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EXECUTIVE SUMMARY

We outline progress made towards the development of a computational model coupling electromagnetic
effects with fluid dynamics for use in the study of ionized flows around hypersonic vehicles. The reported
progress is on the implementation and validation of a resistive magnetohydrodynamics (MHD) solver using
NRL’s JENRE® Multiphysics Framework. This extends the existing groundwork for the development and
use of more detailed and realistic modeling capabilities. We outline the numerical methods, implementation,
and successful validation of the resistive MHD model using the unstructured computational mesh framework
of the JENRE® code, which is novel in the field of MHD and will play a critical role in modeling realistic
hypersonic vehicle geometries in the future.
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A DISCONTINUOUS GALERKIN METHOD FOR RESISTIVE
MAGNETOHYDRODYNAMICS USING NRL’S JENRE® CODE

1. INTRODUCTION

Hypersonic travel in Earth’s atmosphere is often characterized by the presence of a partially ionized 
flow forming a  p lasma sheath a round t he v ehicle. Hypersonic boost-glide and r eentry vehicles can have 
flight Mach numbers ranging anywhere from 5 to 25, corresponding to highly varying plasma dynamics and 
characteristics, such as electron density, temperature, and ionization fraction. These plasma parameters play 
an important role in leading-edge heat flux, radio communication blackout, and increased radar cross-section 
[1–3]. Given the electromagnetic nature of these adverse effects, applied magnetic or electric fields can have 
a significant impact on mitigating t hem. This has become a  promising area of research in the hypersonics 
community.

The historical difficulties in achieving hypersonic flight enthalpies in experimental facilities has made the 
study of relevant plasma chemistry equally as elusive and, although being pursued more in recent years [4], 
available flight test data is also limited and often dated [ 5]. For these reasons, numerical modeling remains 
the best method for studying plasmas within hypersonic flows and t heir i nteraction with electromagnetic 
fields. T his m otivates t he i mplementation o f a n e lectromagnetic s olver c oupled w ith t he fl uid dynamics 
equations in the form of magnetohydrodynamics (MHD). We aim to do this by extension of NRL’s existing 
fluid dynamic code, the J ENRE® Multiphysics Framework.

The computational modeling of magnetized plasma as a continuum fluid through MHD has been studied 
for many years, primarly in an astrophysical context [6], in which the plasma is extremely hot, highly or fully 
ionized, and the magnetic field convects with the motion of the fl uid. This is  represented by  ideal MHD, 
the implementation of which was the subject of a previous work [7]. The present work extends the existing 
model to include diffusive phenonena, namely the resistive diffusion of  a magnetic field in an electrically 
conducting fluid. The added complexity over ideal MHD, and the dramatic expansion of relevant regimes 
that can be modeled, makes resistive MHD the natural step in progressing towards a more accurate and 
capable MHD solver for use in hypersonics.

In this paper we outline the implementation of a resistive MHD solver using the JENRE® code. The 
set of equations are presented as a coupling of the Navier-Stokes equations with Maxwell’s equations 
for electromagnetism. We define t he d iscontinuous G alerkin ( DG) formulation a nd d iscretization o f the 
equations, with reference to the key aspects of the prior ideal MHD development, and highlight the new 
aspects of the present model. The results from a series of benchmarks are presented then to validate our 
implementation. Lastly, we discuss the next steps that should be taken in order to achieve the ultimate goal 
of developing a numerical model that fully couples electromagnetism with fluid dynamics to model ionized 
flows in hypersonic r egimes. The reader is encouraged to consider this, together with the previous work on 
the ideal MHD solver for a more complete picture of MHD development up to this point with the JENRE® 

code.
Manuscript approved October 12, 2022.
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2 Bachman & Kercher

2. RESISTIVE MAGNETOHYDRODYNAMICS EQUATIONS

2.1 General derivation

To derive the resistive MHD equations we start with the compressible Navier-Stokes equations for a
viscous, inert fluid and Maxwell’s equations for electromagnetism. The two are linked through source terms
representing the interaction of an electrically conducting fluid with electromagnetic fields.

𝜕𝜌

𝜕𝑡
+ ∇ · (𝜌𝒗) = 0 (1)

𝜕 (𝜌𝒗)
𝜕𝑡

+ ∇ · (𝜌𝒗𝒗 + 𝑃𝑰 − 𝝉) = 𝑱 × 𝑩 (2)

𝜕

(
𝜌

(
𝐸 + 𝑣2

2

))
𝜕𝑡

+ ∇ ·
((
𝜌

(
𝐸 + 𝑣2

2

)
+ 𝑃

)
𝒗 − 𝝉 · 𝒗 − 𝜅∇𝑇

)
= 𝑬 · 𝑱 (3)

∇ · 𝑬 =
𝜌𝑐

𝜖0
(4)

∇ · 𝑩 = 0 (5)

∇ × 𝑬 = −𝜕𝑩

𝜕𝑡
(6)

∇ × 𝑩 = 𝜇0

(
𝑱 + 𝜖0

𝜕𝑬

𝜕𝑡

)
(7)

The viscous effects are included through the viscous stress tensor,

𝝉 = 𝜇((∇𝒗)T + ∇𝒗 − 2
3
∇ · 𝒗𝑰), (8)

where 𝜇 is the dynamic viscosity, and thermal conduction is included in the energy equation through the
thermal conductivity, 𝜅. The source terms correspond to the lorentz force in the momentum equation and
the work done by the electric and magnetic fields on the fluid in the energy equation. We link the sets of
equations further with the generalized Ohm’s law:

𝑬 + 𝒗 × 𝑩 = 𝜂𝑱, (9)
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where the plasma resistivity, 𝜂, is the inverse of plasma conductivity, 𝜎.

For MHD formulations we assume the modeled time scale is much greater than the time scale of the
variation of the electric field; therefore, the displacement current on the right hand side of Ampere’s law,
Eq. (7), is negligible. This results in the elimination of electromagnetic wave propagation in the system and
equates the current density, 𝑱, to the curl of the magnetic field normalized by the permeability of free space,
𝜇0. Thus, the generalized Ohm’s law can be written,

𝑬 + 𝒗 × 𝑩 =
𝜂

𝜇0
∇ × 𝑩, (10)

Using Eq. (7) in the momentum source term,

𝑱 × 𝑩 =
1
𝜇0

(∇ × 𝑩) × 𝑩 = ∇ ·
(

1
𝜇0

(𝑩𝑩 − 𝐵2

2
𝑰)

)
, (11)

so the lorentz force can be added to the momentum flux as an additional term dependent only on the local
magnetic field.

