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1 Introduction and Summary of Contributions

1.1 Background and Motivation

Uncertainty is pervasive in modern wireless networks. The sources of this uncertainty
range from the humans that interact with the networks and the geographic locations of
the nodes down to the transmission protocols and the underlying scattering processes
that affect signal propagation. Conventionally, knowledge of these characteristics has
been used to construct a model of a wireless system, which can be optimized to achieve a
stated objective, such as scheduling traffic or attaining a specified rate of communication
at a prescribed error rate. These goals are almost always focused on local system
features, e.g., individual device performance.

Fundamental questions regarding the global implications of uncertainty on network
structure – for example, topology, degree distribution, and complexity – have only re-
cently been asked in the context of spatial networks [15,29]. Yet, the sheer complexity
of many modern networks, including wireless sensor networks and multi-tier tactical
wireless networks, points to the need to better understand how local uncertainty af-
fects global network performance. For example, it is easy to surmise that the average
end-to-end transmission delay observed in a network comprised of two equally sized
subnetworks joined by a single bridging link of intermittent reliability will vary signif-
icantly over time. This notion extends to operations such as topology discovery and
control, routing protocols, and traffic management, all of which are particularly impor-
tant in tactical and military networks where nodes are mobile and fixed base stations
generally do not exist [24].

The structural uncertainty of networks has been quantified in the physics and com-
plex networks communities by invoking various definitions of graph entropy. This for-
malism allows one to quantitatively characterize the complexity or inherent information
content of systems that can be described by a graphical model. With regard to com-
munication networks, entropy measures have been exploited to quantify node and route
stability [26] with the aim of improving link prediction [47] and routing protocols [2,9].
Topological uncertainty in dynamic mobile ad hoc networks was investigated in [42]
from a network layer perspective, and [37] treated self-organization in networks using
a basic graph entropy framework. Crucially, those investigations did not facilitate a
quantitative analysis of wireless systems that experience fading and interference, nor
did they account for the spatial characteristics of the network (e.g., dependence on node
positions).

Recently, a more formal analysis of the scaling properties of wireless ad hoc network
entropy was conducted; see [4,13,15–18]. These studies were the first to leverage point
process models, stochastic geometry, and graph entropy – which come together to create
the new formalism of spatial graph entropy – to describe a quantitative method of
analyzing and controlling complexity in large-scale wireless networks. The entropy of
a network represents the minimum number of bits required to describe the network
topology, i.e., the lossless compression bound is the entropy of the network. This
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idea extends to graph structures, i.e., unlabelled graphs. Graph entropy can also be
thought of as the uncertainty that one has with regard to the topology (or structural
characteristics) of a network. Hence, intuitively, if pairwise connections occur with
very high (or very low) probability, the entropy of the network in question is quite low,
since the network will almost always be nearly completely connected (or completely
disconnected). Hence, by controlling the entropy through connection range scaling, it
is possible to limit the amount of memory required to store the network state, or indeed
the amount of bandwidth needed to convey the network topology from one device to
another.

This project was based around the central hypothesis that knowledge of the struc-
tural uncertainty of a wireless network – quantified appropriately using the framework
of spatial graph entropy developed in [4, 13, 15–18] – can be used to improve topology
discovery (TD) in wireless systems. The development and analysis of TD algorithms
is an important sub-discipline of the field of network engineering known as network
tomography. This larger field is more broadly focused on the inference of internal net-
work characteristics based only on end-point data. Here, we are concerned more with
fundamental limits of TD as viewed through the lens of graph entropy.

1.2 Summary of Contributions

The main objectives of the project were set to be the following:

O1 Develop the theoretical foundations for analyzing the entropy of directed spatial
graphs;

O2 Apply the theoretical formulation to study the entropy scaling properties of wireless
networks with and without topology constraints (e.g., ad hoc/mesh as well as tree
topologies);

O3 Compute the overhead and acquisition time of leading conventional TD algorithms,
and benchmark these against lower bounds based on the entropy formalism;

O4 Investigate novel methods of performing TD that draw on knowledge of entropy
scaling.

The primary methodology that was adopted to work toward these objectives was rooted
in the calculation of fundamental limits of graph compression. Indeed, the first two
objectives were achieved by directly adapting the theory developed in [15, 17]. For the
third objective, entropy bounds were achieved for various network configurations and
assumptions. Little in the way of formal results pertaining to conventional TD methods
are available or useful in the context of a comparison to these bounds. Although some
TD methods were considered, it was found that these were heuristic, and hence it was
not fruitful to study them in the formal framework developed in this project. Instead,
focus was shifted to the fourth objective, where interesting practical graph compression
methods were identified, which in turn can be used in TD algorithms to efficiently
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convey topological or structural data from one point to another in a network. Full
details of these contributions are included herein, with the culmination of the project
appearing in final brief, but important, paragraphs of section 4. Some of these details
are also included in a draft of a journal paper, which is currently in preparation [6].

A secondary line of enquiry was also followed in the project. This broad thread
focused more on the physical aspects of communications in wireless networks. It was
recognized that, for tactical and other mobile ad hoc networks, one must know some-
thing about the signal-to-noise ratio (SNR) distribution in order to ascertain how often
TD would need to be carried out (due to potential changes in the network topology
owing to mobility). To this end, the SNR corresponding to a link between two devices
that undergo mobility according to an Ornstein-Uhlenbeck (OU) model was statistically
characterized, which enabled us to further quantify the stochastic properties of the link
state. Ultimately, this information was used to study how signal fading and mobility
affect the network topology. Complete details are reported in [14].

