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EXECUTIVE SUMMARY

We present the nondimensionalization of the chemically reacting Navier-Stokes equations.
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THE NONDIMENSIONALIZATION OF THE CHEMICALLY REACTING
NAVIER-STOKES EQUATIONS

1. NONDIMENSIONALIZATION
1.1 Chemically Reacting Navier-Stokes Equations

We quickly review the governing equations of the chemically reacting Navier-Stokes equations as
described by Johnson and Kercher [1]. Let Q c R be a given d-dimensional domain with boundary
0Q, over which an outward oriented normal n : 9Q — R¢ is defined, and T c R* is a given temporal
interval. We consider the nonlinear conservation law governing the unsteady chemically reacting Navier-
Stokes equations, in strong form, defined for piecewise smooth, R"-valued functions y, and gradient Vy,
given as

3
a—);+V-77(y,Vy)—S(y)=0ianT, (1.1.1)
y(10) —yo=0in €, (1.1.2)
n-F (y,Vy) —n-F5(y,Vy) =00on 0Q x T, (1.1.3)
Go(ya): (y' —ys)®@n=00n0QxT, (1.1.4)

where ¢ denotes time, F : R™ — R"*? is a given flux function, S : R™ — R™ is a given source term. The
initial conditions at time # are given by yg in Equation (1.1.2). The flux function

F . Vy)=(F () -F"(y.Vy) (1.1.5)

is defined in terms of the convective flux ¥ (y), which is only a function of the state y, and viscous flux
FV (v, Vy), which is a function of the state and the gradient, Vy. Furthermore, the viscous flux can be
written as

F' (. Vy)=G(y):Vy (1.1.6)

where G (y) = Tvvy is its the partial linearization with respect to the gradient, Vy, which is sometimes
referred to as the homogeneity tensor [2].

The chemically reacting Navier-Stokes flow state variable is given by

y= (pvl,...,pvd,pe,,Ci,...,C,,s), (1.1.7)
Manuscript approved October 20, 2022.



2 Ryan F. Johnson, Andrew D. Kercher

where m = d + ng + 1, ng is the number of thermally perfect species, p : R — R is density, (vi,...,vq) :
R™ — R? is the velocity, e, : R”™ — R is the specific total energy, and C : Q — R’ are the species
concentrations. The density is calculated from the concentrations as

p=> Wi, (1.1.8)

where W; is the molecular weight of species i.
The k-th spatial convective flux component is given by
F (¥) = (ovivi + pSits - - . pViva + pora, vi (per + p) ,viCi, ..., viCyy) . (1.1.9)

The pressure, p : R™ — R, is calculated from the equation of state,

U
p=RT) G, (1.1.10)
i=1

where 7' : R™ — R, is the temperature and R® = 8314.4621 JKmol~'K~! is the universal gas constant. The
total energy, pe;, is given as the sum of the internal and kinetic and energies as

d
1
pet=pu+§;pvkvk, (1.1.11)

where pu : R™ — R is the internal energy. The internal energy is also defined as the mass weighted sum of
thermally perfect species specific internal energies that are nj,-order polynomials with respect to temperature,

Ny p
ou :ZWiC[Zaika. (1.1.12)
i=1 k=0
In this work, all thermodynamic polynomials are continuous refits of the analytic form from NASA’s
polynomial representations [3].

The k-th spatial component of the viscous flux is given by

d
¢kv (y’ Vy) = le’ o ’Tdk’ZTkjvj - chlhl‘/lk - quclvlk’ c.. 7CnSVnsk ) (1113)
=1
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where ¢ : R” x R"™4 — R4 is the thermal heat flux, 7 : R™ x R"*¢ — R%*9 ig the viscous stress tensor,
(Ri,... hy,) : R™ — R™ are the species specific enthalpies, and ((Vi1,...,Vig) ... (Vagts -5 Viea)) -
R™ x R™*d — R"*4 are the species diffusion velocities. The k-th spatial component of the viscous stress
tensor is given by

— +— - kd (1.1.14)

8\/1 + 8vk Z av} 8vd 6vk d (9\/']
— ox;’ "V Oxe | Oxg 3 6 ’

where ¢ : R™ — R is the dynamic viscosity. The k-th spatial component of the heat flux is given as

oT

qr (y,Vy) = —/16—
Xk

where A : R — R is the thermal conductivity.

