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1. Introduction

Estimating the states of a system requires accurate modeling of its propagation,
outputs, and errors. Standard techniques based on Kalman filtering assume the er-
rors afflicting the process and measurements are independent, identically distributed
random variables with zero-mean and known covariance; often referred to as noise.
This assumption is not always true, as in many cases, the errors are due to un-
modeled deterministic processes, or possibly due to errors in the linearization of
a nonlinear system. This leads to two similar kinds of problems: the unknown but
bounded (UBB) disturbance problem from observer theory and the measurement
fusion with unknown cross-correlation problem from distributed estimation theory.
Both problems have solutions involving ellipsoids, which tend to be either com-
putationally expensive or overly conservative. The present goal is to be able to
design a simple, fast, and not-too-conservative estimator given the covariance of
the measurement errors, without assuming anything about their dynamics or cross-

correlations with the state estimation errors.

The UBB problem is often solved by so-called set-membership estimators. These
compute a boundary in state space that defines the region where the state coor-
dinates can feasibly reside. This idea started with Schweppe' and Witsenhausen.?
Most set-membership estimators use an ellipsoid to approximate the set boundary,’
although other geometrical constructs have been used. Calafiore* estimated an op-
timal bounding ellipsoid subject to a linear matrix inequality constraint by solving
a semidefinite programming problem at each prediction and update step. This idea
has been expanded on since then with robust cost functions.>® The disadvantage
of these approaches is the complexity of repeatedly solving the optimizations. The
linear matrix inequality problems can sometimes be solved prior to running the ob-
server, but only for a subset of systems such as linear time invariant (LTI) systems’
or linear parameter varying systems.! Some algorithms instead use a convex com-
bination of covariance ellipsoids in the propagation step and convex combinations
of information ellipsoids in the update step'""'? (although with different terminol-

ogy). These methods are simpler, but can be too conservative.

Some distributed estimation problems solve a similar problem to the UBB distur-
bance one, in which measurements must be used that have errors that may or may

not be correlated with the current state errors. The baseline tool for fusing possibly



correlated information is the covariance intersection (CI) algorithm,'? which also
uses a convex combination of information matrices to find the fused information
matrix. The reason the UBB problem is similar is that once a measurement with
UBB errors is used to update a state estimate, future measurements cannot be as-
sumed to be uncorrelated with the state estimation errors. The ellipsoids represent
covariance (or information) matrices instead of set boundaries, but the goal is still
to make the ellipsoid maintained by the filter contain the true ellipsoid. Covariance
intersection is readily adapted to situations where some of the information being
fused is known to be uncorrelated with something call split-covariance intersec-
tion,'* but even with this extra information, it is sometimes too conservative to be

of practical use.

Less-conservative alternatives to CI include robust fusion," inverse covariance in-
tersection,'® and largest ellipsoid (LE) estimation.!” Of these, the least conservative
and complex is largest ellipsoid intersection, which (with minor differences) has
also been called SAFE fusion'® or ellipsoidal intersection (EI).!” In contrast to a
convex sum of information matrices used by CI, the LE update computes the min-
imum volume ellipsoid that contains both the prior and measurement information
ellipsoids.?’ LE estimation has been demonstrated to be consistent in track-to-track
fusion problems?! or for fusing nonlinear state estimates from multiple estimators.??
The problem is that even though LE estimation is often consistent in practice, con-
sistency is not guaranteed? except in a few special cases. In the original formulation
of EI by Sijs,! the two estimates to be fused are assumed to be the optimal com-
bination of a common prior estimate with two independent information sources.
Forsling® restricts LE use to when the joint covariance from the two measurements
to be fuse has a component-wise aligned structure. This means that if a transfor-
mation can diagonalize both measurement covariance matrices, the resulting trans-

formed cross-correlation matrices are also diagonal.

Because of its simplicity and accuracy, LE estimation has promise as either a sta-
tistical or UBB state estimator, although it has not been widely applied to state
estimation problems with indirect measurements. First, the information-form esti-
mator described in Forsling? is expanded on to provide a covariance-form estima-
tor, which is then compared to a Kalman filter. Our results contradict the result at
the end of Noack et al.>* stating that the LE fusion gains are identical to the Bar-

Shalom/Campo gains. Possibly correlated propagation noise is not addressed here;



only the case of possibly correlated measurement noise. To address the consistency
issue, a special case is examined in which the measurement errors are random con-
stants (unbeknownst to the estimator), but with a known covariance. Clearly, this
leads to cross-correlation between the state errors and measurement errors. Anal-
ysis of the covariance-form LE estimator shows that by the second update we can
no longer say that the estimated covariance fully contains the true covariance (the
difference is not positive semi-definite). However, we then produce recursion re-
lationships for the error between the true and estimated covariance matrices. This
can be used to forecast what the steady-state covariance error will be, which can be

used as a consistency metric.

