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Project Narrative: Cluster-State Quantum Error-Correction Based 
on AdS/CFT Codes 

Questions:
• Holographic codes have desirable properties so may have applications in real quantum 

computing platforms.  How well do holographic codes perform relative to other codes?

• The construction of holographic codes lends itself to cluster state construction.  How well 
does a cluster-state model of holographic codes perform?

• Does the holograph code construction generalize to other codes?

Goals:
• To develop the theory of holographic codes (inspired by AdS/CFT).

• To formulate a description in terms of ‘cluster states’, which are universal quantum 
states suitable for hosting quantum processing tasks.

• To compute performance metrics of holographic codes.

• To generalize the construction of holographic codes to more general tensor network 
codes.

Payoff: 
• High performance quantum error correcting codes for quantum processing. 
• A pathway to construct large codes from elementary codes, with the possibility for code 

optimization tailored to specific physical architectures.
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University of Queensland, Brisbane, Australia
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FIG. 1: (a) shows a tensor-network code composed of two Steane-code tensors, giving a [[12,2,3]] code. The contraction of two
indices of the Steane code is possible because the Steane code can distinguish single-qubit Pauli errors on any site (because it
can correct any single-qubit error). The reason this allows us to contract tensor indices to get a new code is discussed around
equation (3). (b) shows a uniform tiling of hyperbolic space with regular heptagons where four heptagons meet at any vertex.
(c) shows the holographic Steane code. This is also called the heptagon code because each tensor is naturally associated to a
heptagonal tile (though one could conceive of other codes corresponding to a heptagonal tiling not based on the Steane code).
The code can be constructed by starting from the central tile, which has a Steane-code tensor T 1(L) associated to it. Then
at radius two we add seven further tensors (the same tensors, but now represented by green heptagons), each with one leg
contracted to one of the outgoing legs of the central tensor. Finally, we add further T 1(L) tensors (blue discs) at radius three,
with one or two outgoing legs contracted with outgoing legs of tensors at radius two. This is a radius-three holographic code.
The uncontracted legs at the boundary correspond to physical qubits. The resulting tensor describes a stabilizer code, which
follows using equation (3) and noting that each Pauli error localized only on qubits 6 and 7 of the Steane code has a unique
syndrome. (d) shows a tensor-network contraction used for the maximum-likelihood decoder. The central tensor describes
the logical cosets of the code, while the boundary (single-leg) tensors describe the (uncorrelated) noise model on the physical
qubits.

T (L)(g1,...,gn) and T
0(L0)(h1,...,hn0 ) which have n and n

0

physical qubits and k and k
0 logical qubits respectively.

Assume that at least one of these codes can distinguish
any Pauli error on a set of qubits, meaning there is a
unique syndrome for each Pauli error on those qubits
(for simplicity, let us choose qubits 1 to l). Then we can
construct a new tensor describing a new stabilizer code
by contracting indices:

Tnew(Lnew) =
X

j1,...,jl2{0,1,2,3}

T (L)(j1,...,jl,gl+1,...,gn)T
0(L0)(j1,...,jl,hl+1,...,hn0 ),

(3)

where Lnew = L ⌦ L
0 represent logical operators for the

new code. Tnew(Lnew) describes a stabilizer code with
n+n

0�2l physical qubits and k+k
0 logical qubits. This

is proved in [27].
Our main example of tensor-network codes is a specific

holographic stabilizer code called the max-rate Steane (or
heptagon) holographic code [23], which is best under-
stood via figure 1. We start with a central Steane-code
tensor. Then we contract each outgoing leg of this ten-
sor with another Steane-code tensor, each of which has
one ingoing leg contracted with an outgoing leg of the
central tensor. We call this a radius-two code. To get a
radius-three code, we contract tensors with each outgoing
leg of the radius-two tensors, but now some radius-three
tensors have two legs contracted with two neighbouring
radius-two tensors, as shown in figure 1. For this to give
a valid stabilizer code, it is enough that the Steane code

can distinguish all two-qubit errors on the qubits cor-
responding to the ingoing legs. Using this construction,
each tensor (and hence each logical qubit) is naturally as-
sociated to a tile in a tiling of the hyperbolic plane with
heptagons, where four heptagons meet at each vertex.
The physical qubits are on the boundary of this tiling
corresponding to the uncontracted legs of the tensor net-
work, as shown in figure 1.

IV. MAXIMUM LIKELIHOOD DECODING VIA
TENSOR NETWORKS

Here we will look at maximum likelihood decoding,
and we will see in section IVB that decoding multiple
logical qubits can sometimes be done in parallel. In sec-
tion IVC, we will consider our tensor-network approach
to maximum likelihood decoding, comparing it to pre-
vious approaches. We will see that this tensor-network
method does allow us to decode di↵erent logical qubits
in parallel, which relies on theorem 1 in section IVB.
Provided we know the error model for the physical sys-

tem, the optimal decoder is the maximum likelihood de-
coder. This calculates the error correction operator that
is most likely to return to the correct code state given the
syndrome. (Recall that we are not considering the pos-
sibility of faulty syndromes.) After measuring the stabi-
lizers to get the syndrome ~s, we can easily find a pure
error E(~s ) 2 E , which is consistent with the syndromes.
Recall, however, that this is not the only possibility: any
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FIG. 2: (a) & (b) show bulk tensors for the surface code. Numbers correspond to qubits in Table II. The code tensor in (a)
includes logical X as an additional stabilizer, while the code tensor in (b) includes logical Z as a code stabilizer. (c) shows
stabilizers of code tensors [at the top left corner of the tensor network in (e)] before contraction of indices, and (d) shows the
resulting stabilizer after contraction of tensor indices. (e) shows the [[25, 1, 5]] rotated planar surface code as a tensor-network
code. Each green tensor in the bulk is a five-qubit surface code tensor with alternating tensors having logical X or Z as an
additional stabilizer as shown in (a) & (b). The central tensor (blue) has a single logical qubit. Yellow and red circles represent
physical qubits. Here we see a plaquette stabilizer, with non-trivial Paulis in red, and identities in yellow. Our modified code
simply replaces the blue tensor, which corresponded to the five-qubit surface code, by the five-qubit code (the ordering of the
legs was chosen to match the surface code’s distance, while lowering the number of minimal-weight logical operators).

Let us consider a simple example. As shown in Figure 1
(b), we have contracted five code tensors, with one corre-
sponding to the five-qubit code, and the rest correspond-
ing to the purified five-qubit code (see Table I), so there
is a single logical qubit. By using our tensor-network
method, we find the distribution of operator weights as
shown in figure 1 (c). We see that the distance is five, so
this is a [[13, 1, 5]] code.

This is a promising new way to find code distances,
provided we can contract the tensor network. Then a
useful idea is to start with tensor-network geometries that
we know we can easily contract and then iterate over
di↵erent choices of seed code tensors to find high-distance
codes. We can also look for codes that, not only have high
distance, but also have many low-weight stabilizers. As
a final note, this method can be expanded to find the
distribution of logical operators by weight restricted to
those that have only identity and Pauli Z components.
This can be used to identify codes that are tailored to
biased noise [10].
Let us end this section by noting that this distance

calculation method is e�cient for holographic codes (see
appendix B), as well as for any code with simpler tensor
networks, such as trees.

V. MAXIMUM LIKELIHOOD DECODING VIA
TENSOR NETWORKS

Maximum likelihood decoding is optimal, as it uses the
syndrome to find the correction operator that is most
likely to return the code to the correct code state. For

general quantum codes, this is a very di�cult computa-
tional task [29]. One method that works well for some
codes uses tensor networks [2, 3, 7–9].
We can write any error with syndrome ~s as P (~s )SL,

where P (~s ) is the pure error corresponding to syndrome
~s, and some S 2 S and L 2 L. The key point is that
P (~s )SL has the same e↵ect on the codespace regardless
of which stabilizer S appears. In contrast, di↵erent log-
icals L will have di↵erent e↵ects on the codespace. To
find the optimal correction, we need to calculate

�(L,~s ) =
X

S2S
prob(P (~s )SL) (10)

for each logical L 2 L. Here prob(P (~s )SL) is the proba-
bility that the error P (~s )SL occurred. Then the best cor-
rection operator is LP (~s ), where L = argmaxL �(L,~s ).

Using tensor-network codes, we should think of the
noise distribution prob(P (~s )SL) as a tensor. To do this,
we write SL = �

g1 ⌦ ...⌦�
gn and P (~s ) = �

e1 ⌦ ...⌦�
en .

Recall that P (~s ) is fixed by the syndrome. Then we
define

E(~s )g1,...,gn = prob(�e1�
g1 ⌦ ...⌦ �

en�
gn). (11)

For uncorrelated error models (e.g., i.i.d. depolarizing
noise), this factorizes simply to a product of rank-one
tensors: E(~s )g1,...,gn = p1(�e1�g1)⇥ ...⇥pn(�en�gn), with
pi(�ai) being the probability that the noise will cause �ai

to act on qubit i.
Calculating �(L,~s ) involves contracting the code ten-

sor with E to get

�(L,~s ) = T (L)g1,...,gnE(~s )g1,...,gn . (12)
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which means that xm⇤ < 1/(K + 1), but we also have

kxm⇤ �
X

l 6=m

xl >
K

K + 1
, (A7)

which follows because xm⇤ is the largest element. This
implies xm⇤ > 1/(K + 1), which is a contradiction, as
promised.

The lower bound on the maxima of the marginals p↵i in
the lemma (K/(K +1)) is optimal, in the sense that any
other lower bound does not guarantee that the marginals
allow us to find the global maximum. This can be seen
from an example with p0,..,0 = 1/(K+1)�✏ and p1,0,...,0 =
... = p0,...,0,1 = 1/(K + 1) + ✏/K for some small ✏ > 0.
Then the marginals satisfy p

↵
0 = K/(K + 1) � ✏/K but

p0,..,0 is not the biggest value of the full distribution.

To prove theorem 2, we want to lower bound the frac-
tion of error instances where each marginal distribution
satisfies max prob(Li|~s ) > K/(K + 1).

Consider logical qubit i, and let pisuccess be the proba-
bility of successfully correcting qubit i. We know that

p
i
success =

X

~s

prob(~s )prob(Li|~s ), (A8)

where Li = argmaxLi
prob(Li|~s ) for a given syndrome

~s. Let qi be the probability that ~s corresponds to a case
with prob(Li|~s ) > K/(K + 1), i.e.,

qi =
X

~s
prob(Li|~s )>K/(K+1)

prob(~s ). (A9)

This allows us to upper bound p
i
success as follows.

p
i
success  qi + (1� qi)

K

K + 1
. (A10)

Rearranging, we get

qi � p
i
success �K(1� p

i
success). (A11)

Then a lower bound on the probability that all logical
qubits satisfy max prob(Li|~s ) > K/(K + 1) is

Q �
KY

i=1

qi =
KY

i=1

⇥
p
i
success �K(1� p

i
success)

⇤
. (A12)

Below threshold p
i
success becomes larger for larger

codes, and therefore so does q, the fraction of time that
logical qubit i satisfies the criterion for the parallel de-
coder to be optimal. Suppose we are considering a fixed

number of logical qubits for bigger and bigger codes. It
follows from equation (A12) that, as long as we are below
the threshold for the individual logical qubits, the frac-
tion of cases when decoding the logical qubits individu-
ally is optimal Q will tend to one. (Note that decoding
the individual qubits can also still give the right answer
when max prob(Li|~s ) > K/(K + 1) is not satisfied.)

Appendix B: Threshold

In section IVA, we explained that there are two meth-
ods to estimate the probability of successfully decoding,
the first of which used Monte Carlo sampling of errors
in conjunction with equation (9). Figure 3 shows the
result of using this method for the holographic Steane
code when decoding only the central logical qubit. In
comparison with the second method (using Monte Carlo
sampling of errors together with equation (11)) shown in
figure 2, the error bars are somewhat larger.

FIG. 3: This shows estimates for the probability of a logical
error pfailure = 1 � psuccess when decoding the central logical
qubit plotted against the single-qubit error probability for dif-
ferent code radii. For each point we have taken 1000 samples.
This was obtained by using Monte Carlo sampling to estimate
pfailure via equation (9). Error bars correspond to standard
errors, but are generally larger than in figure 2 (a).

FIG. 4: Monte Carlo estimates of the probability of failing
to correct an error for the central logical qubit of the holo-
graphic Steane code as a funciton of the single-qubit depolar-
izing probability p. Each point corresponds to 1000 samples,
and error bars are standard errors.

Figure 4 shows the failure probability for the central
logical qubit close to the threshold for varius di↵erent
code radii. Upon inspection, it the threshold looks to be
just below 9.5% . To verify this estimate for the thresh-
old, we employ a scaling hypothesis, following [31], which

Top left: the elementary connections of holographic and other tensor network codes.
Top right: the structure of holographic tensor network codes.
Bottom left: a planar tensor network code related to the surface code.
Bottom right: performance threshold of a holograph code encoding multiple logical 
qubits.
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We describe a superconducting circuit consisting of a Josephson junction in parallel with a quantum phase
slip wire, which implements a Hamiltonian that is periodic in both charge and flux. This Hamiltonian is exactly
diagonalizable in a double-Bloch band, and the eigenstates are shown to be code states of the Gottesman-Kitaev-
Preskill quantum error correcting code. The eigenspectrum has several critical points, where the linear sensitivity
to external charge and flux noise vanishes. The states at these critical points thus hold promise as qubit states
that are insensitive to common external noise sources.

DOI: 10.1103/PhysRevA.100.062321

I. INTRODUCTION

Quantum devices are typically sensitive to noise, which
presents the major challenge in developing robust quantum
technologies. In contrast, digital technologies rest on the
existence of stable states of matter that retain classical infor-
mation over long times. Fundamentally, this is because stable
classical states of matter embody an error correcting code.
For example, ferromagnet domains in hard disks energetically
implement a repetition code among many coupled electronic
spins. By analogy, it is desirable to engineer quantum systems
whose Hamiltonians encode a quantum error correcting code.

One approach to developing robust quantum devices is
to design a “symmetry protected” logical space of nearly
degenerate ground states {|0̄〉 , |1̄〉} [1], such as the proposed
0-π qubit [2–6], which rejects charge and flux noise. Here
we instead introduce and analyze a simple superconducting
circuit with a set of eigenstates that are robust against noise,
without relying on ground state degeneracy. This device is
built from a Josephson junction (JJ) [7] and a quantum phase
slip (QPS) wire [8–11], making its Hamiltonian periodic in
both charge and flux. The two junctions in this circuit are dual
to each other, by which we name the device the dualmon. We
show that the dualmon Hamiltonian is exactly diagonalizable,
where there are two quantum numbers each associated to
one canonical coordinate, and that typical noise processes
commute with the Hamiltonian, affording some symmetry
protection to the device.

The energy eigenbasis of the dualmon circuit includes the
codewords of the Gottesman-Kitaev-Preskill (GKP) error cor-
recting code [12,13] which occur at four critical points in the
eigenspectrum: one minimum (ground state), one maximum,
and two saddle points. At these critical points, we find that

*thanhdat.le@uq.net.au
†stace@physics.uq.edu.au

the device is insensitive (at linear order) to fluctuations in
both charge and flux, making the critical points promising
candidates for robust quantum information storage. We also
show that these results hold when the circuit includes realistic
parasitic inductance and capacitance.

The paper is structured as follows. In Sec. II, we analyze
the characteristics of the elementary dualmon circuit and its
robustness to classical noise. Section III takes into account the
effect of wire inductance and junction capacitance, which are
always present in a realistic circuit. We compute the energy
bands of this circuit both analytically and numerically to
assess the influence of external flux and charge noise. We
also discuss on other possible noise sources in the realistic
dualmon circuit. In Sec. IV, we couple the circuit to a waveg-
uide to implement spectroscopy. The resulting transmission
spectrum shows that the interband transition is dependent
upon the system state, based on which we propose a means
for state initialization. The waveguide coupling additionally
gives rise to a quantum noise model; however, it is found
that the dualmon remains resilient against the induced quan-
tum noise. Afterwards, in Sec. V we compare the dualmon
with several previously investigated superconducting qubit
designs. We conclude the paper in Sec. VI. Several appendices
are attached, providing details of calculations described in the
main text.

II. THE ELEMENTARY CIRCUIT

Figure 1(a) illustrates the elementary dualmon circuit in
which an ideal QPS is in parallel with an ideal JJ, so
that there is no parasitic capacitance or inductance. The
QPS and JJ are dual circuit elements, with constitutive re-
lations VQ = Vc sin[2πQ/(2e)] and IJ = Ic sin(2π�/�0) re-
spectively, where VQ is the QPS voltage which depends on
the charge Q that has flowed through the QPS, IJ is the JJ
current which depends on the flux � linked by the JJ, and
�0 = h/(2e) is the magnetic flux quantum. The QPS and JJ

2469-9926/2019/100(6)/062321(15) 062321-1 ©2019 American Physical Society
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Φ̂, Q̂
(a) (b) (c)

L

Cx
Vx

Φx Φx

Vx

Φ̂A

Φ̂B

Φ̂, Q̂
Cx

FIG. 1. (a) The elementary dualmon circuit of a quantum phase
slip (QPS) wire in parallel with a Josephson junction (JJ). (b) In-
cluding coupling to external flux �x and voltage bias Vx . (c) The
realistic dualmon circuit including self inductance L and parasitic
capacitance C.

elements are characterized by their critical voltage Vc and
critical current Ic respectively.

The quantized circuit is described by the flux �̂ and the
conjugate charge Q̂. The Hamiltonian for the system is given
by

Ĥ = −EQ cos(2π n̂) − EJ cos(φ̂), (1)

where n̂ = Q̂/(2e) and φ̂ = 2π�̂/�0 satisfy [φ̂, n̂] = i, EQ =
2eVc/(2π ), and EJ = �0Ic/(2π ). The Hamiltonian is peri-
odic in both charge and flux, and since [e±iφ̂ , e±i2π n̂] = 0,
we find that [cos(2π n̂), cos(φ̂)] = 0. The eigenstates of the
system |k, ϕ〉 are therefore characterised by Bloch quan-
tum numbers k ∈ (−1/2, 1/2] and ϕ ∈ (−π, π ], and satisfy
dual Bloch relations 〈k, ϕ|φ + 2π〉φ̄ = ei2πk 〈k, ϕ|φ〉φ̄ [14]
and 〈k, ϕ|n + 1〉n̄ = eiϕ 〈k, ϕ|n〉n̄, where the subscripts φ̄ and
n̄ distinguish the phase and number bases respectively. The
basis {|k, ϕ〉} was introduced and analyzed in the work by Zak
[15]; we will subsequently call it the Zak basis.

The eigenenergies of Ĥ are

Ek,ϕ = −EQ cos(2πk) − EJ cos(ϕ). (2)

This spectrum, as shown in Figs. 2(a) and 2(b), has four
critical eigenstates,

{|0, 0〉 , |0, π〉 , |1/2, 0〉 , |1/2, π〉},
where ∇Ek,ϕ = (∂kEk,ϕ, ∂ϕEk,ϕ ) = 0, which are the ground
state, two saddle points, and the maximally excited state re-
spectively. Notably, the saddle points can be made degenerate
when EQ = EJ . We will show that the sensitivity to charge and
flux noise vanishes at these critical points to linear order.

Expanding the eigenstates in the phase or number bases,

|k, ϕ〉 =
∞∑

j=−∞
ei2π jk |ϕ − 2π j〉φ̄ = eikϕ

√
2π

∞∑
j=−∞

e−i jϕ | j − k〉n̄ ,

(3)
makes it apparent that the GKP codewords are eigenstates
of the circuit. Particularly, following the definitions from
Ref. [12] we can see |0̄GKP〉 = |0, 0〉 and |1̄GKP〉 = |0, π〉. The
double-Bloch eigenstates in Eq. (3) satisfy the normalisation
〈k, ϕ |k′, ϕ′〉 = δ(k − k′)δ(ϕ − ϕ′), and the generalized peri-
odic boundary identities |−1/2, ϕ〉 = |1/2, ϕ〉 and |k,−π〉 =
e−i2πk |k, π〉.

