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t = time, t' = a narticular instant, tn = time at which F(t) is maximum,
= natur~l base = 2,71828...

B = éonstant

& = positive integer

F = F(t) = force on the ncse of a projectile during penetration as a

4

function ¢f time.
K = constant

Y

ulx,t) = displacement of an elementary cross-section of the projectile

L

as a function of position in the projectile and time.
% sition in projectile of length f ; O 8% X éj,.

» I
IJ e velocity of sound in the nroiectile.

Ve
E = modulus of elasticity of the projectile.
/P = density of projectile.
V. = initial or striking velocity of projectile.
*= parameter in the Lanlace Transformation greater than zero,
r'(L'
1ix,p) =+ e-Ply(x,t)dt » Laplace Transform of u(x,t).
v o
A = cross-sectional area of projectile (considered a rod)
A. = symbol denoting the Bromwich contour (See Plate II).
"« positive constant large enough to bring the line 2z = ¢ + ivl to the
right of all singularities of ®(x,)) and F()) in the complex \-plane.
e e

F(p) = | e—ptF(t)dt = Laplace Transform of F(t).
Ll
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NOTATION (Cont'd)

) = complex variable = & + in.

!', = abscissa in complex )\-plane.

"\L- ordinate in complex )-plane,

M= M‘.//cz = A/gl = mass of the projectile,

T g

U= t/tm

ne positive integer

H = total energy of the projectile,

2b = generalized coefficient of viscosity (internal),
2a = coefficient of velocity resistance,

(', = stress in projectile nt x.

2w/ x| = strain in projectile at x.
b ' -

g0n = s(s-] :‘(P—?‘_..-I'S._n}._.:}o?.] =
n!(s-n)!
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FORWORD

A few years ago when the first successful measurements of the
force acting on a bullet during penetration were made at the Naval Research
Lnboratofy, lack of precision in reading the photographic records justified
using several anproximations in analyzing the data. It was known that some
important variations in the force might be overlooked, but any uneasiness
due to this was diminished by enthusiasm for the new experiment and a
desire to obtain preliminary results, After nearly thirty analyses were
made and & report was vritten about force measurements of typical penetra-
tions of STS and mild steel, it was realized that too much smoothing existed
in the method and that all force curves were liable to look much alike.
This required an improvement of the experimental apparatus and of the
rrocess of analyzing the data before desirable studies could be made such
as comparing forces on a bullet from homogeneous armor to forces on a
bullet from face hardened armor,

The anparatus was improved so as to give almost another order of
magnitude to the precision of the measurements, and the first new photo-
gravhic records were measured, But when the data were nnaiysed, persistent
peculiarities wiro révaaled which could be explained only by assuming that
the bullet exhibited an elastic vibration superimposed upon its motion of
penetration, This was disturbing for if the motion of the base of the
projectile was showing the influence of bullet vibration te the extent that
seemed to be indicated by the new photographic records, then the force
resisting the penctration of the nose of the bullet could not be obtained




1 "".-a" il

um*m«ummmmd.muum
Mmudnmblnhhulndm&m: How does &
short noving eYlindrical rod become ol.stiaally deformed when it strikes

a softer deromnhlo material? The rod must be assumed to have an initial
veloeity, YV, , and a form of the resisting force must be used that is
consistent with smoothed analyses of the data. A careful search of tech-
nical literature failed to give a complete and satisfactory solution for
this problem although, as mentioned in the report, two noteworthy attempts
7ere made using the Fourier Integral Theorem., When a method making use of
the Laplace-Transform 'ras applied, a solution was obtained which is the
subject of this report,

Like all mathematical treatments of nhysical phenomena, certain
restrictive assumptions have been made in developing this solution, The
justification of these assumptions will be shown in the report to arise
from the excellent agreement found between the predicted results and the
experimental observations, Thus, the solution predicts the existence of
a lonpgitudinal vibration arising from the impact that should affect the
motion of the base of the bullet in a manner which agrees very well with
the behavior observed experimentally. ''hat is more important, the extent
of the observed effect of vibration on the motion of the base of the bullet
is in good agreemént with that predicted by the solution when elastic .
properties of the bullet, its density, and a reasonable estimate of its
effective length are introduced,

It vas unexpectedly found to be possible, by means of the

wiiassified DECLASSIFIED
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solution, to prove several theorems that greatly simplified the task of
analyzing the data from the photographic records., In fact, one of these
theorems lets the f‘orcé be deduced that comes into existence just as
impact occurs, before an elastic wave of compression can reach the base
t;o shoyr a deceleration on the photographie r?cord. This allows the
initial forces of impact to be found and compared to initial forces
measured in static punching experiments.