2. Notation

Matrices are written as bold uppercase and vectors with bold lowercase symbols.
The transpose operator is denoted X', while the inverse of the transpose is de-
noted X~ '. Mean vectors and covariance matrices maintained by the estimator are
denoted X, X, while the errors are denoted byx=x—%, X=X — X. The iden-
tity matrix is always I. Subscript k£ denotes the values at that timestamp, subscript
k|k — 1 is used to denote quantities after the propagation step, but before the update
step of the estimator, and subscript k|m is used to denote information from mea-
surements. Expectations are denoted E|[. .. ] and v ~ N (u, C) indicates the vector
v is normally distributed with mean g and covariance C. The covariance shortcut
Cov(x) = E|(x—E[x])(x—E [X])T] is used. The matrix inequality M; = M,
indicates that M; — M, is positive semidefinite. The operation A~ only works on
diagonal matrices A = diag (dy,ds,...,0,0) so that each diagonal element in d;
becomes 1/d; unless d; = 0, so that A~ = diag (1/dy,1/ds,...,0,0).

3. Covariance-Form Largest Ellipsoid Estimator

Consider the LTI discrete-time system defined by

X = FXk_l + Luk. + W1 (1)
m;, = Hx; + Gy, ()

where the x;, is the true state of the system, uy, is the known input, w;, ~ A (0, Q)
is the process noise, and my, are the measurements that are affected by a zero-mean

disturbance vector y,. The estimator maintains an estimate of the state X, as well



as an estimate of the error covariance X, which is not necessarily the same as the

true error covariance Cov (x) = X. The estimator has a predictor step

Xpk—1 = FXp_1 + Luyg (3)
Xipo1 = FXiFT +Q )
and a corrector step
X = Xph—1 — KpHXp -1 + Kpmy, )
X;, = (I - K.H) Xpp 1 (1 - K;H) T + KMK', (6)

where M = GYG . The estimator error is correlated with the disturbance vector:
Xk|k—1 Xkjk—1  2kfk—1
Cov = T

Ye o] _2k|k71 Y,

%] (X, =
Cov k = : F
Yk _Zk Y
The gain matrix Ky, is a function of the estimated error covariance f(k‘ r—1 and Yy,

. . -1
but X, is unknown. The well-known Kalman gain K}, = Xy, v H' <HXk| w1 H' + M)

is optimal if 3, = 0. The corrector step (5—6) can also be written in terms of infor-

(7

®)

mation matrices
Tije-1 = Xy Tym =H M 'H ©9)

and information vectors

N o—1
Lilk—1 = Xk\k_lxmkq (10)

tem = H'M 'm. (11)
Using the Kalman gain results in simple summations:
Ly = Lije—1 + Lijm 7, = j:k|k71 + ZLiim (12)

This is the well-known “information-form” of the Kalman filter. For LE estimation,
instead of a summation, the updated information matrix represents the minimal

volume ellipsoid containing the ellipsoids represented by I kik—1 and Ly ,. A joint



diagonalization transformation T}, is computed so that

Tkj:k|k—1T];r =1 %k,l = Trlrp—1 (13)
Ti Ly T = Ax Ui = Thlipm- (14)

where Ay, is diagonal. The transformed, updated information vector and matrix are
chosen element-wise based on the largest value of the transformed information ma-

trices. That is,
T, = Ay, + BiAy, 8 = Ay g + Bithy, (15)

where By, is a diagonal matrix with the ¢’th component B [i,i| = 1 if Ay[i,i] > 1,

and By |7, i] = 0 otherwise. The matrix Ay is the opposite so that
A, +B, =1, A;B; = 0. (16)
The updated information vector and matrix are given by
T, =T, 'T,T; " i, = T;'i, (17)
which can be transformed back into the state vector and covariance matrix by
A1 A1

X, =17, X =Z, i (18)

The transformation T} can be directly computed through the following singular

value decompositions (SVDs):

UDU'" = Ty, (19)
T

VAT = (D2UT) Zy,, (D207 (20)

T, =V'D /2T, (21)

where D and A are diagonal, and U and V are orthonormal. Note that this formu-

lation assumes Xy ;_; is full rank, but not H' M~ 'H.

