicate the results of a ranging experiment. A photon number n is randomly chosen, based
on the probability distributions that result when the target is either absent or present. For
photon number detection, the optimal decision rule is the well-known Neyman–Pearson test
[40]:

ps(n)− pth(n) ≥ 0, (17)

where ps(n) := 〈n|D̂(β)ρsD̂
†(β)|n〉 is the probability of measuring n photons after optimal

displacement (β) with a target and pth(n) := 〈n|D̂(β)ρthD̂
†(β)|n〉 after optimal displacement
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Figure 7: Symmetric (a) and asymmetric (b) error probabilities as a function of the intensity
of the return signal with a known phase. The quantum limit is shown by a blue dotted
curve. The limit of photon-number detection after optimal displacement is presented with
a green solid curve. The simulated data are presented with yellow stars. For the symmetric
error setting, simulated data without changing the measurement are presented with orange
diamonds. These data fit to the theoretical prediction (black short-dashed curve). The
average photon number of the thermal source is set to 1. For the asymmetric error, the
false-alarm error probability threshold is set to 0.01. See text for more details.

without a target. If the inequality in Eq. (17) is satisfied, the receiver concludes that the
target is present, and if the inequality is violated, the receiver concludes that a target is not
present. In our numerical simulations, we have repeated the detections a large number of
times and counted the number of times that the receiver guesses incorrectly, leading to the
average error probability presented by yellow stars in Figure 7a.

We arrive at one immediate conclusion from the simulations: to reach the measurement
limit, the photon number distribution is used. However, it is impossible to do this in a
single shot if the intensity is unknown. A possible solution is to fix ps(n) in the decision rule
to be the photon number distribution for Ns = 1. The new theoretical prediction and the
simulation results for that are also plotted in Figure 7a, as a dashed black line and orange
diamonds.

Asymmetric error setting:

Next, we consider the setting of asymmetric error probability (see, e.g., [24] for the general
case and [41] in the context of bosonic Gaussian states). In this setting, the false-alarm error
probability is constrained to be below ε ∈ (0, 1), and the missed-detection error probability
is minimized subject to this constraint. The quantum-limited error probability is then given
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by
β(ε) := min

Λ̂
{Tr(Λ̂ρs) | 0 ≤ Λ̂ ≤ I, Tr(Λ̂ρth) ≥ 1− ε} , (18)

where the minimization is performed over every measurement operator Λ̂ satisfying Tr(Λ̂ρth) ≥
1−ε. This optimization can be performed using semi-definite programming [42], which allows
for calculating β(ε) numerically.

The ultimate limit is displayed by the dotted blue curve in Figure 7b. This limit can be
modified for a specific measurement scheme M by replacing the states ρs and ρth with M(ρs)
and M(ρth), respectively. Taking the measurement M to be photon-number detection after
optimal displacement, the modified limit is depicted with a green solid curve in Figure 7b.

In the case that we first perform a displacement and photon-number detection on the
states involved, the optimal operator Λ̂ has a simplified form, diagonal in the photon-number
basis, and becomes equivalent to a stochastic decision rule. It takes the following form

Ω̂ =
∞∑
n=0

Ω(n)|n〉〈n| , (19)

where Ω(n) ∈ [0, 1] for all n, so that each Ω(n) corresponds to the probability of deciding
that the target is present.

Using the same simulation procedure described above, we have generated simulated data
for the setting involving asymmetric error probability. For a drawn photon number n, the
receiver decides that the target is present with probability Ω(n) and that the target is absent
with probability 1 − Ω(n). The probability Ω(n) is found by the minimization procedure
given in Eq. (18) after applying the optimal displacement and photon-number detection (see
also Figure 10). The single-shot error probability is obtained by averaging the simulation
results and plotted as yellow stars in Figure 7b. In this setting, unlike that for symmetric
error probability, the optimal measurement is set only by the thermal state through the
condition Tr(Λ̂ρth) ≥ 1− ε. Thus, the same measurement is used for every signal intensity,
and it is not affected by the unknown signal intensity.

Unknown phase:

Up until this point, we have considered a return signal state having a known and fixed phase.
The phase was used when optimizing the displacement and when calculating the photon
number distribution. In a typical single-shot ranging experiment, however, the phase is not
known; thus, to calculate the average error probability for an unknown phase, one should
integrate over all phases. When doing that, the results of the average errors are much worse
than those in the scenario involving with known and fixed phase. This is a result of using a
measurement that is phase sensitive when the phase is unknown. Moreover, in a single-shot
experiment, one cannot determine if the return state has a fixed phase or an unstable phase.
Thus, it can be assumed to be the latter. In this case, the signal state is