The method of solution used in this report ought to be of
considerable interest to anyone who has to deal with some similar problem,
because it gives explicit expressions as functions of time and initial and.
boundary conditions for such ouantities as the strain at anv point along
the bullet and the positions of the center of mass, An an example of the
possible uses of the theory, besides its application to measurement of the
force on a bullet during penetration, the expression for the strain given
in the renort mey be combined with Hooke's law and used to estimate the
_*.nstar}t.mmus average stress at any particular plane-section along the
bullet. This would require, of course, a preliminary knowledge of the
force resisting penetration, but the Naval Research Laboratory force
measurements can give this,

In conclusion, it may be said that this report has been written
not only to furnish a record of the advancement in the process of measuring
the fored on a bullet at the Naval Research Laboratory, but also because
it is believed that there may be readers who will welecome this _domonstratton

of the method of the Laplace Transform.
G« D. Kinger

neci.As;snF:ED
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On the Longitudinal Vibrations of a °rojectile
Turing Armor Penetration

ABSTRACT

This laboratory's more recent and improved time-displacement
measurements for orojectiles nenetreting armor nlate yield force-time
curves vhich have distinet maxima and minima bevond nrobable error.
™e periodicity observed in the maxima and minima has led te the con-
clusion that, in measuring the deceleration of a nrojectile bv ohserving
the motion of the base across an illuminated slit, the results obtained
are influenced by the lomgitudinal vibration of the projectile arising
from its compressihbility.

Py considering the projectile to be a cvylindrical rod as a
first approximation, the one-dimensional weve-equation is solved
operationally under appropriate boundary conditions by the method of
the Laplace Transform and contour integration. A simple method is de-
duced for evaluating the force resisting penetration from data on the
motion of the base; - multiply the mass of the proiectile bv the average
acceleration over anv time-interval eaqual to a fundamental period of
vibration of the proiectile, to »ive the force on the proiectile at the
midpoint of that interval.

n illustrative solution for the wave-equation is obtained in
explicit form for force-time functions nroportional to i e"Et where
s is a positive integer and # a constant determined by s and the

time at which the force reaches a maximum, Tt is shown empirically

Wk
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ABSTRACT (Continued)

that for s = 2 such a force~function apnroximates that actually re-

sisting armor penetration. Theoretical curves are presented showing

the deceleration of the base of a projectile to be expected for the

assumed force on the nose., The wave-equation with viscous and

velocity damrine is also solved by the same operations) method,

- vii -
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INTRODUGTION

A. Authorization and “cferences

1. This nrohblem was authorized by Bureau letter, reference (a).
Cther roferences mentioned in this report are listed below, (b) to (4).
Reference: (a) 2uCrd ltr, $13-1(4/173)(%B) of 13 Necember 1034.
(b) 'RL Report No. 0-1591 of & February 1940.
(¢) Frankford frsenal Report No, 52 of October, 1940.
(d) NRL Report No., 0-2276 of 13 April 1944.
(e) Frankford Arsenal Neport Ne. 52C of April, 1941,
(f) Private comunication to NRL from N, Rosen, 'niver-
sity eof ¥North Carolina.
(=) Aromwich, T.J. I'A, Proc. Lond. Math, Soc. (2),

() "."sr'"flg‘.':, H.S¢ and Jae TET Folis ’ \"'P';'"ational Methoiis

in ‘nnlied athematics, Chapt, IV, Oxford, 1941.

(1) Vaener, K. «p frchiv fur Wleetrotechnik, 4(1°16),159.
(3) Lamb, H,, The "vnamical Theory of Sound, 2nd .y
. frneld & Go., lond., 188,
R, .Ztatement of "roblem
25 ™e need for mathematical s2nalrsis of the hehavior of =las

tically deformable nroizctiles while penatratine armor plate has arisen
as a consecuence of the experimental worlk, references (b), (c), and (d),

mrportine to measure the force opposing penetration, The exverimental

rrocedire consists essentially of obtaining a continuou= photogranhic

DECLASSIFIED
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trace of the displacement of the base of a projectile during penetra-
tion as a function of time. #n analysis of the time-displacement re-
cord will give the welocity and decelerztion of the base of the
nrojectile at short time intervals during the armor penetration.