−1/2 0 1/2

(d)(b)

k

0

1× ×2

−1/2 0 1/2
−π

0

π

k

−2

−1
0
1

2

(c)(a)

FIG. 2. (a) and (b) Three-dimensional and contour plots of the
elementary dualmon circuit energy spectrum, Ek,ϕ , Eq. (2). The
four critical points, where the gradient vanishes, are indicated by
red circles. The saddle points are only degenerate if EQ = EJ , but
the locations of the critical points are fixed. (c) and (d) The pure
dephasing rate �0,0; k,ϕ of superpositions of the dualmon ground state
|0, 0〉 with other eigenstates |k, ϕ〉, Eq. (11), due to fluctuations in
both external bias charge and flux. The dephasing rate vanishes at
the critical points |k, ϕ〉 ∈ {|0, π〉, |1/2, 0〉, |1/2, π〉}. For illustrative
purpose, we have chosen EQ = EJ ≡ E• and uniform noise εn =
εφ ≡ ε. Selected function contour and extremal values are marked.

A. Perturbative charge and flux noise in the elementary circuit

We include the effect of external voltage and flux noise, as
shown in Fig. 1(b), with an external gate voltage Vx(t ) coupled
capacitively via a parasitic capacitor Cx and an external flux
�x(t ) through the circuit loop [16]. In Appendix A, we show
that for small Cx the Hamiltonian of the circuit becomes

Ĥ ′(t ) = −EQ cos (2π [n̂ + nx(t )]) − EJ cos[φ̂ + φx(t )]. (4)

where nx(t ) = CxVx(t )/(2e) and φx(t ) = 2π�x(t )/�0.
For fixed values of the biases, the eigenenergies are

Ēk,ϕ (nx, φx ) = −EQ cos[2π (k + nx )] − EJ cos(ϕ + φx ). In
linear response, the sensitivity of the system to small variation
in bias is therefore given by(

∂nx Ēk,ϕ, ∂φx Ēk,ϕ

)∣∣
nx=φx=0 = ∇Ek,ϕ. (5)

For time-dependent noise in the bias parameters, this result
implies that the noise sensitivity is determined by ∇Ek,ϕ , so
that the noise sensitivity vanishes at the critical points, at
linear order.

For small-amplitude noise, we expand the Hamiltonian to
linear order in the noise terms, so

Ĥ ′(t ) 
 Ĥ + nx(t )Ân + φx(t )Âφ, (6)
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where

Ân = 2πEQ sin(2π n̂), (7a)

Âφ = EJ sin(φ̂). (7b)

Since [Ĥ, Ân] = [Ĥ , Âφ] = 0, flux and charge noise do not
induce transitions between eigenstates. Further, the critical
states are null vectors of Ân,φ , so they are immune to charge
and flux noise to first order.

We illustrate the general noise insensitivity using the ex-
ample of uncorrelated charge and flux noise, for which

〈nx(t )nx(t ′)〉 = ε2
nδ(t − t ′), (8a)

〈φx(t )φx(t ′)〉 = (2πεφ )2δ(t − t ′), (8b)

〈nx(t )φx(t ′)〉 = 0, (8c)

where εn and εφ are noise amplitudes. With this white noise
model, the evolution of the system density matrix, ρ, is given
by the master equation [17,18]

ρ̇(t ) = − i

h̄
[Ĥ , ρ(t )] + 2ε2

nD[Ân]ρ(t )

+ 2(2πεφ )2D[Âφ]ρ(t ), (9)

where D[A]ρ = AρA† − (ρA†A + A†Aρ)/2.
To calculate the decoherence rate between superpositions

of eigenstates, we suppose that the system is initially in a pure
state |ψ〉 = μ |k, ϕ〉 + μ′ |k′, ϕ′〉, so that ρ(0) = |ψ〉〈ψ |. Off
diagonal elements are right eigenoperators of the Lindblad
superoperators, but generally with nonzero eigenvalues (i.e.,
dephasing rates),

D[Ân] |k, ϕ〉 〈k′, ϕ′| = − 1
2 (2πEQ)2γ2πk,2πk′ |k, ϕ〉 〈k′, ϕ′| ,

D[Âφ] |k, ϕ〉 〈k′, ϕ′| = − 1
2 E2

J γϕ,ϕ′ |k, ϕ〉 〈k′, ϕ′| ,
where

γy,y′ = [sin(y) − sin(y′)]2. (10)

The pure dephasing rate is therefore given by

�k,ϕ; k′,ϕ′ = (2πεnEQ)2γ2πk,2πk′ + (2πεφEJ )2γϕ,ϕ′ . (11)

For any choice of k, there are values of k′ for which
γ2πk,2πk′ = 0, and similarly for ϕ and ϕ′. Of particu-
lar interest is the fact that for superpositions of the
critical eigenstates both Lindblad superoperators vanish,
γ2πk,2πk′ = γϕ,ϕ′ = 0, so that �k,ϕ;k′,ϕ′ = 0 when |k, ϕ〉,
|k′, ϕ′〉 ∈ {|0, 0〉, |0, π〉, |1/2, 0〉, |1/2, π〉}. We plot �0,0;k,ϕ

in Figs. 2(c) and 2(d), showing that the dephasing rates from
fluctuations in both external bias charge and flux vanish at
the critical points. This property makes these states intriguing
candidates for robustly storing quantum information.

III. REALISTIC CIRCUIT ELEMENTS

Realistically, the dualmon circuit will have some linear in-
ductance L in the ring and capacitance C across the JJ [19]. We
therefore extend the model to account for the effects of these
parasitic elements, and we show that the noise insensitivity of
the elementary circuit is retained under certain assumptions
for the circuit parameters.

The resulting lumped-element model, shown in Fig. 1(c),
has an additional circuit node, and the Hamiltonian for the
realistic circuit is

Ĥsys = ECn̂2
A + EL(φ̂A − φ̂B)2

− EQ cos (2π n̂B) − EJ cos(φ̂A), (12)

where EC = (2e)2/(2C), EL = �2
0/(8π2L), and the modes

labeled A and B refer to the circuit nodes indicated in Fig. 1(c).
We note that models of this form have been studied in
Ref. [20].

A. Energy bands

We assume that L and C are small, so that EL, EC �
EQ, EJ . In this case, the high-frequency dynamics of the
associated LC oscillator will dominate, so it is convenient to
transform to new conjugate coordinates

φ̂1 = φ̂A − φ̂B, n̂1 = n̂A, φ̂2 = φ̂B, n̂2 = n̂A + n̂B. (13)

In these coordinates we have

Ĥsys = ĤHO + V̂, (14)

where

ĤHO = ECn̂2
1 + ELφ̂2

1 , (15)

V̂ = −EQ cos[2π (n̂1 − n̂2)] − EJ cos(φ̂1 + φ̂2). (16)

Ĥsys commutes with cos(2π n̂2) and cos(φ̂2), so eigenstates
of Ĥsys will be simultaneous eigenstates of these operators,
which are the Zak basis states |k, ϕ〉2.1 Thus, the eigenstates
of Ĥsys take the form

|
m;k,ϕ〉1,2 = |ψm(k, ϕ)〉1 |k, ϕ〉2, (17)

where |ψm(k, ϕ)〉1 are the eigenstates of the reduced Hamilto-
nian acting on mode 1,

Ĥ1(k, ϕ) = ĤHO + V̂ (k, ϕ), (18)

with

V̂ (k, ϕ) = −EQ cos[2π (n̂1 − k)] − EJ cos(φ̂1 + ϕ). (19)

The eigenenergies Em;k,ϕ of the two-mode Hamiltonian Ĥsys,
markedly, coincide with those of the mode-1 Hamiltonian
Ĥ1(k, ϕ).

We are concerned with the limit EL, EC � EQ, EJ , in
which Ĥ1(k, ϕ) describes a weakly nonlinear oscillator (i.e.,
mode 1) that depends parametrically on the quantum numbers
k and ϕ associated to mode 2. We treat V̂ (k, ϕ) perturbatively,
and so we denote the eigenstates of ĤHO as |ψ (0)

m 〉1 with
eigenenergies E (0)

m = (m + 1/2)h̄�, where

h̄� = 2
√

ECEL. (20)

Within the oscillator ground state manifold, m = 0, the first-
order perturbative correction to the energy is

E (1)
m=0;k,ϕ

= 1
〈
ψ

(0)
0

∣∣V̂ (k, ϕ)
∣∣ψ (0)

0

〉
1

= −E ′
Q cos(2πk) − E ′

J cos(ϕ), (21)

1Here the subscript i = 1, 2 indicates states associated to mode i.
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FIG. 3. (a) and (b) The ground state band energy, Em=0;k,ϕ , of
the realistic dualmon circuit relative to the unperturbed harmonic
oscillator ground state energy E (0)

m=0. (c) and (d) The first excited state
band energy, Em=1;k,ϕ . Plots are generated by numerically solving the
eigenvalue problem (see Appendix B). On this scale, the difference
between the numerical values and the perturbative result in Sec. III A
is less than 0.005 across the band. For illustrative purposes, plots
are drawn with EQ = EJ ≡ E•, EC/EJ = 200, and EL/EJ = 10. For
these parameter values, z = √

20, E ′
Q = 0.11E•, E ′

J = 0.33E•, E ′′
Q =

−0.38E•, and E ′′
J = −0.40E•.

where E ′
Q = e−π2/zEQ and E ′

J = e−z/4EJ are renormalized
QPS and JJ parameters arising from zero-point motion of
mode 1, and z = √

EC/EL = √
L/C (2e)2/h̄ is a dimension-

less oscillator impedance. Equation (21) shows that within the
oscillator ground state manifold, mode 2 is governed by the
elementary Hamiltonian Ĥ in Eq. (1), with renormalized QPS
and JJ energies. Significantly, the critical points remain at the
same locations in the double-Bloch band.

To verify the perturbative arguments above, we numer-
ically solve for |ψm(k, ϕ)〉1 and eigenenergies Em;k,ϕ non-
perturbatively in the Zak basis for mode 1, as described in
Appendix B. Figures 3(a) and 3(b) show the oscillator ground
state manifold energy band Em=0;k,ϕ relative to the unper-
turbed harmonic oscillator ground state energy, for EL, EC �
EQ = EJ . The nonlinear energies EJ,Q are renormalized to
E ′

J,Q, but the band structure is otherwise qualitatively the same
as the elementary case, and with the same critical eigenstates.
We show below that the noise sensitivity vanishes at the
critical eigenstates, as for the elementary circuit.

Figures 3(c) and 3(d) also demonstrate the first excited
manifold, Em=1;k,ϕ , relative to the unperturbed harmonic oscil-
lator first excited state energy. In this manifold, the renormal-
ized nonlinear energies are E ′′

Q = (1 − 2π2/z)E ′
Q and E ′′

J =
(1 − z/2)E ′

J , so that the first excited band may be inverted
relative to the ground state manifold (i.e., the locations of
minima and maxima are exchanged). It follows that the

interband transition energies at the critical points can be made
nondegenerate, facilitating spectroscopic addressability of the
critical states. This addressability provides an avenue to state
preparation: spectroscopic measurements of a given accuracy
will localize the system in a narrow range of k and ϕ near
the observed transition energy. This will be discussed in more
detail in Sec. IV.

B. Perturbative charge and flux noise in the realistic circuit

We introduce charge and flux noise in the same manner as
for the elementary circuit [21]. The Hamiltonian is then

Ĥ′
sys = EC�

[n̂A + nx(t )]2 + EL[φ̂A − φ̂B − φx(t )]2

− EQ cos(2π n̂B) − EJ cos(φ̂A), (22)

where EC�
= (2e)2/(2C� ) with C� = C + Cx, and nx and φx

are external bias terms, as discussed earlier. In what follows,
we assume that Cx � C, and take EC�

= EC for simplicity.
Constant charge and flux bias can be transformed away by

suitable gauge choice [22,23], so we again consider the effect
of zero-mean, white noise. As before, we make the coordinate
transformation given by Eq. (13), and expand the Hamiltonian
to linear order in the noise terms, so

Ĥ′
sys 
 Ĥsys + nx(t )Ân + φx(t )Âφ, (23)

where

Ân = 2ECn̂1, (24a)

Âφ = −2ELφ̂1. (24b)

The master equation for the noisy system is then

�̇ = − i

h̄
[Ĥsys, �] + 2ε2

nD[Ân]� + 2(2πεφ )2D[Âφ]�, (25)

where � is the joint density operator for modes 1 and 2.
Since Ân and Âφ have action on the Hilbert space associ-

ated with mode 1 only, they are diagonal within any oscillator
manifolds. Using the first-order perturbative correction to
the oscillator modes, we compute matrix elements of these
dissipators in the ground state manifold (see Appendix C for
more detail), and find that

1,2〈
0;kϕ | Ân |
0;k′ϕ′ 〉1,2

= 2πE ′
Q sin(2πk)δ(k − k′)δ(ϕ − ϕ′), (26a)

1,2〈
0;kϕ | Âφ |
0;k′ϕ′ 〉1,2

= E ′
J sin(ϕ)δ(k − k′)δ(ϕ − ϕ′), (26b)

which implies

�0Ân�0 = 2πE ′
Q sin(2π n̂2), (27a)

�0Âφ�0 = E ′
J sin(φ̂2), (27b)

where �0 = ∫ 1/2
−1/2 dk

∫ π

−π
dϕ |
0;k,ϕ〉1,2 〈
0;k,ϕ | is the projec-

tion onto the ground state manifold. Equations (27a) and (27b)
are of the same form as the dissipators for the elementary
circuit, Eqs. (7a) and (7b), and so lead to dephasing rates of
the same form. That is, a superposition of two eigenstates
in the ground state manifold, μ |
0;k,ϕ〉 + μ′ |
0;k′,ϕ′ 〉, will
dephase at a rate also given by �k,ϕ; k′,ϕ′ in Eq. (11), with
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the replacements EQ,J → E ′
Q,J . As for the elementary circuit,

the dephasing rate vanishes for superpositions of the critical
states.

C. Parametric and nonperturbative noise sources
in the realistic circuit

The Aharonov-Casher interference [24] of phase slips,
dependent on charge distribution, could be detrimental to
QPS devices. Indeed, phase slips exhibit along a strongly
disordered superconducting nanowire [10]; interference of
phase slips at different points may cause fluctuations in the
phase slip energy EQ [11,25] and result in dephasing of
coherent superpositions. Phase slip interference on JJ chains
(i.e., a granular model of superconducting nanowires [19])
has also been observed experimentally [26] and shown to be
a decoherence source in the Josephson-junction-chain based
fluxonium qubit [27,28]. To mitigate such undesirable effect,
a possible approach is to fabricate QPS nanowires in the form
of short weak links [29,30], by which phase slips are limited
to take place at the narrowest point, thus improving stability
of the QPS energy.

The time-dependent charge noise considered in Sec. III B
was perturbative, in which the standard-deviation in the
charge was small, σnx � 1/2. However, localised, two-level
charge traps near the circuit can lead to a random-telegraph
charge fluctuation with σnx ∼ 1/2, which is no longer pertur-
bative. This gives rise to quantum state diffusion, i.e., shifting
of the system state in the charge space. However, as long as
the noise magnitude is smaller than one electron worth of
charge, we speculate that the errors could be correctable by
means of active GKP quantum error correction [12], for which
GKP codes were originally designed. A short discussion on
specific implementation of such active correction is included
in Appendix D.

IV. COUPLING TO A WAVEGUIDE

Realistic devices will need to couple to waveguides with
which one can initialize, control, and perform readout on the
system. Here we couple the dualmon circuit capacitively to a
waveguide and analyze spectroscopy on the device. We then
propose a spectroscopic procedure for state preparation.

The waveguide coupling also introduces quantum and
thermal noise to the system, so we analyze the additional
noise arising from this coupling. As for classical charge and
flux noise, we show that superpositions of the critical states
are robust with respect to the induced quantum noise, for
essentially the same reason, i.e., the band gradient vanishes
at the critical points.

A. Transmission spectrum

Figure 4 illustrates a circuit where the dualmon is capaci-
tively coupled to a waveguide. A detailed Hamiltonian deriva-
tion for this circuit is given in Appendix E. The Hamiltonian
for the dualmon system coupled to the waveguide is

Ĥtot = Ĥsys + Ĥwg + Ĥcoup, (28)

… …

FIG. 4. Lumped-element representation of the capacitive cou-
pling between the realistic dualmon circuit and a waveguide.

where Ĥsys is the dualmon Hamiltonian defined in Eq. (14),

Ĥwg =
∫

dω h̄ωâ†(ω)â(ω), (29)

is the waveguide Hamiltonian describing a continuum of
modes, and

Ĥcoup =
∫

dω g(ω)[â†(ω) + â(ω)]n̂1, (30)

is the interaction with g(ω) the coupling strength.
We make use of the input-output formalism [31,32] to

calculate the transmission spectrum; relevant calculations are
presented in more detail in Appendix F. In particular, the
dynamics of the dualmon system coupled to the waveguide
and driven by a coherent field of amplitude α is governed by

�̇ = − i

h̄
[Ĥdrive, �] + D[b̂]�, (31)

where

Ĥdrive = Ĥsys − ih̄

2
√

γ (αe−iωDt n̂+
1 − αeiωDt n̂−

1 ), (32)

b̂ = √
γ n̂−

1 + αe−iωDt1. (33)

Here n̂+
1 (n̂−

1 ) is the lower (upper) triangularized version of n̂1,
ωD is the drive frequency, and

√
γ is proportional to g(ωD)

determining bandwidth of the spectrum. The transmission is
defined as

T = |〈b̂〉/α|2, (34)

where 〈b̂〉 = Tr(b̂�). We solve the master equation (31), use
the obtained results to calculate 〈b̂〉, and then get the trans-
mission T .

The transmission spectrum, assuming the circuit to be
initialized in either one of two critical states |
0;k=0,ϕ=0〉1,2
and |
0;k=0,ϕ=π 〉1,2, is displayed in Fig. 5. For illustrative
purpose, the transmission has been plotted in dependence on
the detuning of the drive frequency ωD from the transition
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FIG. 5. Transmission spectrum T defined in Eq. (34) with re-
spect to the detuning of the drive frequency ωD from the transition
frequency �

(1,0)
0,π for two critical points, (k = 0, ϕ = 0) and (k =

0, ϕ = π ). Here �
(1,0)
0,π denotes the interband transition between the

ground and first excited bands at the critical point (k = 0, ϕ =
π ). Relevant parameters for plotting are chosen as EQ = EJ , h̄� =
40

√
5 EJ , z = √

20, γ = 0.01 ωD, and h̄α2 = 0.1 EJ .

between the lowest (i.e., ground) and first excited bands for
the critical point (k = 0, ϕ = π ), denoted as �

(1,0)
0,π .2 It can be

seen from Fig. 5 that resonance depends on the system state.
This is consistent with the observation made in Sec. III A,
that is, the interband transition frequency is dependent on
the state of the device, with the distinguishability of different
|k, ϕ〉 states set by the difference in the interband transition
frequency.

B. Qubit initialization by spectroscopy

The spectroscopic measurement described in the preceding
subsection moreover gives a route to state preparation. Since
the interband transition frequency between the lowest and first
excited bands of the dualmon is (k, ϕ) dependent, transmis-
sion at a given frequency �

(1,0)
k,ϕ

will localise the system around
the corresponding value of (k, ϕ).3 As shown in Appendix G,
scanning over transition frequency is equivalent to scanning
over the two biases nx ∈ [−1/2, 1/2) and φx ∈ [−π, π ); one
can thus localise the state to some value of (k, ϕ) starting from
a generic state such as a thermal state. Once the value of (k, ϕ)
has been localized, one can adjust (nx, ϕx ) to move the origin
of the band in Fig. 3 such that the state becomes localized at
any desired point, e.g., the ground state (k = 0, ϕ = 0).