To handle the energy source term we first take the dot product of Eqs. (6) – (7) with 𝑩/𝜇0 and 𝑬,
respectively, and subtract the two, giving,

𝑬 · 𝑱 + 1
𝜇0

𝑩 · 𝜕𝑩
𝜕𝑡

=
1
𝜇0

𝑬 · (∇ × 𝑩) − 1
𝜇0

𝑩 · (∇ × 𝑬), (12)

which can be rewritten and rearranged to give,

𝑬 · 𝑱 = − 𝜕

𝜕𝑡

(
𝐵2

2𝜇0

)
− ∇ · ( 1

𝜇0
𝑬 × 𝑩), (13)

where, incorporating Eq. (10),

1
𝜇0

𝑬 × 𝑩 =
1
𝜇0

(
𝜂

𝜇0
(∇ × 𝑩) × 𝑩 − (𝒗 × 𝑩) × 𝑩

)
=

1
𝜇2

0
𝜂𝑩 ·

(
(∇𝑩)T − ∇𝑩

)
− 1

𝜇0
((𝑩 · 𝑩)𝒗 − (𝒗 · 𝑩)𝑩) .

(14)
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From Eq. (13) we conclude that a magnetic pressure, 𝐵2/(2𝜇0) can be added to the conserved energy
density, and a new term can be added to the energy flux that is dependent on the magnetic field, defined by
Eq. (14).

Lastly, the induction equation, Eq. (6), is expanded into a conservative-flux form, again using Ohm’s law,
Eq. (10),

𝜕𝑩

𝜕𝑡
= −∇ × 𝑬 = ∇ × (𝒗 × 𝑩) − 1

𝜇0
∇ × (𝜂(∇ × 𝑩)) = ∇ · (𝒗𝑩 − 𝑩𝒗) + ∇ ·

(
𝜂

𝜇0

(
(∇𝑩)T − ∇𝑩

))
. (15)

Substituting the expanded electromagnetic source terms, and including the induction equation, results in
the full set of resistive MHD equations:

𝜕𝜌

𝜕𝑡
+ ∇ · (𝜌𝒗) = 0 (16)

𝜕 (𝜌𝒗)
𝜕𝑡

+ ∇ ·
(
𝜌𝒗𝒗 +

(
𝑃 + 𝐵2

2𝜇0

)
I − 𝝉 − 1

𝜇0
𝑩𝑩

)
= 0 (17)

𝜕𝑒

𝜕𝑡
+ ∇ ·

((
𝑒 + 𝑃 + 𝐵2

2𝜇0

)
𝒗 − 𝝉 · 𝒗 − 𝜅∇𝑇 − 1

𝜇0
𝑩(𝒗 · 𝑩) + 𝜂

𝜇2
0
𝑩 ·

(
(∇𝑩)T − ∇𝑩

))
= 0 (18)

𝜕𝑩

𝜕𝑡
+ ∇ ·

(
(𝑩𝒗 − 𝒗𝑩) − 𝜂

𝜇0

(
(∇𝑩)T − ∇𝑩

))
= 0 (19)

where,

𝑒 =
𝑃

𝛾 − 1
+ 1

2
𝜌𝑣2 + 1

2𝜇0
𝐵2. (20)
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2.2 Nondimensionalization

The MHD equations are nondimensionalized, with the primary purpose of eliminating the permeability
of free space, 𝜇0, from the equations. This is done in order to allow the user to run calculations in MKS units
and arrive at the same solution as they would had the calculation been run with units in which 𝜇0 = 1, as is
often the case in MHD studies. In MKS units, the user-defined initial magnetic field is normalized by √

𝜇0
and the resistivity 𝜂 is normalized by 𝜇0 (eliminating 𝜇0 from Eqs. (17) – (19)), the pressure is normalized by
101325 Pa, density by 1 kg/m3, length by 1 m, and temperature by 101325/R𝑢 K where R𝑢 is the universal
gas constant. The normalizations for all other variables and constants are determined in relation to these five.
The normalization for temperature was chosen such that molecular weight and specific heat ratio remain
unchanged under normalization. In the remainder of this paper benchmarks may use nondimensionalized or
MKS units, depending on the existing literature for that benchmark; therefore, we will specify which units
system is being used.

2.3 Divergence cleaning

In order to numerically enforce a divergence-free magnetic field, Eq. (5), we use the Galilean invariant,
extended generalized Lagrange multiplier formulation (GIEGLM), proposed by Dedner, et al. [8]. This
model was validated for the ideal MHD implementation, and its ability to numerically deal with the unphysical
magnetic divergence seemlessly applies to resistive MHD as well.

We incorporate an additional conserved scalar, 𝜙, with its own conservation equation and multiple
gradient-based source terms. The set of resistive MHD equations in this formulation become,

𝜕

𝜕𝑡

©­­­­­«
𝜌

𝜌𝒗
𝑒

𝑩
𝜙

ª®®®®®¬
+ ∇ ·

©­­­­­«
𝜌𝒗

𝜌𝒗𝒗 + (𝑃 𝑓 + 1
2 |𝑩 |

2)I − 𝑩𝑩
𝒗(𝑒 + 𝑃 𝑓 + 1

2 |𝑩 |
2) − 𝑩(𝒗 · 𝑩)

𝒗𝑩 − 𝑩𝒗 + 𝜙I
𝑐2
ℎ
𝑩

ª®®®®®¬
−∇ ·

©­­­­­«
0
𝝉

𝝉 · 𝒗 + 𝜅∇𝑇 − 𝜂𝑩 ·
(
(∇𝑩)T − ∇𝑩

)
𝜂

(
(∇𝑩)T − ∇𝑩

)
0

ª®®®®®¬
=

©­­­­­­­«

0
−(∇ · 𝑩)𝑩

−(∇ · 𝑩)𝒗 · 𝑩 − 𝑩 · (∇𝜙)
−(∇ · 𝑩)𝑩

−𝒗 · (∇𝜙) − 𝑐2
ℎ

𝑐2
𝑝
𝜙

ª®®®®®®®¬
.

(21)

Powell source terms [9], proportional to the unphysical divergence, are included, along with Dedner’s
extended source terms, porportional to the gradient of 𝜙. The combination of the 𝜙-related convective
fluxes and the nonconservative source terms cause any nonzero magnetic divergence, and 𝜙, to dissipate and
convect with wave speeds 𝑣 ± 𝑐ℎ, where 𝑐ℎ is a solution-dependent value that is redefined at every time step,
discussed more in Section 3.2. In this way, the scalar 𝜙 arises where there is nonzero magnetic divergence
and facilitates the convection and dissipation of the divergence error.
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2.4 DG formalism

Before presenting the DG discretization and specific numerical methods in Section 3, we formalize the
derived ideal MHD equations here.