3. Tt is clear that 1f the projectile suffers longituc inal
strain durins armor nenetration the motion of the base will not be
identical with that of the center of mass, and it is only a know=-
ledre of the motion of the latter which can vield the true force on
the oroiectile, This noint has been investigated in a report by
¥. J. Kroeger end 2, M, Hudson at the Frankford frsenal, reference (e),
and in a communication to this laboratory by N, Rosen, reference (f),
T™oge workers make use of a Fourier Infegral representation of the hypo-
thetical force encountered by the nrojectile., From this eﬁprassion it
is deduced that the motion of the center of mass can be obtained from
thet of the bhase by averaging over a time interval equal te the funda-
mental period of longitudinal vibration of the projectile,

.Q. “athe@pbical Method

4 This result is proven and extended here by an entirely different
method depending on the Laplace Transformation., The advantages of the
Laplace Transformation are that the force function is less restricted in
character than those which are expressible by a Fourier Intepral and
that the method enables one to obtain a solution for the wave ecuation in
explicit form - generally &n infinite series whose converpence is suffi-
clently rapid for actual computation, In what fblloln we consider first

the veneral solution for the wave-eguation in one-dimension which is




. DE_CLASS“:IED .

anrlicable to a eylindrical projectile, under boundary conditions in which
the force actine on the nose of the projectile during armor penetration
is specified simnlv as a function of time, F(t) . Later, a particular

functional form is taken which agrees empirically with those observed.
EART I

Formal Solution of the One—nimgnagongl ﬂ!!!-ggnetign ¥ith Boundary

Condi tions

5y The problem of an opival nosed bullet with small ogival radius
which executes longitudinal vibrations while penetrating a piece of armor,
Plate I, fie. la, can be simplified as a first step to the problem of an
elastic rod which is moving with veloeity Vo , fig. 1b, and which at
time t =0 encounters a force, F(t) » acting on the leading face
0 as to ornose the motion. It is seen that F(t) as a physically
admissable force-function is in general continuous, differentiable, bounded,

~ 400
and absolutely inteprable over the time: J ,F(t) ,dt*’- K + In our
-0

D o]
nroblem we take F(t) = ¢ for t<o , so that j ,F(t) ,dt. =
<

fo
|

|
J f F(t) | dt. e a<sume al=sc that the longitudinal strain is small and
0

that dampine is nesligible. T™e problem will be considered again when
damping is not neglected,

6. The equation to be solved is

(1) 2%u(xt) . 2 2%u(x,t) o2

unclassified DECLASSIFIED
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subject to the boundary conditions

(1a) teo: u=o, _.-;u/at-vo

= F(t)/AB,

=0, x=i 1 2ufx

(1b) x=01 m/ax -~ oy

7. The application of the Laplace Transfermation to %q, (1) yields

formally the relation

2 . @ 2
4 p_pt‘ u(x' t) dt = }—2- ’. e'pt iﬂ%.t_). dat.
¢ Jo v

Moo

e write ulx,p) = J e~PPu(x, t)dt and integrate the right hand

o

integral twice by parts to get

ri'?" r’ s o8 k. Y {.m *
=53 {‘_h‘g—:" . P (e_“ +p | ePluaty] .
dx® ¢ [ o 0 ,}n

For phvsically accentahle solvtione it is clear that

&M [e_n‘f. Y ! Loy I:e..r't, 'U-] = o, and by the

t t
-y (D at_! -— (O
conditions (1a) it follows that
- ]
8 raia e
»i \ 1 e 1 - s | | . R = £
vie l..l /, and oo Le ) >

(2) - r‘;’ al " ) - S,
7; X, P ;-p-
| | ._[h i
DECLASSIFIED
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subjeet to the conditions g 4 A
(an) | 2 S |
" x| o ﬁL “d | eP(t)ar . E{ﬁl
e 2 °

8.  ™e problem of obtaining a solution for the wave-ecuation for
the proparation of disnlacement 4 , has thus been reduced to obtaining
a solution for the ordinery differential equation, Tq., (2), involvine the

Laplace Transform of u , The solution for Ea. (2) under conditions
(7v) 1s

v cosh;&

(3) U] o 8 ST Wkl ——
> AE ne sinhc

P

as may be verified directl.

9, e desire 2 function wix,t)  such that
[ o« v 3 cosh =
! e_Dt;."x,t)dt. » Wx,p) o =L ¢ S & F(o) . 2

™e function ufx,t) which is the solution for Ba. (1) and which has
the Lanlace Transform riven by (3) is found as the sum of the residues

of the followine contour integral, references (g) and (h)

{ : Ax
i v cosh =
(4) ulx,t) = == et 9, e & o
2ni % il T Sl 4 & 0 3 """""""""j dx
)ur 2 AR % sinh )c

in which the symhol Pr represents the contour indicated. by the

uncs DECLASSIFIED o
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arrows in Plate 71 and was first given bv Bromwich, reference g, and
Jarner, reference i, independently. The contour may have to be deformed
if the transform P(3) introduces brench points. 1If F()) {ntroduces
fun-tional forms# which cause the integral to be non-vanishine over the
arc »s the radius is allowed to incrrese indefinitelv, the method will"
£ail. These comnlications will not be encountered in the problem 2t hand
necause first, branch pointa are not introduced excent possibly when the
rartial derivativee with resnect to time and nosition in the original
~artial differential ecuation are not of e~nsl order and, second,
phreically sdmiss-ble force=functions Fl(t) will have trensforms whosu'
shscrlute values as functions of & complex variable, 3 , Ltend to zero
as the arcsument tends to infinity. (We cannot zonsider ;orce functions

which do not ponsess Leplace transfoms.) We are concerned hereafter with

the formsl solution for En, (1) expressed in Eq. (4) and there is left to

i ]

show trat t-- solution doss in fact satisfv the original equation and the
boundary cormditions specified.