The transport properties are calculated using mixture averaged properties. The k-th spatial component
of the diffusion velocity for the i-th species is given as

P DidC: _Di dp
ik Ci 8xk P Bxk'

(1.1.15)

To ensure mass conservation, i.e. Z:’;l W;C;Vix = 0, a standard correction, see [4] and [5], is applied to the
species diffusion velocity (1.1.15),

T Wi vT
Vig =V} - == — & (1.1.16)
Jol
The species mixture averaged diffusion coefficients (D_l, R D_,,s) : R™ — R, from [6], are defined for
the i-th species as
it e KW

D = Patm

pw Zj:],thin/Dij

(1.1.17)

where pg:m = 101325 Pa, X is the mole fraction of species j, D;; is the diffusion coeflicient of species i to
species j, and W : R™ — R is the mixture molecular weight, defined as

= P
w _ (1.1.18)
pae
and the mole fractions (X Loeeos an) : R — R can be calculated directly from concentrations,
C;
X; = : . (1.1.19)
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The Wilke model [7] is used to calculate viscosity

Ux

Xipi
4 = Y , (1.1.20)
,-; Xi+ 220 i (Xi605)

where

and y; and u; are the species specific viscosities for species i and j, respectively. The Mathur model [8] is
used to calculate conductivity,

Ne

: 1
D Xidi + n_‘), (1.1.21)
~ Ll

where A; is the conductivity of species i.

Finally, the source term, which includes the detailed chemical kinetics, is given by

S =1(0,...,0,0,w1,...,w,,), (1.1.22)

where w; is the production rate of species i, which is the sum of the progress reaction rates from any arbitrary
number of reactions and reaction types, cf. [9].

1.2 Nondimensionalization

We introduce nondimensionalization of a dimensional quantity, @, through the relationship

& = Gtrey, (1.2.1)

where @,y is the reference value of the same units as @ and & is the nondimensional quantity. This gives
the state
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y= (p,\\/l (pv)ref [ ’pf}d (pv)ref ’p,\et (pel‘)ref ’ éi (C)ref [ C:lv (C)ref) > (122)

establishing

Y=9OYref, (1.2.3)

Where y,.r are the reference dimensional quantities and J is the nondimensional state. The objective
is to derive an equivalent nondimensional form of the state that can be utilized within the formulation in
order to reduce the potentially large disparity in magnitudes of the different components of the state. For
instance, energy can be on the order of 10°J/m?> and concentrations can be on the order of 10™3kmole/m>.
This disparity can lead to poor conditioning of the linear systems associated with implicit time integration.
We can arrive at the nondimensional conservation equation

d
rL}G(—y+V-”f(y,Vy)—S(y))=

= +V-T(yzvy) ~S($) =0 (1.2.4)

By inspection we found that following parameters can be set as free parameter reference quantities: p.r,
Trefs Prefs Mrefs Dreg, Adrey, and L,y . The other reference quantities will be derived for simplification
purposes.

1.2.1 Momentum Equation

By first examining the momentum component, denoted as |,,, , of the conservation Equation (1.2.4) we
can arrive at the velocity and time reference quantities and the nondimensional momentum equation,

d

d (pvi) . dv;  Ovyg 2 v,
Tw-(?—ﬂpw e 7—‘d|pvi) = O with Fil,,, = pavitpostu| 5+ T —on3 Z:; o | 129
0 (ﬁpref ‘A/ivref) 1 &
¢ $ . L Falu) =0 1.2.6
Ottyef - Ly ((F”P“ (F"'P“) ( )

with
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Ficlpv =

then

with

Tk|pvi

then

d A
ov; Vref Vg Vref 2 avj Vref
+ - 6ki_ E
3 .

OV V + Oki + _— 1.2.7
PV Vi Vrefpref ppref ki ,u,uref ETH Lref 0%, Lref £ axAJ Lref ( )
9 (D )prefvrgf I o
V-(?’-’ LT ): 128
of tref Lref 1|,0Vz dlpvl ( )
OV ViV + Ok + % Vref + OV Vref -0 % Zd: OV Yres (1.2.9)
P refpref ppref ki ,u,uref FTe Lref 0%, Lref kl3 £ 6)51 Lref 2.
a(Pvz)prerref refpref v (
Filsenns Fo _)zo 1.2.10
Bl tref Lref |pv dlpvl ( )
Flo = pou + p—ird s+ p—tiret 0i Ok _ s 2261:6@ 1.2.11)
k = k ki —_— ~ ~ - ki~ ~ Lo
P ' v%efpref ' Vref Pref Lref 0Xy 0x; ‘3 = axj
with per = pvfef and t,ef = Lyef [Vrer We arrive on:
2
a(,591') vrefpref refpref A ( ~
e + Flsers Fo .):0 12.12
of Lref Lref llpv d|pvl ( )
7 5060, + pogs + fi—— | 200, D _ 5 Zavj (1.2.13)
.= ViVi i - — - s L
Klpvi P POk 'uReref 0Xr  0X; le 0x;
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Pref Vref Lref