Choosing, e.g., (k = 0, ϕ = 0) and (k = 0, ϕ = π ) as the
two operating points for the dualmon, logical basis state
preparation corresponds to preparing a state highly localized
around one of these two values. The exact form of the distribu-
tions over (k, ϕ) is not particularly important, nor is it crucial

2We define �
(m,n)
k,ϕ ≡ (Em;k,ϕ − En;k,ϕ )/h̄ as the transition frequency

from the nth band to the mth band at a fixed pair of (k, ϕ).
3Note that the mapping between interband frequencies �

(1,0)
k,ϕ and

values of (k, ϕ) is in general not unique, except for at the ground state
(k = 0, ϕ = 0), and the maximally exited state (k = 1/2, ϕ = π )
(see Fig. 8 in Appendix F). Resolving states with similar transition
frequencies can however be done by adjusting nx and φx while
performing spectroscopy at a given frequency.

that the states are pure, as long as they are sufficiently well
localized. This, perhaps counter intuitive, can be understood
by making an analogy with approximate GKP codewords
[12]. Two approximate qubit codewords for the dualmon can
be defined as

|iL〉 =
∫

dk dϕ ψi(k, ϕ)|k, ϕ〉, (35)

with ψi(k, ϕ) some localized distribution around (k = 0, ϕ =
0) for i = 0 and (k = 0, ϕ = π ) for i = 1. A well-localized
but mixed state can be viewed as an approximate qubit code-
word with a set of small (approximately) correctable errors.
In other words, we can think of the well-localized mixed state
as the codeword |iL〉 sent through an error channel with the
“size” of the errors bounded by the measurement resolution
of the spectroscopic measurement. This is thus analogous to
noisy preparation of GKP codewords. In a universal scheme
for quantum computing, which we will not discuss here, it is
also crucial that the logical operations do not amplify errors
too badly, i.e., turning small errors into large ones. Provided
that this is true, the two distributions will remain well lo-
calized throughout the computation, and can in principle be
distinguished with high fidelity in a final measurement.

We have argued that it should be possible to prepare
states well-localized around a single value of (k, ϕ) using
spectroscopic measurements, and furthermore such states can
be thought of as imperfect, yet high-quality, qubit codewords.
It is, however, a far more challenging task to prepare superpo-
sition states, such as |+L〉 = 1√

2
(|0L〉 + |1L〉), with a similar

guarantee of “small errors.” Preliminary results suggest that
introducing symmetry-breaking terms to the Hamiltonian,
e.g., breaking the 2π periodicity of φ̂2, can be used to prepare
states of the form |+L〉. The quality of such operations, as
well as the possibility of universal control, will be the subject
of future work.

C. Pure dephasing from thermal and quantum noise
in the waveguide

The capacitive coupling to the waveguide, in addition
to allowing performing spectroscopy and state initialization,
opens a channel for noise to appear in the dualmon circuit.
The induced noise is manifest via the coupling operator n̂1,
which is diagonal within each manifold while coupling states
among different manifolds. As we are interested in encoding
the dualmon in the ground state manifold, say in a superposi-
tion of eigenstates μ |
0;k,ϕ〉1,2 + μ′ |
0;k′,ϕ′ 〉1,2, the relevant
decoherence source is either pure dephasing within the en-
coded manifold or transitions to other manifolds. The master
equation for the dualmon density operator when considering
only pure dephasing in the ground state manifold is [33]

�g = − i

h̄
[Ĥsys,g, �g] + 2π lim

ω→0
(J (ω)[2N (ω) + 1])D[n̂1,g]�g,

(36)
where �g, Ĥsys,g, and n̂1,g are all projections onto the ground
state manifold, J (ω) = 1/h̄2

∫
dω′g2(ω)δ(ω′ − ω) is the spec-

tral density, and N (ω) is the thermal distribution at frequency
ω. n̂1,g can be straightforwardly computed from Eqs. (24a) and
(27a). The pure dephasing rate of the superposition of interest
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in the ground state manifold is then found to be

�k;k′ = π2E ′
Q

EC
lim
ω→0

(J (ω)[2N (ω) + 1])γ2πk,2πk′ , (37)

where the function γy,y′ has been defined in Eq. (10). In gen-
eral this is not zero, due to thermal and vacuum fluctuations in
the waveguide. However, similar to the case of classical noise
in Sec. III B, we have γ2πk,2πk′ = 0 for superpositions of the
critical states, so that dephasing from waveguide fluctuations
is completely suppressed.

D. Decoherence from thermal waveguide excitation

Another decoherence source stemming from the waveg-
uide coupling is thermal transitions among different mani-
folds. We show below that provided the harmonic oscillator
gap is much larger than kBT the thermal induced dephasing
rate is very small. For this purpose, we express the coupling
operator n̂1 in the form

n̂1 =
∫ 1/2

−1/2
dl

∫ π

−π

dθ

∞∑
m,n=0

n̂(m,n)
1;l,θ , (38)

where n̂(m,n)
1;l,θ = 1,2〈
m;l,θ |n̂1|
n;l,θ 〉1,2 |
m;l,θ 〉1,2 〈
n;l,θ | are

eigenoperators of Ĥsys satisfying the commutation relations
[Ĥsys, n̂(m,n)

1;l,θ ] = h̄�
(m,n)
l,θ n̂(m,n)

1;l,θ . The master equation for the
dualmon density operator, that accounts for the transitions
between manifolds, is then given by [33]

�̇ = − i

h̄
[Ĥsys, �]

+
∫∫

dl dθ
∑
m<n

πJ
(
�

(n,m)
l,θ

)[
N

(
�

(n,m)
l,θ

) + 1
]
D

[
n̂(m,n)

1;l,θ

]
�

+
∫∫

dl dθ
∑
m>n

πJ
(
�

(m,n)
l,θ

)
N

(
�

(m,n)
l,θ

)
D

[
n̂(m,n)

1;l,θ

]
�. (39)

In Eq. (39), the second and third lines respectively repre-
sent relaxations to lower manifolds and excitations to higher
manifolds; notably, the two quantum numbers l and θ are
conserved, implying the absence of transitions within each
manifold. As is well known from the standard two-level-
system encoding, either relaxation or excitation dephases co-
herent superpositions. However, as the dualmon is encoded in
superpositions of two eigenstates in the ground state manifold
and there are no transitions between these two states, the de-
phasing rate for the dualmon is determined by excitations out
of the ground state manifold only. In Appendix H, we include
several calculations comparing dephasing rates of the ordinary
two-level-system encoding and ground-state-manifold one.
The relevant dephasing rate, from Eq. (39), is proportional to
J (�(m>0,0)

l,θ )N (�(m>0,0)
l,θ ). The waveguide (the bath) is assumed

to be in thermal state, i.e., N (ω) = 1/[exp(h̄ω/kBT ) − 1] and
as shown in Appendix E J (ω) = ν h̄ω with ν a constant, so

J (ω)N (ω) = ν h̄ω/[exp (h̄ω/kBT ) − 1], (40)

which is very small for large h̄ω/kBT . Hence, thermal dephas-
ing is very weak as long as h̄�

(1,0)
k,ϕ

� kBT . This condition
is inherently satisfied with superconducting circuits, since the
working temperature is typically very low.

V. COMPARISONS WITH RELATED SUPERCONDUCTING
QUBITS

It is instructive to point out the differences between the
proposed circuit and other superconducting qubit devices
previously discussed in the literature, namely, the 0-π qubit
[2–6], the fluxonium [22,23], and the Aharonov-Casher device
[34]. Specifically, the 0-π qubit uses two nearly degenerate
eigenstates with nearly disjoint support in coordinate space
[5], which affords its noise-rejecting properties. Realization
of the 0-π qubit would require implementing the π -periodic
Josephson junction [2,3,35–38]. In comparison, the robust-
ness of the critical states of the dualmon device arises from
the fact that the noise operators associated with weak external
charge and flux noise commute with the eigenstates suppress-
ing decay, and the gradient of the energy landscape vanishes
at the critical states suppressing dephasing.

The lumped circuit of the imperfect fluxonium [22,23],
where phase slip is included at its superinductor [27,28], is
remarkably identical to the realistic dualmon circuit shown in
Fig. 1(c). However, the essential difference between the two
devices lies at the energy scales. In particular, the fluxonium
employs a superinductor [22,23,39] to make the inductive
energy very small; QPS on the superinductor is treated as an
undesired noisy source [27]. The JJ present in the fluxonium
circuit generally works in the regime of large EJ/EC . These
are in contrast to the dualmon energy scales, which ideally
would be EL, EC � EQ, EJ (see Sec. III A). The difference
at energy scales then results in the differences in the physics
of the two devices. Indeed, fluxon tunneling is the primary
process in the fluxonium [27], whereas the dual QPS and JJ
elements in the dualmon allow tunneling of both fluxon and
Cooper pair. The fluxonium wave function in flux space is
localized within the wells of the Josephson cosine potential
and in charge space is well localized within the range of
a Cooper pair [23]. The dualmon, instead, is completely
delocalized in both flux and charge spaces [see Zak states
in Eq. (3)]. Finally, the Aharonov-Casher device proposed
in Ref. [34] is realized basically as a single JJ shunted by
a superinductor, and thus closely resembles the fluxonium
design; therefore, the above arguments also hold when com-
paring such device to the dualmon circuit. Furthermore, in that
device the Aharonov-Casher interference effect is ultilized to
suppress single fluxon tunneling while making pair tunneling
dominant. This is different from the dualmon circuit, where
only single fluxon tunneling is considered.

We comment briefly on plausible experimental parame-
ters for the dualmon circuit. Josephson and QPS energies
can be routinely engineered to be EJ ∼ EQ ∼ h × 5 GHz
[11,25,40,41]. Parasitic capacitance and self-inductances of
order C ∼ 1 fF and L ∼ 10 nH are feasible [8,25,40] cor-
responding to parameters for the dualmon circuit of z ∼ 3
and h̄� ∼ h × 50 GHz � EJ , EQ, which is well within the
validity range of the approximations employed in this work.

VI. CONCLUSIONS

We have shown that the dualmon circuit, encoded in su-
perpositions of the critical points, is resilient against both
classical and quantum white noise. The device nonetheless
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could suffer from other noise sources, including the charge-
dependent Aharonov-Casher effect in QPS devices that lowers
the phase slip energy and large temporal charge fluctuations
causing diffusion of quantum states. Possibly, the former
could be reduced by designing QPS elements in a weak-link
form [29,30], while the later might be dealt with via active
error correction of the GKP code [12].

Any pair of the critical points could be chosen to represent
a qubit; the nearly degenerate saddle points might be a con-
venient choice. As discussed qualitatively in Sec. IV B, state
preparation could be performed by interband spectroscopic
measurements. The quality with which we can prepare states
near the critical points then depends on the spectral resolution
of such a measurement.

Relative phase shifts between the critical states may be
achieved using tunable JJ and QPS circuit elements, or by
using high frequency drive pulses to access excited states of
the oscillator mode. Tuning of JJ and QPS energies leaves
the critical states unchanged, thus retaining the protected
working space of the qubit; introducing tunable elements,
however, opens the qubit to new dephasing channels. More
general control requires additional symmetry breaking terms
in the Hamiltonian. For example, a shunt inductor switched
transiently across the JJ breaks the discrete charge translation
symmetry of the Hamiltonian, so it will couple the Zak
eigenstates of the original circuit. Detailed analysis of control
of the state space for one and multiple devices will be the
subject of future work.

We conclude that the dualmon circuit considered here
offers a promising avenue for robustly storing quantum infor-
mation, worthy of further study. In particular, it hosts several
critical eigenstates, superpositions of which are insensitive
to both charge and flux noise at linear order. This result
holds even when the circuit includes parasitic capacitance and
inductance. Interestingly, the critical states are physical em-
bodiments of the codewords of the GKP error correcting code.
Active fault-tolerant preparation of such states in harmonic os-
cillators is extremely hard, so the dualmon circuit could pos-
sibly offers an alternative path towards accessing these states.
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APPENDIX A: DERIVATION OF THE BIASED
HAMILTONIAN Ĥ ′(t )

Here we derive the Hamiltonian Ĥ ′(t ) in Eq. (4). Applying
the spanning tree model in Ref. [16] for the circuit in Fig. 1(b),
we choose the fluxes across the QPS and JJ to be �Q = � and
�J = � + �x, respectively. The Kirchhoff current conserva-
tion law at the active node of the circuit is

Q̇Q + Q̇Cx + Q̇J = 0. (A1)

From the constitutive laws for circuit elements, we know that
the charge that has flowed through the QPS is

QQ(�̇) ≡ 2e

2π
arcsin(�̇/Vc), (A2)

the charge across the bias capacitor is QCx = Cx(�̇ − Vx ),
and the current through the Josephson junction is Q̇J ≡ IJ =
Ic sin(2π (� + �x )/�0). We thus find that the equation of
motion for the circuit is

d

dt
[QQ(�̇) + Cx(�̇ − Vx )] + Ic sin

[
2π

�0
(� + �x )

]
= 0.

(A3)
We identify terms above with the Euler-Lagrange equation
of motion, d

dt Q − ∂�L = 0, where Q = ∂�̇L is the charge
conjugate to �, which implies

Q = ∂L/∂�̇ = QQ(�̇) + Cx�̇ − Qx, (A4)

∂L/∂� = −Ic sin

[
2π

�0
(� + �x )

]
, (A5)

where Qx = CxVx. The Lagrangian is then given by

L = �̇ QQ(�̇) + 2eVc

2π
cos

[
2π

2e
QQ(�̇)

]
+ Cx

2
(�̇ − Vx )2

+ Ic�0

2π
cos

[
2π

�0
(� + �x )

]
. (A6)

The Hamiltonian, H (�, �̇) = �̇Q − L, is

H (�, �̇) = Cx

2
�̇2 − EQ cos

[
2π

2e
QQ(�̇)

]

− EJ cos

[
2π

�0
(� + �x )

]
, (A7)

where EQ = 2eVc/(2π ), EJ = Ic�0/(2π ). To compute
H (�, Q) we need to invert Eq. (A4) to find �̇ = �̇(Q).
Implicitly, we have

�̇ = Vc sin

(
2π

2e
(Q − Cx�̇ + Qx )

)
. (A8)

We cannot solve this analytically for �̇; however, if Cx�̇ � Q
we expand the right-hand side of Eq. (A8) in powers of Cx and
solve for �̇. We find

�̇ = Vc sin

(
2π

2e
(Q + Qx )

)

×
[

1 − 2π

2e
CxVc cos

(
2π

2e
(Q + Qx )

)]
+ O

(
C2

x

)
. (A9)

Substituting this result into Eq. (A7), we obtain

H = −EQ cos

(
2π

2e
(Q + Qx )

)
− EJ cos

(
2π

�0
(� + �x )

)

+ ECx cos

(
4π

2e
(Q + Qx )

)
+ O

(
C2

x

)
, (A10)

where ECx = CxV 2
c /4. Quantizing the charge and flux opera-

tors, and defining n̂ = Q̂/(2e) and φ̂ = 2π�̂/�0, the Hamil-
tonian operator is then

Ĥ ′ = −EQ cos [2π (n̂ + nx )] − EJ cos(φ̂ + φx )

+ ECx cos [4π (n̂ + nx )], (A11)
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where nx = Qx/(2e) and φx = 2π�x/�0. If the external
capacitance is sufficiently small then ECx � EQ, EJ . Since
[Ĥ , cos (4π (n̂ + nx ))] = 0, this term does not change the
eigenstates, and preserves the critical points. We therefore
take ECx = 0 for simplicity, yielding Eq. (4).

APPENDIX B: EIGENVALUE PROBLEM FOR MODE 1

In the Zak basis, we have the useful operator representa-
tions [15,20]

〈k, ϕ| n̂ |ψ〉 = −i
∂

∂ϕ
〈k, ϕ|ψ〉, (B1)

〈k, ϕ| φ̂ |ψ〉 =
(

−i
∂

∂k
+ ϕ

)
〈k, ϕ|ψ〉. (B2)

We express eigenstates of the reduced Hamiltonian
Ĥ1(k, ϕ) in the Zak basis for mode 1, {|l, θ〉1}, and we find
that ψm(l, θ ; k, ϕ) ≡ 1〈l, θ |ψm(k, ϕ)〉1 are eigenfunctions of
the differential operator

H1(k, ϕ) = EC

(
−i

∂

∂θ

)2

+ EL

(
−i

∂

∂l
+ θ

)2

− EJ cos(θ + ϕ) − EQ cos[2π (l − k)], (B3)

where ψm(l, θ ; k, ϕ) satisfies generalized periodic boundary
conditions

ψm(−1/2, θ ; k, ϕ) = ψm(1/2, θ ; k, ϕ),

ψm(l,−π ; k, ϕ) = e2π liψm(l, π ; k, ϕ).

In this representation, it is straightforward to compute the
eigensystem of mode 1 numerically.

It is illustrative to evaluate the well-known LC harmonic
oscillator ground states in the Zak basis, ĤHO. In the phase

basis, ψ (0)
0 (φ) = (πz)−

1
4 e− φ2

2z , where z = √
EC/EL. In the Zak

basis, we find that

ψ
(0)
0 (k, ϕ) =

∞∑
j=−∞

e−2π jkiψ
(0)
0 (ϕ − 2π j)

= (πz)−
1
4 e− ϕ2

2z ϑ3
(
πk + iπϕ/z, e− 2π2

z
)
, (B4)

where ϑ3(u, q) ≡ 1 + 2
∑∞

j=1 q j2
cos(2u j) is an elliptic theta

function. The Zak basis highlights the relative localisation of
the ground state in k or ϕ. We plot this function for z = π ,
2π, and 4π in Fig. 6. When the energy scales for the kinetic
and potential terms are balanced, at z = 2π , the ground state
is equally delocalized in each coordinate. At this point, the JJ
and QPS renormalisation scale factors are equal, i.e., E ′

J/EJ =
E ′

Q/EQ.

APPENDIX C: EVALUATING Ân IN THE GROUND STATE
EIGENBASIS MANIFOLD {|�0;k,ϕ〉1,2}

Here we compute 1,2〈
0;k,ϕ | Ân |
0;k′,ϕ′ 〉1,2:

1,2〈
0;k,ϕ | Ân |
0;k′,ϕ′ 〉1,2

= 2EC1〈ψ0(k, ϕ)| n̂1 |ψ0(k, ϕ)〉1δ(k − k′)δ(ϕ − ϕ′). (C1)

We expand |ψm(k, ϕ)〉1 to first order in perturbation theory,
and for notational convenience we define the matrix element

FIG. 6. The harmonic oscillator eigenstates in the Zak basis,
|〈k, ϕ |ψ (0)

0 〉 |, for different values of z = √
EC/EL . (a) For z < 2π ,

ψ
(0)
0 (k, ϕ) is somewhat localized in the modular phase (alternatively,

the quasiflux) coordinate, ϕ, but delocalized in k. (b) For z = 2π ,
ψ

(0)
0 (k, ϕ) is equally delocalized in both coordinates. (c) For z > 2π ,

ψ
(0)
0 (k, ϕ) is somewhat localized in the modular number coordinate

(alternatively, the quasicharge [14]), k, but delocalized in ϕ.

�B̂� jm = 1〈ψ (0)
j | B̂ |ψ (0)

m 〉1 for an operator B̂, so

|ψm(k, ϕ)〉1 = ∣∣ψ (0)
m

〉
1 +

∑
j �=m

�V̂ (k, ϕ)� jm

�E (0)
m j

∣∣ψ (0)
j

〉
1
, (C2)
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where �E (0)
m j = E (0)

m − E (0)
j = h̄�(m − j). Then,

1〈ψ0(k, ϕ)| n̂1 |ψ0(k, ϕ)〉1

= �n̂1�00 + 2
∑
m �=0

Re

(
�n̂1�0m�V̂ (k, ϕ)�m0

�E (0)
0m

)
+ O

(∣∣∣∣ V

�E

∣∣∣∣
2
)

.

(C3)

We write the coordinate n̂1 in terms of creation and annihi-
lation operators â†

1 and â1, i.e., n̂1 = i(â†
1 − â1)/

√
2z. Since â†

1
and â1 are off-diagonal in the harmonic oscillator eigenbasis,
we find �n̂1�0m = −i δm,1/

√
2z. Ignoring terms O(| V

�E |2) and
higher, we find

1〈ψ0(k, ϕ)| n̂1 |ψ0(k, ϕ)〉1 = 2 Re

(
�n̂1�01�V̂ (k, ϕ)�10

�E (0)
01

)
.