10, That the solution in (4) sstisfies Bo, (1) is easily seen Dy

direct differntion under the sign of integration and by noting that

& : - W It)
. o Py B g — <
fos W N = and 3% LY 3 £ 0
J Py
- - _—. - — — - — 2 -

¥ ych for'!‘f' D o 3 ‘Ln't,radlﬂi"-d ﬂ'hBﬂ F'!t‘) is Q.g.l e 3

where n it a nrositive intager.
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uirther,
| i »x
: 1 1Y F(3) cosh —
| [’v ‘il . T - -c__ i R C
u .10 i £ 2'_ !;'z' A“ 3 q{ ?—& d\
=) nh -k
T i
" B
1 1 Y
'n sinh ==
- r {
< s ='\ )’X—h - —
i e Holpa A C :‘_l-__l s e 4> € l__ :‘7ﬂn‘ {E__’FIXZ
2n l"r—-\co;'m ) 3!?!1#-#(\"_)#?:! % dr= 0
™ rlv, we . show
: " ‘ll' I ' T 9. " 0y sh }'5'
ot | |TE LR S 5 il - v
| l- I J" g =inh ';JL i
i#ve had recourse to the assumption that the forece function F(t)
that

1 . Tl |
- oy b & i L o=t p(t)dt | - 0.
| . | 1_):--—.;3 jo

thus s own that the initial conditions are satisfied with respect

time, For the end conlitions on the projectile we have at once that
l - ax]
dulx.t)i i - 9 B cosh =
"!)rJ_-l = 5’%'{ [ _3-; 43)& E% v £ F)()) . _)E s dy = O
I x=0 'IB)' » t 2 A% sinh —Cg’ ) X=0
-
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Qulx,t - +
pe 1 f A Moo - BB
. x-l B

r

™is completes the formal solution,

B. Motion of the Base of the Projectile

11. The disnlacement, velocity,and acceleration of the base is ob-

tained at once by setting x = o in Bg, (4) and these ouantities are

. given resnectivelv by

S R 7 L g v
%) s mj % [;Q *AE ;_s(t;h)_ﬂ] >
Er :

Bulx,t T | v 5
(6) _EL;.%_J g [ [Reg BN a,
X=0 Bl" sinh _'-
C
o (7) 3 %u(x, ) 2o
o | W]y e AF 0)
2t2 2mi * e | -
x=0 Bp sinh o
: i o Al o
2ni AR inh \é
By .

DECLASSIFIED
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In "a. (7) we note that f v, et .o
Rp

€. Motion cf the Center of Mass of the Projectile

12, Tn this secticn we state and prove some theorems which are

useful in obtaining the motion of the center of mass from that of the base.

Since it is the motion of the base that is observed, the following theorems
ronstitute the main results of the report.
Theorem It

13 "ne averace value of the displacement of the base over any time-
interval, (4 - %; s JRYF él) , is equal to the displacement of the
center of mase ot the midpoint, ¢t y of that interval.

Sroof's '@ have for the average bv %a. (§)

pU's & i f rt'+ 4 r
L g 274 . ¥ . 119 FO>
. (o,t)it = o e*aelite o e F
24 ute, 5 2“_1/ | dx
c g L c o
. Iﬂ )¢+ 9inh é—! ¢ e BN | g
AR LS < emel Bl ot b
/ey
r At o 7
m Uttt o l. . -.-!:-- At F
ot ¥ 2m ! { o dt { dt| F(2)d)

't‘[ g ] e
L e Fooan]atfas

J - Lf—a: |# Br

1 AL ft'
i f j - F(t)dtedt,
o] (o]

unclassifieo DECLASSIFIED
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is nrecisely the displacement of 2 point-mass, M (= :‘7‘11/02) =
t an initia) welocity, Vo , and 312 acted upon by re_:'fﬁ-rcc'
() for the tims t1 « The lower limit can be changed from ~Q0
in the yat axoression because F(t) iz z2ero for t <o i
. ™ rerape valune of the velocity of the base over any time-
(ti-& , ted& ) is equal t¢ e velecity of the center of mass
L, t! , ©f that int A
) e b Ae

. j _| ! I . |
" . 1 ' " ! ()
Lx, S N S Stapll 2, £ EOJ | 4
. | || PRyl
! - bt sz 3k F1 ¥ = a |
L 2 J