Equations 9-21 describe the basic algorithm in Forsling,? just slightly more tai-
lored to the state estimation problem. We now wish to describe the estimator in a

“covariance-form” to make it easier to implement and analyze. To start, the SVD in



Eq. 19 can be computed on Xkl x—1 instead of X,;L_l, since

Xk 1 = Ly = UD U, (22)
Combining Eqgs. 15, 17, and 18 with some algebra leads to

X, =T, (Ap +ByA) ' Ty (23)

Because each diagonal element in the sum Ay + By Ay is either 1 or the element of

Ay, the A,;d operator defined in the notation section can be applied to get
X =T} (A +BrAL) Ty (24)
With the same substitutions, the updated state vector leads to
X, =T, (Ap+BeAL?) (Aripp_y + Bity,) (25)

Acknowledging that because Ay is diagonal, BkA,;dAk is 0 and substituting in the

information vector definitions leads to

~—1
N T N
XL = Tk AkaXk‘kflxk‘k_l

o+ T BRALT,H M 'm (26)
Substituting the information matrix definitions into Eq. 13 leads to

T, X, T) =1 27

k-1 1k 27)
~—1

T Xy =T, ' (28)

With this, the state update becomes
% = TP AT,  Xppeo1 + T BRA T, H'M 'm
From this, the LE estimator gain terms from Eq. 5 are

K = T ByA, ‘T, H M (29)
I-K.H=T,AT," . (30)



The optimal Kalman gain can also be computed using the transformed information

matrices. Starting from Eq. 12

I, = T;'T, (iM,H n Ik‘m> T, 1,7
=T, (I+A) T

X, =T, I+A)"'T,

=T, (Gt + tain)

=T (L+Ay) " T Ky + T A+ Ap) T,H'M 'm.
So, the Kalman gain terms are

K;=T  I+A) 'T,H M
I-KH=T, I+A,)"'T;".

(3D
(32)
(33)
(34)
(35)

(36)
(37)

Note that the optimal information fusion in Bar Shalom/Campo® is algebraically

equivalent to a Kalman filter update when H = G = 1. With this simplification

Ty Zym T, = T,Y 'T] = A,
T,HM' = T,Y'=AT,"

(38)
(39)

Substituting Eq. 39 into Eq. 29 gives K, = TgBkT,;T, while substituting it into Eq.
36 gives K = T,;r I+ Ak)_1 AkT,;T. Although the largest ellipsoid gain has sim-
ilar behavior to the optimal gain, it is not identical, which contradicts the assertion

made in Theorem 4 of Noack et al.2* that it should be.



4. Covariance Error Analysis

The goal of distributed estimation problems or UBB problems is to have X - X.
We restrict the analysis here to the case when y,, = y,_;. Because Y is constant, it

will be subscript-less. The joint error covariance therefore propagates according to

-
Xkjk—1  Digk—1 _|F 0| [X)1 S| |FT 0 n Q0
NP ¢ 0 I, Y 0 I 0 0
so that
Xijh—1 = FX; F' +Q (40)
Y1 = FXp (41)

After the update step, the joint error covariance becomes

X, % I-KH) —KiG| |Xpp—1 S| |[I-HK') 0
Y 0 I i Y ~-G'K] 1
(42)
so that
X;, = (I — KH) Xpp1 (I - KH)'
o= (1= KH) 3G 'Ky
= KGEy, I-KH)' + KMK] (43)
2 = (I - KH) =1 — KiGY (44)

The recursion for computing the covariance error X = X—Xis useful for examining

consistency. Combining Eqgs. 40 and 4 gives
Xpp1 = FX; . (45)
Combining Eq. 43 with Eq. 6 leads to

X;, = (I - KH) Xy (I - KH)'
o= (I-KH) 4 1G 'K
=K GE e, I-KH) ' (46)



Combining the propagation and update steps, along with Eq. 41 leads to

X, = (I-KH)FX,_F' I-KH)"
o~ (I-KHFZ,_,G'K,
o —KGE_ FTI-KH)" (47)

while combining Eqs. 40 and 44 leads to
¥, = IT-KH)FX, ; — K.GY. (48)