ρ′s =
1

2π

∫ 2π

0

dφ ρs(φ), (20)
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Figure 8: (a) Symmetric and (b) asymmetric error probabilities as a function of the inten-
sity of the return signal with an unstable phase. The quantum limit is depicted as a red
dashed curve. The simulated data are presented with purple boxes. For the symmetric error
probability, simulated data without changing the measurement are depicted as orange dia-
monds. These data fit the theoretical prediction, which is depicted as a black short-dashed
curve. The average photon number of the thermal source is set to 1. For the asymmetric
error probability, the false-alarm error probability is set to 0.01. See the main text for more
details.

where here, for clarity, we have written ρs(φ) := D̂(α)ρthD̂(α)† to indicate the explicit
dependence of the state of Eq. (12) on the phase φ, where α = |α|eiφ. Since

〈n|D̂(α)|k〉〈m|D̂(α)|k〉∗ ∝ eiφ(m−n), (21)

then ∫ 2π

0

〈n|D̂(α)|k〉〈m|D̂(α)|k〉∗dφ ∝ δn,m. (22)

That is, this expression is equal to zero if n �= m. Plugging this observation into Eq. (13),
we find that the matrix elements of the dephased state ρ′s are given by [43]

〈n|ρ′s|m〉 = n̄n
th

(1 + n̄th)n+1
exp

(
− |α|2
1 + n̄th

)
Ln

(
− |α|2
(1 + n̄th)n̄th

)
δn,m . (23)

Therefore, in the case of an unstable phase for the return signal, the state has no phase
information and a phase-insensitive measurement is optimal.

We repeat the same analysis for the unstable phase state. The Helstrom bound and the
missed-detection error probability bound are plotted with red dashed curves in Figures 8a and
8b, respectively. The simulations are reproduced with one difference; there is no displacement
that impacts the photon statistics. The average error probabilities from the simulation are
plotted as purple boxes in Figures 8a and 8b. Similar to the known phase case, the optimal
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Figure 9: Symmetric error probability as a function of cutoff photon number. The black
dashed line is the Helstrom bound. Using higher photon-number resolution enables to in-
tensify the displacement and to get closer to the Helstrom bound.

symmetric error probability uses the information about the photon statistics of the return
signal state. If this use is prevented, the simulation results imply that there is a larger error
probability. This is in agreement with the theoretical prediction.

Discussion:

For the known phase case, we found that applying an optimal displacement followed by
photon-number detection leads to an error probability that is near the quantum limit. This
detection strategy is phase sensitive and works well when the phase is fixed and known, but
less well for the unstable phase case. Regardless, when we apply this strategy to the latter
case, the error probability is higher than when applying a phase-insensitive measurement.

The optimal displacement is highly sensitive to the chosen cutoff photon number. In-
creasing the cutoff number increases the optimal displacement parameter and decreases the
error probability. The error probability as a function of the cutoff number is depicted in Fig-
ure 9. We speculate that in the limit of infinite displacement (and infinite photon-number
resolution), this measurement scheme saturates the quantum bound. In the other figures
and simulations, we have employed a cutoff of 30 photons.

For the setting involving symmetric error probability, the classical decision rule after
performing a photon number measurement with an outcome of n photons, preceded by or
not preceded by displacement, is conducted by checking the sign of ps(n) − pth(n). It can
be shown that the two probabilities under question intersect only in one point. This means
pth(n) is larger up to some photon number — the threshold photon number — and smaller
after it. Thus, no target is presumably detected if a photon number less than the threshold
is measured, and the target is presumably detected if a larger photon number is measured.
Thus, we have found that the near-optimal detection is photon-number thresholding [20]
after displacement. For the case of unstable phase, photon number thresholding is optimal.

In general, for ranging applications, the setting with asymmetric error probability is more
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Figure 10: Acceptance probabilities as a function of measured photon number. The back
yellow bars are the acceptance probabilities for the simulated data of Figure 7a, and the
front blue bars are the acceptance probabilities for the simulated data of Figure 8a. See text
for more details.

applicable than the symmetric setting. This is because one is typically willing to tolerate
false-detection errors at a fixed rate and then the goal is to minimize the rate of missed-
detection errors. Thus, saturating the quantum limit for this error has higher importance.
Fortunately, for the setting of asymmetric error probability, our results follow the quantum
limit for the known phase case and saturate it for the unknown phase case.

For the setting with asymmetric error probability, the decision rule upon measuring n
photons is random, i.e., the stochastic decision rule Ω(n), found in Eq. (19). The probabilities
for this stochastic decision rule are displayed in Figure 10, for the measurements used in
Figures 7b and 8b. Those measurements are very close to threshold detection, since the
acceptance probabilities are equal to zero for low photon number and equal to one for high
photon number (which also makes the decision deterministic). The only difference is that the
value for the intermediate photon number is not an integer. This causes a non-deterministic
choice, unlike threshold detection. This measurement can be thought of as a generalization
of a non-integer photon-number threshold detection — it passes for every detected photon
number larger than the threshold photon number, it fails for every photon number lower than
the threshold, and passes randomly if the detected photon number equals the threshold. This
generalized threshold detection can be realized in the lab by setting the threshold voltage
in the middle of the Gaussian packet of the threshold photon number, instead of being in
between Gaussian packets of different photon numbers. Thus, when the detected photon
number equals the threshold, a target is announced randomly based on the electronic noise,
which serves as a random generator.

