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ABSTRACT

Three snecific factors concerninz vibration machines and
vibration measurements have been considered because of their im-
mediate interest at this time. These factors are:

(a) Effects of a flexibly mounted load on the vibration
characteristics of a reaction type vibration machine.

(b) Effects of a flexibly mounted load on the bearing
forces of a direct drive vibration machine.

(c) Significance of the commonly made vibration measure-
ments of acceleration and displacement amplitudes.,

It is concluded (a) The vibration characteristics of a reaction
type machine cannot generally be predicted. (b) The maximum
bearing pressure of a direct drive machine is determined prin-
cipally by resonant amplitudes of heavy flexibly mounted apparatus.
(c) RMS measurements of vibration amplitude should be in terms

of displacement amplitude rather than acceleration amplitude un-
less wave analyzers are used.
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INTRODUCTION

(4) Authorization and References

L. This work was authorized by reference (a).

Ref. (a) Bureau of Ships Project Order No., 1433/42
of 24 September 1941,
Ref. (b) Mechanical Vibration, Den Hartos, 2nd edition,
McGraw-Hil1ll, 1940,
Ref. (¢) Tentative Shock & Vibration Specifications
for Shipborne Naval Radar Equipment, Bureau
of Ships, RE9284A, 7 October 1943.

(B) Statement of Problem

AP The purpose of this report may be divided into thrse.
parts:

(a) Analysis of vibration characteristics of a reaction
type vibration machine under load conditions. A
reaction type machine is driven by one or nore at-
tached rotating unbalanced weights.

(b) Analysis of possible bearing pressures for the direct
drive type vibration machine, The direct drive machine
is forced to vibrate at some given amplitude by me-

- chanical linkages between the table top and the source
of driving power, which is attached to a heavy base,

(c) Discussion of the significance of commonly made vi-
bration measurements of acceleration and displacement
amplitudes.

GENERAL DISCUSSION

3. The construction, installation, and probable upkeep
difficulties encountered in dirsct drive machines appear to be
enormously zreater than those for reaction type machines de-
signed for the same load capacity. No atfempt will be made to

weigh the various factors 1nvolved to determine which 1s the
more suitable machine for any given situation. The three points
referred to in paragraph 2 will be followed quite closely. . They
are taken as the subjects for consideration as they appear to be
of prime importance at thig time.

(A) Loaded Reaction Type Vibration kachine

4, The »nroblem of llexibly mounted apparatus being tested
on & reaction type vibration machine may be represented in part
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by Figure 1. The table mass ’
is represcnted by M which 1s S ——

d
N

t . Lo
flozibly supportod by a spring E Fis -
of constant K. Tho apparatus ! P oY
mass and the spring constant Mg wssvanananal
of its counling to the table Brog 23 Y
arc represented by m and k e S
respectively. The system is ! : Pk
asgumcd constraincd to motions % M )
alons the mounting axes. st 0
Viscous damping is renrcssnt-d sy 2
by the dashpot D. An gxciting < e
forco 7 R L L i T P SRR iR

Figupre 1. Schematic model of
reaction type machine
& with damped flexiblly
F = K'Foo*sinwt mountcd load.
(1
is applicd to M. This forcc is takon proportional to «® as the

forcc cxertcd by an unbalanced rotating mass varics in this man-
ncr, Thus actual working conditions arc assumcd for tho applicd
forcc. The constant XK' is included mainly for dimensional rcasons.
%' has the dimonsions of time squarecd. If Fy is definecd as the
ma~nitudc of the forcc vector when o is cqual to unity, then X!

can bo taken as unity. The displacoments of m and M from thelr
cquilibrium positions are given by xg and x%; respoctively. The
viscous dampinz is rcprcscnted by the constant c.

e The equations of motion of this system arc ziven by
cquations (2 and (3 bclow.

M-’;l + Kxq + k(];tl—XQ) = C(]:Cl—}'CQ) = K'F w251nmt (2

nﬁig + k(xg-—xl) + C(J'CQ—}.C]_) =0 (3

These are very ncarly the samc as those glven by Den liartog,
reference (b), on paze 115, DNomenclaturc similar to that uscd
in this reforcnce has therefore been used.