Suppose that under ideal circumstances the estimator is initialized consistently and
independently of the disturbance so that X, = 0 and 3, = 0. From Eq.47,atk =1,
5(1 = 0 still but from Eq. 48 3; = —K;GY. So, by the time k = 2, the covariance

error is in general nonzero:
X, = (I - K:H)FK,GYG K] + K,GYG 'K/ FT (1-K,H)'  (49)

Examining one of the terms in the above summation with the definition of the

Kalman gain leads to

(I- K;H)FK;GYG'K] ...
=T, A,T, 'FK;MK, (50)
=T, AT, 'FTB, A “T;H' M 'HT, A;“B,T, (51)

There are a number of conditions that could cause 5(2 to be 0; however, a consis-
tency proof would require showing that X, is negative semi-definite. This is not the
case if By # 0 and A, # 0. The term in Eq. 51 can be rewritten

(I- K;H)FK,GYG 'K, = T, Ay/B,T, (52)



and the A,®B, matrix will have zeros on the diagonal. To see this, consider the

case in which the diagonal elements in A, are arranged in descending order. This

means
0 0 I 0
A2¢B2 _ ¢11 1/)12 (53)
0 1) [9y %] |0 0
[0 0
— (54)
K
Using this result in Eq. 49 yields
N 0 T
X, =T, Y|y, (55)
Py 0

which is neither positive nor negative semi-definite.

5. Consistency Metric

A major problem with LE estimation is if it becomes inconsistent, there is no way
to know during runtime. There also is not a metric for even simple LTI systems that
can tell the designer if the LE estimator will be consistent. However, it is possible
that in the case where the estimator covariance reaches a steady-state value, we
can examine the steady-state value of X. Steady-state values will be indicated by
subscript £ = oo. If the value of X, is known, then the steady-state estimator
gain K, can be computed from Egs. 19, 20, 21, and 29. The steady-state cross-

correlation can be computed by solving Eq. 48:

Yo = (1-K.HFZ, - K, ,GY (56)
Yo=—I-I-KHF) "K,GY (57)

Then X, results from Eq. 47, which becomes a discrete Lyapunov equation:

0=(I1-KHFX F (I1-K.H)"

o X
= (I-K HFE G'K
o —KoGELFT 1—-K, H)' (58)

10



From here, Xoo can be checked to see if the diagonal elements are < (, which
is a less-restrictive condition than showing that X is negative semi-definite. This
indicates that X is at least “trace consistent” (i.e., tr (5(00> > tr (X ) as in Leonar-
dos and Daniilidis'®). The primary problem with this check is that X, cannot be
computed from a discrete algebraic Riccati equation like it is possible to do with a
Kalman filter. In fact, no explicit solution for Xoo is presented here. However, it is
still possible to use the current value of X in the place of X, as this will likely
reach the steady-state value and is readily available. The conjecture that an estima-
tor covariance for a detectable LTI system will reach a steady-state has not been
proven when using LE estimation. Care must also be taken because the calculations

do not work when K, = 0.

A secondary problem with this check is that it is only exact for the case when
the disturbance is constant. However, in practice, this is still a useful metric as is

demonstrated in the following examples.

6. Example: Randomly Changing Disturbance

Consider the state-space model for a randomly driven constant acceleration model
with position p, velocity v, and acceleration a:

P 01 0 |p 0 0 Of |100—-p 0
vl =10 0 1| |v|+|[ O O O 0-o | +]0], (59)
a 0 0 0f |a 001 1 1 0—-a w3

where w3 is an independent unit white noise process. The inputs are the error be-
tween set points and the estimated states. The system is discretized (see Section
4.2 of Simon?%) with a timestep of 0.1. At each timestep, the disturbance d has a
1% chance to obtain a new value drawn from A (0, 100). This creates errors with a

known covariance, but not a known time correlation. The measurement equation is

m:[1 0 0} Z + [1] [d}. (60)
H \a/ G\y/

An example MATLAB?’ simulation run is shown in Fig. 1.

11
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Fig.1 States, estimates, and measurements for a sample run of the randomly chang-
ing disturbance example

Three state estimators are examined: a naive Kalman filter that treats d as an in-
dependent noise source, a largest ellipsoid estimator, and a covariance intersec-
tion estimator (which is described in the Appendix). The initial error covariance is
X = X = diag (10,10, 1). The feedback used to form the input is taken from the

Kalman estimate.