While threshold detection has been suggested for ranging applications [20], it has not
been proven to be optimal. Here, not only do we demonstrate that it is optimal (at least for
the asymmetric setting), but we also present the protocol that sets the optimal threshold.

A practical experimental setup suffers from imperfections. The presented protocol can
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be easily modified to fit modeled imperfections. Usually, optical loss is the most significant
effect. However, here it does not affect our results, given that a displaced thermal state
remains such after loss. All the above discussion is then conducted on the measured state,
i.e., after loss. Other imperfections will change the measured photon statistics [44]. Since
this change is modeled and known, the rest of the detection protocol stays the same but
then is conducted with the modified statistics.
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Appendices (published with report):
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Figure 11: (a) The optical setup size is about one foot square, and the path difference is
about 3mm long. The phase was shifted by rotating a piece of window, increasing the optical
path by a fraction of a wavelength. (b) Experimental results of laser only (blue), thermal
light only (orange) and both (yellow). Solid lines represent the measured intensity without
the unbalanced Mach-Zehnder interferometer and starred data points with it. For the phase
of zero, the thermal intensity is cut to half while most of the laser intensity is preserved. (c)
Schematic diagram of adding more interferometers. In this case, the thermal-light intensity
is reduced by a factor of about 0.5N where N is the number of interferometers. We note that
the path difference cannot be the same in all interferometers.

Rejecting the thermal light with first order coherence:

The phenomenon of interference is governed by ‘first order coherence.’ If two meeting waves
are coherent with each other, meaning the phase between them is locked, they interfere
and the resulting amplitude of the interfered wave varies between the amplitude difference
and sum of the original waves. If the phase between the two waves fluctuates rapidly, the
interference is smoothed away to the averaged value.

One can interfere the same wave with itself at different times. Interference is observed
when the two points are within the coherence time of the field. An unbalanced interferometer
is one way of interfering the same light source in different times. Not all light sources have
the same coherence time. In fact, lasers (usually used in LIDAR systems, e.g.) have very
long coherence times compared to thermal sources (e.g. the solar radiation), where the ratio
for short-pulse lasers can be as large as 106.

In order to demonstrate the advantage that can be utilized from different coherent
times, we conduct an experiment in Prof. Hagai Eisenberg’s lab at the Hebrew University of
Jerusalem. A schematic diagram of the experiment setup is shown in Figure 3a. The laser
and thermal light are spatially aligned on a beamsplitter, then directed into an unbalanced
Mach-Zehnder interferometer, where one arm is 3mm longer. The length difference, corre-
sponding to 10 ps time difference (10−11 seconds), destroys the thermal-light interference but
not the laser interference.
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The results are presented in Figure 11b. Clearly when changing the phase, the laser
intensity (blue stars) exhibits interference, while the thermal intensity (orange stars) exhibits
no change. One would wish to work at the zero phase point, where the laser intensity keeps
most of itself. At this point, the laser intensity keeps 89.3 percent while the thermal light
keeps only 48.6 percent. The latter implies that 2.8 percent was lost due to the linear loss
in the interferometer, and thus, 9.1 percent of the laser intensity is lost due to imperfect
interference.

Now, we combine the laser and thermal light such that the SBR before the interferometer
is 1.15. At the sweet spot after the interferometer, the SBR is 2.11, which introduces
improvement by a factor of 1.84. Building a setup with N unbalanced interferometers (see
Figure 11c), would improve the SBR exponentially by a factor of 1.84N . We note that the
SNR should show similar improvement.

Rejecting the thermal light with high order coherence:

Second-order correlation function, g(2)(τ), has its origins in the Hanbury-Brown Twiss exper-
iment, and is obtained by the intensity-intensity correlation: g(2)(τ) = 〈I(t)I(t+ τ)〉/〈I(t)〉2,
where 〈·〉 denotes average over time. Here, we try to exploit the different outputs of the cor-
relation function of different states to get another method for finding the signal in LIDAR
systems.