(C4)
Evaluating the matrix element for V̂ (k, ϕ) gives

�V̂ (k, ϕ)�10 = − EQ 1
〈
ψ

(0)
1

∣∣ cos[2π (n̂1 − k)]
∣∣ψ (0)

0

〉
1

− EJ 1
〈
ψ

(0)
1

∣∣ cos(φ̂1 + ϕ)
∣∣ψ (0)

0

〉
1

= − EQ

∫ ∞

−∞
dn cos[2π (n − k)]ψ (0)

1 (n)∗ψ (0)
0 (n)

− EJ

∫ ∞

∞
dφ cos(φ + ϕ)ψ (0)

1 (φ)∗ψ (0)
0 (φ)

= e− z
4

√
z

2
EJ sin(ϕ) − iπe− π2

z

√
2

z
EQ sin(2πk).

We substitute the results into Eq. (C1) and, noting that h̄�z =
2EC , we obtain Eq. (26a).

The computation for 1,2〈
0;k,ϕ | Âφ |
0;k′,ϕ′ 〉1,2 is imple-
mented in a similar manner.

APPENDIX D: RESONATOR BASED CHARGE SYNDROME
MEASUREMENT AND QUBIT READOUT

We recall that the external charge nx typically drifts over
time, which is a source of noise for the dualmon. It is thus
necessary to detect and correct such type of charge noise. A
possible way to do so is as follows. First, from Eqs. (23),
(27a), and (27b) it follows that one can couple to the system
operators

Â′
n = 2πE ′

Q sin(2π n̂2), (D1a)

Â′
φ = E ′

J sin(φ̂2), (D1b)

by capacitively or inductively coupling to the dualmon cir-
cuit, respectively. Focusing on an encoding into the ground
state |0, 0〉 and one saddle point |0, π〉, the operator Â′

n can
act as syndrome for charge noise. This follows from the
fact that a shift in external charge nx → nx − ε can equiva-
lently be interpreted as a shift in k. Since sin(2π n̂2) |ε, ϕ〉 =
sin(2πε) |ε, ϕ〉, a shift with magnitude |ε| < 1/4 can in prin-
ciple be detected by nondestructively measuring Â′

n.
Also, a measurement of Â′

φ interestingly can be used
to readout the logical qubit state. Particularly, we can set

…

C

C

…

…

…

…

FIG. 7. Microscopic model of the capacitive coupling of the
realistic dualmon circuit to the waveguide.

the external flux to φx = −π/2 such that Â′
φ → Â′

φ+π/2 =
E ′

J cos(φ̂2). As cos(φ̂2) |0, 0〉 = |0, 0〉 and cos(φ̂2) |0, π〉 =
− |0, π〉, a measurement of this operator corresponds to a
logical basis measurement. Moreover, the Â′

φ measurement
is robust to small shifts in ϕ.

A potential approach to nondestructively measuring the
operators Â′

n and Â′
φ is to couple the dualmon circuit to a

resonator. The resulting coupling is of the similar form to
Eq. (23) with the replacements nx(t ) → nx(t ) + n̂r , φx(t ) →
φx(t ) + φ̂r , for capacitive or inductive coupling, respectively.
Here n̂r ∼ â†

r + âr is the charge bias and φ̂r ∼ iâ†
r − iâr the

flux bias due to the resonator, with âr the resonator an-
nihilation operator. The nondemolition measurement of in-
terest then may be performed by modulating the coupling
strength, based on the longitudinal readout scheme proposed
in Ref. [42]. A similar scheme might even be employed to
enact resonator induced one-qubit and two-qubit phase gates
[43]. A more detailed study of resonator based readout and
control will be the subject of future work.

APPENDIX E: COUPLING TO A WAVEGUIDE

1. Hamiltonian derivation

Figure 7 shows the microscopic model of the capacitive
coupling between the realistic dualmon circuit and the waveg-
uide. The waveguide of length L is discretely decomposed into
unit cells of length d . The number of unit cells is N = L/d ,
each of which has an inductance � and a ground capacitance
Cw; the waveguide inductance and capacitance per unit length
are �̄ = L/d and C̄w = Cw/d . The coupling capacitance is Cc.
This capacitance has a length of y across D = y/d unit cells
of the waveguide, yielding a distributed coupling capacitance
Cc = Cc/D per unit cell. We also assume that the size of the
coupling capacitance is very small compared to that of the
waveguide, i.e., y � L.
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Starting from the classical equations of motion, the
Lagrangian of the net circuit is given by

Ltot = �̇BQQ(�̇B) + 2eVc

2π
cos

(
2π

2e
QQ(�̇B)

)
+ C

2
�̇2

A

+
D∑

j=1

Cc

2
(�̇w, j − �̇A)2 +

N∑
j=1

Cw

2
�̇2

w, j

+ Ic�0

2π
cos

(
2π

�0
�A

)
− 1

2L
(�A − �B)2

−
N∑

j=1

1

2�
(�w, j+1 − �w, j )

2, (E1)

where

QQ(�̇B) = 2e

2π
arcsin(�̇B/Vc). (E2)

The momenta QA, QB, Qw,1, . . . , Qw,N are respectively

QA = C�̇A +
D∑

j=1

Cc(�̇A − �̇w, j ), (E3)

QB = QQ(�̇B), (E4)

Qw, j = Cc(�̇w, j − �̇A) + Cw�̇w, j, j = 1, . . . , D, (E5)

Qw, j = Cw�̇w, j, j = D + 1, . . . , N. (E6)

The Hamiltonian is then

Htot = −2eVc

2π
cos

(
2π

2e
QQ(�̇B)

)
− Ic�0

2π
cos

(
2π

�0
�A

)

+ 1

2L
(�A − �B)2 +

N∑
j=1

1

2�
(�w, j+1 − �w, j )

2

+C

2
�̇2

A +
D∑

j=1

Cc

2
(�̇w, j − �̇A)2 +

N∑
j=1

Cw

2
�̇2

w, j . (E7)

Equations (E4) and (E6) show

�̇B = Vc sin

(
2π

2e
QB

)
, (E8)

�̇ j = Qw, j/Cw, j = D + 1, . . . , N. (E9)

Thus, to express Htot in terms of coordinates and conjugate
momenta requires one to find

�̇A = �̇A(QA, Qw,1, . . . , Qw,D), (E10)

�̇w, j = �̇w, j (QA, Qw,1, . . . , Qw,D), j = 1, . . . , D, (E11)

which, from Eqs. (E3) and (E5), are determined by solving the
system of equations

C�̇A +
D∑

j=1

Cc(�̇A − �̇w, j ) = QA,

Cc(�̇w,1 − �̇A) + Cw�̇w,1 = Qw,1,
(E12)

...

Cc(�̇w,D − �̇A) + Cw�̇w,D = Qw,D.

We substitute the solutions of (E12) [and Eqs. (E8) and (E9)
as well] into Eq. (E7), keep terms to first order of Cc only, and
get

Htot = −2eVc

2π
cos

(
2π

2e
QB

)
− Ic�0

2π
cos

(
2π

�0
�A

)

+ 1

2L
(�A − �B)2 + C − DCc

2C2
Q2

A

+
D∑

j=1

Cw − Cc

2C2
w

Q2
w, j +

N∑
j=D+1

1

2Cw

Q2
w, j

+
N∑

j=1

1

2�
(�w, j+1 − �w, j )

2 +
D∑

j=1

Cc

CwC
QAQw, j .

(E13)

Note that for Cc very small compared to other capacitances,
we have (C − DCc)/(2C2) ≈ 1/(2C) and (Cw − Cc)/(2C2

w ) ≈
1/(2Cw ). We then set

ECw
= (2e)2/(2Cw ), E� = �2

0/(8π2�),

ECc = Cc(2e)2/(CwC),

nw, j = Qw, j/(2e), φw, j = 2π�w, j/�0,

use notations defined in Appendix A, and change the co-
ordinates of the dualmon circuit as in Eq. (13) to simplify
Eq. (E13) into

Ĥtot = Ĥsys + Ĥwg + Ĥcoup, (E14)

where

Ĥsys = ECn̂2
1 + ELφ̂2

1 − EQ cos[2π (n̂1 − n̂2)]

− EJ cos(φ̂1 + φ̂2), (E15)

Ĥwg =
N∑

j=1

ECw
n̂2

w, j + E�(φ̂w, j+1 − φ̂w, j )
2, (E16)

Ĥcoup =
D∑

j=1

ECc n̂1n̂w, j . (E17)

2. Diagonalization of the waveguide Hamiltonian

We diagonalize the bare Hamiltonian of the waveguide in
Eq. (E16). We first define the traveling modes

φ̄s = 1√
N

N∑
j=1

e−2π i jk/N φ̂w, j,

n̄s = 1√
N

N∑
j=1

e2π i jk/N n̂w, j,

(E18)

which have the inverse

φ̂w, j = 1√
N

N−1∑
k=0

e2π i jk/N φ̄s,

(E19)

n̂w, j = 1√
N

N−1∑
k=0

e−2π i jk/N n̄s.
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By this, Eq. (E16) becomes

Ĥwg = 2
N/2−1∑

k=0

ECw
n̄sn̄N−s + 2E�

[
1 − cos

(
2πk

N

)]
φ̄sφ̄N−s.

(E20)

We then introduce symmetric and antisymmetric modes

ñs,+ = (n̄s + n̄N−s)/
√

2,

ñs,− = i(n̄s − n̄N−s)/
√

2,

φ̃s,+ = (φ̄s + φ̄N−s)/
√

2,

φ̃s,− = −i(φ̄s − φ̄N−s)/
√

2,

(E21)

where 0 < k < N/2 − 1. It follows that

Ĥwg =
N/2−1∑

s=0

ECw

(
ñ2

s,+ + ñ2
s,−

)

+2E�

(
1 − cos

2πs

N

)(
φ̃2

s,+ + φ̃2
s,−

)
. (E22)

We define

ñs,± =
(

2E�(1 − cos 2πs/N )

ECw

)1/4

˜̃ns,±,

φ̃s,± =
(

ECw

2E�(1 − cos 2πs/N )

)1/4
˜̃φs,±,

âs,± = (−i ˜̃φs,± + ˜̃ns,±)/
√

2, (E23)

â†
s,± = (i ˜̃φs,± + ˜̃ns,±)/

√
2,

h̄ωs = √
2ECw

E�[1 − cos(2πs/N )],

and take the limit N → ∞ to achieve

ωs = πs/(L
√
C̄w �̄), (E24)

Ĥwg =
∞∑

s=0

h̄ωs(â
†
s,+âs,+ + â†

s,−âs,−). (E25)

3. The coupling Hamiltonian

We rewrite the coupling Hamiltonian (E17) in terms of âs,±
and â†

s,±. Concretely,

Ĥcoup =
D∑

j=1

ECc n̂1n̂w, j =
D∑

j=1

ECc n̂1
1√
N

N−1∑
s=0

e−2π i js/N n̄s =
D∑

j=1

ECc n̂1
1√
N

N/2−1∑
s=1

(e−2π i js/N n̄s + e2π i js/N n̄N−s)

=
D∑

j=1

ECc n̂1
1√
N

N/2−1∑
s=1

[e−2π i js/N (ñs,+ − iñs,−)/
√

2 + e2π i js/N (ñs,+ + iñs,−)/
√

2]

=
D∑

j=1

ECc n̂1

√
2

N

N/2−1∑
s=1

[cos(2π js/N )ñs,+ − sin(2π js/N )ñs,−]

= ECc n̂1

√
2

N

N/2−1∑
s=1

∫ y

0

dx

d
[cos(2πsx/L)n̄s,+ − sin(2πsx/L)ñs,−] (x = jd )

= ECc n̂1

√
2

N

N/2−1∑
s=1

(
L

2πsd
sin(2πsy/L)ñs,+ − L

πsd
sin2(πsy/L)ñs,−

)

= ECc n̂1

√
2

N

N/2−1∑
s=1

(
y

d
ñs,+ − πsy2

dL
ñs,−

)
(the second term will be dropped in the limit L → ∞)

= Cc(2e)2

CwC
n̂1

√
2

N

N/2−1∑
s=1

ñs,+ [note that ECc = Cc(2e)2/(CwC) and Ccy/d = CcD = Cc]

= Cc(2e)2

CwC
n̂1

√
2

N

N/2−1∑
s=1

(
2E�[1 − cos(2πs/N )]

ECw

)1/4

˜̃ns,+ = Cc(2e)2

CwC
n̂1

√
2

N

N/2−1∑
s=1

(
4E�(πsd/L)2

ECw

)1/4

˜̃ns,+

= Cc(2e)2

C̄wC
n̂1

√
2

L

N/2−1∑
s=1

(
E�

ECw

)1/4(2πs

L

)1/2

˜̃ns,+ =
∞∑

s=0

gs(â
†
s,+ + âs,+)n̂1, (E26)

where

gs = (2eCc/C)
√

2h̄ωs/(C̄wL). (E27)
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Since Ĥcoup couples only modes (s,+) of the waveguide to
the dualmon system, in the expression of Ĥwg in Eq. (E25) we
can ignore modes (s,−). For brevity we further shorten the
subscript (s,+) into s, yielding

Ĥwg =
∑

s

h̄ωsâ
†
s âs, (E28)

Ĥcoup =
∑

s

gωs (â
†
s + âs)n̂1. (E29)

Taking the continuum limit [44], the two above Hamiltonians
become

Ĥwg =
∫ ∞

−∞
dω h̄ωâ†(ω)â(ω), (E30)

Ĥcoup =
∫ ∞

−∞
dω g(ω)[â†(ω) + â(ω)]n̂1, (E31)

where the lower limit of the frequency ω has been extended to
−∞ [31], and

g(ω) = (2eCc/C)
√

2h̄ωZwg/π, (E32)

with Zwg =
√

�̄/C̄w the waveguide impedance. The spectral
density is given by

J (ω) = 1

h̄2

∫ ∞

−∞
dω g2(ω)δ(ω − ωs) = 8e2

π h̄

C2
c

C2
Zwgω. (E33)

We can write J (ω) = ν h̄ω with

ν = 8e2

π h̄2

C2
c

C2
Zwg. (E34)

APPENDIX F: INPUT-OUTPUT CALCULATIONS

We employ the rotating wave approximation and the
Markov approximation [31,32] to simplify the coupling
Hamiltonian in Eq. (E31) to

Ĥcoup =
∫ ∞

−∞
dωh̄

√
γ /2π [â†(ω)n̂−

1 + â(ω)n̂+
1 ], (F1)

where h̄
√

γ /2π ≡ g(ωD) is the coupling strength evaluated
at the drive frequency ωD, and n̂+

1 (n̂−
1 ) is the lower (upper)

triangularized version of n̂1. Note that the Markov approxi-
mation is valid in the regime of narrow-band interaction, and
the operator n̂+

1 in terms of the eigenbasis {|
m;k,ϕ〉1,2} is of
the form

n̂+
1 =

∑
m>n

∫ 1/2

−1/2

∫ π

−π

dk dϕ1,2〈
m;k,ϕ |n̂1|
n;k,ϕ〉1,2

× |
m;k,ϕ〉1,2 〈
n;k,ϕ | . (F2)

The master equations for the system density operator and
the input-output relation are then, using the results in
Refs. [31,32], given by Eqs. (31)–(33) in the main text.

The spectrum displayed in Fig. 5 is obtained by assuming
the dualmon state initially in the ground state manifold with
a specific pair of (k, ϕ), say, the state |
0;k,ϕ〉1,2. We then
approximate the dualmon as a two-level system with eigen-
system

|
0;k,ϕ〉1,2, E0;k,ϕ = h̄�/2 − E ′
Q cos(2πk) − E ′

J cos(ϕ),
|
1;k,ϕ〉1,2, E1;k,ϕ = 3h̄�/2 − E ′′

Q cos(2πk) − E ′′
J cos(ϕ),

−1/2 0 1/2
−π

0

π

k

0.9

0.3

−0.3

−0.9

FIG. 8. (Left) and (Right) Three-dimensional and contour plots
of the transition frequency between the the ground state and first
excited state manifolds relative to the unperturbed harmonic oscil-
lator frequency, h̄�

(1,0)
k,ϕ − h̄� ≡ E1;k,ϕ − E0;k,ϕ − h̄�. The transition

at the ground state (k = 0, ϕ = 0) and the maximally excited state
(k = 1/2, ϕ = π ) is unique, i.e., maximal and minimal respectively,
whereas the transition at each saddle point is degenerate. For illus-
trative purposes, plots are drawn with EQ = EJ ≡ E•, EC/EJ = 200,
and EL/EJ = 10.

where

E ′
Q = e−π2/zEQ,

E ′
J = e−z/4EJ ,

(F3)
E ′′

Q = (1 − 2π2/z)E ′
Q,

E ′′
J = (1 − z/2)E ′

J .

The transition frequency, h̄�
(1,0)
k,ϕ

= E1;k,ϕ − E0;k,ϕ , is

h̄�
(1,0)
k,ϕ

= h̄� + 2π2

z
E ′

Q cos(2πk) + z

2
E ′

J cos(ϕ). (F4)

In Fig. 8, we plot the variation of �
(1,0)
k,ϕ

with respect to (k, ϕ).
The transition is unique at the ground state (k = 0, ϕ = 0)
and the maximally excited state (k = 1/2, ϕ = π ) only, being
maximal and minimal respectively.

We move to the frame rotating at the drive frequency ωD,
making the master equation (31) time independent. We then
solve for the steady-state solution of this master equation,
and compute the transmission. Relevant parameters for plot-
ting are chosen as EQ = EJ , h̄� = 40

√
5 EJ , z = √

20, γ =
0.01 ωD, and h̄α2 = 0.1 EJ . Interestingly, a time-dependent
treatment with higher truncation for the transmission problem
yields a considerably similar result.

APPENDIX G: SCANNING OVER BIAS CHARGE
AND FLUX

We recall that the spectrum shown in Fig. 3 is computed
by numerically solving the eigensystem of mode 1 described
by the Hamiltonian Ĥ1(k, ϕ) in Eq. (18) in the absence of
flux and charge biases. When the two biases are nonzero, the
Hamiltonian of mode 1 is

Ĥ1(k, ϕ; nx, φx ) = EC (n̂1 + nx )2 + EL(φ̂1 − φx )2

− EQ cos[2π (n̂1 − k)] − EJ cos(φ1 + ϕ).

(G1)
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It can be checked that, under the unitary transformation

Û (nx, φx ) = exp (in̂1φx ) exp (iφ̂1nx ), (G2)

Ĥ1(k, ϕ; nx, φx ) becomes

Û (nx, φx )Ĥ1(k, ϕ; nx, φx )Û †(nx, φx ) = Ĥ1(k + nx, ϕ + φx ).
(G3)

This implies that the spectrum of Ĥ1(k, ϕ; nx, φx ) is obtained
by shifting the origin of the Ĥ1(k, ϕ) spectrum to (−nx,−φx ).
After turning on the bias parameters, the system state (initially
assumed to be an eigenstate) is changed into a new eigen-
state with a new eigenenergy and new transition frequencies.
Hence, scanning over the biases nx ∈ [−1/2, 1/2) and φx ∈
[−π, π ) maps the full spectrum of the dualmon system.

APPENDIX H: THERMAL INDUCED DEPHASING RATE

We calculate the dephasing rates due to thermal excitations
and relaxations for two different cases, that is, a qubit that
is encoded in an ordinary two-level system and a qubit that
is encoded in the ground state manifold analogous to the
proposed dualmon qubit.

The master equation for the standard two-level-system case
is

ρ̇ = − i

h̄
[Ĥ , ρ] + γ−D[σ̂−]ρ + γ+D[σ̂+]ρ, (H1)

where

Ĥ = 1
2 h̄ω(|e〉 〈e| − |g〉 〈g|),

σ̂− = |g〉 〈e| , (H2)

σ̂+ = |e〉 〈g| ,
and γ− (γ+) is the relaxation (excitation) rate. From the master
equation, we find the evolution equation for the off-diagonal
element ρeg as follows:

ρ̇eg = −iωρeg − 1
2 (γ+ + γ−)ρeg, (H3)

showing the dephasing rate is proportional to the sum of both
the relaxation and excitation rates.