Let Ω ⊂ R𝑑 be a 𝑑-dimensional domain with boundary 𝜕Ω, over which an outward normal 𝑛 : 𝜕Ω → R𝑑
is defined, and 𝑇 ⊂ R+ is a given temporal interval. The ideal MHD equations, Eqs. (16) – (19), defined in
strong form for piecewise smooth, R𝑚-valued functions 𝑦, with gradient ∇𝑦, are given as

𝜕𝑦

𝜕𝑡
+ ∇ · F (𝑦,∇𝑦) − S(𝑦,∇𝑦) = 0 in Ω × 𝑇, (22)

𝑦(·, 𝑡0) − 𝑦0 = 0 in Ω, (23)
𝑛 · F (𝑦,∇𝑦) − 𝑛 · F𝜕(𝑦,∇𝑦) = 0 on 𝜕Ω × 𝑇, (24)

𝐺𝜕(𝑦𝜕) : (𝑦+ − 𝑦𝜕) ⊗ 𝑛 = 0 on 𝜕Ω × 𝑇, (25)

where 𝑡 denotes time, F : R𝑚 → R𝑚×𝑑 is a known flux function, and S : R𝑚 → R𝑚 is a known source term
that may be a function of the the gradient of the state. The initial conditions at time 𝑡0 are given by 𝑦0. The
flux function

F (𝑦,∇𝑦) = F 𝑐 (𝑦) − F 𝑣 (𝑦,∇𝑦) (26)

is defined in terms of the convective flux F 𝑐 (𝑦), which is only a function of the state 𝑦, and the viscous flux
F 𝑣 (𝑦,∇𝑦), which is a function of the state and the state gradient. This viscous flux can be written as

F 𝑣 (𝑦,∇𝑦) = 𝐺 (𝑦) : ∇𝑦 (27)

where 𝐺 (𝑦) = F 𝑣
∇𝑦

is the partial linearization with respect to the state gradient, otherwise known as the
homogeneity tensor [10].

The boundary conditions given by Eq. (24) are enforced through the boundary flux, F𝜕(𝑦,∇𝑦) = F 𝑐
𝜕
(𝑦)−

F 𝑣
𝜕
(𝑦,∇𝑦), where F 𝑐

𝜕
(𝑦) and F 𝑣

𝜕
(𝑦,∇𝑦) are the convective and viscous fluxes, respectively, at the boundary.

The condition on the state at the boundary given by Eq. (25) is impose through the boundary state 𝑦𝜕 and the
boundary-modified homogeniety tensor, 𝐺𝜕(𝑦𝜕).

The GIEGLM resistive MHD flow state variable is given by

𝑦 = (𝜌, 𝜌𝑣1, 𝜌𝑣2, 𝜌𝑣3, 𝑒, 𝐵1, 𝐵2, 𝐵3, 𝜙), (28)
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where the velocity and magnetic field vectors, 𝒗 and 𝑩, always have three components, such that 𝑚 = 9. The
𝑘-th spatial convective flux component is given by

F 𝑐
𝑘 (𝑦) =

©­­­­­­­­­­­­­­«

𝜌𝑣𝑘
𝜌𝑣1𝑣𝑘 + 𝑃𝑡𝛿𝑘1 − 𝐵𝑘𝐵1
𝜌𝑣2𝑣𝑘 + 𝑃𝑡𝛿𝑘2,−𝐵𝑘𝐵2
𝜌𝑣3𝑣𝑘 + 𝑃𝑡𝛿𝑘3 − 𝐵𝑘𝐵3
𝑣𝑘 (𝑒 + 𝑃𝑡 ) − 𝐵𝑘 (𝒗 · 𝑩)
𝑣𝑘𝐵1 − 𝑣1𝐵𝑘 + 𝜙𝛿𝑘1
𝑣𝑘𝐵2 − 𝑣2𝐵𝑘 + 𝜙𝛿𝑘2
𝑣𝑘𝐵3 − 𝑣3𝐵𝑘 + 𝜙𝛿𝑘3

𝑐2
ℎ
𝐵𝑘

ª®®®®®®®®®®®®®®¬
, (29)

where the total pressure, 𝑃𝑡 = 𝑃 + 𝐵2/(2𝜇0) is the sum of the fluid dynamic and magnetic pressures. The
𝑘-th spatial viscous flux component is given by

F 𝑣
𝑘 (𝑦,∇𝑦) =

©­­­­­­­­­­­­­­«

0
𝜏1𝑘
𝜏2𝑘
𝜏3𝑘

𝜏𝑘 · 𝒗 + 𝜅 𝜕𝑇
𝜕𝑥𝑘

− 𝑩 · T𝑘

T1𝑘

T2𝑘

T3𝑘

0

ª®®®®®®®®®®®®®®¬
, (30)

where T : R𝑚 × R𝑚×𝑑 → R𝑑×𝑑 is an antisymmetric magnetic tensor with 𝑘-th spatial component given by

T𝑘 (𝑦,∇𝑦) = 𝜂

(
𝜕𝐵1
𝜕𝑥𝑘

− 𝜕𝐵𝑘

𝜕𝑥1
,
𝜕𝐵2
𝜕𝑥𝑘

− 𝜕𝐵𝑘

𝜕𝑥2
,
𝜕𝐵3
𝜕𝑥𝑘

− 𝜕𝐵𝑘

𝜕𝑥3

)
. (31)

The 𝑘-th spatial component of the viscous stress tensor is given by

𝜏𝑘 (𝑦,∇𝑦) = 𝜇

(
𝜕𝑣1
𝜕𝑥𝑘

+ 𝜕𝑣𝑘

𝜕𝑥1
− 𝛿𝑘1

2
3
∇ · 𝒗, 𝜕𝑣2

𝜕𝑥𝑘
+ 𝜕𝑣𝑘

𝜕𝑥2
− 𝛿𝑘2

2
3
∇ · 𝒗, 𝜕𝑣3

𝜕𝑥𝑘
+ 𝜕𝑣𝑘

𝜕𝑥3
− 𝛿𝑘3

2
3
∇ · 𝒗

)
. (32)

The source term for the GIEGLM formulation is given by



8 Bachman & Kercher

S(𝑦,∇𝑦) =

©­­­­­­­«

0
−(∇ · 𝑩)𝑩

−(∇ · 𝑩)𝒗 · 𝑩 − 𝑩 · (∇𝜙)
−(∇ · 𝑩)𝑩

−𝒗 · (∇𝜙) − 𝑐2
ℎ

𝑐2
𝑝
𝜙

ª®®®®®®®¬
. (33)

Throughout this work the ratio of specific heats, 𝛾, and the plasma molecular weight, M, are constant.
The transport properties are also constant and specified in each case by setting the plasma conductivity,
𝜎 = 1/𝜂, dynamic viscosity, 𝜇, and Prandtl number, Pr = 𝑐𝑝𝜇/𝜅, where 𝑐𝑝 = 𝛾𝑅𝑢/(M(𝛾 − 1)) is the
constant pressure specific heat. The thermal conductivity, 𝜅, is determined from Pr.