where Re,.r = oY , and then
3 (P9 o [
(g’f ) 4% (ﬁ|pw,.. 7;,|pvl) - (1.2.14)
A (0%, on 2 & ovy
= pPrbi + PO+ | - 1215
Filpw, = 09081+ o+ o | 2o+ 0 3; (1.2.15)

This requires that v,.. r = \/prer/prer and we select a reference viscosity, e .

1.2.2  Species Conservation

The reference concentration can be found via

UX
ﬁpref = IéRgef 7};Tref Z CiCrefs (1.2.16)
i=1

gives the nondimensional equation of state,
p=RT ) C, (1.2.17)
if
Pref :R(r)efTrefCre]% (1.2.18)

We choose Rgef to be 8314J/kmol /K and thus

Pref

_Pref (12.19)
R?ef Tref

Cref =

We present the species conservation equation nondimensionalization prior to the energy equation as the latter
relies on some realizations made from this section. The species conservation equation is,

0 (C;)
ot

V- (Filg, s Fale,) —wi =0 (1.2.20)
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where

D;dC; D; dp X2 W;CiVik
= .

—_——+ — 1.2.21
C,' axk P 6xk P ( )

Frlc, = Civi = C;

Using the same approach as the previous section, we can arrive at the nondimensional species conservation
equation,

i) Vrefcref + 1 n Cref _

V- (File,s---» Fale,) — & 0 (1.2.22)

tref

with

Dref f)jaéi + Dref f)i 6ﬁ LV, CrefWref Z:1:51 W’élVLTk
Lref éi ajek Lref ﬁ axAk ref pVEfﬁ

7jk|Ci = CA‘iﬁkcrefvref - C/;icref

(1.2.23)
Weset prefr = CrefWyer and Veer = Dyeg [Lyey

+ V- (Fle, .- Fale,) —di =0 (1.2.24)

1 . . D D:oC: D op s WGV
Fil, = Coty - C—Dret | 0G| Diop | Zusy WiCiViy (1.2.25)
Vyef Cref ! Vref Lref C; 0Xy P OXk Y
< A < N s Y7 A AT
1 . ~ 1 1 DoC; Dop X WGV,
e Fe =Cipp = G | 2 TP 2 ’ 12.26
Vres Cret File, = Civie = Cigo i 0% | p 0% b (1.2.26)
£ A £ A s Y7 A AT
. 1 1| Ddé Diop X WGV
Flo = Coop — G [ 219G | DiOP | 2uiz Wit (12.27)
¢ ! "Sc Re C; 0%k p 0% Joj
ac) . )
TRl (7—”1|Cl_,...,7-;,|ci) — ;=0 (1.2.28)
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1.2.3  Energy Equation

d (per)
Tt+v-(ﬁ|per,...,¢d|pet)=0 (1.2.29)
< aT
Frlpe, = v (per + p) + Z Tjv; — WiCihiVir + /1—5 (1.2.30)
j=1 T
. _ .2
with e; yer = Vs
0 (pé 1 .
(gf’) : V-(mpet,...,mper):o (12.31)
t pvref
2 4 d o
HrefV ov;  ov 2 ov;
3 e A A A ref A 1 k J A
= +p)+ —— +—— —Oki= Y —=|;
ﬁlpet pvref Vi (pel p) Lref Zl M 6x;\k ax;\l ki 3 ~ ax/_\j v]
J= J= (1.2.32)
Dref AA R A Tref ~ 0T
—Fr hr WCh +/lr _—
1% efllref Lref iCilliVik ef Lref 8)?](

We set e;ref = href = CprefTrer = vfef which gives T,y = vfef /¢p.ref. Then the following can be

done

Lref

2 4 d

HrefV ov;  av 2 0V
— 3 6 (AB 4B ref A~ OVi k ils.
Flpe, = PrefVies Vi (Pé: +P)+—lel EYe +8_)ei_6ki§.zaf‘ Vj