] e g h L 140 I
= = i inh &= S X T
¢ w e L S U
4 J )p AT 2
r i L}
+ "
| r - - 4
=V o+ = - y e Yt F{) )d)

(. i |
v H { o =X 1
r i

thir is the velocity a point-mass ¥ will attain which has

<10 ~

Jnciassitiso .
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initial velocity UV, and is acted on by & force F(t) for the
time < Af " AN A
ollarys
15, ‘T™he velocity of the comr.ot mass at the midpoint, t' | of
any tine-interval (t'~f, t'+£) 1s ecual to the difference between the
displacements of the base at the end points of that time-interval divided

by the magnitude of the interval (the fundamental pveriod of loneitudinal
vibration of the nrojectile, 3! K.

Proof':

(8)

IO

LS

K

phet ;
dt = [(o,tw"‘-) ~ ufo,t'- )]
£F o £ [a60,t08) - uto,e1-L

Theorem III:
16. The average value of the accelerstion of the base over amy time-

interval t'-g-’ . t.'fg) is equal to the acceleration of the center of
mass at the midpoint, %' , of that interval,

Proof : Te have for the average by 7o, (7)

f *"*g 2 v *"‘f 1
. 1§ k) u!x.t] g 1 ‘ ( At F()
' = . } 28 L
2K ; j 31’;2 dt 2! wi J , } e dti - d)
'- L] H L
e 4 Xx=0 4‘3’ L 8 L lc J c

- B e
)t.'.fe) L/e ¥ e-.‘- -1’-/0?. F()) e

s Bk MYFoua = & e
/B,
T
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which is clearly the scceleration of a point-mass WM 2t the instant ¢!
for the force function F(t) .
Cerollary:

17. The acceleration of the center of mass at the midpoint &' of
any time-interval (t'-£ ’ t'*f) is equal to the difference between the
velocities of the base et the endpoints of that time-interval divided by

the magnitude of the interval.

Proof:
a1 } . P
(o) (V48 . plutuk aulx,t) Aulx,t) |
e} uLx u +) 1
22 | e dt e 37 At ot
¢ x=0 ‘x-o 5
v Bl | !
U3 i tett ok lt-tl_j !
c C =
18, Tn each of the nroefs for the sbove theorems and the associated

cerollaries, the effect of the averaging process has been to cancel the
factor sinh %; from the denominator in the integrand. The consequence
of this mathematically is to eliminate the svectrum of poles distributed

in nairs slong the entire imesginary axis. This is equivalent to the
eliminaticn froﬁ the solution of oscillatory terms which are always intro-
duced by poles located anywhere in the complex-plane except on the real-axis,
“Je now state some theorems which are of no practical importance for the
experimental work but which conplete the mathematical treatment.

Theorems IV, V, and VI:

19. The displacement, velocity, and acceleration of the center of mass

at anv instant are resnectively equal to the average of the values of the

unclassified DECLASSIFIED



displacement, wlontwm w-huﬁin M throughout the pro-
jectile at that m
Proof:

20. These theorems Gifttr‘ from the preceeding three in that the average
is taken over the spsce variable instead of the time, Tn this connection
it is to be noted that the initial conditions (la) signify that the dis-
nlacement of any cross-section in the projectile is measured from its
original position so that the displacement values are "absolute,"

The proof need only be given for the case of displacement. We evaluate

. ‘j * " ? .
2 v

| A e {2t 1
} [ ulx,edx =3+ s0p [ e ;%.95?0) co';;gldx
‘o /B, Jo A sinh F |
- - - ~ ot oL
n.fv ) | PR
2u1 : {32 * E&z‘l] =Tt ex | o ! at | e"F(n)at
JB‘. ; ol LIS A

-t t b t
i1 -Vt el | dt./ dt[ eMFO)AN = Vb %f at [ F(t)at
(o]

-j-u'.! - .'Br Y0

which is identical with the result in Theorem I for the upper limit =t

The nroofs for velocity and acceleration follow at once.
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RIRT II

A A ca

21, In this nart of the report we present an application of the
#eneral theory riven in Part I Wy determining the explicit form of the
' solution for an empirically determined force function. In Plates IIT and
TV there are presented a set of force-time curves for the base obtained
f‘rqn near limit velocity shots at various thicknesses of mild steel and
ST2 armor nlstes with .27 Gal. darts in each case. The smooth curves are
hynothetical force-functions plotted from the assumed form F(t) = Fote P
where F, and £ have been adjusted to rive reasonable apvroximations
to smoothened curves, - While a clou-agrnmnt is not obtained over the
entire penetration cycle, the functional form t2e~F! exhinhits the
essential features of the type of force actumlly opposing armor penetration.