This example was chosen to showcase the potential benefits of LE estimation.
The randomly changing disturbance is not easily handled by state augmentation
in a Kalman filter. Figure 2 shows the estimation errors for each of the estima-
tors. The naive Kalman filter underpredicts the covariance because of the false in-
dependent measurement noise assumption. The CI estimator produces extremely

conservative estimates of the states that are not directly measured (v and a). The

12



LE estimator has balanced, consistent performance. This is reinforced by the nor-
malized estimation error squared (NEES) comparison in Fig. 3. NEES is given by
NEES=%'X ' /dim(x), and if the estimator is consistent, should have a mean
of 1.

v error

a error

v error

aerror

time

v error
<

.200 | T T T T T T T T i
0 10 20 30 40 50 60 70 80 90 100

time
200

a error
[=)

200 | T T T T T T T T 1
0 10 20 30 40 50 60 70 80 90 100

time

(¢) Covariance Intersection

Fig. 2 Estimation errors (black) along with estimator +3c bounds (red)
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0 15+
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10
5 L
0 20 40 60 80 100

time

Fig. 3 Average NEES comparison over 20 runs for randomly changing disturbance
example

The elements of the LE covariance error are shown in Fig. 4. The solid lines are the
elements of X;, formed by propagating Eqs. 48 and 47, while the dashed lines are
the elements of X, as computed with the approximation that X, ~ X, for each
timestep. The values all converge to 0 or a negative number, which shows that the

LE estimator predicted its own trace-consistency.

50 b
S
5 0=
> /
S
-50 a
0 20 40 60 80 100

time

Fig. 4 Elements of the propagated LE covariance error (solid) and the most recent
steady-state predictions (dashed)
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7. Example: Biased Sinewave Measurements

Consider the state-space model for a randomly driven sine wave with position p,

velocity v, and frequency w:

A ISP

where w; and ws are independent unit white noise processes. The measurement is

the position afflicted by a bias:

m:[l 0} Z + [1 b] (62)
TN el

As in Section 6, the system is discretized with a timestep of 0.1, and a LE estimator

is compared with a naive Kalman filter and CI estimator.

This example was chosen to break the LE estimator. The average NEES over 20
runs is shown in Fig. 5, with two values of w. When w = 0.1 x 27, the LE es-
timator is slightly more consistent than the Kalman filter, and the CI estimator is
conservative. When w is changed to 0.5 x 27, the LE estimator is less consistent
than the naive Kalman filter. This inconsistency is predicted by the covariance error
estimates shown in Fig. 6. As in the previous example, the dashed lines are the ele-
ments of X, as computed with the approximation that X.. ~ X, for each timestep.
This metric circumvents the need to propagate X, from the beginning and can be
used during runtime, although best results are obtained when the estimated X, has
approached its steady-state value. When w = 0.1 x 27, all elements of X are < 0
indicating trace-consistency, while one of them is positive when w = 0.5 x 27

indicating the opposite.

15



Kalman Kalman
18 LE LE
cl 5 L cl
16 \A’\M
14
4
12
N 1%
oo 03
z z
08
2
06
04
1
0.2
0 . . . . 0 . . . .
0 5 10 15 20 0 5 10 15 20
time time
(@A) w=0.1x27 (b) w=0.5x27

Fig. 5 NEES comparisons for the biased sinewave example. Changing the w from
0.1 x 27 to 0.5 x 27 changes the system enough to cause LE to become inconsistent.
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Fig. 6 Elements of the propagated LE covariance error (solid) and the most recent
steady-state predictions (dashed) for the biased sine wave example
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8. Conclusions

LE was shown to have a simple formulation and can accurately handle measurement
errors that are difficult to model in a Kalman filter. However, it was also demon-
strated that the algorithm is not guaranteed to be consistent when the measurement
errors are unmodeled biases. The steady-state estimator covariance error can be
calculated in this case from the steady-state estimator covariance. Calculating the
steady-state LE estimator covariance unfortunately is left as an unsolved problem.
The LE estimator covariance at the current timestamp can be used in its place dur-
ing runtime, and in our examples, this was accurately used to predict estimator

consistency.
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Appendix. Covariance Intersection Estimator
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The estimator gain for the CI estimator KkCI is derived from the analysis in Chen et

al.?s:

1 .cr 1 __.~crI 1 -1
K¢'=-X, H (—HX,, H' M| .
k ML (ak k-1t T

The corresponding covariance update is then

The scalar weight a;, must be optimized at each time step to minimize the trace of
- CI
X .
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List of Acronyms

CI
LTI
NEES
SVD
UBB

covariance intersection

linear time invariant

normalized estimation error squared
singular value decomposition

unknown but bounded
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