2 A
Dyef o A A /lrEeref ~ 0T
- h W:C;h;Viyp + ———A1—— 1.2.33
Pref Nref Lref iCiniVik Cp,refLref 0fx ( )
d N ~ d ~
A AA oA Href N AT A 2 vy .
Filper = Prepvioy |0 (b, +p)+ —Erl N | 000 0% 5 2N 2,
! r Vyer L 4 ox 0x; 3 49X
pref ref Lref =1 k i 1 J (1234)

/lref

2‘9)

Vref Lref Vref Cp,ref Lref 0%



10 Ryan F. Johnson, Andrew D. Kercher

fref 4 (o ok 2 & ov
A A A ~ re A J A
Frelpe, = prefvief Vi (P&"'P)"'# A 3,@1 + Ers _(5ki§ v |V
PrefVref Lref =1 k i =1 J (1235)
D oA A T
—LWiCihiVik+ ref A — )
VrefLref Vrefcp,refLref 0Xy
Using Pryer = ﬂreﬁ;”f’”f with Relef Prlef = Vrefci’feff T then we arrive at the nondimensional energy
equation ' ' ' S
d d a4
1 av; ov 2 ov
3 N AN A A 1 k J ~
= r + + — 01— .
Filpe, = pregVier |90 (0 + P)+ o D | goe+ o= 0u3 ), g |9
el Jj=1 (1.2.36)
1 | I 1 .oT
- WiCihiV; —A)
Scref Reref Reyef Prrey O0Xi
pe o (564 )+ —) Z"lAaviJraok 5220’183 X 1 L iy 1 2af
=|Vx (pé — — Oki= V- Cih;V; — .
oo T\ T Rerer M\ 08T 0% M3 405, | T Seper Rerey T Rerer Proey 0%
(1.2.37)
d(pé N ~ A
(pé) +v-(7—‘1 N ):0 (1.2.38)
ot per per

1.2.4  The Reference Flux and Collection of Nondimensional Fluxes

From the previous sections we have deduced that the reference flux is:

2 -1 2 -1 3 -1 _1 4
7_-—1 — w o Pref Vref Pref Vref (Vref Cref) o (vrgf Cref)
ref Lref Lref Lref Lref Lref

repeats m-dimensional times repeats ng times

(1.2.39)
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d q.n
. o a [ ov; v 2 0V
= ; + POk + Okiz
ﬁlpvl PVEVi T POk Ref T 0% ki 3 ]Zl 9 AJ
d d 4.
A U 1 | ov 0V 2 v\ .
F| = Vk(pér+p)+ 4 DAl 0T ) A |
pe; €ref —t an axi 3 =1 0 Jj
J J (1.2.40)
1 | A 1 1 . oT
- iCihiVik + A

|
o
<>
~

|
o
|

|

7:k|cl- =

1.2.5 Other Relationships

Here we derive the nondimensional relationships used for equations outside the conservation equations
as well as present further considerations for nondimensionalization.

Transport and Thermodynamic Quantities

Species dependent quantities, such as the species diffusion coefficient, we describe in a thermally perfect
gas as functions of temperature. Quantities such as diffusion coefficients have nyxng functions of temperature,
D;; = f;;(T), whereas quantities such as species viscosity have ng functions of temperature, y; = f;(T).
Regardless, the functions of temperature are assumed to be smooth functions that can be represented by
a np-order polynomial, ¢ = ZZ’; 0 axT*. Currently we re-fit the polynomial so we utilize a change of
coordinates of T — T to determine approximate d but the coefficients, dx can also be adapted directly from
known polynomials via

np aka
b= axT* where 4y = ref (1.2.41)
=0 l//ref

For mixture averaged quantities, /4, A, and 5i, no extra steps need to be taken other than replacing the
dimensional quantities with the nondimensional as can be seen via inspection that they are contracted with
X;, which are dimensionless quantities. It is also beneficial that the dimensionless variables, Re, Pr, and Sc,
can be incorporated into the mixture averaged evaluations

A= A= = —A (1.2.42)
Reref Prref Reref HrefCp,ref Aref Reref urefvref
thus replacing the Rel r Prl y /ingk term in Equation (1.2.37) with /_i% . The same can be done for the

viscous and diffusion velocity terms in Equations (1.2.26) and (1.2.15).
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Species Diffusion Velocity

Equation (1.1.15) in nondimensional form is

Dref
L.