22. let it be assumed that the maximum force, F, , is reached st |
e time, t, , Our force-function will then be given by
F(t) = ¥ ( ;’_;)"I;-'e"t/ "M where we write s instead of 2 for
venerality, B, = -F ( é)’ ,and § = i"; . In order to evaluate the

contour integral in the séneral solution of Pq. (4), we substitute

(10) Fr) "rb?ot’e"’ta-“dt. .7, 'h-;l i

=D

to give the contenr inteoral

" “'[ ‘s cosh

(11)  ulx,t) = 2—}'? f e
| 3
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2' ™ %0 = o = !
3, € displacement function, u(x,t) ;
residuves at the poles
) = o, =-f (c‘]-',‘i'f‘l!"?)’ * nne i , where n =

‘ji' ‘—r\ I‘: * -~ - 4 5
24, ivins the residu at the various pe)
: since 1t is automatically cancelled
L4 A - A -0l 5
Y\ =
B N4
3 resid ontributed by £’
b B
rontribtuted kv
“i‘vl
. e o't . cosh —
& T . o
'

xpressed differentially the residue is
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2= + BESY. .

2% Ry expansion we find the residues tc be

- i B 7= ’
> . Geal 6332 ) (P F TP 1) . {.0NCE oy
Yo B . ¢ a— = s CcO8 -
> ) '.“.m*'-:'s‘l # e
nn \ﬁ L - -4
L W AV
“"ew by writing
: noct
+- 1 ~
e 7 = oS nnct + { sin rif"‘.E
rd e ]
and exmandinge the sxrressions
/ 1 yre ! '=v-1l
T 4 8 T3 m‘\_
f Vi ,
t e regid : he~com
2 i sS4 |
= .n 33\ - ; \ .
Fe =t . ( ! R L ad (3+1)8. P"—p*i nnc | i
q? \2)5+1 ¥ p! (s=p+l)! . X
- “ - f 1A N
nims 5+ nne | pe( |
L ; A J
coe DMCE . 4 nnet | s NNX
— P | # .
e i
"ence, on addine all the residues, thcse on the imaginarv exis being
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taken in pairs at noles of equal magnitude and opposite sign, we obtain

8s the solution for the disnlacement throushout the projectile

AX
. - S -. s At cosh
(12a) wulx,t) » V.t + P, —SS28%  fp 08¢l g A [-i-——--—-—-ﬂ
: b . Ag‘yas*l I Fo AE ghS I_ 2 sinh M
¢ h=-p
¢ a] [~ - I\
or, 229081 - I (=2) (P). sin BECY ,(0) coshiCL{ oo
AE L—l 2 2\5*1 i L s
= ' nn +, Qna
n Lﬂr F \ ¥ f

where

4!

- a%*1 _ (=+1)es .5-1 [nne)2 (841 )+5+(s-1)(8=2) ,8~3/nnc|%
o e il v o B s 7

[

\
(0), = ~(s+1)p%/008) + (8#1)-5-(s-1) ps-2 fmme)? _..,

2 \ L, 3 \# ;
and t 2 o,
For 8 =2 , these become
/ \ 2
(P), = p7 - 3 p(ans)
() = -3 g2 {mmc\ , (anc)>
4 \ L
¥
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28. The infinite series portion of the sclution converges because
the terms decrease to zero and alternate in eign., From physical considera-
tions it should he possible to differentiate the solution for the displace-
ment partially with resnect to time to obtain velocity and acceleration
exvreasions. We note, however, that for large values of n , the
soefficients for the sine and cosine functions in position sre of the

order of rl/n}”:‘) at worst, so that in fect the solution and the

first s derivatives are all ahsolutely and uniformly convsrgent for
11 osxs _f , 0%t <o and the differentiation is rigorously
justified for s £ 2 g 2ince the solution satisfies the wave-equation

and boundarv conditicns, it is complete.
20, From the solution (12) for the displacement, the expressions

for velocity and acceleration are obtained straightforwardly as

X
(A% 28w s P, 02.,; S e 4% !—e\t, cosh »=
2t 0

s+l o’ AR 8 | 2 4
©MEAP dx ! sinh 2 )

m
_(__).2.__4(—2——55 (P) oosnﬁﬁ—(Q} .t.n.nm”’-‘-ﬁ‘2 cosm
n= nnJﬁ )
and
(12¢) _333_ :_ v w3 !.)g"t cosh é’»
k ¢ Irep
( _
5y 8+1 \(P) ’“‘%c— '(Q)n"“g"f'!}c“? .
LS A
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7y lﬁrac*goleration of the base is