3. FORMULATION

Assume the domain Ω is partitioned by T , made up of discrete cells 𝜅, with interfaces 𝜖 composing a
set E, over which an oriented normal 𝑛 : 𝜖 → R𝑑 is defined. Also assume that E consists of two disjoint
subsets: the interior interfaces 𝜖I ∈ EI and the exterior interfaces 𝜖𝜕 ∈ E𝜕. For interior interfaces there
exists 𝜅+, 𝜅− ∈ T such that 𝜖I = 𝜕𝜅+

⋂
𝜕𝜅− and 𝑛+, 𝑛− are outward facing normals of 𝜅+, 𝜅−, respectively.

Lastly, assume that there is a continuous invertible mapping, 𝑢 : Ω̂ → Ω, from reference domain Ω̂ ⊂ R𝑑 to
the physical domain Ω ⊂ R𝑑 [11].

Now, we use a discrete subspace𝑉 𝑝

ℎ
over T of piecewise polynomials. Let P𝑝 be the space of polynomials

spanned by the monomials 𝒙𝛼 with multi-index 𝛼 ∈ N𝑑
0 , satisfying 𝛼𝑖 ≤ 𝑝 for 𝑖 = 1, ..., 𝑑. Then,

𝑉
𝑝

ℎ
=

{
𝜈 ∈

[
𝐿2(Ω)

]𝑚 ���∀𝜅 ∈ T , 𝜈 |𝜅 ◦ 𝑢 ∈
[
P𝑝

]𝑚}
. (34)

3.1 Discretization

The DG (semi-)discretization of Eqs. (22) – (24) is defined as: find 𝜕𝑦

𝜕𝑡
∈ 𝑉

𝑝

ℎ
such that

∑︁
𝜅∈T

(
𝜕𝑦

𝜕𝑡
, 𝜈

)
𝜅

−
∑︁
𝜅∈T

(F (𝑦,∇𝑦),∇𝜈)𝜅 +
∑︁
𝜖 ∈E

(ℎ(𝑦, 𝑛), ⟦𝜈⟧)E −
∑︁
𝜖 ∈E

({{F 𝑣 (𝑦,∇𝑦)}} · 𝑛 − 𝛿(𝑦, 𝑛), ⟦𝜈⟧)E

+
∑︁
𝜅∈T

(
𝐺 (𝑦+) : ({{𝑦}} − 𝑦+ ⊗ 𝑛,∇𝜈)

)
𝜕𝜅

−
∑︁
𝜅∈T

(S(𝑦,∇𝑦 − 𝐿0(𝑦)), 𝜈)𝜅 = 0 ∀𝜈 ∈ 𝑉
𝑝

ℎ
and ∀𝑡 ∈ 𝑇,

(35)

where (·, ·) denotes the inner product, ℎ(𝑦, 𝑛) is the numerical flux, 𝛿(𝑦, 𝑛) is a penalty term that is required
for stability, ⟦·⟧ denotes the jump operator, {{·}} denotes the average operator, and 𝐿0(𝑦) is a global lifting
operator, defined in Section 3.3. The numerical flux used in this work is a Roe-type flux for MHD [12],
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explained more in our prior work [7] and in the Athena code documentation [13]. The penalty term 𝛿 is
implemented via the modified formulation of Bassi and Rebay [14–16], known as BR2.

The discrete solution is given by the coefficients of a nodal basis defined for each element at the Guass-
Lobatto points of that element. The volume and surface terms of Eq. (35) are numerically evaluated with a
quadrature free method [17].

On interior interfaces, EI , the jump, average, numerical flux, and penalty term are defined as

⟦𝜈⟧ = 𝜈+ − 𝜈− on 𝜖 ∀𝜖 ∈ EI , (36)

{{𝑦}} = 1
2
(𝑦+ + 𝑦−) on 𝜖 ∀𝜖 ∈ EI , (37)

{{F 𝑣 (𝑦,∇𝑦)}} = 1
2
(F 𝑣 (𝑦+,∇𝑦+) + F 𝑣 (𝑦−,∇𝑦−)) on 𝜖 ∀𝜖 ∈ EI , (38)

ℎ(𝑦, 𝑛) = ℎ(𝑦+, 𝑦−, 𝑛) on 𝜖 ∀𝜖 ∈ EI , (39)
𝛿(𝑦, 𝑛) = 𝛿(𝑦+, 𝑦−, 𝑛) on 𝜖 ∀𝜖 ∈ EI . (40)

On the exterior interfaces, E𝜕, they are defined as

⟦𝜈⟧ = 𝜈+ on 𝜖 ∀𝜖 ∈ E𝜕, (41)
{{𝑦}} = 𝑦𝜕(𝑦+, 𝑛+) on 𝜖 ∀𝜖 ∈ E𝜕, (42)

{{F 𝑣 (𝑦,∇𝑦)}} = F 𝑣
𝜕
(𝑦𝜕(𝑦+, 𝑛+),∇𝑦+) on 𝜖 ∀𝜖 ∈ E𝜕, (43)

ℎ(𝑦, 𝑛) = ℎ𝜕(𝑦+, 𝑛+) on 𝜖 ∀𝜖 ∈ E𝜕, (44)
𝛿(𝑦, 𝑛) = 𝛿𝜕(𝑦+, 𝑛+) on 𝜖 ∀𝜖 ∈ E𝜕, (45)

where 𝑦𝜕(𝑦+, 𝑛+) is the prescribed boundary state, ℎ𝜕(𝑦+, 𝑛+) is the numerical boundary flux, andF 𝑣
𝜕
(𝑦𝜕(𝑦+, 𝑛+),∇𝑦+)

is the viscous boundary flux.

In this work we use the following boundary conditions, where the 𝑘-th spatial component of the viscous
boundary flux is denoted F 𝑣

𝜕,𝑘
(𝑦𝜕(𝑦+, 𝑛+),∇𝑦+), and the boundary stress tensor, 𝜏𝜕 = 𝜏(𝑦𝜕(𝑦+, 𝑛+),∇𝑦+)

and boundary magnetic tensor, T𝜕 = T(𝑦𝜕(𝑦+, 𝑛+),∇𝑦+), are both evaluated at the boundary state and the
interior gradient.

Inflow:

𝑦𝜕(𝑦+, 𝑛+) = 𝑦∞ on 𝜖 ∀𝜖 ∈ Ein, (46)
F 𝑣 (𝑦𝜕(𝑦+, 𝑛+),∇𝑦+) = F 𝑣

𝑘 (𝑦∞,∇𝑦+) on 𝜖 ∀𝜖 ∈ Ein, (47)
ℎ𝜕(𝑦+, 𝑛+) = F 𝑐 (𝑦∞) · 𝑛+ on 𝜖 ∀𝜖 ∈ Ein, (48)

𝛿𝜕(𝑦+, 𝑛+) = 𝛿(𝑦+, 𝑦∞) on 𝜖 ∀𝜖 ∈ Ein, (49)
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where 𝑦∞ : Ω → R𝑚 is a prescribed state.