In the quantum analog of the correlation function, we replace the intensity by the number
operator, n = a†a (a†, a are the creation and annihilation operators) and perform normal
order (putting the annihilation operators before the creation operators). Thus, the quantum
second-order correlation function is

g(2)(τ) =
〈ψ|a†(t+ τ)a†(t)a(t+ τ)a(t)|ψ〉

〈ψ|a†(t)a(t)|ψ〉2 , (24)

where 〈ψ| · |ψ〉 is the expectation value with respect to the state |ψ〉. The annihilation and
creation operators may commute or partially commute at different times. This would reduce
the value of the correlation function of the thermal light and reduce the difference from the
correlation function of the laser light. Thus, we are mostly interested in the correlation
function at zero:

g(2)(0) =
〈ψ|n2 − n|ψ〉
〈ψ|n|ψ〉2 =

∞∑
n=0

p(n)(n2 − n) , (25)

where p(n) are the photon statistics of the state |ψ〉, and this formula was obtained by
writing the state as a superposition of Fock (number) states. Now, we calculate the second-
order correlation function of the mixed thermal-coherent light by substituting the statistics
of Eq. (3):

g(2)(0) = 1 +

(
n̄th

n̄th + n̄p

)2

. (26)

It can be seen that in the limit of only laser or only thermal light, we get the well-known
values of the correlation function.
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Figure 12: The ratio of the quantum and classical SBR (a) and SNR (b) for fixed thermal
average photon-number of one. g(2) results are plotted in orange and g(3) results are plotted
in blue. The dashed black line at one represents the limit, above which the quantum scheme
gets a better SBR/SNR.

To calculate the SBR of g(2), we divide the detection output of Eq. (26) with and without
the laser photons:1

SBRq = 2
(n̄th + n̄p)

2

(n̄th + n̄p)2 + (n̄th)2
. (27)

Our next step is to calculate the SNR. For that we use the error propagation formula to

compute the error of the correlation function: Δ2g(2)(0) = ∂2g(2)(0)
∂〈n〉2 Δ2〈n〉 + ∂2g(2)(0)

∂〈n2〉2 Δ2〈n2〉,
where 〈·〉 = 〈ψ| · |ψ〉 for shortcut, Δ2〈nk〉 = 〈n2k〉 − 〈nk〉2, and 〈nk〉 is the kth moment of
the photon statistics. Substituting the latter relation and the derivatives, we get the noise

to be: Δ2g(2)(0) =
(
4 〈n2〉2

〈n〉6 + 1
〈n〉4

)
(〈n2〉− 〈n〉2)+ 1

〈n〉4 (〈n4〉− 〈n2〉2). Now we can write down

the quantum SNR for g(2)(0):

SNRq =
1−

(
n̄th

n̄th+n̄p

)2

√
Δ2g

(2)
th (0) + Δ2g

(2)
mix(0)

, (28)

where Δ2g
(2)
th (0), Δ

2g
(2)
mix(0) are the noise of the correlation function for the thermal light and

mixed of thermal and coherent. We compare the SBR and SNR of g(2) to the classical ones
by taking the ratio in Figure 12, where the results are plotted in orange. Unfortunately, the
quantum SBR/SNR is always below the classical.

One might think this may be changed for higher-order correlation functions. Thus, we
also check g(3) to reveal the tendency of the SBR/SNR while increasing the order of the
correlation function. The procedure of calculating the quantum SBR and SNR of g(2) is

1we inverse the SBR to get something larger than 1, because we care only from the contrast.
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Figure 13: Comparison of symmetric error rates for machine learning and the optimal quan-
tum detection.

repeated for g(3). Analytically, the quantum third-order correlation function is

g(3)(0) =
〈ψ|a†3a3|ψ〉
〈ψ|a†a|ψ〉3 =

〈ψ|n3 − 3n2 + 2n|ψ〉
〈ψ|n|ψ〉3 = 1 +

5n̄3
th + 3n̄2

thn̄p

(n̄th + n̄p)3
, (29)

where we first reorder the creation operators to write g(3) in terms of number operators, and
then use the statistics of Eq. (3). Notice that for thermal light/ laser only this formula gives
6/1 which is the known result. From Eq. (29), one can calculate the quantum SBR/SNR of
the third-order correlation function, as shown above. Here, we present the outcome visually
in Figure 12 (blue lines). Not only that the SBR/SNR of g(3) is below the classical, but also
it is below this of g(2), which suggests that taking higher orders only lowers the SBR/SNR.

Machine learning performance:

A side research direction of this project is to employ deep learning technique to discrim-
inate the coherent and the mixture of the coherent and thermal light. We have used a
two-dimensional convolution neural network with the help of TensorFlow library [45]. Our
convolution neural network is very simple with just two convolution layers and three fully
connected layers. The average errors of the machine learning code are presented by blue
dots in Figure 13 and have shown a rapid decrease with the increment in the input data
points. For more than 10 data points, the neural network has failed to follow the quantum
limit scaling, presented by black empty boxes. The quantum limit has been obtained by
simulations as described above but with multiple trails per testing. We believe the deviation
from the quantum limit is a result of the high dimensionalilty, which cannot be reduced by
the machine learning code, and thus cannot follow the quantum limit.
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