B A solution of thc above cquatlons, transicnt terms
neglected, is a sinusoidal function of frequency represcnted by o .
In place of being concerncd with the instantaneous valucs of dis-
D13001Lnts only tho maznitude of tho displaccment vectors will be
considered. These will b represented by X3 and Xo corrcsponding
to x] and x2. A dimecnsionless form of thc solution of cquations
(2 amd [&.is
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X] = X sin (et + a)

Xo = Xo sin (et + B)
@ =2nf and f = applied force freguency
G{W
Al
o -k
= B
"
B, = %& = criticdl damping constant

The ratios of the amplitudcs arec given

~ 1
1+ boPc? 2
F 2
m22,! wp2ce?
b 3 -

rather simply
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This equation is identical to that given in Don Hartog, reference
(b), pagc 37, for the transmissibility of a floxible mounting
with a2 single degree of froccdom., It is intcresting to note that
tlhc ratio of the amplitudes of vibration of m and M is ontircly
indcpendent of the maznitude of vibration of I and the spring
constant X,

8. An important point in this rcspoct is that this ratio
rcaches a maXimum valuc at a froquency that is indecpendent of M
and K. Thus thc rcsonant frequency is the samc rczardlcss of
the size of M, and for no damping it occurs at w=ay , his
may bo considcrcd the rcsonant point of m on 1, but this cannot
be considcrcd a rc¢sonant point for thc m - M systom. An cxamina-
tion of cquation (4 and (5 shows that therc arc several valucs of
o at which the denominators will havc minimum valucs, or zcro
values if no damping is assumed. At thesc points the valucs of
Xy and Xo will bccome larze. Thesc points, however, arc a func-
tion of both ¥ and m and thorcforc have no general significance
to shipboard mountcd cquipment. It should bc recmombered that
thc rcsonant valuc roferred to in the tentative shock and vibra-
tion speccifications RE9284A, refcrence (¢), can only mcan the
valuc, © = k/m , where thc ratio of Xo/X3 is a maximum valuc.
This rcsonant value is indcpendcnt of the testing machine,

Q% Rcaction typc machincs arc genrally desizncd so that
thc rcsonant frcquency of the unloaded machine (that of M on K)
is as low as practical. Equations (4 and (5 will bc considcrably
simplificd if it is assumed that ® approachcs zcro. In this
casc thesc cquations rcduce to

i 71
(1 mz__\! - & LeRc? 2
Xl - \ (_0221 0)22cc2 (7
KtF /M L_l-u\,f&-*%:l*.uf
k“)n? / o
. 71
% 2262 :
X5 4 B3 "Co (8
{__2__1_.p,) + 2C2(1+p,»
\@2 9% N

10. Equations (6 and (7 arc plotted for various valucs of
p and c, on Platecs 1 through 4. Thesc curves show the following
fecatures:
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(z)Por no load, i.e., p= o, the left ahnd side of
equation (7 , which is proportional to the tablc
amplitude, is of unit value indepcndent of frequencey.
In what follows the left hand part of equation (7
shall be referrcd to as the tablc amplitude factor.

(b)For a loaded tablc the tablc amplitude factor is
1/(1+ p ) part of a unit value at very low fro-
quencies. As the frecquency Increasecs the table
amplitude factor gocs throuzh a minimum ncar o = o,
after which 1t rises to a2 maximum near o= 1 +p .
As the frequency increases still further the ampli-
tude factor asymptotically approaches unity.

(c)The ratio betweon the apparatus and table amplitude
incercases from unity, at the very low frequcncies,
to a maximum ncar = wp aftcr which i1t decrcascs
asymptotically to zero. The ratio passcs through
unit valuc at o/ap = V2 . If tlo spring constant K,
had not beon assumcd of zero valuc therc would have
bcen another system resonance at a low valuc of

o/ .

(B) Bearing Load for Dircct Drive Type Vibration Machinc

11, A dircct drive vibration machine of vibtation mass M
driven sinusoidally throush an smplitude X is shown in Figure 2.
An apparatus of mass M, is fleoxi-
bly attached to M by a2 spring of
constant k. Thec systom is con-
straincd to move along the axis —— _
of the spring. '

i,
A
>k
&
; 1.
: i
N
; i
A
F

Figurce 2. Schomatic model of a
dircect drive machine
with damped flexibly
mounted load,

12, The equation of motion of m and M are given by

mx, + k(xz-—xl) + c(;cz—:::l) = 0
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M§1 + k(xy-xp) + c(i1~i2) = Flw) sin (wt+B) (10
vhere F( o) ,0r simply F, is the force excrtcd by the crank on

the vibrating mass M. It is assumed that this forcc is sinusoidal
and dircctcd slong the axis of the spring. Effccts of gravity
arc neglcetcd, but should bc sonsidorced in final calculations.