With regards to the qubit encoded in the ground state
manifold as in the dualmon device, we assume the system
possesses a ground state manifold consisting of |g1〉 and |g2〉
and an excited state manifold with |e1〉 and |e2〉. By analogy
to the coupling operator n̂1 in Sec. IV D, we further assume
that the coupling of the system to a heat bath does not induce
transitions within each manifold, but allows selected transi-
tions between different manifolds, namely, |gj〉 ↔ |e j〉 (not
including |gj〉 ↔ |e j′ 〉 for j �= j′). In this case, the relevant
master equation is

�̇ = − i

h̄
[Ĥ, �] +

2∑
j=1

(γ ( j)
− D[σ̂ ( j)

− ]� + γ
( j)
+ D[σ̂ ( j)

+ ]�), (H4)

where

Ĥ =
2∑

j=1

1

2
h̄ω j (|e j〉 〈e j | − |gj〉 〈gj |),

σ̂
( j)
− = |g j〉 〈e j | , (H5)

σ̂
( j)
+ = |e j〉 〈gj | ,

and γ
( j)
− and γ

( j)
+ are respectively the relaxation and excitation

rates between |g j〉 and |e j〉. The time evolution for the off-
diagonal element �g1g2 , which is related to dephasing of the
dualmon qubit, is then

�̇g1g2 = 1
2 i(ω1 − ω2)�g1g2 − 1

2 (γ (1)
+ + γ

(2)
+ )�g1g2 . (H6)

This result demonstrates that the dephasing rate for the dual-
mon qubit is determined by the excitation rates out of the
ground state manifold only, remarkably differing from the
standard two-level-system case.
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Superconducting circuits for quantum information processing are often described theoretically in terms of
a discrete charge, or equivalently, a compact phase/flux, at each node in the circuit. Here we revisit the
consequences of lifting this assumption for transmon and Cooper-pair box circuits, which are constituted from a
Josephson junction and a capacitor, treating both the superconducting phase and charge as noncompact variables.
The periodic Josephson potential gives rise to a Bloch band structure, characterized by the Bloch quasicharge. We
analyze the possibility of creating superpositions of different quasicharge states by transiently shunting inductive
elements across the circuit and suggest a choice of eigenstates in the lowest Bloch band of the spectrum that may
support an inherently robust qubit encoding.

DOI: 10.1103/PhysRevResearch.2.013245

I. INTRODUCTION

In 1985, Likharev and Zorin [1] addressed the question
of whether the superconducting phase at a circuit node, φ̂=
2π�̂/�0, is a compact variable, φ ∈ (−π, π ], or whether it
is noncompact, φ ∈ R? These alternatives represent distinct
physics: if the phase is compact, then the spectrum is discrete,
while if it is not compact, the spectrum can be a continuum.
For some specific applications, these differences are not ma-
terial, but they do lead to different physical predictions in
general. In this paper, we revisit this question and analyze the
experimental consequences.

To illustrate the physical differences between the choice of
compact or noncompact flux/phase, consider a circuit node
within a (quantized) electronic device. The flux associated to
the node is �, which we nondimensionalize using the flux
quantum, �0 = h/(2e), to define the superconducting phase
φ = 2π�/�0. A conjugate charge Q is associated to the
node, and defining the dimensionless charge n = Q/(2e), we
impose the canonical commutation relation [φ̂, n̂] = i.

If the Hamiltonian for the device is invariant under a subset
of phase translations (e.g., the 2π -periodic phase-translation
symmetry of a Josephson junction), then it is reasonably
common to identify the phase with that of rotor [2], so that
it is compact, and the states |φ〉φ̄ and |φ + 2π〉φ̄ are identical
(the subscript φ̄ denotes the phase basis). It follows that the
Hilbert space in the charge representation is discrete.

The converse holds: if the charge operator is assumed to
be discrete, then it follows that the phase is compact. For
instance, Bouchiat et al. [3] write the (dimensionless) charge
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operator as

n̂ =
∑

n∈Z
n|n〉n̄〈n|, (1)

where the subscript n̄ indicates the charge basis. In this
representation, the charge is explicitly quantized: the nonde-
generate spectrum of the charge operator is Z. It follows that
phase eigenstates are compact, since

|φ〉φ̄ ≡
∑

n∈Z
einφ |n〉n̄ = |φ + 2π〉φ̄ . (2)

That is, Spect(φ̂) = (−π, π ] ⇔ Spect(n̂) = Z, where
Spect(•̂) denotes the spectrum of the operator •̂. (In the
rest of this paper, we use the convention that the symbol ϕ

denotes a compact phase variable, and the symbol φ denotes
a noncompact phase variable.)

An important corollary is that the discrete representation of
the charge operator in Eq. (1) prohibits analysis of states with
φ /∈ (−π, π ]. This is important if a non-phase-translation
invariant device (such as an inductor) is attached to the node.
In this case, it is typical to assert that φ is noncompact. For
instance, a conventional model for an oscillator (e.g., an LC
circuit, or fluxonium) treats the phase φ as a noncompact,
continuous variable, in which |φ〉φ̄ and |φ + 2π〉φ̄ are or-
thogonal [4–6]. Physically, this amounts to the observation
that changing the magnetic flux of the circuit by �0 yields
a new, physically distinct state of the system. In the phase
basis, the charge operator becomes the differential opera-
tor φ̄ 〈φ| n̂ |ψ〉 = −i∂φψ (φ), and it follows that Spect(φ̂) =
Spect(n̂) = R.

There are thus two different Hilbert spaces that have
been used to describe a circuit node: one that is compact
in a canonical variable (phase) and discrete in its conjugate
(charge), and another that is noncompact in both conjugate
variables. Likharev and Zorin [1] compared the distinction
between these inequivalent descriptions to that between a
2π -periodic pendulum and a particle in an extended periodic
cosine potential. Formally, the Hamiltonians for the two cases
appear identical. However the different Hilbert spaces give
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different spectra. The spectrum of the pendulum is discrete.
In contrast, the spectrum of a particle in the periodic lattice
consists of continuous Bloch energy bands [1,7]. The Bloch
bands include the pendulum spectrum as a discrete subset,
corresponding to the Bloch eigenvalues at the center of the
Brillouin zone (i.e., the � point, in band-structure nomencla-
ture). It follows that the noncompact periodic system includes
the pendulum as a subspace, but its larger Hilbert space admits
richer physics.

The difference between the Hilbert spaces in these two
descriptions gives rise to a challenge in describing the ad-
dition of an inductive element, with Hamiltonian ELφ̂2 to a
transmon or Cooper-pair box (CPB) circuit, whose Hamilto-
nian is ECn̂2 − EJ cos(φ̂) [5]. If the discrete-charge Hilbert
space is assumed when EL = 0, then the transition to EL > 0
is beset by a catastrophic growth in the cardinality of the
Hilbert space dimension from |Z| to |R|. As we discuss
later, the dimensional explosion is averted by starting with
the assumption that Spect(φ̂) = Spect(n̂) = R regardless of
whether there is an inductor present or not. In other words,
we will adopt the view in Refs. [1,5] that the supercon-
ducting phase and the charge are inherently noncompact
operators.

A related mathematical issue that arises in the transition
from EL = 0 to EL > 0 is that the problem is an instance
of singular perturbation theory: the Bloch eigenbands for
EL = 0, cannot be adiabatically connected to the discrete
eigenspectrum for small but nonzero EL [5]. We discuss this
in detail in Sec. III A.

In what follows, we review a convenient basis proposed
by Zak [8], and use this to reanalyze the circuit for a
transmon/CPB. With a noncompact phase, a 2π phase-
periodic device will have an eigensystem arranged into Bloch
bands, which are labeled by a band index and a “quasicharge”.
In the lowest Bloch band, eigenstates are comblike periodic
functions of the phase, which is reminiscent of the oscillator
code states proposed in Gottesman et al. [9]. In Sec. III, we
describe experiments that would break the 2π periodicity in
order to controllably create and observe superpositions of
the Bloch quasicharge states in the lowest band. Section IV
then addresses the properties of such superpositions, which
includes inherent robustness against relaxation, and possible
experimental considerations.

II. REVISITING TRANSMON/COOPER-PAIR
BOX IN THE ZAK BASIS

A. The modular Zak basis

The Zak basis [8,10] is useful and interesting because it
provides a compact 2D representation of a Hilbert space that
is noncompact in a 1D coordinate (e.g., the position or phase,
or their conjugate variables). The basis set, {|k, ϕ〉}, is labeled
by the modular [11] charge k ∈ (− 1

2 , 1
2 ] and modular flux ϕ ∈

(−π, π ]. We will show that this resolves some of the technical
difficulties when a large inductance (i.e., small EL) is shunted
across a transmon/CPB circuit. Here we give a brief review
of this basis.

The Zak basis states can be defined with respect to either
the noncompact phase basis, denoted as φ̄, or the noncompact

charge basis n̄, as

|k, ϕ〉 =
∞∑

j=−∞
ei2π jk|ϕ − 2π j〉φ̄ (3)

= eikϕ

√
2π

∞∑
j=−∞

e−i jϕ | j − k〉n̄ , (4)

with k ∈ (− 1
2 , 1

2 ] and ϕ ∈ (−π, π ]. These states satisfy or-
thonormalization 〈k, ϕ |k′, ϕ′〉 = δ(k − k′)δ(ϕ−ϕ′), and the
generalized periodic boundary identities |−1/2, ϕ〉=|1/2, ϕ〉
and |k,−π〉=e−i2πk|k, π〉.

The Zak basis is convenient for several reasons. Firstly, it
is compact in the 2D space of k and ϕ, which will turn out to
be helpful for numerical calculations.

Secondly, it is complete: using Eq. (3), it is straightforward
to show that∫ π

−π

dϕ

∫ 1/2

−1/2
dk |k, ϕ〉〈k, ϕ| =

∫ ∞

−∞
dφ|φ〉φ̄〈φ| = 1. (5)

A corollary is that two phase states which are offset from
one another by an integer multiple of 2π have orthogonal
representations in this basis.

Thirdly, polynomial and (some) periodic functions of
charge and flux have local representations in the Zak basis.
In particular, we have [11]

〈k, ϕ| n̂ |ψ〉 = −i
∂

∂ϕ
ψ (k, ϕ), (6)

〈k, ϕ| φ̂ |ψ〉 =
(

−i
∂

∂k
+ ϕ

)
ψ (k, ϕ), (7)

and

〈k, ϕ| cos(2π n̂) |ψ〉 = cos(2πk)ψ (k, ϕ), (8)

〈k, ϕ| cos(φ̂) |ψ〉 = cos(ϕ)ψ (k, ϕ), (9)

where ψ (k, ϕ) ≡ 〈k, ϕ|ψ〉.
This is in contrast to the flux or charge bases, for which

periodic functions have a delocalized representation, e.g.,

cos(φ̂) = 1

2
(eiφ̂ + e−iφ̂ )

= 1

2

∫ ∞

−∞
dq(|q + 1〉n̄〈q| + |q〉n̄〈q + 1|), (10)

is delocalized in the charge basis.

B. Band structure of the transmon/Cooper-pair
box Hamiltonian

Having introduced a convenient basis that has a local
representation of both polynomial and periodic functions of n̂
and φ̂, we now revisit the well-studied Hamiltonian describing
CPBs and transmons, depending on the parameter choices.

The results of this section can be derived straightforwardly
in the phase basis using Bloch’s theorem. However, the Zak
basis is helpful for describing elements that break the dy-
namical 2π -phase periodicity in the Hamiltonian, which we
address later. In this section we therefore rederive the Bloch
wave functions in the Zak basis.

013245-2
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(a) (b)

FIG. 1. (a) We use the Zak basis to analyze the circuit for a
transmon or Cooper-pair box (CPB), consisting of a Josephson
junction and a capacitor, which is characterized by a flux �̂ and a
conjugate charge Q̂. An external voltage source Vx may be capaci-
tively coupled to the node of the circuit. (b) An inductive element
(box) is transiently switched into the circuit for the time interval
0 < t < thold. The inductive element may be a linear inductor, which
we analyze in Sec. III A or a nonlinear 4π -periodic element, which
we analyze in Sec. III B.

We consider the circuit pictured in Fig. 1(a), consisting
of a Josephson junction and a capacitor, and subject to an
external voltage bias Vx. This circuit is described by the
Hamiltonian [2,12]

Ĥtmon = EC (n̂ − nx )2 − EJ cos(φ̂), (11)

where EC = 2e2/(C + Cx ) is the charging energy with C the
Josephson junction capacitor and Cx the external capacitor,
nx = CxVx/(2e) is the gate voltage referenced to a dimen-
sionless on-site charge shift, and EJ is the junction energy.
This Hamiltonian describes a CPB when EJ 
 EC [3], and a
transmon when EJ � EC [2].

Representing states of the system in the Zak basis,
ψ (k, ϕ) = 〈k, ϕ |ψ〉, yields the time-independent Schrödinger
equation

EC

(
−i

∂

∂ϕ
− nx

)2

ψ (k, ϕ) − EJ cos(ϕ)ψ (k, ϕ) = Eψ (k, ϕ),

(12)
with generalized, periodic boundary conditions

ψ (−1/2, ϕ) = ψ (1/2, ϕ), (13)

ψ (k,−π ) = e2πkiψ (k, π ). (14)

Since the only derivatives in Eq. (12) act on ϕ, the modular
charge k is a constant of motion.

We solve Eq. (12) using separation of variables. Sub-
stituting ψ (k, ϕ) = K (k)F (ϕ) into Eq. (12), we see that K
factorizes out of the resulting expression, yielding

EC

(
−i

∂

∂ϕ
− nx

)2

F (ϕ) − EJ cos(ϕ)F (ϕ) = E F (ϕ). (15)

The boundary condition Eq. (14) requires that

F (−π ) = e2πkiF (π ). (16)

Since F is supposed to be independent of k, this boundary
condition appears to lead to a contradiction in the separability
assumption. However, if K (k) = δ(k − κ ) for some constant
κ , then F may depend parametrically on κ without violating
separability [15]. Thus the modular charge is promoted to a

quantum number, k → κ , which is commonly called the Bloch
wave number, or alternatively the quasicharge in Likharev and
Zorin [1].

Thus transmon/CPB eigenstates |ψ〉 are expressed in
the Zak basis as ψ (k, ϕ) = δ(k − κ )Fκ (ϕ), where Fκ (−π ) =
e2πκiFκ (π ), which follows from Eq. (16). This generalized
periodic boundary condition implies that Fκ (ϕ) are the Bloch
wave functions. This is made clear by defining the periodic
function uκ (ϕ) = eiκϕFκ (ϕ), which satisfies the Bloch equa-
tion

EC

(
−i

∂

∂ϕ
− (nx + κ )

)2

uκ (ϕ) − EJ cos(ϕ)uκ (ϕ) = Euκ (ϕ),

(17)
with uκ (ϕ) = uκ (ϕ + 2π ).

As a result, the transmon/CPB eigenenergies E tmon
κ,b and

eigenstates |ψ tmon
κ,b 〉 are labeled by the wave number κ ∈

(−1/2, 1/2] and the band index b ∈ N, giving rise to the
usual Bloch bands. Here, for brevity, we label the eigensystem
with the superscript “tmon” for “transmon”, but with the
understanding that these arguments also apply for CPBs. In
the compact Zak basis, the eigenfunctions are

ψ tmon
κ,b (k, ϕ) ≡ 〈

k, ϕ
∣∣ψ tmon

κ,b

〉 = δ(k − κ )F tmon
κ,b (ϕ). (18)

It also follows from Eq. (17) and Bloch’s theorem that in
the noncompact phase basis, the transmon/CPB eigenfunc-
tions are

ψ tmon
κ,b (φ) ≡ φ̄

〈
φ

∣∣ψ tmon
κ,b

〉 = e−iκφuκ (φ) = F tmon
κ,b (φ), (19)

where φ ∈ R. That is, F is the eigenfunction in the noncom-
pact phase basis.

Figure 2 depicts the band structure and selected eigen-
functions for the Hamiltonian, Eq. (11), for EC/EJ = 1, with
nx = 0. As an aside, we note that nx just sets the origin of
the band-structure, so there is no loss of generality in setting
nx = 0. In this regime, the bands are relatively flat, so that the
bandwidth of the lowest band is narrow relative to the band
gaps. For these parameters, the transition energy at the center
of the Brillouin zone is approximately given by the harmonic
oscillator energies that would be associated to the linearized
system,

√
2EJEC , i.e., numerically we find that

(Eκ=0,b=1 − E0,0)/
√

2EJEC ≈ 0.9, (20)

is close to unity.
The eigenfunction at the center of the Brillouin zone,

ψ tmon
κ=0,b(φ), is 2π -periodic in the noncompact phase basis,

while the eigenfunction at the edge of the Brillouin zone,
ψ tmon

κ= 1
2 ,b

(φ), is 4π -periodic. This is illustrated in the insets in

Fig. 2. In the lowest band, b = 0, the states at the center
and at the edge of the Brillouin zone are comblike, similar
to the code states of the oscillator GKP code proposed by
Gottesman et al. [9], which have previously been discussed
for stable superconducting qubits [6]. The width of the peaks
in the comb scales as

√
EC/EJ , which sets the dimensionless

zero-point modular displacement of the device.

III. TRANSIENT SYMMETRY BREAKING

The previous section rederived standard results from
Bloch’s theorem for a particle in a periodic potential over
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FIG. 2. The spectrum of the Hamiltonian in Eq. (11), as a func-
tion of the quasicharge, κ , with EC/EJ = 1, and nx = 0. Note that
the regime EJ/EC = 1 is intermediate [13] between the transmon
and CPB ones and is used here for illustrative purpose only. Bands
are labeled by the band index b. In this regime, the lowest band is
quite narrow relative to the gap. Inset figures depict selected Bloch
wave functions F tmon

κ,b (φ) in the noncompact phase basis, given in
Eq. (19), for the lowest two bands, at the center and at the edge of the
Brillouin zone. The vertical axis in the insets is arbitrary, but scaled
identically for all. The restriction of F tmon

κ,b to the compact domain
(−π, π ] yields the form on the RHS of Eq. (18). The inset modes
at the center and edge of the lowest Bloch band are comblike states,
with periodicity 2π and 4π , respectively.

a noncompact domain. The Zak basis becomes particularly
helpful for analyzing the situation of a transmon or CPB that
is transiently shunted by an electronic element that breaks
the 2π periodicity of the Josephson junction, such as a lin-
ear inductor or a (phenomenological) nonlinear 4π -periodic
inductive element. This is illustrated in Fig. 1(b), showing
the transmon/CPB circuit with a switch that allows a linear
or nonlinear inductive shunt element (box) to be transiently
shunted across the circuit. This circuit has similarities to the
gates proposed for the 0-π qubit [6,14–16], which we touch
on later.

In this section we solve the transient evolution for both
cases. Since the 2π periodicity of the Josephson junction is
broken, the eigenstates of the transmon/CPB Hamiltonian
become coupled, and the evolution of the system generates
superpositions of the Bloch eigenstates of the bare system.
In particular, we will show that it is possible to controllably
create coherent superpositions of states at the center and edge

of the Brillouin zone in the lowest band, i.e.,

|�b=0〉 = α
∣∣ψ tmon

0,0

〉 + β
∣∣ψ tmon

1
2 ,0

〉
. (21)

The possibility of producing and measuring such a superposi-
tion is the core development in this paper.

A. Transiently shunted linear inductor

Here we suppose that the inductive shunt is a linear in-
ductor, with inductance L. The Hamiltonian describing this
system is [5,17]

Ĥ = ECn̂2 + EL(t )φ̂2 − EJ cos(φ̂), (22)

where

EL(t ) =
⎧⎨
⎩

0, t < 0
EL, 0 < t < thold

0, t > thold

, (23)

for EL = �2
0/(8π2L), and we set the external voltage bias

to zero (i.e., nx = 0). For a time-independent inductive term,
we note that this Hamiltonian would describe a fluxonium
circuit [5,17], up to some choice of flux bias. While the switch
is on, the inductor explicitly breaks the 2π periodicity of the
junction Hamiltonian, making it very clear that the phase φ is
not a compact variable. In Appendix A, the fluxonium states
in the Zak basis are plotted and compared to the transiently
inductor-shunted transmon/CPB states.