D:oC: D dp

yi = Drer [ D .
éi ax,\k /3 ax,\k

-t
=T v (1.2.43)

= Vi =Vres Vi =

To ensure mass conservation we still apply Z:’;l WiCiVik = pref Vrer Z:’;] W:CiVik =0 — Z?;l W:C;Vix =
0 which gives the same correction in nondimensional form

(1.2.44)

Reaction Rate Evaluation

The evaluation of reaction rates can be cumbersome when transitioning between units. The source term
is

S(y) = (0,...,0,0,@1,...,wns), (1.2.45)

where w; is the production rate of the ith species. Instead of nondimensionalizing all terms necessary
to calculate the reaction rates, we dimensionalize species and temperature for the evaluation of w; and
nondimensionlize when applying to the conservation equations,

A

[r (Ci, T) Wi (Ci’ T) Lref
w; = = .

Wref Cref Vref

(1.2.46)

1.3 Demonstration Case

Using the following parameters p,.r = 1 kg/m3, T,ef =1000 K, pyer = 101325 Pa, L.y = 1 m, and
Pref =1 % gives v,.r = 318.315 % and e,y = 101325 Pa. We demonstrate here with an instantaneous
solution from a hydrogen-air chemically reacting shear layer case developed by [10] simulated using the
JENRE® Multiphysics Framework [1, 11]. The detailed reaction mechanism from Westbrook [12] was used
to calculate the developed solution presented here, which includes minor species, H,O that are critical fo
the solution and exist in small concentrations on the order of 1e —7 kmol /m>. Figures 1.3.1-1.3.2 display the
instantaneous results for the demonstration case for the conserved variables: total energy, pe,;, momentum
magnitude p|v|, H,O, concentrations, and H,O concentrations. The ratio in scales found here for maximum

values of the conservation variables changed from max (pe;/Cr,0,) ~ 1€12 to max (pAet/CHAZOZ) ~ les.
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17.3
pey: 4.55
pér: 4.4
13.0
E &
E 865 g
>
4.325
| pee: -1.5e5
pér: -1.5
0 T T
0 14.85 29.7

4455 59.4
x [mm]

(a) Stagnation energy, pe;, the dimensional values are in the range (—1.5¢5,4.5¢5) J /m3 whereas the
nondimensional range is (—1.5,4.4).

17.3
_p|v|: 600
pIV|: 1.8
13.0
E &
E 865 g
>
4.325
| plv|: 50
plv]: 0.3
0 T T T
0 14.85 29.7 44.55
X [mm]

(b) Momentum magnitude, p|v|, the dimensional values are in the range (50,600) kg/ (s . m2) whereas
the nondimensional range is (0.27, 1.75).

Fig. 1.3.1— Results for a chemically reacting hydrogen-air shear layer solution demonstrating
the variety of scales found in the conservation variables for chemically reacting flow
simulations. The ratio in scales found here for maximum values of the conservation variables
changed from max (pe;/Ch,0,) ~ 1e12 to max (pAe,/CH;OZ) ~ le5.



14

Ryan F. Johnson, Andrew D. Kercher

17.3

_Ch,o,: 6€-7
Crio,: 4e-5
13.0
€ M
£ 865 %
= [§)
>
4.325
| Ch0,: 0
Ch,0,: 0
0 T ™ T 1
0 14.85 29.7 44.55 59.4
x [mm]

(a) Cq,0, the dimensional values are in the range (0, 6e —7) kmole/ (m3) whereas the nondimensional
range is (0, 4e — 5).

_ Chyo0: 0.003
Cino: 0.25

z 9

£ S

>

| Ch:0: 0
Ch,0: 0
0 T T T
0 14.85 29.7 44.55
X [mm]

(b) Ch,0 the dimensional values are in the range (0,0.003) kmole/ (m3) whereas the nondimensional
range is (0,0.25).

Fig. 1.3.2— Results for a chemically reacting hydrogen-air shear layer solution demonstrating
the variety of scales found in the conservation variables for chemically reacting flow
simulations. The ratio in scales found here for maximum values of the conservation variables
changed from max (pe;/Ch,0,) ~ le12 to max (P?—’t/CH;oz) ~ les.
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