13, As thc motion of M is complotcly detcrmined by the
erank, the valucs of x, can be assigned, so

Xy = X1 sin et {a

=

Equation (9 can now bec solved for X, this solution is:
Xo = X3 D sin (et +a) {12

whaers

3 chwz }

002®r2 i

e )2 . Lc2w? |
2

ccfar?

a = tan~

14, With the values of X7 and x» completly detcrmined by
means of cquatisns (9 and (11 thesc values can be substituted in
the loft hand part of equation (10 which is then identically .
cqual to thc right hand part of cquation (10, Thc solution of
F so obtained and put in dimcnsionless form is:

{HEERY
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&%— = {(p - 955-— wDcos a+ 2 ceD_ gin a)2 +
1 - Wp Colp
o1l
(2 20 _ D sin e 2 22 P sss @) 52
Ce¥r Cclor i

z m
TTACrG k=g
_ 2k
CC = g

F = force on bearing

displacement amplitude of vibration table,

4
]

15. The ratio of the amplitudcos Xo and X3 is the samc as
given by cquation (6 iS o. is substituted for oy .

16. Curvces showing velucs proportional to thc bearing
force F, as a function of wof®, , arc plottod on Plates 5 and 6.
Plate & illustrates chesc valucs for 0/12:c = 0.05 and 4 = 1. Tho
ratio of thc amplitudes Xp and X; is also plottcd on this platac,
Becarinzi forccs for the unloadced vibration machinc arc shown to
tho samc¢ sczls. This curve is proportional to thc square of the
frequency.

17. A study of thc cquations and curvcs allows tho following
gcneralizations:

(a) A maximum of bcaring force, for a flexibly
loaded direct drive vibration machine, occurs
near thc vesonant valuc, ep = Vk/m » When
the demping is rcasonably small and when the
mass cf the load is of the same order of
magnituds as that of thc vibrating tablc.

(b) thon the damping is smell and the load is large
(avgreximately that of the table) the maximum
boaring foree, nézlecting pgravity forces, can
be taksn to be

B & mmr2X2

mc%ﬁ RXy
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For many shzar type rubber mounts R can bo talon
s about 20, hénce if thes lead; m, werc cgualk to
ths tobls mass the besring forec 2t rosonanco
would be.20 .timcs that of the unloadced table 2t
the szme freguency. At this resonant point the
nhose diffcercnec botween the motion of m 2nd i 1is
909, The contribution of H to the bearin: forco
ey be veetorially added to that of m without much
aifficul Ly,

(¢) Th: boaring force docreas~s toward zero 2s the fro-
qusney is inercascd abovs resonance, until a fro-
guoncy ratio near W+ g is rsached. This is the
rcsonant froquency of the frce m - M systcem, 2nd is
a point of infinitc amplitude for the undewmped casc
of thc rcaction ty»ns machine. After the bearing
forcc has rcached thils minimum its valuc incrcascs
with frequency finally approzching the lorec curvs
of thc unlozdcd m achinc. It is intecresting to
comparc thc roaction type machinc displaccment
curve with thc bearing pressurc curve of thc dirccet
drivc machine. The bearing pressurce is a maximum
where the reaction type vibration displacement is
a2 minimum, and the bearing pressure is a minimum
where the reaction type vibration displacement is
2 maximum.

(C) Significance of Commonly Made Vibration Heasurements

18, It is conventional to plot vibration amplitudes, or
ratios of vibration amplitudes, as a function of the frequency
of the driving force. This practice often involves the tacit
assumption that both the driving force and the vibration are
simple harmonic. There is a natural tendency to make the same
assumption in connection with graphs or discussions of accelera-
tion as a function of frequency.

19, In the preceding discussions of both reaction and di-
rect drive vibration machines, it was explicitly assumed that
the driving force was simple harmonic. It followed that the
vibrations maintained, and also the reaction forces, were of
the same form., Amplitudes of displacement, acceleration and
force were computed on this basis. In actual practice, appear-
ance of harmonics of the driving force frequency or fundamental
frequency is to be expected. The effect of such high frequency
components upon acceleration amplitudes is at once made apparent
by observing that a displacement containing a fundamental and
5 percent of the 9th harmonic is represented as

x = Xo (sin o t + 0.05 sin 9 ® &)

The acceleration is then

X = o X0 (sin o t + 4.05 sin 9 ® t)
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which has a 9th harmonic 4 times as large as the fundamentzl.
Thus the effect of the nth harmonic upon the acceleration ampli-
tude''n? times as great as its effect on the displacement ampli-
tude.