The inductive shunt in Eq. (22) breaks the periodic flux-
translation symmetry, and is unbounded above, so the spec-
trum of eigenstates {Ej∈N} is discrete. In the Zak basis, the
energy eigenfunctions 〈k, ϕ |ψ ind

j 〉 ≡ ψ ind
j (k, ϕ) satisfy the

time-independent Schrödinger equation

−EC

∂2ψ ind
j

∂ϕ2
+ EL

(
−i

∂

∂k
+ ϕ

)2

ψ ind
j − EJ cos(ϕ)ψ ind

j

= Ejψ
ind
j , (24)

along with the boundary conditions Eqs. (13) and (14). Here
the superscript “ind” labels the eigenmodes of the inductively
shunted device.

In the rest of this section, we wish to solve the evolution
generated by Eq. (24), assuming the system is initialized in
the transmon/CPB ground state, |ψ tmon

0,0 〉, at t = 0. In the Zak
basis, this is given by Eq. (18):

ψ tmon
0,0 (k, ϕ) = δ(k)F tmon

0,0 (ϕ). (25)

The ground state Bloch wave function, F tmon
0,0 , is shown as an

inset in Fig. 2.
Unfortunately, Eq. (24) presents a technical challenge in

dealing with situations where EL is small. In particular, EL

appears as a coefficient on the highest order derivative with
respect to k, so the limit EL → 0+ is an instance of singular
perturbation theory. Singular perturbation problems are often
solved by introducing a small “length” scale, over which the
singular perturbation relaxes.1 Inside the small length scale,

1Since the order of a PDE determines the number of boundary
conditions that need to be specified, taking EL = 0 results in a
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FIG. 3. [(a)–(e)] Snapshots of the time evolution of the wave function probability density, |ψ ind(t ; k, ϕ)|2, of a transmon transiently shunted
by an inductor (contours). The hue shows the local phase of the wave function, arg(ψ ind), relative to the phase at the origin, enumerated in
the scale bar. The initial state is a (nearly) separable, �-broadened state given in Eq. (28), and we have set the (dimensionless) broadening
parameter to � = 0.2. For these plots, other parameters are EC/EJ = 1, EL/EJ = 1/(2π )2, and nx = 0. For numerics, we have generated the
evolution using the first 100 eigenmodes.

the singular perturbation is significant, outside this scale, it
becomes negligible.

In our case, the singular term in Eq. (24) corresponds
to a diffusive operator, −EL∂2

k , in the Schrödinger equation
with a small coefficient. If EL = 0, then the spectrum of
the Hamiltonian is the continuum band-structure discussed
in the previous section, and shown in Fig. 2. However if
EL > 0 is arbitrarily small but nonzero, then the spectrum
becomes discrete, so that there is no adiabatic way to connect
the spectra as EL changes from 0. In practice, this means
that systems which are initially highly localized in the k
coordinate will diffuse rapidly over very short times, but this
coherent diffusion becomes insignificant as the wave function
spreads out. Physically this corresponds to large, transient
currents through the shunting inductor as the modular charge
redistributes across the device.

As such we now solve the evolution generated by Eq. (24)
as an initial value problem, and regularize the rapid diffusion
at short times (arising from the singular perturbation) by
replacing the δ function in Eq. (25) with a �-broadened
Gaussian:

δ(k) → δ�(k, ϕ) ≡ N e−ikϕ
(
e−(k/�)2 − e−( 1

2 /�)2)
. (26)

Here, N is a normalisation chosen to satisfy∫ 1
2

− 1
2

dk|δ�(k, ϕ)|2 = 1, and we introduce the offset e−( 1
2 /�)2

and complex phase e−ikϕ on the right-hand side (RHS) of
Eq. (26) to ensure that δ� satisfies the boundary conditions
Eqs. (13) and (14), respectively.

We then (implicitly) define broadened transmon eigen-
modes |ψ tmon

κ,b 〉
�

through
〈
k, ϕ

∣∣ψ tmon
κ,b

〉
�

= δ�(k, ϕ)F tmon
κ,b (ϕ). (27)

This allows us to define the �-broadened ground state of the
transmon with which we initialize the system,

|ψ ind(t = 0)〉 = ∣∣ψ tmon
0,0

〉
�

. (28)

lower order PDE than any value EL → 0+. Archetypal singular
value problems occur in the Navier-Stokes equation for laminar flow
of viscous fluids, where the small parameter is the inverse of the
Reynolds number, and the relaxation length scale corresponds to the
boundary layer thickness.

For the rest of this section, we use the parameter values
EC/EJ = 1, EL/EJ = 1/(2π )2 
 1, and nx = 0. To calculate
the time evolution, we decompose the initial state into the
eigenmodes of the inductively shunted transmon (i.e., the flux-
onium). For reference, some eigenmodes and eigenenergies
are plotted in the Zak basis in Appendix A. In spite of the
smallness of EL, the spectrum is discrete, emphasising the
effect of the singular perturbation relative to the continuum
band-structure when EL = 0.

Snapshots of the time-evolved probability density
|ψ ind(t ; k, ϕ)|2 are shown as contours in Fig. 3. The initial
state is localized around k = 0, and somewhat delocalized
in ϕ (for visualisation, we choose � = 0.2). At a later
time, t2π = 2π/(E ind

1 − E ind
0 ), the system returns to a state

that is localized around k = 0, and has a large overlap
with the initial state. For the parameter choices in Fig. 3,
t2π ≈ 6.8/EJ . At intermediate times, the state is delocalized
over k. In particular, at t2π/4 and 3t2π/4, the state is a
superposition of approximately localized modes with
support around k = 0 and k = 1

2 , i.e., it is approximately
(|ψ tmon

0,0 〉
�

+ eiθ |ψ tmon
1
2 ,0

〉
�

)/
√

2. At time t2π/2, the state is

localized around k = 1
2 .

This evolution is confirmed by computing the return prob-
ability, |�〈ψ tmon

0,0 |ψ ind(t )〉|2, as a function of the switch hold
time, thold, as well as the time-dependent probability for the
system to be in the state |ψ tmon

1
2 ,0

〉
�

, i.e., |�〈ψ tmon
1
2 ,0

|ψ ind(t )〉|2.

These quantities are plotted in Fig. 4, confirming oscillations
between the initial state near k = 0 and a state near the edge
of the Brillouin zone. We note that the incomplete overlap
with |ψ tmon

1
2 ,0

〉
�

at t2π/2 is a consequence of the anharmonic

Schrödinger evolution for this nonlinear system which mildly
distorts the localized wave packets at intermediate times –
since the evolution is unitary, the state remains pure at all
times. The dotted-shaded curve shows the residual probability
to be in a state other than these two modes. Specifically, the
ideal state |ψ tmon

1
2 ,0

〉
�

, similar to |ψ tmon
0,0 〉

�
, has a probability

distribution |〈k, ϕ|ψ tmon
1
2 ,0

〉
�
|2 that is symmetric about ϕ = 0

and k = 0. However, in the middle snapshot of Fig. 3 there
is a small asymmetry in the distribution, so the overlap with
|ψ tmon

1
2 ,0

〉
�

is not perfect.

This result shows that a transmon which is transiently
shunted by an inductor will become delocalized over the
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FIG. 4. Time-evolution of the return probability of the induc-
tively shunted transmon (solid-red), initialized in the �-broadened
state |ψ tmon

0,0 〉
�

, Eq. (28). Also shown is the probability of the �-
broadened state localized near the Brillouin zone boundary, |ψ tmon

1
2 ,0

〉
�

(dashed-blue), along with the residual probability in other states
(dotted-shaded). The parameter values used in the simulation are
EC/EJ = 1, EL/EJ = 1/(2π )2, and � = 0.2.

modular charge, k. If the inductor is switched out of the
circuit at thold = t2π/4 or 3t2π/4, the device will be left in a
superposition of different transmon/CPB eigenstates which
approximate the state given in Eq. (21).

B. Transiently shunted 4π-periodic device

An alternative approach to coupling different k states is
to break the 2π -periodic φ-translation symmetry by shunting
the transmon with a 4π -periodic element [18,19]. For the pur-
poses of this section, we do not describe the implementation
of such an element [13,20–22], but begin with a phenomeno-
logical Hamiltonian [22]

Ĥ = ECn̂2 − EJ cos(φ̂) − E4π (t ) cos(φ̂/2), (29)

where

E4π (t ) =
⎧⎨
⎩

0, t < 0
E4π , 0 < t < thold

0, t > thold

. (30)

We note in passing that switching control could be established
in this system by forming a SQUID-like configuration of
parallel 4π -periodic elements with a flux bias, so that the
E4π may be controllably tuned by an external bias current,
in analogy with the switchable junction in Brooks et al. [6].

Along with the transient control in Eq. (30), we assume the
system is initialized in the transmon ground state,

|ψ4π (t = 0)〉 = ∣∣ψ tmon
0,0

〉
, (31)

which is localized at k = 0, as in Eq. (25). Since the Hamilto-
nian term associated to such a device is bounded, the problems
arising from singular perturbations are avoided, and there is no
need to invoke � broadened initial states.

There are several solution strategies for this prob-
lem. Using Eq. (3), it is straightforward to check that
cos(φ̂/2)|k, ϕ〉 = cos(ϕ/2)|k + 1

2 , ϕ〉, and recalling that k ∈
(− 1

2 , 1
2 ] compact, so we identify k + 1

2 > 1 with k − 1
2 . Thus

we have

cos(φ̂/2) =
∫ 1

2

− 1
2

dk
∫ π

−π

dϕ cos(ϕ/2)

∣∣∣∣k + 1

2
, ϕ

〉
〈k, ϕ|, (32)

which couples states that differ in k by 1
2 . In Appendix B, we

describe a solution using this decomposition of cos(φ̂/2).
However, a more natural approach is to note that because

the φ̂-dependent potential in Eq. (29) is 4π -periodic for all
values of E4π , we can define a new 4π -periodic Zak basis that
accommodates this reduced symmetry. In particular, we define
the orthonormal 4π -Zak basis

|k̃, ϕ̃〉 = 2
∑
j∈Z

ei4π jk̃|ϕ̃ − 4π j〉φ̄ (33)

= 1

2

eik̃ϕ̃

√
2π

∑
j∈Z

e−i jϕ̃/2| j/2 − k̃〉n̄, (34)

where k̃ ∈ (−1/4, 1/4] and ϕ̃ ∈ (−2π, 2π ]. The boundary
conditions in this basis are

ψ (−1/4, ϕ̃) = ψ (1/4, ϕ̃), (35)

ψ (k̃,−2π ) = e4π k̃iψ (k̃, 2π ), (36)

and the system eigenstates take the form〈
k̃, ϕ̃

∣∣ψ4π
κ̃,b

〉 ≡ ψ4π
κ̃,b(k̃, ϕ̃) = δ(k̃ − κ̃ )F 4π

κ̃,b (ϕ̃), (37)

where b ∈ N is a new band index. In this basis, the eigenstates
satisfy the eigenvalue problem

−EC

∂2ψ4π
κ̃,b

∂ϕ̃2
−(EJ cos(ϕ̃) + E4π cos(ϕ̃/2))ψ4π

κ̃,b =E4π
κ̃,bψ

4π
κ̃,b,

(38)

where E4π
κ̃,b is the eigenenergy. The first three eigenfunctions at

the center of the Brillouin zone, F 4π
κ̃=0,b(ϕ̃), of the 4π -shunted

transmon are shown in the middle panel of Fig. 5.
We now describe the time evolution of the system subject

to a transiently shunted 4π -periodic element. The wave func-
tion for the initial transmon ground state, |ψ tmon

0,0 〉, is plotted in
the extended Zak basis in the top panel of Fig. 5 (solid-red).
As in the previous section, we decompose the initial state into
the eigenmodes of the shunted system, |ψ4π

κ̃,b〉, and evolve in
the usual way. Since k̃ is conserved, the initial state |ψ tmon

0,0 〉
only has support on modes with κ̃ = 0, i.e., those at the center
of the Brillouin zone in the 4π -Zak basis. Of these states, the
lowest two have large overlap with the initial state, and so
dominate the evolution.

For the numerical results here, we assume that EC/EJ = 1
and E4π/EJ = 1/2. (This choice of parameters makes the
4π -periodic potential in Eq. (29) qualitatively comparable to
the aperiodic potential in Eq. (22): the two potential functions
have a global minimum at ϕ = 0, local minima at or near
ϕ = ±2π , and with a potential difference between these local
minima and the global minimum ≈ EJ ). We define the time
for a coherent oscillation between the lowest and first excited
states at the center of the extended Brillouin zone (i.e., at
κ̃ = 0), t2π = 2π/(E4π

0̃,1
− E4π

0̃,0
). For the parameter choices in

Fig. 5, t2π ≈ 7.04/EJ .
The time evolution is represented in the bottom panel of

Fig. 5, starting with the initial state with 2π periodicity at
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(a)

(b)

(c)

FIG. 5. (a) The lowest band wave functions, b = 0, for the un-
shunted transmon ground state and the Brillouin zone edge (respec-
tively, κ = 0, solid red and κ = 1

2 , dashed blue), shown relative to the
cosine potential in the extended Zak basis, Eq. (33). The system is
initialized in the ground state of the transmon Hamiltonian, |ψ tmon

κ=0,0〉
(solid red). Parameters are EC/EJ = 1 and E4π = 0. (b) The lowest
three eigenstates of the shunted system with κ̃ = 0, in the shunted
4π -periodic potential with E4π/EJ = 1/2. The initial wave function,
F tmon

0,0 , has large and approximately equal overlap with the ground
and first excited wave functions of the 4π -periodic system, F 4π

κ̃=0,b=0

and F 4π
0,1 . (c) The system evolves from the 2π -periodic initial state

F tmon
κ=0,0, through to a state at t = t2π/2 that has very large overlap with

the 4π -periodic F tmon
κ= 1

2 ,0
pictured in the top panel (dashed blue). At

t = t2π , the system returns to a state close to the initial state. The
scale bar shows the complex phase of the wave function.

t = 0. The system evolves to a 4π -periodic state at t2π/2
with a positive (red) anti-node at ϕ̃ = 0, and a negative (cyan)
antinode at ϕ̃ = ±2π . This is qualitatively very similar to
|ψ tmon

1
2 ,0

〉, as shown in the top panel of Fig. 5 (dashed blue).

At t = t2π , the system returns very close to the initial state.
The probability for the time-evolved state to be in either

the initial state, |ψ tmon
0,0 〉, or a state at the Brillouin zone

boundary, |ψ tmon
1
2 ,0

〉, is shown in Fig. 6. The evolution occurs

almost entirely in the space spanned by these two states, so
that nearly perfect coherent oscillation between the initial
and intermediate state is observed. The residual probability to

FIG. 6. Time evolution of the return probability of a transmon
initialized in the state |ψ tmon

0,0 〉 and then shunted by a the 4π -periodic
element (solid red). Also shown is the probability of the state |ψ tmon

1
2 ,0

〉
localized near the Brillouin zone boundary (dashed blue), along with
the residual probability in other states (dotted) which is less than 1%
for the chosen parameters, EC/EJ = 1 and E4π/EJ = 1/2.

evolve out of this two-state subspace, shown as a dotted curve,
is less than 1% at all t . Since the state evolution is unitary, the
very-nearly equal probabilities for the two states at t = t2π/4
and at t = 3t2π/4 indicate that the system is very close to the
state (|ψ tmon

0,0 〉 + eiθ |ψ tmon
1
2 ,0

〉)/
√

2 at these times.

In summary, a 4π -periodic element switched transiently
across a 2π -periodic transmon device yields evolution
in a two-dimensional (qubitlike) subspace spanned by
{|ψ tmon

0,0 〉, |ψ tmon
1
2 ,0

〉}. This is closely analogous to the result

that a conventional 2π -periodic Josephson junction switched
transiently across a π -periodic device (i.e., the circuit for the
0-π qubit) yields a computational gate in the 0-π encoded
subspace [6,14]. Comparisons between the 0-π qubit and the
qubit proposed here will be given in more detail in the next
section.

IV. DISCUSSION

The description of the complete spectrum of superconduct-
ing devices in terms of band structure, which is a consequence
of Bloch’s theorem, was identified by Likharev and Zorin [1].
However, it is an atypical approach to theoretical modeling
of such systems, and it leads to somewhat surprising conclu-
sions.

There are several natural questions that arise from the
analysis above. (1) Given that the Bloch spectrum is a con-
tinuum, why does experimental spectroscopy of transmons
yield apparently discrete spectra? (2) Given that |ψ tmon

0,0 〉 is
the unique ground state, what is the lifetime of another state
|ψ tmon

κ,0 〉, in the lowest Bloch band? (3) How do we interpret
superpositions of Bloch eigenstates? (4) What are the coher-
ence properties of such superpositions? Here we address these
questions.

Firstly, our analysis shows that transmons and CPBs do
not have discrete spectra, and so should not be thought of
as “artificial atoms.” Instead their spectrum is arranged in
bands, with densely packed eigenstates. However, intraband
transitions can only occur when the device is subject to
symmetry-breaking perturbations, and so cannot be induced
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by external driving or other perturbations that respect the
dynamical 2π -phase periodicity in the Hamiltonian. An ex-
ample of such symmetry-breaking perturbations is a shunted
inductor that we have presented in Sec. III A or a shunted 4π -
periodic junction as in Sec. III B. Also, quasiparticle tunneling
introduces an environmental term ∝ sin(φ̂/2) [23], which
breaks the symmetry of concern. It follows that spectroscopic
measurements will yield discrete spectra corresponding to
direct (i.e., κ-conserving) interband transitions, as observed
in numerous experiments.

Secondly, any perturbation that preserves the dynamical
2π -phase periodicity cannot couple states |ψ tmon

κ,b 〉 and |ψ tmon
κ ′,b′ 〉

with different values of the Bloch wave number, i.e., κ �= κ ′.2
It follows that any state, |ψ tmon

κ ′,0 〉, in the lowest band cannot
relax to the true ground state |ψ tmon

0,0 〉, unless the symmetry is
broken.

Thirdly, our analysis indicates that superpositions of eigen-
states with different wave numbers within the same band
are also possible states of the system. In particular, the state
|�b〉 = α|ψ tmon

κ,b 〉 + β|ψ tmon
κ ′,b 〉, introduced in Eq. (21), should

be physically admissible (just as superpositions of different
band indices, b, are currently used to define qubit states
of transmons and CPBs). A physical interpretation can be
given to certain such superpositions. For example, the state
|ψ4π

κ̃=0,0〉 ≈ |ψ tmon
0,0 〉 + |ψ tmon

1
2 ,0

〉 is the ground state of the 4π -

periodic shunted Hamiltonian Eq. (29), pictured as the lowest
mode in the middle panel of Fig. 5, so is a state with 4π -
periodicity in the superconducting phase. In the charge basis,
the state will have 1e charge periodicity.

Finally, as shown in Ref. [10], dephasing of a coher-
ent superposition of energy eigenstates due to perturbative,
stochastic charge noise depends on the gradient of the band,
� ∝ |∂κEκ,b|2. Since the energy bands are extremal at both
the center and the edge of the Brillouin zone (i.e., the gra-
dient vanishes), we anticipate that the coherent superposition
α|ψ tmon

0,0 〉 + β|ψ tmon
1
2 ,0

〉 in Eq. (21) should have extremely long

coherence times in the presence of perturbative charge noise.
Deep in the transmon regime, where the lowest band is almost
flat, this result will hold even for charge fluctuations of order
|δnx| � 1/2.

A. A possible qubit encoding

As a consequence of these facts, we expect that any state
of the form |�b=0〉 will have extremely long T1 and T2 times.
Further, the two states |ψ tmon

0,0 〉 and |ψ tmon
1
2 ,0

〉, pictured in the

lowest band of Fig. 2, are approximations to the comblike
states proposed for encoding a qubit in an oscillator [9], and
so may inherit some of the robustness of such comb states as
qubit encodings.