0.  The displ-NEE
then obtained by setting x=o0 in (12a), (12v), and (12¢) respectively.
™ese expressions are in a form suitable for computation, In FPlate V
~urves are presented which show the acceleration of the base to be
expected from the assumed force on the nose. curve I is for a projectile
" long, © = 16,600 ft/sec , while curve II is for a projectile 3/4"
long, ¢ = 16,600 ft/sec . The force-function and the acceleratio;'
wyprves for the base are plotted as fractional values with resnect to the
aaximum force on the nose, and the arsument T is the fractional
value with respect to the time at which the maximum force occurs on the
nose, It is seen thatl no acceleration of the base is nobserved" until
a half-period after impact (T°= ¢) '; this is to be expected since
that is the time necessarv for the strain- or stress-wave to reach the
trailine face from the nose, In other words, Eq. (12c) with x =0
tq a combined exponentis’ and trigonometric saries which is eaual to 2ero
for velues of t between zeroc and -f/c inclusive and at the latter
value rises smoothly to give the indicated curves for the two values of
é{ ~hosen. ™e time at which F(t) = Fotze_ﬂt reached its maximum
«as taken to be 20 X 10'6 sec. for both bullet lengths. This made the
~aleulations convenient for ,EJ- 1" since there the fundamental period
would be 1072 sec.

1 % ts a presult of these calculations which show the maxima and
minima at ecual time intervals, it is calculated from the period observed
experimentally, reference (d), that the effective length of the projectiles
used is aporoximately 7/8". Thev were actually 1" overall with an ogival

height of 0,40" and an ogival
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radins of 2,5 times the calibre (,27), so that the result is favorable

to +the assumption that the projectiles behave like uniform rods,

278 fesidyal Vel-city, Strain, and Energy of a Projectile After Impact.
32, For even moderately large values of t , an inspection of
the Fas, (12a,h,c) shows that the residues contributed by the ncle at

) = - become vanishingly sm21l on account of the factor a~PY

™iz is merelv a conseauence cf the fact that F(t) = ?ctSE'ﬁt “becomes

vanishincly small with time, By neglecting the residuve at ) = - y WO

are ~onsiderine the =olution, in effect; for times when the "impact" can

Tl

ke conglidered as over, e expression for velocity in To, (12b) thsrefore

expresses pesidusl velcrity if we write

5 . .
{1‘) .'l -~ 7 V + £ .“: ]
ot == T TR L feS
tt o> tm AE LB

o8] W
5
! 2c- s} r-l}q Jf AnagllCt _/n nnctg{, nwx |
* F‘ AE 4’, z ™= / \2?"_“.1 {P)n 108 x;; - }nﬁi!,—:é—"‘ 08 l ;i
; / o

39, lance, the projectile emerges from impact with a constant
velocity and in a state of vibration which can best be described as
civing a velocity digtribution throughout the projectile which is
varving with time in a manner described by the infinite comnound

triponometric series, Similarlv, there exists in the projectile a

280 =
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residual dmamic state of strain which is expressed by the distribution

®
{1&) 2y 2essl r (_1)"

e —— —— F

ko P4 ) ot
Than T | T T

-

/ S i\
Mote that -2 (23) . 2 (ZM} |, This corresnonds with a difference
ax \dt/ ot | 8x

in nhpse of 1/4 wave-lencth for hoth the time denendent and position
erendent functiona in the series,

. Tt the exrressions for velocity and strain distributions
known, we are in 2 nosition to evaluate the residual energv of the
orojectile; "art*cu]:riv with the chbject of evaluatine the energy of
vibratien, Because the toctal residual energy is distributed throughout

the vrojectile, its value is determined b
. »

4 i
(15)
I fan\@ 1 | a4\ 2
H o= Ly e dx = = AE | _.._"l\ dx
2 / ¢ 0 v L 2 = ax!

in which the first inteeral eives the sum of the kinetic enerzies
of tranzlation and vibration and the seccnd intepral gives the

potential enerey of =strain. & must find, of course, that H

(W
(4. ]

a constant, From our arcrovimation we have
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{, 5.2 ,,)2 i X (t) )
AR . ———  cos? MUX
A el Ié +(nnc)2i2 < y,
Yy
- 2% (1) ok (¢)

- e ’”'1 Z ).:*'1 . i ’ﬂ s+1]
:1 = n?"( -?‘_ mnc\~
iy g Lﬁ 9] P

ihere  ©4(t) = (B}, cos BLFE-(Q),sin “}F’" ,

and
.i f
. S B(%)
5.1F:j f%’%\l rix::‘%.,qpl ( 292 SI El = 2 25111? M]dx
R g " = (82 nwc o £ |
o8
('!' © <r~ TERY
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¥, Ra. (17) is derived and solved in the Appendix with the force-
function F(t) = Fotse‘ﬂt . The formal solution is found to be (the

sum of the residues of) the contour integral

/’.
; 1 at | Vo . 2a
9 1 B — —— —
i) J(X,t) 2‘I'Ii e 12 * E"
Bl"
-
. 8!
where, fer  F()) = Fq E;:53;:T , the explicit sclution is
/ 1] 2a 4% et
(20) ulx,t;a,b) = Vot + For —22o {t- 222 L p .. 22
o i ; ) 1{95*1\ P/ "% WMgnsl hHe *23\)
c? E/JIx=-p