Ouflow:

At an outflow boundary condition the boundary state is entirely defined by the interior state, therefore it
is given by

𝑦𝜕(𝑦+, 𝑛+) = 𝑦+ on 𝜖 ∀𝜖 ∈ Ein, (50)
F 𝑣 (𝑦𝜕(𝑦+, 𝑛+),∇𝑦+) = F 𝑣

𝑘 (𝑦+,∇𝑦+) on 𝜖 ∀𝜖 ∈ Ein, (51)
ℎ𝜕(𝑦+, 𝑛+) = F 𝑐 (𝑦+) · 𝑛+ on 𝜖 ∀𝜖 ∈ Ein, (52)

𝛿𝜕(𝑦+, 𝑛+) = 0 on 𝜖 ∀𝜖 ∈ Ein, (53)

Conducting, slip wall:

At a conducting, slip wall, the flow and the magnetic field are required to be parallel to the boundary.
We define the boundary velocity, (𝑣𝜕,1, 𝑣𝜕,2, 𝑣𝜕,3) : R𝑚 × R𝑑 → R𝑑 as

𝒗𝜕(𝑦+, 𝑛+) =
(
𝑣+1 −

( 3∑︁
𝑘=1

𝑣+𝑘𝑛
+
𝑘

)
𝑛+1 , 𝑣

+
2 −

(
𝑑∑︁

𝑘=1
𝑣+𝑘𝑛

+
𝑘

)
𝑛+2 , 𝑣

+
3 −

(
𝑑∑︁

𝑘=1
𝑣+𝑘𝑛

+
𝑘

)
𝑛+3

)
, (54)

and the boundary magnetic field as,

𝑩𝜕(𝑦+, 𝑛+) =
(
𝐵+

1 −
( 3∑︁
𝑘=1

𝐵+
𝑘𝑛

+
𝑘

)
𝑛+1 , 𝐵

+
2 −

(
𝑑∑︁

𝑘=1
𝐵+
𝑘𝑛

+
𝑘

)
𝑛+2 , 𝐵

+
3 −

(
𝑑∑︁

𝑘=1
𝐵+
𝑘𝑛

+
𝑘

)
𝑛+3

)
, (55)

where the normal components have been set to zero. The boundary condition is specified as

𝑦𝜕(𝑦+, 𝑛+) = (𝜌+, 𝜌+𝑣𝜕,1, 𝜌+𝑣𝜕,2, 𝜌+𝑣𝜕,3, 𝑒+, 𝐵𝜕,1, 𝐵𝜕,2, 𝐵𝜕,3, 𝜙) on 𝜖 ∀𝜖 ∈ Ein,

(56)
F 𝑣 (𝑦𝜕(𝑦+, 𝑛+),∇𝑦+) = (𝜏𝜕,1𝑘 , 𝜏𝜕,2𝑘 , 𝜏𝜕,3𝑘 , 𝜏𝜕,𝑘 · 𝒗𝜕 − 𝑩𝜕 · T𝜕,𝑘 ,T𝜕,1𝑘 ,T𝜕,2𝑘 ,T𝜕,3𝑘 , 0) on 𝜖 ∀𝜖 ∈ Ein,

(57)
ℎ𝜕(𝑦+, 𝑛+) = ℎ(𝑦+, 2𝑦𝜕(𝑦+, 𝑛+) − 𝑦+, 𝑛+) on 𝜖 ∀𝜖 ∈ Ein,

(58)
𝛿𝜕(𝑦+, 𝑛+) = 𝛿(𝑦+, 𝑦𝜕(𝑦+, 𝑛+)) on 𝜖 ∀𝜖 ∈ Ein,

(59)
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where we have required that the thermal heat flux be zero. The viscous flux is computed from the boundary
state and the interior gradient, while the numerical flux is evaluated at the interior state and the reflected
state, 2𝑦𝜕(𝑦+, 𝑛+) − 𝑦+, following Hartmann and Leicht [10].

Insulating, adiabatic wall:

At an insulating, adiabatic wall, the flow moves at a specified wall velocity (often zero), the boundary-
tangential component of the magnetic field is set to zero, and the thermal heat flux is set to zero. The
boundary condition is given as

𝑦𝜕(𝑦+, 𝑛+) = (𝜌+, 𝜌+𝑣𝜕,1, 𝜌+𝑣𝜕,2, 𝜌+𝑣𝜕,3, 𝑒+, 𝐵𝜕,1, 𝐵𝜕,2, 𝐵𝜕,3, 𝜙) on 𝜖 ∀𝜖 ∈ Ein,

(60)
F 𝑣 (𝑦𝜕(𝑦+, 𝑛+),∇𝑦+) = (𝜏𝜕,1𝑘 , 𝜏𝜕,2𝑘 , 𝜏𝜕,3𝑘 , 𝜏𝜕,𝑘 · 𝒗𝜕 − 𝑩𝜕 · T𝜕,𝑘 ,T𝜕,1𝑘 ,T𝜕,2𝑘 ,T𝜕,3𝑘 , 0) on 𝜖 ∀𝜖 ∈ Ein,

(61)
ℎ𝜕(𝑦+, 𝑛+) = F 𝑐 (𝑦𝜕(𝑦+, 𝑛+)) · 𝑛+ on 𝜖 ∀𝜖 ∈ Ein,

(62)
𝛿𝜕(𝑦+, 𝑛+) = 𝛿(𝑦+, 𝑦𝜕(𝑦+, 𝑛+)) on 𝜖 ∀𝜖 ∈ Ein,

(63)

where (𝑣𝜕,1, 𝑣𝜕,2, 𝑣𝜕,3) : Ω → R𝑑 is the prescribed boundary velocity, and the boundary magnetic field is
defined as

𝑩𝜕(𝑦+, 𝑛+) =
(( 3∑︁

𝑘=1
𝐵+
𝑘𝑛

+
𝑘

)
𝑛+1 ,

( 3∑︁
𝑘=1

𝐵+
𝑘𝑛

+
𝑘

)
𝑛+2 ,

( 3∑︁
𝑘=1

𝐵+
𝑘𝑛

+
𝑘

)
𝑛+3

)
. (64)

3.2 Integration parameters

Equation (35) is integrated temporally with a second order strong-stability-preserving Runge-Kutta
method, with a time step that is restricted by the Courant-Friedrichs-Lewy (CFL) number, defined as

CFL =
Δ𝑡

(2𝑝 + 1)min(Δ𝑥)𝜆max, (65)

where 𝜆max is the fastest wave speed [7].

The constants 𝑐ℎ and 𝑐𝑝 introduced in Eq. (21) as part of the GIEGLM formulation are spatially constant
but are free to change each time step. We follow Derigs, et al. [18] and restrict the divergence wave speed,
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𝑣 ± 𝑐ℎ, from exceeding the maximum wave speed, so as not to interfere with the CFL criterion. This is
enforced by

𝑐ℎ = 𝜆max − 𝑣max,Ω, (66)

where 𝑣max,Ω = maxΩ( |𝑣1 |, |𝑣2 |, |𝑣3 |) is the greatest fluid speed in the domain. The divergence dissipation
parameter 𝑐𝑝 is prescribed such that the ratio 𝑐𝑟 = 𝑐2

𝑝/𝑐ℎ = 0.18 at all times.