20. Plate 7 illustrotes accelerction curves and displace-
rient curves obtained at one point on 2 vibration machine, This
was a small direct drive type with poor wave form. However, the
wove forms of severzl reaction type machines were found to be of
a similar nature. The measurements were made with a G.R. Type
761-A vibration meter. The displacement curves are reasonably
sinusoidal, but the a cceleration curves exhibit a2 high frequency
"hash" superimposed on the fundamental, and in some cases cven
masking it. This hash may be associated with the noise of the
machine, In general it is nonperiodic, so that standing patterns
can not be obtained on the oscillograph viewing screen. The
curves shown are 2ll single sweep patterns. It is to be e xpected,
of course, that some of the high frequency components may be
periodic. Displacments caused by this hash zre small compared
to the fundamental sinusoidal displacements.

21. Plate 8 by curves a and a' illustrates the accelera-
tion wave form on either side of 2 flexible mounting. The mount
evidently filters out nearly all of the high frequency componcnts.
The ratio of the root-mean-square values of accelcrations on
either side of the moynt was 0.93. Corresponding displacement
wave forms are showm in curves b , b' . The ratio of RMS dis-
placements was 1.80,

22, Plates 9 and 10 present more detalled information on
the motion of the table*®a typical vibration machine without load.
These <olso afford o comparison of two methods of measurement.
The morc clemcntary mcthod consists of direct observation of the
double amplitude of displacement by means of a traveling micro-
scope. Comparative mocasurcments were made with a G.R. 761-A
vibration mctzr, This of course involved use of 2 pileczoclectric
pickup responsive to accclecration followed by emplification md
two-fold intcgration to yicld an output reading proportional to
the RMS displacencnt. Prior calibration had ¢stablished & cor-
rection factor of 1.2 for output rcadings of aeceleration,
velocity, and displacemont by this particular mcter. Plate 10
shows thc ratio of displacement amplitude measuremcnts by the
two methods, plottcd as 2 functlon of driving frequency. Those
ratios approach the value of 1.2 at higher freoquenciles, in ac-
cord with the normal corrcction factor for this G.R. mcter. At
lower froguencles the response of the G, H. meter falls off, so
the ratio curves risc in tuis rezion. It 1s to be noted that
when the metor control was set for frequency responsc down to
2 cps, the displacement ratio curves werc horizontal to below
10 cps. The displaccement ratios at the minimum amplitude of
0.011 inch w:ire consistently low, This was causcd by a readjust-
ment of the balance of the G.R. meter between this smplitude and
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the hisher amplitudcs. Howover, vibration displacements of morc
than o fcw thousandths of an inch zppear to be sufficicntly
ginusoldal for agrcemont botween amplitudcs obscrved dircetly

with thc microscopce and the RMS amplitudces walucs derived by the
meter in rcsponsc to acccleration. Usce of 2 wave analyzor appocrs
unnecessoary in such a comparison of displacement amplitude mocasurc-
rients. This zZencralization should be checked to determine its
validity for any givcn machince.

23, In Platec 9 acecloration ratios orce plotted as a fune-
tion of driving frcquency. The numcrator of the ratio was calcu-
lated from traveling microscopc measurcments of displacement
amplitude and obscrvations of driving frequency, assuming sinu-
soidal wave from. Thc dcnominator of the ratio was supnliecd by
direct rcadings of the G.R. 761l-A vibration metcr. At large
amplitudes and high frequencics, the o cccleration amplitude ratios
approach 1.2, which is th¢ normal corrcction factor for the G.R.
meter used. At low froequencics, and cspecially ot small ampli-
tudcs, thc ratios becomc much less than 1.2. This lack of agrec-
mcnt can be intorprectcd in various ways, dipending on the point
of view. Tho curves of Plates 7 and 8 indleate rcsonably sinu-
soidel displacamonts, but in contrast there arce c2lso shown ac-
celeration traces in vhich sinusoidal variation a2t the driving
frequency may be completcly masked by high frequency harmonics
and hash., Thecrefore the assumption of sinusoildal wave form uscd
in computing accclcration amplitudes from microscopic mecasurcments
of displacement amplitudes did not apply. The troend of the curves
of Platec 9 may then be takecn a s evidence that thc motion of the
table doviated from simple harmonic, morc so 2t low than high
frcoucneies, and much morc so at low cmplitudes than high onecs.

24, Anothcr interprototion of more goncral interest is
cqually valid. The microscopic measuremonts of displaccoment
amplitudes at driving frequency wg , with assumption of sinu-
soidel motion, arec a gatisfoctory basis for calculation of the
componcnt of acccleration amplitude at frequecney s . The dis-
placemont mcasurcments, however, afford no informationabout com-
ponent accelcrations caused by harmonics of w, , or by hash.