We therefore speculate that the subspace spanned by these
states in the lowest band provides an attractive home for
a qubit, with computational states |0〉 = |ψ tmon

0,0 〉 and |1〉 =
|ψ tmon

1
2 ,0

〉. This choice contrasts with the conventional transmon

qubit encoding in which the logical “1” state is encoded in the

2That is, the quasicharge is a conserved quantum number under
symmetry preserving perturbations.

first excited band, i.e., |1̄〉 ≡ |ψ tmon
0,1 〉. We outline here possible

single-qubit gates and spectroscopic readout.
High-quality Pauli-X rotations in this encoding could be

generated by transiently switching a 4π -periodic element
across the circuit, for a well controlled hold time, as shown in
Fig. 6. If EJ � EC (the transmon regime), the computational
states are nearly degenerate, but this near-degeneracy can be
controllably lifted by tuning EJ dynamically into the regime
where EJ ∼ EC , which will result in a Pauli-Z rotation in the
computational space. Experimentally, control over EJ may be
achieved by replacing the junction in Fig. 1 with a flux-tunable
SQUID. We note these operations would not be natively
robust against fluctuations in the control parameters, however
some of the ideas in Ref. [6] for constructing robust gates
for the 0-π qubit might be adapted to the encoding suggested
here.

Readout in the computational basis can be achieved using
spectroscopic methods: Fig. 2 shows that the transition energy
from the computational states |0〉 and |1〉 to the b = 1 band
will have different energies depending on the computational
state. A reflectometry experiment with a probe field tuned
to the |ψ tmon

κ=0,b=0〉 ↔ |ψ tmon
κ=0,b=1〉 transition will show strong

response if the system were in the state |0〉 = |ψ tmon
0,0 〉, and

very little response if the system were in the state |1〉 =
|ψ tmon

1
2 ,0

〉. Thus the observation (or not) of significant reflected

power would project the system into the corresponding com-
putational state, facilitating computational readout.

Finally, the fact that the proposed qubit states have comb-
like representations akin to the GKP encoding of a qubit in
an oscillator [9], suggest that active error correction against
charge noise could be implemented based on the structure of
that code. To do so would require (i) that the comb peaks to be
narrow, i.e.,

√
EC/EJ 
 1, where the device is in the transmon

regime, (ii) a mechanism to nondestructively measure the
displacement of the modular phase arising from charge noise,
and (iii) an actuator to act back on the system to correct
for drifts in the modular phase. A protocol to achieve (ii)
using spectroscopically resolved transitions to the first excited
band in a related system was briefly mentioned in Ref. [10],
however a complete analysis of such a protocol in the presence
of realistic noise models will be the subject of future research.

1. Comparisons with the 0-π qubit

Table I shows comparisons between the 0-π qubit [6,14]
and the noncompact transmon/CPB proposed here. The cir-
cuit element required to construct the 0-π qubit is an effective
π -periodic Josephson junction ladder [6,24]. The relevant gate
operations on the 0-π qubit need an ordinary 2π Josephson
junction. The 0-π qubit has been studied in various theoretical
works [6,14–16,24] and recently has been realized in experi-
ment [25].

By contrast, the circuit for the noncompact transmon/CPB
qubit has been well developed experimentally [26–28], but
gate operations, as shown in Sec. III B, would be ideally
performed by a 4π -periodic Josephson junction. This element
is a current experimental challenge and is being investigated in
the context of the Majorana qubit [13,20–22]. A proposal for a
4π -periodic element has been put forward by Bell et al. [29].
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TABLE I. Comparisons between the 0-π qubit and the noncom-
pact transmon/Cooper-pair box. The qubit encoding proposed here
is based on a transmon/Cooper-pair box using a conventional 2π

Josephson junction, but using states only in the lowest band. To
perform gates, a device with a lower symmetry is required. The 0-π
qubit is based on a high-symmetry junction (π periodic), but uses a
conventional 2π junction for gates.

Qubit Gate
potential potential

periodicity periodicity

The 0-π qubit [6,14] π 2π

The noncompact
transmon/Cooper-pair box 2π 4π

B. Experimental considerations

To our knowledge, superpositions such as Eq. (21) have
not been experimentally reported. One reason for this is that
it is technically challenging to prepare and measure such a
state. To do so, it is necessary to controllably break the dy-
namical 2π -phase periodicity of the JJ element. As described
in Sec. III, a transiently switched inductive element achieves
this.

This discussion suggests specific experiments that might
be developed to demonstrate the possibility of producing and
measuring superpositions of Bloch eigenstates. For example,
a device that is intermediate between a transmon and a CPB,
with EJ � EC will have spectrally resolvable transitions at
different values of κ . Repeatedly preparing the ground state of
such a system, then shunting a symmetry breaking inductive
element across it for different hold times, thold, and then
spectroscopically measuring the state via reflectometry should
map out coherent oscillations as shown in Figs. 4 and 6. This
would constitute evidence for the noncompact description of
the charge and flux discussed here.

One of the key experimental hurdles to such a demonstra-
tion is the requirement of a fast, dissipation-free switch. This
element, depicted in Fig. 1, is required to transiently shunt the
inductive element across the circuit. One common approach
to building switched devices in superconducting systems is to
use a flux-tunable SQUID, in which EJ (�x ) can be switched
from large to small values quickly. For small fluctuations of
the modular phase, ϕ, this can be treated as a modulation
of a linearized inductance. However SQUIDs are natively
2π -periodic devices, so they are not suitable for switching
devices that break this symmetry. Instead, the switch should
ideally present infinite (linear) impedance when it is open, and
zero impedance when closed, so that the circuit sees only the
additional load due to the switched inductive shunt element.
One approach to this is to use nanomechanical metallic plates
that can be forced in-or-out of contact with one another using
electrostatic control fields [30] to build a fast, nano-scale me-
chanical switch. Another approach is to build a hybrid super-
semiconducting device, using, e.g., a gated superconducting-
normal-superconducting junction [31], or semisuperconduct-
ing hybrids [32–34] which might enable a controllable super-
conducting switch [35,36].

In the short term, the general principles discussed here
could be demonstrated with a switched linear inductor.

However comparison of the solid-red curves in Figs. 4 and 6
shows that for producing well-controlled superpositions of
Bloch states, the (phenomenological) 4π -periodic nonlinear
inductive element is likely to result in better control of
the system. Thus a secondary hurdle in future experiments
is the development of robust 4π -periodic elements. While
we have adopted a purely phenomenological description of
such an element, realistic implementations are the subject
of recent theoretical and experimental attention [13,18–22].
Understanding the performance of the switched system using
realistic models for practical 4π -periodic elements will be the
subject of future research.

V. CONCLUSIONS

We have revisited the question of the complete Hilbert
space required to describe superconducting circuits such as
transmons and CPBs. Lifting the assumption that charge is
discrete (or flux is compact) yields a Bloch band structure aris-
ing from the dynamical 2π periodicity in the Josephson junc-
tion phase. We have shown that Bloch eigenstates can be cou-
pled using elements that break the dynamical 2π periodicity,
including linear and nonlinear inductive elements transiently
switched across the circuit. The resulting evolution generates
states that are superpositions of the Bloch eigenstates. We
speculate that certain eigenmodes in the lowest Bloch band
would be naturally stable qubit states with extremely long
lived population lifetimes, and we anticipate that they will
have native robustness against charge noise. Finally, we have
suggested a class of experiments that could test the results in
this paper.
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APPENDIX A: MODE FUNCTIONS FOR THE
INDUCTIVELY SHUNTED TRANSMON (THE

FLUXONIUM) IN THE ZAK BASIS

In this Appendix we show the first seven eigenfunctions,
which are labeled by the corresponding eigenenergies E ind

j of
the inductively shunted transmon, i.e., the fluxonium, arrayed
in Fig. 7, in the Zak basis, for the parameter values EC/EJ =
1 and EL/EJ = 1/(2π )2. The eigenfunctions are found by
solving the Schrödinger equation Eq. (24) subject to the two
boundary conditions defined in Eqs. (13) and (14).

There is an approximate degeneracy between E ind
1 and

E ind
2 , for which the corresponding eigenmodes are localized

around ϕ = 0. The eigenfunctions exhibit qualitative features
of the boundary conditions Eqs. (13) and (14). Notably, they
are generally delocalized in the modular charge k. This is
different from the transiently inductor-shunted transmon/CPB
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�Π

�Π�2

0

Π�2

Π

FIG. 7. [(a)–(g)] The first seven complex-valued eigenmodes of
the inductively shunted transmon (i.e., the fluxonium), in the Zak ba-
sis, ψ ind

j (k, ϕ). The corresponding, calculated eigenenergies E ind
j /EJ

are shown above each plot, for the parameter values EC/EJ = 1 and
EL/EJ = 1/(2π )2. For the time evolution shown in Fig. 3, modes
j = 0 and 2 have large overlap with the initial state (shown at the
left of Fig. 3). Colors indicate the phase of the wave function at each
point, as specified in the legend (bottom right).

logical states |ψ tmon
0,0 〉 and |ψ tmon

1
2 ,0

〉, which as shown in the first

and middle snapshots of Fig. 3 are localized around k = 0
and k = 1/2, respectively. The eigenfunctions, additionally,
are symmetric about the modular phase ϕ, which is similar to
the case of |ψ tmon

0,0 〉 and |ψ tmon
1
2 ,0

〉.
In the limit of large j, we expect the modes to be dominated

by the harmonic terms, so that lim j→∞ E ind
j+1 − E ind

j = EHO =
2
√

ECEL. For the choice of parameters here, EHO = EJ/π ,
and we confirm that this holds numerically for j � 30.

For these parameter values, and the initial state Eq. (28),
the mode probabilities are plotted in Fig. 8, |pind

j |2 =

FIG. 8. Probabilities for each mode in the inductively shunted
transmon used to calculate the time evolution in Fig. 3. Odd-
numbered modes have zero amplitude. The initial state has over-
whelming support on the ground and second excited state, making
the evolution approximately that of a two-level system.

|〈ψ ind
j |ψ tmon

0,0 〉
�
|2. The initial state has no support on odd

numbered eigenmodes, and the majority of the probability
density has support on the ground and second excited states,
accounting for about 95% of the total probability density.
Thus the system could be approximated by a two level system,
consisting of these two modes. For numerical simulations of
temporal evolution, we retain the first 100 such modes, which
accounts for >1–10−5 of the total probability.

APPENDIX B: SOLUTION FOR 4π-PERIODIC
HAMILTONIAN IN THE ZAK BASIS

The 4π -periodic element conserves k̃ ≡ (k mod 1
2 ) ∈

(−1/4, 1/4], and couples states separated by δk = 1
2 . The

time evolved state will therefore be of the form

|ψ4π (t )〉 = ∣∣ψ4π
κ=0(t )

〉 + ∣∣ψ4π
1
2

(t )
〉
, (B1)

where the two (unnormalized) states on the RHS of Eq. (B1)
are localized around κ = 0 and 1

2 , respectively. In the Zak
basis the corresponding wave functions f 4π

κ (t ; ϕ) are defined
implicitly by

ψ4π
κ (t ; k, ϕ) ≡ 〈

k, ϕ
∣∣ψ4π

κ (t )
〉 = δ(k − κ ) f 4π

κ (t ; ϕ). (B2)

The wave functions satisfy the coupled Schrödinger equations
(for brevity, we have suppressed the argument to f 4π

κ (t ; ϕ))

i
∂

∂t
f 4π
0 = −EC

∂2

∂ϕ2
f 4π
0 − EJ cos(ϕ) f 4π

0 − E4π cos
(ϕ

2

)
f 4π

1
2

,

i
∂

∂t
f 4π

1
2

= −EC
∂2

∂ϕ2
f 4π

1
2

− EJ cos(ϕ) f 4π
1
2

− E4π cos
(ϕ

2

)
f 4π
0 ,

(B3)

and boundary conditions f 4π
κ (t ; −π ) = e2iπκ f 4π

κ (t ; π ), con-
sistent with the boundary condition Eq. (14).
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In the usual way, the linear system, Eq. (B3), can be
turned into an eigenvalue problem that is characterized by
pairs of functions { f 4π

0 (ϕ), f 4π
1
2

(ϕ)} j , associated to each

eigenenergy Ej . We have confirmed that this approach gives
the same results as the method described in the main
text.
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MAJORANA CHAINS WITH A JOSEPHSON JUNCTION FOR
SUPERCONDUCTING CIRCUITS

DENIZ STIEGEMANN, ABHIJEET ALASE, AND TOM STACE

1. Fock Space and Fermionic Operators

1.1. Fock Space. Let h be the Hilbert space for the state of each particle. H =
F−(h) denotes the fermionic Fock space. We will assume that h is of finite dimension
N . Then dimH = 2N .

In the case of a tight-binding model, h is spanned by an orthonormal basis of
position states. For a one-dimensional chain with N sites, we have

h = CN = span{|j⟩ : j = 1, . . . , N}.

The annihilation and creation operators a(|j⟩), a†(|j⟩) for a single-particle state
|j⟩ are abbreviated as aj , a†

j . They are operators on H, acting on anti-symmetrised
states, and they satisfy the canonical anti-commutation relations

{ai, aj} = 0 = {a†
i , a

†
j},

{ai, a
†
j} = ⟨i|j⟩ I = δijI.

We will usually drop the identity I, writing {ai, a
†
j} = δij for example.

Number bases are always defined with respect to a particular choice of annihi-
lation and creation operators. We use the following convenient notation for the
number basis. Write

α = α1 · · ·αN ∈ {0, 1}N

for a bit-vector of length N . Then we set

(1) |α⟩ = |α1 · · ·αN ⟩ = (a†
1)α1 · · · (a†

N )αN |Ω⟩

where |Ω⟩ = |0 · · · 0⟩ denotes the vacuum, and it is understood that (a†
j)0 = I, that

is, a particle in the state |j⟩ is created if and only if the j-th bit is set. There is no
further normalisation prefactor, see Bratteli–Robinson, Prop. 5.2.2 (2).

Since a†
ia

†
j |α⟩ = −a†

ja
†
i |α⟩ for all i, j, α, it matters in which order the fermionic

particles are created. With Eq. (1) we fix one choice for our notation. If we
associate the bit-vector α = α1 · · ·αN with the integer n = (αN · · ·α1)2 given in
binary digits, then we can enumerate the 2N basis vectors |α⟩, α ∈ {0, 1}N , as the
states |Fn⟩, n = 0, . . . , 2N − 1, defined by

|Fn⟩ = |F(αN ···α1)2⟩ = |α1 · · ·αN ⟩ .

The important thing to note here is the reversed order of the digits since we want
to use the more sensible convention of starting at zero with the vacuum, so that
|F0⟩ = |Ω⟩.

1
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2. Conventions for Majorana Operators

There are two common conventions for normalisation when defining the Bogoli-
ubov operators in terms of annihilation and creation operators. We will refer to
them as Convention 1 and 2. They occur in the literature as follows.
Convention 1: Bratteli–Robinson (Vol. 2), Ginossar–Grosfeld
Convention 2: Kitaev, Bravyi–Gosset
The corresponding identities are listed in Table 2. For comparison, we also recall
some properties of the unaffected annihilation and creation operators in Table 1.

3. Diagonalising a Quadratic Fermionic Hamiltonian

The goal of this subsection is to take a generic Hamiltonian

(2) H =
N∑

i,j=1
(Aija

†
iaj +Bija

†
ia

†
j + Cijaiaj +Dijaia

†
j)

which is quadratic in the Dirac-fermionic creation and annihilation operators a†
i

and ai, and bring it into the form

(3) H =
N∑

i=1
2ωib

†
i bi + cI =

N∑
i=1

ωi(b†
i bi − bib

†
i ) + c′I

which is quadratic and ‘diagonal’ in some new Dirac-fermionic operators bi, b
†
i ,

called the diagonal modes, up to an additive constant proportional to the identity.
We will commonly omit such constants.

To proceed, we will assume without loss of generality that H already has the
form

(4) H =
N∑

i,j=1
(Aija

†
iaj +Bija

†
ia

†
j +B∗

jiaiaj −Ajiaia
†
j)

with
(5) A = A†, B = −Bt.

Remark 3.1. We can make these assumptions for the following two reasons. First,
the fact that H is hermitian implies that
(6) A = A†, B = C†, D = D†,

which can easily be seen by taking the adjoint of Eq. (2). Second, using the anti-
commutation relations, we can calculate that

(7) Aija
†
iaj +Djiaja

†
i = 1

2(Aij −Dji)a†
iaj − 1

2(Aij −Dji)aja
†
i + 1

2(Aij +Dji)δij

Note that the terms on the left-hand side do occur together in Eq. (2), albeit
grouped differently; Aija

†
iaj and Djiaja

†
i appear in different terms of the summa-

tion
∑N

i,j=1 on the right-hand side of Eq. (2), namely those with the index variables
i and j exchanged. The identity Eq. (7) thus shows that we may substitute A and
D by matrices A′ and D′, respectively, according to

A′ = 1
2(A−Dt), D′ = 1

2(D −At)
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MAJORANA CHAINS WITH A JOSEPHSON JUNCTION FOR SUPERCONDUCTING CIRCUITS3

and will only change the overall Hamiltonian by an additive constant, namely the
sum over the last term in Eq. (7). This shows that we can just suppose that
(8) D = −At

in Eq. (2). By a related calculation,

Bija
†
ia

†
j +Bjia

†
ja

†
i = 1

2(Bij −Bji)a†
ia

†
j − 1

2(Bij −Bji)a†
ja

†
i

allows us to make the substitution B′ = 1
2 (B − Bt) if need be, to ensure that we

can assume
(9) B = −Bt.

A similar calculation allows us to suppose
(10) C = −Ct.

In conclusion, combining Eq. (6) with Eq. (8), Eq. (9), and Eq. (10) gives the form
Eq. (4) with Eq. (5).

The Hamiltonian Eq. (4) can also be written in the more compact form

H = α†Mα = (a†, a)
(

A B
−B∗ −A∗

)(
a
a†

)
.

The matrix M ∈ M2N (C) is called the mode matrix of H. The key to finding
the diagonal form Eq. (3) lies in constructing a particular diagonalisation ofM . Any
diagonalisation of M will give a formula of the form Eq. (3) with some operators bi,
b†

i ; the whole point of the following procedure is to ensure that these new ‘diagonal
modes’ also satisfy the canonical anti-commutation relations.

Remark 3.2. It is worth noting at this point that while the mode matrix corre-
sponds to a linear map on the 2N -dimensional vector space C2N and the operator
vectors α, α† each have 2N entries, the system really only possesses N fermionic
degrees of freedom. For a given index i, the operators ai and a†

i do not represent
different modes, but one operator is the hermitian conjugate of the other. The
artificial doubling implicit in the definition of α and α† will become even more ob-
vious when we investigate the spectrum and eigen-decomposition of M , and it will
sometimes seem as if there were twice the number of modes, when this is really just
an artifact of the convenient mathematical treatment of the modes. For example,
if ker(M) is 4-dimensional, this corresponds to 2 zero modes.

We define an anti-unitary operator J on C2N as

J

(
u
v

)
=

(
v∗

u∗

)
, u, v ∈ CN .

Observe that {M,J} = 0. As a consequence, if x ∈ C2N is an eigenvector of M
with eigenvalue ω, then since

MJx = −JMx = −ωJx,
the vector Jx will be an eigenvector of M with eigenvalue −ω (as an anti-unitary, J
has trivial kernel). This means that the non-zero eigenvalues of M come in positive–
negative pairs, and therefore also that the kernel of M has even dimension.

Consequently, we can easily construct an orthonormal basis for ker(M)⊥, the
orthogonal complement of the kernel of M in C2N . Set K = N − dim ker(M)/2.
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We take the normalised eigenvectors x1, . . . , xK of the, say, positive eigenvalues
ω1, . . . , ωK of M . As discussed, Jx1, . . . , JxK will be the eigenvectors for the re-
maining non-zero, that is, negative eigenvalues −ω1, . . . ,−ωK . Therefore,

{ω1, . . . , ωK , Jω1, . . . , JωK}

is an orthonormal basis for ker(M)⊥, and conjugation by the unitary matrix

T = (ω1, . . . , ωK , Jω1, . . . , JωK)

brings M into the particular diagonal form
Ω = T †MT = diag(ω1, . . . , ωK ,−ω1, . . . ,−ωK).