3.3 Nonconservative source terms

For the nonconservative, gradient sources in the GIEGLM, Eq. (21), the source term discretization in
Eq. (35) requires the global lifting operator [19],

𝐿0(𝑦) =
∑︁
𝜖 ∈E

𝐿 𝜖
0 (𝑦), (67)

defined in terms of the local lifting operator,

(𝐿 𝜖
0 (𝑦), 𝜏)𝜅 = (⟦𝑦 ⊗ 𝑛⟧, {{𝜏}}) 𝜖 ∀𝜏 ∈ Σ

𝑝

ℎ
, (68)

where Σ
𝑝

ℎ
=

[
𝑉

𝑝

ℎ

]2 is the space of vector-valued discontinuous piecewise polynomial functions of degree
𝑝 ≥ 0 [20].

A key finding in the prior report was that the lifting operator is required in order to see the correct
propagation of the magnetic divergence in the GIEGLM formulation. This is because the propagation wave
speeds with a local velocity component are not dependent explicitly on the convective fluxes; rather, they are
enforced and arise through the proper determination and integration of the divergence source terms.

4. RESULTS

To demonstrate the efficacy of the resistive MHD implementation, we present a series of benchmarks in
one and two dimensions. The chosen cases test the physical, resistive diffusion in particular, as opposed to
the viscous and thermal diffusion implemented, since those aspects of the JENRE® code, though present in
some of these benchmarks, have been validated elsewhere [11, 21].
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4.1 Self-similar current sheet

We consider a one-dimensional current sheet, in which 𝐵𝑧 begins as a step function around 𝑥 = 0, defined
by,

𝐵𝑧 (𝑥) =
{
−𝐵0 𝑥 < 0
𝐵0 𝑥 ≥ 0 , (69)

in nondimensionalized units. Under resistive diffusion, the infinitesimal current sheet will undergo magnetic
reconnection as the discontinuous magnetic field diffuses together. Isolated from convective fluxes, this
diffusion event has a self-similar, analytical solution, given by,

𝐵𝑧 (𝑥, 𝑡) = 𝐵0erf

(
𝑥√︁
4𝜂𝑡

)
, (70)

where erf(·) is the error function.

Thus, we turn off convective fluxes for this case and consider only resistive diffusion for a resistivity
𝜂 = 0.01. Viscosity is ignored (𝜇 = 0), 𝛾 = 1.4, 𝐵0 = 1, and the fluid pressure and density are set to 𝑃 = 50
and 𝜌 = 1, respectively. We initialize the case with the magnetic profile at time 𝑡 = 0.5 in Eq. (70) so that we
are considering only the error due to the diffusive flux implementation and not from the large discontinuity
across cells that would be present at time 𝑡 = 0.
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−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

B
z

analytic

DG(P0)

DG(P1)

DG(P2)

h/16 h/8 h/4 h/2 h

10−8

10−6

10−4

10−2

‖B
z
−
B
z
,e
x
a
ct
‖ L

2
(Ω

)

DG(P1)

6 = 2

DG(P2)

6 = 3

DG(P3)

6 = 4

DG(P4)

6 = 5

Fig. 1—1D self-simlar current sheet at t = 5.5, (left) comparing the final analytical solution to that of various order elements on an
8-element mesh and (right) showing convergence of the 𝐵𝑧 profile with ℎ−refinement for different order elements

Figure 1 shows the results at time 𝑡 = 5.5 for various orders of accuracy and spatial resolution. On the
left we see the convergence of the numerical solution under polynomial (𝑝) refinement. For polynomial
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degree 𝑝 = 2, the solution is almost indistinguishable from the analytical on just 8 piecewise-quadratic
elements. The right shows the convergence under grid (ℎ) refinement for polynomial degrees 𝑝 = 1, 2, 3,
and 4 along with the theoretical rates of convergence. We see very good agreement with theory for both ℎ

and 𝑝 refinement in this one-dimensional case.

4.2 Resistive diffusion

As in the previous case, we isolate the resistive diffusion from convective fluxes, now in a two dimensional
domain with a sinusoidal profile in the magnetic field, given by,

𝐵𝑧 (𝑥, 𝑦) = 𝐵0sin(2𝜋𝑥)sin(2𝜋𝑦) (71)

where 𝐵0 is the peak, nondimensionalized magnetic field. The analytical solution for the resistive diffusion
is,

𝐵𝑧 (𝑥, 𝑦, 𝑡) = 𝐵0sin(2𝜋𝑥)sin(2𝜋𝑦)e−2𝜂𝑡 (2𝜋 )2
. (72)

We initialize a triangular element domain defined by 0 < 𝑥 < 1, 0 < 𝑦 < 1, at time 𝑡 = 0 with resistivity,
𝜂 = 0.01, no viscosity, 𝜇 = 0, 𝛾 = 1.4, 𝑃 = 50, and 𝜌 = 1. The case was run for various grid resolutions
for polynomial degrees 𝑝 = 1, 2, and 3 until time 𝑡 = 0.05 with a constant time step, 𝑑𝑡 = 10−6. This time
step was chosen to keep the temporal error significantly smaller than the spatial error at all resolutions and
polynomial values, so as to not affect the rates of convergence.

Figure 2 shows the 𝐿2-errors of 𝐵𝑧 at time 𝑡 = 0.05 with the expected rates of convergence. This shows
good agreement with theory, validating the resistive diffusion implementation in multiple dimensions.

4.3 Magnetic reconnection

It is crucial for any resistive MHD model to capture multi-dimensional magnetic reconnection, particularly
the formation or supression of magnetic islands along a current sheet. With sufficient resistivity, the diffusion
of the magnetic field supresses the formation of magnetic islands and allows for a more smooth, less energetic
magnetic reconnection event. The present case evaluates the ability of our implementation to capture this
effect. For this we use a common configuration [22, 23] that has an approximate analytical model produced
by Sweet [24] and Parker [25].