The wide frequency response oi the G. R. metor causcs its ac-
cleration rcading at driving frcquency wo to includec not only the
fundamental component at wy but also the highor ones. Supprecs-
sion of thc vibration mcter resvonsc to frequencics above @ |,

or usc of 2 wave analyzer, would yicld an RMS accclerztion ampli-
tude valuc more truly comparable with t hat computcd from the
dircct displaccment mecasurcments.

25. Yot anothor infurence from the dats of Plates 7, 8,
and © is that zraphs of acccleration amplitude as a function of
driving fregquency wg arc open to misinterpretation, If the
acecleration graphed 1s ealculated from displaccocment amplitude
mecasurcments and assumcd sinusoidal motion, it reprcsents only
the wp componcent of accelcration, which may be only 2 small
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freetion of the aebtuzl total resultant cececleration ¢t that
driving freguincy. If, on the othoer hand, the graph is bascd
on rcodings from o vibration metor witha wide frequency re-
spons<, thoere may b some question of whether thesc rcadings
should bc shovm 2s a2 function of driving froquency oy &

SUMMARY

26. Threc spocific factors concerning vibration machines
and vibration measurcments have boceon considcrcd becausce of their
immecdicte intercst at this time. Thesce three factors aro:

(a2) Effccts of o flexibly mounted load on the
vibration charzctoristics of a reoaction
type vibration machine.

(b) Effcets of o floxibly mounted load on the
bearing forces of a dircct drive type
vibration machine.

(¢c) Significance of commonly made vibration
measurcmonts of 2accclcration and dis-
placement amplitudcs.

COICLUSIONS

27. It is concluded that vibration characteristices of 2
rcaction type machinc cannot gonorally be prodicted whon the
machine is loadcd with heavy flcxibly mountcd masscs. The thcoory
of dynamic vibration absorbers shows that the¢ vibration of the
machine is nearly climinated at resonant points of the load on
thc machine. %With a mounted mass of seversl degroc of frccdom
there will rcesult scveral machine frequencics of small vibrations.
There will also be resonant values of the mass-table system
where the amplitude of the machine and of the mountcd systom nay
beccomc very largce

28. PFor thc dircct drivc machinc the ampllitudc of vibration

must rcmain at somec given value rcegardless of load conditions.

A flexibly mounted load will recact, at certain frequencics, so
that the bearing forccs arc many timcs those which would rosult
if the load werce rigidly attached to the vibration machinc.

Yhon thc damping of a hcavy flexibly mountcd load is small the
maximum hg forcc is ncarly cqual to m w.?RX; + mg (Scc para-

raph 17 (bv§

29, Commonly madc mcasurcments of vibration amplitudes arc
usually r-m-s valucs of accclcration or displacemcnt amplitudcs.
For small displaccement amplitudes and low fundamcental frcquencics,
high frequency harmonics causce r-m-s valucs of acccleration
amplitudcs to have little meaning unlcss a wave analyzer 1s cm-
ploycd. The high frcquceney vibrations arc gencrally of such

I‘IIIIIIIII' @ 31 =
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sncll omplitudes thoat the displaecmint wave form of most vi-
brotion machincs 1s csscntially sinusoidal and the r-m-s dis-
plaecoment amplitude is sufficicntly gccurate without tho use of
o wevs analyzer, %he welidity of this stat mont sheuld be, of
coursy, bo determined for ony given mochine.

Ly 12 -
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Double displacement amplitude 15
¢.12 inches. Freq. 30 c.p.Se

Double displacement amplitude is
0.011 inches. Freg. 30 c.p.S.

Double displacement amplitude is
0.011 inches. Freq. 10 C.P«Se

Acceleration curves, a, b, and ¢; and
displacement curves, a', b', and c', for a given
point on a vibration machine,

4 60 cycle timing trace is superimposed on C.
The curves are single sweep oscillographic patterns,

DECLASSIEI=ED PLATE 7




Acceleration curve of Acceleration curve on the
vibration at base of a flexibly mrunted apparatus.
flexibly mounted apparatus. Near rescnant conditions

aiciated.

Displacement curve of
vibratisn at the base of
the flexibly mounded
apparatus.,

Displacement curve on the
flexibly mounted apparatus.

Arceleratdi on and displacement curves on
attier side of a mounting of a flexibly mcunted
aoparatus, The curves are single sweep sseiilo-
graphic patterns, :
Freguency is 20 c.p.s. Displacement double amp-
1itude o»f the base is abzsut 0.025 inches and
trnat of the apparatuses absut 0.043 inches.
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