4. Coupling a Transmon with Kitaev’s Chain

Our toy model Hamiltonian is the linear operator on the Hilbert space

Htmon ⊗ Hchain

defined by
Ĥ = Ĥtmon ⊗ Î + Î ⊗ Ĥmetal + Ĥcouple,

where

Ĥtmon = EC n̂
2 − EJ cos ϕ̂,

Ĥmetal =
N∑

j=1

(
−wj

(
â†

j âj+1 + â†
j+1âj

)
− µ

(
â†

j âj − 1
2

))
,

Ĥcouple = eiϕ̂ ⊗ Ŝ + e−iϕ̂ ⊗ Ŝ†,

Ŝ =
N∑

j=1
∆j âj âj+1, Ŝ† =

N∑
j=1

∆j â
†
j+1â

†
j ,

and

wj =
{
wjunction if j = J,

w otherwise,

∆j =
{

0 if j = J,

∆ otherwise.

Here 1 < J < N ; usually we will assume that N is even and set J = N/2. The
parameter wjunction quantifies a possible reduction in the magnitude of electron
hopping across the junction compared to w, and ∆j vanishes at the junction where
there is only non-superconducting metal. Also note that ∆ ∈ R with our notation.

4.1. The Transmon. The differential equation (Bloch equation) for the ψκ,b eigen-
functions is Dψ = Eψ, with

Dψ(ϕ) =
(
EC(−i∂ϕ − nx)2 − EJ cos(ϕ)

)
ψ(ϕ)

=
(
EC(−∂2

ϕ + 2inx∂ϕ + n2
x) − EJ cos(ϕ)

)
ψ(ϕ)

and the boundary condition ψ(−π) = e2πκiψ(π). We will usually assume nx = 0,
in which case the differential operator takes the simple form

D = −EC∂
2
ϕ − EJ cos(ϕ).
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This results in real-valued wavefunctions for κ = 0, 1
2 , which simplifies certain

calculations.
The functions ψκ,b form a overcomplete basis for the infinite-dimensional Hilbert

space Htmon. They are indexed by the Bloch wavenumber κ ∈ (− 1
2 ,

1
2 ] and the band

index b ∈ N. They have energies Eκ,b, so that Htmon|ψκ,b⟩ = Eκ,b|ψκ,b⟩. Matrix
elements of the e±iϕ̂ operators with respect to the {ψκ,b} basis can be calculated
as

⟨ψκ1,b1 |e±iϕ̂|ψκ2,b2⟩ =
∫ ∞

−∞
⟨ψκ1,b1 |e±iϕ̂|ϕ⟩⟨ϕ|ψκ2,b2⟩dϕ

=
∫ ∞

−∞
e±iϕ ψκ1,b1(ϕ)ψκ2,b2(ϕ)dϕ.(11)

4.2. The Kitaev Chain. A basis for the 2N -dimensional Hilbert space Hchain is
given by the Fock eigenstates of the operator Ĥjunction(ϕ), where

Ĥjunction(∆, ϕ) = Ĥmetal +
N∑

j=1
∆j

(
eiϕâj âj+1 + e−iϕâ†

j+1â
†
j

)
,

with a particular choice for ∆ and ϕ that we postpone at this point. The eigenstates
χα⃗ are indexed by bit vectors α⃗ ∈ {0, 1}N , such that

|χα⃗⟩ = (ĉ†
1)α1(ĉ†

2)α2 · · · (ĉ†
N )αN |Ω⟩.

Here the ĉ†
k, ĉk and Ω are defined as follows: The ĉ†

k, ĉk are quasi-particle creation
and annihilation operators with respect to which the Hamiltonian Ĥjunction(∆0, ϕ0)
assumes the diagonal form

Ĥjunction(∆, ϕ) =
N∑

k=1
ℏωk(ĉ†

k ĉk − ĉk ĉ
†
k) =

N∑
k=1

2ℏωk ĉ
†
k ĉk −

N∑
k=1

ℏωk.

Ω is the state with ĉk|Ω⟩ = 0 for all k = 1, . . . , N ; in other words, Ω = χ0⃗. For
j = 1, . . . , N , the energy of the state ĉ†

j |Ω⟩ is Ej = 2ℏωj −
∑

k ℏωk, and we will
assume that the creation and annihilation operators are ordered from lowest to
highest energy of the state ĉ†

j |Ω⟩. The Kitaev chain has a degenerate ground state
space spanned by two orthogonal states, one of which is |Ω⟩ and the other ĉ†

1|Ω⟩.
We refrain from explicitly indicating the dependence of Ω and the ĉ†

k and ĉk on
∆ and ϕ since we will later fix particular initial parameter values throughout.

4.3. The Coupled System. We assume that up until t = 0, the Kitaev chain has
evolved to the ground state of the usual Hamiltonian Ĥjunction(∆0, ϕ00), where ∆0
takes a material-specific value and ϕ0 = 0 as long as the chain can evolve away from
any external magnetic fields. We can later change ϕ0 to simulate different initial
conditions.

Our goal is to initialise the system in the state ψκ0,b0 ⊗ Ω, e.g. with κ0 = b0 = 0,
and then see how the dynamics develops. Since Ω depends on κ0 and b0 through
ϕ0, we implicitly make the physical assumption that up until t = 0, the composite
yet uncoupled system has developed according to the dynamics of the Hamiltonian

Ĥuncoupled = Ĥtmon ⊗ Ĥjunction(∆0, ϕ0),
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which leads to the system being in the product state ψκ0,b0 ⊗ Ω at t = 0 when the
coupling is switched on.

To study the time evolution eiĤt/ℏ|ψκ0,b0 ⊗Ω⟩ for t ≥ 0, we have to compute the
matrix elements of Ĥ with respect to the tensor product basis{

ψκ,b ⊗ χα⃗

∣∣κ ∈ (− 1
2 ,

1
2 ], b ∈ N, α⃗ ∈ {0, 1}N

}
.

We get

⟨ψκ1,b1 ⊗ χα⃗1 |Ĥ|ψκ2,b2 ⊗ χα⃗2⟩ = ⟨ψκ1,b1 |Ĥtmon|ψκ2,b2⟩

+ ⟨χα⃗1 |Ĥmetal|χα⃗2⟩

+ ⟨ψκ1,b1 |eiϕ̂|ψκ2,b2⟩⟨χα⃗1 |Ŝ|χα⃗2⟩

+ ⟨ψκ1,b1 |e−iϕ̂|ψκ2,b2⟩⟨χα⃗1 |Ŝ†|χα⃗2⟩.

The first term is simply

⟨ψκ1,b1 |Ĥtmon|ψκ2,b2⟩ = Eκ1,b1δκ1κ2δb1b2 .

The three terms ⟨χα⃗1 |Ĥmetal|χα⃗2⟩, ⟨χα⃗1 |Ŝ|χα⃗2⟩ and ⟨χα⃗1 |Ŝ†|χα⃗2⟩ can be computed
by rewriting Ĥmetal and Ŝ in terms of the ĉ†

k and ĉk operators (k = 1, . . . , N).
Finally, we can compute the matrix elements of e±iϕ̂ using Eq. (11).

We summarise all steps necessary to compute ⟨ψκ1,b1 ⊗ χα⃗1 |Ĥ|ψκ2,b2 ⊗ χα⃗2⟩:

1. Diagonalise Ĥtmon to obtain the energies Eκ,b and the functions uκ,b for
the relevant values of κ and b.

2. Calculate ∆0 as well as ⟨ψκ1,b1 |eiϕ̂|ψκ2,b2⟩ and ⟨ψκ1,b1 |e−iϕ̂|ψκ2,b2⟩ for all
relevant κ, b.

3. Bring Ĥjunction(∆0, ϕ0 = 0) into diagonal form, so as to express the â†
k, âk

in terms of the ĉ†
k, ĉk (k = 1, . . . , N).

4. Transform Ĥmetal, Ŝ and Ŝ† into the {χα⃗} basis.
5. Pick out the relevant (α⃗1, α⃗2) matrix elements of Ĥmetal, Ŝ and Ŝ† in the

{χα⃗} basis.

We speak of ‘relevant values of κ and b’ since at least on the infinite-dimensional
Htmon, we have to restrict ourselves to a cut-off Hilbert space (in practice a low-
energy cutoff and restriction to a certain finite selection of states in the Brillouin
zone) in order to perform actual calculations. In comparison, Hchain is finite-
dimensional, but the dimension grows exponentially in N , so that in practice a
cutoff might be necessary here as well, restricting the number of indices α⃗.

4.4. Calculations. We choose to compute results in the regime EC = EJ = 1.
The bands and eigenfunctions in the low bands for κ = 0, 1

2 are shown in the LCS
paper. For now, we choose a basis of four eigenfunctions, corresponding to the two
lowest energies each at κ = 0 and κ = 1

2 . In the 4-dimensional subspace K, we
order the basis as

ψ0,0, ψ0,1, ψ 1
2 ,0, ψ 1

2 ,1.
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In this basis, the phase operators e±iϕ̂ have the matrix representations

(e+iϕ̂)K ≈


0.612 0.626 i 0 0
0.626 i 0.161 0 0

0 0 0.672 −0.523 i
0 0 −0.523 i −0.166


and (e−iϕ̂)K = (e+iϕ̂)∗

K, where the star indicates complex conjugation.
Now we set ∆0 = ⟨ψκ1,b1 |e±iϕ̂|ψκ2,b2⟩ and ϕ0 = 0 as discussed before, and write

down the Hamiltonian Ĥjunction(∆0, ϕ0). We can represent it as an operator on
Fock space or merely in terms of the creation–annihilation algebra. The second
choice is desirable since it does not involve matrices that grow exponentially with
the number of sites in the chain.

5. Kitaev’s Fermion Chain with Junction

5.1. The Physical Hamiltonian. We consider a chain of a total of N sites, with
annihilation and creation operators as explained above. The full Hamiltonian of
Kitaev’s chain with a junction between sites k and k + 1 is

H =
∑

j

(
−wj(a†

jaj+1 + a†
j+1aj) − µ

(
a†

jaj − 1
2

)
+ ∆jajaj+1 + ∆∗

ja
†
j+1a

†
j

)
and

wj =
{
tw if j = k,

w otherwise,
∆j =


∆ for j < k,

0 for j = k,

∆eiϕ for j > k.

Now we define Majorana operators as follows,
c2j−1 = a†

j + aj ,

c2j = i(a†
j − aj).

Correspondingly, we replace the creation and annihilation operators as follows,

aj = 1
2(c2j−1 + ic2j),

a†
j = 1

2(c2j−1 + ic2j).

The Hamiltonian then takes the form

H = − i

2
∑

j

µc2j−1c2j + i

2
∑
j<k

(
(∆ − w)c2j−1c2j+2 + (∆ + w)c2jc2j+1

)
+ i

2
∑
j>k

(
(∆ cos(ϕ) − w)c2j−1c2j+2 + (∆ cos(ϕ) + w)c2jc2j+1

+ ∆ sin(ϕ)(c2j−1c2j+1 − c2jc2j+2)
)

− i

2wk(c2k−1c2k+2 − c2kc2k+1).

Note that when representing the Hamiltonian on the computer, it is most efficient
to separate it into three parts, such that

H = Hstatic + cos(ϕ)Hcos + sin(ϕ)Hsin,
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where Hstatic, Hcos and Hsin are independent of ϕ. Note that the terms with
prefactors −w and w in the j > k sum above belong to Hstatic.

5.2. The Phase-Localised Hamiltonian. To obtain the phase-localised Hamil-
tonian, we perform a canonical transformation of the annihilation and creation
operators. The new operators ãj , ã

†
j are unchanged on the j ≤ k half of the system,

and

ãj = eiϕ/2aj ,

ã†
j = e−iϕ/2a†

j

for j > k. The phase-localised Hamiltonian is then

H̃ =
∑

j

(
−wj(pj ã

†
j ãj+1 + p∗

j ã
†
j+1ãj) − µ

(
ã†

j ãj − 1
2

)
+ ∆̃j ãj ãj+1 + ∆̃∗

j ã
†
j+1ã

†
j

)
,

where

pj =
{
e−iϕ/2 if j = k,

1 otherwise,
∆̃j =

{
∆ for j ̸= k,

0 for j = k.

Again we write this Hamiltonian in terms of Majorana operators, so that

H̃ = i

2
∑
j ̸=k

(
−µc̃2j−1c̃2j + (∆ − w)c̃2j−1c̃2j+2 + (∆ + w)c̃2j c̃2j+1

)
− i

2wk

(
cos

(ϕ
2

)
(c̃2k−1c̃2k+2 − c̃2k c̃2k+1)

− sin
(ϕ

2

)
(c̃2k−1c̃2k+1 + c̃2k c̃2k+2)

)
.

Observe that almost the entire Hamiltonian is now independent of ϕ except for the
terms at the junction j = k.

6. The Covariance Matrix Approach

6.1. Inner Product Formulas. Following Bravyi–Gosset, the covariance matrix
for a state |ψ⟩ ∈ H is the 2N × 2N matrix defined as

(12) Γ(ψ)p,q = − i

2 ⟨ψ|cpcq − cqcp|ψ⟩.

Given two states |ψ1⟩, |ψ2⟩ ∈ H with the same parity σ, we can then easily compute
the magnitude of the inner product ⟨ψ1|ψ2⟩ as

|⟨ψ1|ψ2⟩|2 = σ

2N
Pf

(
Γ(ψ1) + Γ(ψ2)

)
.

Since we are not interested in the sign of the Pfaffian, Pf(A)2 = det(A), and
Pfaffian and determinant have a comparable computational hardness, it is enough
to calculate

|⟨ψ1|ψ2⟩|2 = 1
2N

√∣∣det
(
Γ(ψ1) + Γ(ψ2)

)∣∣.
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6.2. Covariance Matrices for Kitaev’s Model. We will change back and forth
between Majorana and Dirac fermions because of how the template from Bravyi–
Gosset is formulated. The Hamiltonian is given in terms of Majoranas cp, but the
diagonal modes are Dirac fermions bi, b

†
j . They are obtained from the original

Majoranas through a canonical unitary transformation, which means that

ck =
√

2
N∑

i=1

(
(u∗

i )kbi + (ui)kb
†
i

)
.

We calculate

cpcq − cqcp = −2δpq + 4
N∑

i,j=1

(
(u∗

i )p(u∗
j )qbibj + (u∗

i )p(uj)qbib
†
j

+ (ui)p(u∗
j )qb

†
i bj + (ui)p(uj)qb

†
i b

†
j

)
If |ψ⟩ is any state in Fock space, we want to calculate the covariance matrix of
|ψ⟩ with respect to the unchanged operators ci, i = 1, . . . , 2N , since they are
independent of the phase parameter ϕ of the Hamiltonian. However, |ψ⟩ is given
in a simple form with respect to the diagonal modes bi, b

†
j , which are ϕ-dependent.

Therefore, we need to convert the covariance matrix expression Eq. (12) into a
form where the Majorana operators are expressed in terms of the diagonal modes,
in terms of which the state |ψ⟩ will have a simple form.

Writing

B◦◦
ij = ⟨ψ|bibj |ψ⟩, B◦†

ij = ⟨ψ|bib
†
j |ψ⟩,

B†◦
ij = ⟨ψ|b†

i bj |ψ⟩, B††
ij = ⟨ψ|b†

i b
†
j |ψ⟩,

and
V = (u1, . . . , uN ),

we can write

Γ(|ψ⟩) = −2i
(
(V ∗)tB◦◦V ∗ + (V ∗)tB◦†V + V tB†◦V ∗ + V tB††V

)
− i

(
(V ∗)tV + V tV ∗)

.

If |ψ⟩ = (b†)x|Ω⟩ for some N -bitstring x ∈ {0, 1}N , that is, ψ is not a superposition
of different eigenmode configurations, then B◦◦ = B†† = 0 and

B◦† = diag(x), B†◦ = diag(not(x)).

Note that all calculations so far scale at most quadratically in N , whereas calcula-
tions directly on Fock space commonly grow exponentially in N .

There is also a calculation where we calculate t2(ϕ) = tr(P0,πPϕ). One needs to
apply Gram–Schmidt to the four vectors to construct the first projection; this is easy
in Fock space. The computation is then straightforward in Fock space. However,
this is again very costly. If we want to use covariance matrices, then we need to
decompose the entire calculation, including the Gram–Schmidt orthonormalisation,
into known inner products between the known states.
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7. The Variability of the Low-Energy Subspace

7.1. Calculating Phase-Dependant Traces. For the moment we leave unspec-
ified whether we are dealing with the physical or the phase-localised Hamiltonian,
and we denote the ϕ-dependent ground state of either of them by |Ωϕ⟩. The choice
of |Ωϕ⟩ and b†

1|Ωϕ⟩ is completely arbitrary within the degenerate ground state sub-
space of the Hamiltonian, as long as they are orthonormal to each other.

We are going to call the states in the low-energy subspace
|αϕ⟩ = |Ωϕ⟩,

|βϕ⟩ = b†
ϕ,1|Ωϕ⟩,

|µϕ⟩ = b†
ϕ,2|Ωϕ⟩,

|νϕ⟩ = b†
ϕ,1b

†
ϕ,2|Ωϕ⟩,

To numerically quantify the movement of the low-energy subspace of the Hamil-
tonian through Fock space as ϕ varies, we consider its projector

Pϕ = |αϕ⟩⟨αϕ| + |βϕ⟩⟨βϕ| + |µϕ⟩⟨µϕ| + |νϕ⟩⟨νϕ|.
The quantity we want to compute is the trace

t(ϕ) = tr(P0Pϕ).
For the physical Hamiltonian, we have t(0) = t(2π) = 2, and for the phase-localised
Hamiltonian, we have t(0) = t(4π) = 2. Plugging in expressions for the states, we
can calculate

t(ϕ) =
∑

x,y∈{α,β,µ,ν}

|⟨x0|yϕ⟩|2.

It follows that 0 ≤ t(ϕ) ≤ 2 for all ϕ.
The magnitude of the inner products |⟨x0|yϕ⟩|2 can be calculated directly in

Fock space, but such calculations are very costly for larger system sizes. Instead we
can use the formula from the previous subsection that only requires the covariance
matrices of the involved states.
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Table 1. CAR algebra and common identities.

Canonical anti-commutation relations
{ai(f), ai(g)} = 0

{ai(f), ai(g)†} = ⟨f, g⟩I

Nilpotence
a(f)2 = a†(f)2 = 0

Norm
∥a(f)∥ = ∥a†(f)∥ = ∥f∥

Table 2. Conversion between Bogoliubov operators and annihi-
lation and creation operators, as well as some basic identities of
the Bogoliubov operators, under the two common conventions for
normalisation.

Convention 1 Convention 2
From annihilation & creation to Bogoliubov

B(f) = 1√
2 (a(f) + a†(f)) B(f) = a(f) + a†(f)

B(if) = −i√
2 (a(f) − a†(f)) B(if) = −i(a(f) − a†(f))

From Bogoliubov to annihilation & creation
a(f) = 1√

2 (B(f) + iB(if)) a(f) = 1
2 (B(f) + iB(if))

a†(f) = 1√
2 (B(f) − iB(if)) a†(f) = 1

2 (B(f) − iB(if))

Selfadjointness
B(f) = B(f)†

B(if) = B(if)†

Anti-commutation relations
{B(f), B(g)} = Re⟨f, g⟩ {B(f), B(g)} = 2 Re⟨f, g⟩

Involution, and invertibility for f ̸= 0
B(f)2 = B(if)2 = 1

2 ∥f∥2I B(f)2 = B(if)2 = ∥f∥2I

B(f)−1 = 2∥f∥−2B(f) B(f)−1 = ∥f∥−2B(f)

Norm
∥B(f)∥ = 1√

2 ∥f∥ ∥B(f)∥ = ∥f∥
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