The Sweet-Parker model defines the rate of magnetic reconnection as the ratio of fluid velocity flowing
into the reconnection layer to the fluid velocity flowing out which, by conservation of mass, is approximately
equal to the ratio of the reconnection layer width to length:

𝜖 ≡ 𝑢in
𝑢out

≈ 𝛿

𝐿
, (73)
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Fig. 2—2D resistive diffusion of a sinusoidal profile at t = 0.05, showing convergence of the 𝐵𝑧

profile with ℎ−refinement for different order elements

where 𝛿 and 𝐿 are the layer width and length, respectively. The model balances the convective flow with
ohmic diffusion by setting, in nondimensional units, 𝑢in = 𝜂/𝛿, for resistivity 𝜂, and 𝑢out equal to the Alfvén
velocity, 𝑣𝐴 = 𝐵/√𝜌. Defining the Lundquist number as 𝑆 ≡ 𝐿𝑣𝐴/𝜂, and therefore 𝜂/𝑣𝐴 = 𝐿/𝑆, leads to,

𝜖 ≈ 𝛿

𝐿
∝ 𝜂1/2. (74)

This relation is called the Sweet-Parker scaling and provides a predicted trend in the aspect ratio of the
reconnection layer.

Our simulations are run in a rectangular domain defined on 𝑥 ∈ [−𝐿𝑥/2, 𝐿𝑥/2] and 𝑦 ∈ [−𝐿𝑦/2, 𝐿𝑦/2],
with initial conditions given by 𝑃 = 0.5, 𝜌 = 𝜌∞ + 𝜌0sech(𝑦/𝜆), 𝐵𝑥 = 𝐵𝑜tanh(𝑦/𝜆), and velocity zero
everywhere. The magnetic fields are perturbed by

𝛿𝐵𝑥 = −𝜋𝜓0/𝐿𝑦sin(𝜋𝑦/𝐿𝑦)cos(2𝜋𝑥/ L𝑥), (75)

𝛿𝐵𝑦 == 2𝜋𝜓0/𝐿𝑥sin(2𝜋𝑥/𝐿𝑥)cos(𝜋𝑦/ L𝑦). (76)
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For all cases we use (𝐿𝑥 , 𝐿𝑦) = (25.6, 12.8), initial layer thickness 𝜆 = 0.5, background density 𝜌∞ = 0.2,
𝜌0 = 1.0, an initial magnetic field strength of 𝐵0 = 1.0, a perturbation size of 𝜓0 = 0.1, and an adiabatic
index of 𝛾 = 1.4.

-12.8

0.0

-6.4
0.0

6.4

12.8

Fig. 3—495,000 triangular-element mesh used for the magnetic reconnection benchmark on a 25.6 x
12.8 domain

The computational mesh is shown in Fig. 3 with approximately 495,000 triangular elements. The mesh is
more resolved along 𝑦 = 0 in the center third of the vertical axis with minimum element size 0.025. The left
and right boundaries are periodic, and the top and bottom boundaries are reflective, slip walls. The course
elements on the top and bottom dissipate acoustic perturbations propagating out of the area of interest and
act to mitigate the strength of the disturbances reflecting back to the center. We vary plasma conductivity,
and therefore resistivity, between cases and run each case to time 𝑡 = 50.

The fluid pressure at the final time is presented in Fig. 4 for three cases (𝜎 = 100, 250, 1000). In all cases
the perturbed current sheet forms magnetic islands on the vertical boundaries which then diffuse together at
the center of the domain. The effect that resistivity has on the rate of reconnection and the structure of the
reconnection layer is evident. As resistivity is increased (conductivity decreased) the convective structures
are smeared and the reconnection of opposing magnetic field lines occurs more quickly. In the case of
minimum resistivity considered, a secondary island begins to form by the end of the simulation time. This
exhibits a tearing mode instability described by Biskamp [26] that occurs for large aspect ratios, 𝐿/𝛿. This
is driven by the dominance of convective forces over resistive forces as the transport parameters approach
that of ideal MHD (𝜂 → 0).

-12.8

0.0

-6.4
0.0

6.4

12.8

  = 100   = 250   = 1000

0.5 1.2Fluid Pressure

Fig. 4—fluid pressure comparison at 𝑡 = 50 for magnetic reconnection with various plasma conductivities
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We further evaluate the effect of resistivity by comparing against the Sweet-Parker scaling, Eq. (74). For
each case the reconnection layer’s half-width and half-length are approximated by the 𝑒-folding distance of
the current density from the center of the domain in the vertical and horizontal directions, respectively. These
distances are time-averaged for each case, and the ratios are plotted in Fig. 5 against the square root of the
resistivity for the five values for which the simulation was run. A regression line is plotted with the computed
reconnection rates. With an R-value of 0.9983, we see a strong linear relation between the approximate rate
of reconnection and the square root of the magnetic resistivity. This provides quantitative validation of the
resistive MHD implementation against the Sweet-Parker model for resistive reconnection.

0.1

η1/2

0.01

0.1

δ/
L
∼
ε

R = 0.9983

Fig. 5—linear trend for the rate of reconnection as a function of the square root of the
resistivity

4.4 MHD Rayleigh problem

Our final benchmark is the case of a semi-infinite flat plate impulsively set in motion in an electrically
conducting fluid with a magnetic field perpendicular to the direction of motion. If the plate is perfectly
insulated, a Hartmann layer will form in the magnetic field near the plate, along with a fluid boundary layer,
since the normal component of the magnetic field vanishes at the plate surface. The sudden motion of the
plate also propagates a plane Alfvén wave into the quescient fluid, behind which the fluid is in motion.
The Alfvén wave also perturbs the imposed magnetic field, inducing a nonzero field perpendicular to the
direction of wave travel (the x-direction). When the fluid’s kinematic viscosity is equal to the magnetic
diffusivity the fluid has a unity magnetic Prandtl number, Pr𝑚. In this case, the Hartmann layer and fluid
viscous boundary layer have the same thickness, and there exists an analytical solution [27], making this
MHD Rayleigh problem a useful and popular benchmark for resistive MHD models [28, 29].

The analytical solution is given by

𝑣𝑥 (𝑦, 𝑡) =
𝑈

4
(2 − (erf𝜆+ + erf𝜆−) + e−𝑣𝐴,0𝑦/𝑑 (1 − erf𝜆−) + e𝑣𝐴,0𝑦/𝑑 (1 − erf𝜆+)), (77)

𝑎𝑥 (𝑦, 𝑡) =
𝑈

4
((erf𝜆− − erf𝜆+) + e−𝑣𝐴,0𝑦/𝑑 (1 − erf𝜆−) − e𝑣𝐴,0𝑦/𝑑 (1 − erf𝜆+)), (78)
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where

𝜆± =
𝑦 ± 𝑣𝐴,0𝑡

2
√
𝑑𝑡

, (79)

𝑑 = 𝜈 = 𝜂, (80)

𝑎𝑥 =
𝐵𝑥√
𝜇0𝜌

. (81)

For this case we use MKS units, hence the presence of 𝜇0 in Eq. (81), so the Alfvén wave speed in the
analytical solution is defined by 𝑣𝐴,0 = 𝐵0/

√
𝜇0𝜌, with respect to initial magnetic field strength, 𝐵0. We

set plasma conductivity 𝜎 = (107/(4𝜋)) (Ωm)−1, dynamic viscosity 𝜇 = 4 × 10−5 Pa s, and fluid density
𝜌 = 4 × 10−5 kg/m3. This ensures a unity magnetic Prandtl number, Pr𝑚 = 𝜇𝜎𝜇0/𝜌 = 1. From a frame
of rest, the plate is moving to the left at a speed of 1 m/s, the adiabatic index is 1.4, and the magnetic field
is in the positive y-direction with a strength of 𝐵0 = 1.4494 × 10−4 Tesla. This sub-magnetosonic flow
corresponds to a magnetic Reynolds number of 1, with respect to a unity length scale. The acoustic sound
speed is 614.6 m/s, while the Alfvén wave speed tangential to the initial magnetic field is just 20.4 m/s.