A= -p
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lisplace~=nt at the time A7 after impact (see Theorem I). The

frictional recistance to the oseillatory motion is then

ot !t.
- | ¢
2a ._5€,.t_‘ (u = '.lfot - i].'i ‘ d‘t.'/ F(t) db ‘dxa
Jo o

™o total reaction of the elementary cross-section Adx is

: ) % e
=7 5 ”t‘ A
M :- .;‘,___.._j' 1y ’)& __.‘.’_.E g = ‘,F{_ t, - - : dt | F{ t)dt) #dxa
at’ \ i )p

auvating (A1) and (AR) and differentiating with respect to time,

sbtain the equation

£ 5 3 2
gy 22 (pu 2l L1 2l . 2 8%_ 2k

& 1R ' ) SR 2 ]

2 R ) e ot

th t indary con 2

1 - 5 ) ‘;rx,‘h\r & f’ ——-? ' - 1" 32\} Ll

L v o) 1] ’
t= atl::(: ?t.2 t=pn

= F(t)/AR

‘tx

I v=p ‘ 'x-i/

™~ 1

initial scenditien on acceleration because (£3) is of the

fpd opder in time and we will szsume F(o) = ¢ %
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in time i3 found tc be
% . 26 | [1 2a __\,
(ag) o et Bl Lile lg0i RAL _ 2a F())
¥ en N Y, 2b, | T EM T
ix I -E-;;"‘). \.I {j 30 ‘E—‘)\ g 2 (1 - ?‘a;

Tith the end conditions

me eolution for (A4) i= verified readily to be

F())scosh { x. gl 4

(AS) T(x,)) =

{oh it the Laplace transform of the displacement function with respect
to time. The function u(x,t) 1is then determined as the sum of the

~c5idues jf the contcur integral

(26)  ulx,tza,b) = .2.11? oM T (x,))
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in whieh  a(x,)) 1= given by (A5) and the contour is the same as that

*iven in Plate 2.

™e noles of the integrand are found at 1\ = o, -28,;@ ;

sinemularities of ?-:(7\\ , and  -¢s ly s Where ¢ = )p( _—"b)

£2

the

5 5 - 2
\P' = -——-—-—-—- - —].-5 {q + (' "‘: b} 5
| g K / )

For the assumed force-function F(t) = Fotse'pt , we have as

efore: F{)) = Fo-e:/(l*ﬁ)s'] . The pole contributed by F(2\)

thenm 1 = -8 and i3 multiple to the order §..f.l

™e residues

sre found by the usual methods of expansion or

lifferentiation, We state only the resul:s in most ~ases but give some

details 4p the ca=2 of the neles distri“uted all along the »pner and lower

branctas o7 the function in the comnlex 2=plane whc=e parametric

renresantation in terms of n  is

‘%‘r‘-‘. . ';}r
M F -3 -

JIasSitiey
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Z2ero for values of its a-gument equal te + nni ’

nel), 253, 20

(The pole arising at ) = 0  includes the case n = o.)

. ith this in mind, we find the residues at -f; iy

lifferentially as

to be expressed

nnx

- @y ] - :
=P, {p-@Tigl el o iWE, W

-
AR . - 2) s+1
. DL 0 (p-9)2 4 ¢ (
R 4 l \}' j :—:—\—-flnh j'
. Miferentiating the hwvperbclic sine function, we get:
f’
/o SN -
L S ¥ /3_- F\ 2b(s o 2a)
(_] jn ‘_’_’ “ B \‘l i .-.'I' TE-‘\ ‘:-) »

Ry 2
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The addition of all residues with those on the imaginary part

.f the nlane added in complex conjugate pairs gives the solution

(A7) u(x,t;a,b) =

e

AR © s

. P

+¥ o.‘.:l:.n......-. : p“ﬁ
/

DECLASSIFIED



DECLASSIFIED

i 31lVia

owl | wy 0
|
| — 371103r0¥d
1d-9g4-°4 = (4)d “
_ <
| °A
_
| m
_ o
J i =
] __ s qi
= _
e
= _
B
ol e - L TSl o oo S wy
Bl
Pl
= S_—
= T
B
P
S lowiy bBuioisid
)
a|1}08foiqd o j0 uoipjuasaiday d1kjouy

DECLASSIFIED



DECLASSIFizE

Contour in the Complex Plane
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