-50
0.0

0.0 100

50

25

150insulating flat plate

Fig. 6—275,000 triangular-element mesh used for the MHD Rayleigh problem on a 200 x 50 m
domain, with an inset expansion of a 5 x 5 region around the boundary layer elements

The computational mesh is shown in Fig. 6. The simulated flat plate is centered on the bottom boundary
of the domain, with a more resolved boundary layer mesh than elsewhere in the domain. The zoomed overlay
reveals a structured boundary layer mesh with stretched triangular elements, surrounded by an unstructured
mesh that becomes progressively less resolved away from the region of interest. The flat plate is modeled as an
insulated, adiabatic wall defined by Eqs. (60) – (63), while the remainder of the bottom boundary (upstream
and downstream of the flat plate) and the top boundary are slip walls. The left and right boundaries are inflow
and outflow conditions, respectively. The left, right, and top boundaries are placed a distance of 50 m from
the flat plate, corresponding to the distance traveled in the simulated time by sound waves induced by the
impulsive motion of the plate. This was done to avoid the need for characteristic or subsonic inflow/outflow
boundary conditions, which would be required at these surfaces if they were to interact with these pressure
waves. This choice of dimension, the length of the flat plate, and the placement of the line probe at the center
of the flat plate enables proper simulation of a semi-infinite flat plate.

The probed simulation results are shown in Fig. 7 at various simulation times along with the analytical
solutions for the x-components of the velocity and magnetic field. The simulation agrees very well with
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theory. The Hartmann layer in the magnetic field and the boundary layer in the velocity are clearly seen near
the wall with the same thickness, as is expected with a unity magnetic Prandtl number. The Alfvén wave
front is seen propagating upward at the correct rate in the magnetic field and velocity, inducing profiles that
plateau at the perturbed values.
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Fig. 7—(left) induced 𝐵𝑥 and (right) 𝑣𝑥 for the MHD rayleigh problem at times t = 0.02, 0.04, 0.06, and 0.08 s, compared with the
cooresponding theoretical solutions [30]

The accuracy of our numerical solution to the MHD Rayleigh problem carries significant weight in
validating the implementation and capability of the resistive MHD solver. This highly viscous and resistive
regime, and the Hartmann layer that emerges, can only be captured by a solver that accurately models the
diffusive fluxes and appropriately handles an insulating, no-slip boundary condition.

5. FUTURE WORK

With the goal of developing MHD modeling capabilities that can be used to study the interaction of
hypersonic flows with electromagnetic fields, resistive MHD is an important extension past ideal MHD.
With this functionality we can model diffusion-dominated flowfields such as those arising in a weakly
ionized, nonequilibrium plasma around a hypersonic vehicle traveling through the Earth’s magnetic field.
The effect of a naturally-occuring or intentially-applied magnetic field on such a flow could never be modeled
without consideration of the resistive diffusion of the magnetic field throughout the fluid. In this way, the
present work is crucial in bringing about this desired capability. However, there are additional model
developments and numerical implementations that, if pursued, lend themselves nicely to the types of systems
we aim to consider. These should be the focus of future work.

One such formulation involves splitting the magnetic field into a constant, applied magnetic field and
a time-dependent, induced magnetic field. This has been proposed and used in the past [9, 31], and is
formulated as follows. Split the magnetic field by

𝑩 = 𝑩0 + 𝑩1, (82)
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where

𝜕𝑩0
𝜕𝑡

= 0; ∇ · 𝑩0 = 0; ∇ × 𝑩0 = 0. (83)

The general fomulation becomes

𝜕𝑦1
𝜕𝑡

+ ∇ · F (𝑦1,∇𝑦1) + ∇ · G − S(𝑦,∇𝑦) = 0, (84)

where

G =

©­­­«
0

(𝑩0 · 𝑩1)I − (𝑩0𝑩1 + 𝑩1𝑩 − 0)
(𝑩0 · 𝑩1)𝒗 − (𝒗 · 𝑩1)𝑩0

𝒗𝑩0 − 𝑩0𝒗

ª®®®¬ . (85)

So the existing resistive MHD solver, divergence cleaning and all, can be used in the flux calculations and
numerical integration of the induced magnetic field 𝑩1, while the applied magnetic field 𝑩0 appears only in
an additional flux term that is integrated separately.

Implementation of this formulation, with existing capabilities presented in this work, would provide an
intuitive framework to model systems ranging from a magnetized plasma in a laboratory wind tunnel, to the
interaction of the solar wind with the ionosphere. Thus, the modeling of constant, applied magnetic fields in
an electrically conducting fluid is the next step that should be taken in the development of a plasma-dynamics
solver for the study of electromagnetic interaction with hypersonic flows.

6. CONCLUSIONS

In this paper we motivated the development of a coupled electromagnetic-fluid dynamic solver for the
multidisciplinary field of hypersonics, and presented the extension of a previously-reported MHD solver to
include diffusive affects. We outlined the existing numerical model and solvers present in NRL’s JENRE®

Multiphysics Framework, and described the MHD capabilities that have been developed. The natural
extension of the previously-developed ideal MHD solver was a resistive MHD solver, which accurately cap-
tures diffusion-dominated magnetic field affects while coupling the Navier-Stokes equations with Maxwell’s
electromagnetic equations.

We presented the fomulation of the resistive MHD equations in the context of a discontinuos Galerkin
method, highlighted the important elements of the underlying MHD solver and the complexities involved
with the addition of diffusive fluxes, and we have shown through multiple benchmarks the validity of our
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resistive MHD implementation. These benchmarks increased progressively in complexity, demonstrating
the clear effect of plasma conductivity on such important MHD concepts as magnetic reconnection and
boundary layer formation.

Lastly, we have suggested a plan of action going forward, which aims to intuitively model external,
applied magnetic fields separately from the weaker induced magnetic field in diffusion-dominated flows.
The implementation of this capability should be followed by an evaluation of its efficacy in modeling the
hypersonic systems that we are interested in. A multiple-temperature or multiple-species model may need
to be pursued for certain specific plasma applications, such as plasma-assisted combustion. Regardless,
the essential tools for MHD and plasma modeling in complex geometries are at the disposal of the Naval
Research Laboratory and will be undergoing future development to be used extensively going forward.
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