In a vein similar to the SNR study, the link-level performance of so-called intelligent
reflective surface (IRS) systems was analyzed in order to understand how IRS-enabled
links may affect network structure. IRS technology is currently receiving a huge amount
of attention owing to its relatively simplistic design and ability to improve the com-
munication channel state. The statistical properties of the SNR for such systems were
explored, and it was shown that the SNR follows a Nakagami model when the phase
alignment at the reflective surface is imperfect. Furthermore, it was shown that the
model is reasonably invariant to the actual phase error distribution. Full details can be
found in [5].

Finally, attention was given to the idea that tactical and other ad hoc networks are
often used to take measurements of physical parameters and propagate these through
the network to a central aggregation or processing point. Such measurements are ef-
fected by noise or other deleterious events introduced in the channel, and it is known
that outdated measurements are less useful than up-to-date data. In this context, a
study was undertaken to characterize the value of information (VoI) in hidden Markov
models (HMMs). The purpose of concentrating on HMMs is to enable one to study,
in a rigorous information-theoretic framework, how noisy channels affect VoI. To make
progress and to gain initial insight, it was assumed the measurement of interest relates
to the position of a device, which undergoes OU mobility, i.e., it is anchored to a point,
but deviates from this point in a manner akin to Brownian motion. The VoI was de-
fined as the mutual information between the actual position of the device at a given
time and a sequence of observed measurements of that position, which were attained at
previous instants. Full details can be found in [44,45]. It should be noted that the aim
would be to next apply this VoI formalism to the TD problem, where the topology or
structure of the network would replace the device position as the observable of interest.
Unfortunately, the project concluded before this topic could be explored further.

The remainder of this report will focus on the contributions made in relation to the
primary methodology discussed above.
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2 Compression of Erdős-Rényi Graphs

To gain an understanding of the compressibility of network topologies and structures,
it is prudent to begin with a simple model. In this case, we turn our attention to the
well-known Erdős-Rényi (ER) model where the edges are independent and identically
distributed (i.i.d.). Although this is not a spatial graph model, we can obtain some use-
ful insights into the compression problem, which influenced our research on structural
compression later in the project (see section 4).

Consider an ER graph G with n nodes and edge probability p. We are concerned
with the following question: how compressible is G? It is well known that the lower
bound on the average description length of a random source (variable) using a prefix
code is given by the entropy of the source. When we concatenate multiple observations
from the source to create an extension of the code, the average code length bound
remains unchanged. If the source observations are not i.i.d., then the lower bound on
the average code length is the entropy rate of the source (rather than the entropy).

These classical results persist for ER graphs. Indeed, we can define G is a measur-
able map from a discrete, finite, measurable space (Ω,A) equipped with a probability

measure P (i.e., a probability space) to an index set [2(n
2)] := {1, . . . , 2(n

2)}. Hence, we

can easily construct a D-ary encoder C : [2(n
2)] → D for G, which maps each index in

[2(n
2)] to a string in the set of all finite-length D-ary strings D. Denoting the length of

the code corresponding to a particular graph g as `(g), it follows from classical results
on data compression that

H(G) ≤ E[`(G)] ≤ H(G) + 1

is achievable. Furthermore, if we know the distribution of G, we can use a Huffman
code to efficiently encode the graph.

In this section, we first recall the distribution and entropy of G, and then briefly
discuss the optimal Huffman encoding approach. We then explore three alternative
graph representations. The first is the standard approach of mapping a graph ω ∈ Ω
to a binary string of length

(
n
2

)
, each bit corresponding to the state of a unique edge

in ω. We refer to this representation as the adjacency construction. In the second
representation, a graph is characterized as a collection of subsets of connected vertices.
We refer to this representation as the vertex construction. In the third representation,
all
(
n
2

)
possible edges in a graph are indexed, and a graph is characterized as an ordered

sequence of edge indices. We refer to this representation as the edge construction. For
each construction, we compute the distribution of the associated random variable that
defines it and use this to evaluate the entropy of the representation. We also comment
on optimal and suboptimal compression methods for each representation.

2.1 Distribution and Entropy of G

In the following, we refer to a graph by its index g ∈ [2(n
2)] and simply call it g. For

an ER graph, recall that an edge between nodes i and j exists with probability p
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independent of i and j. For a graph g with k edges, it follows that1

P(g) = pk(1− p)(
n
2)−k.

Let w(g) denote the number of edges in g. To compute the entropy of G, we take
the following steps:

H(G) =
∑
g

P(g) log
1

P(g)

=
∑

g:w(g)=0

P(g) log
1

P(g)
+ · · · +

∑
g:w(g)=(n

2)

P(g) log
1

P(g)

=
∑

g:w(g)=0

(1− p)(
n
2) log

1

(1− p)(
n
2)

+ · · · +
∑

g:w(g)=(n
2)

p(
n
2) log

1

p(
n
2)

= −
(n
2)∑

k=0

((n
2

)
k

)
pk(1− p)(

n
2)−k log

(
pk(1− p)(

n
2)−k

)

= −
(n
2)∑

k=0

P(w(G) = k)k log p−
(n
2)∑

k=0

P(w(G) = k)

((
n

2

)
− k
)

log(1− p)

= −
(
n

2

)
p log p−

(
n

2

)
(1− p) log(1− p)

=

(
n

2

)
H(p).

Note that no specific graph representation was used to arrive at this result. We simply

mapped a graph to one of the indices in [2(n
2)].

Since we know the distribution of each graph (index), we can compress G by using

the Huffman algorithm. This would require us to directly encode all 2(n
2) indices, which

is prohibitively complex even for relatively small values of n. Even for n = 7, the
algorithm would have to map sequences to over two million indices. In general, the
runtime of Huffman’s algorithm scales like O(m logm), with m denoting the number
of symbols in the source alphabet. Applied to the problem of ER graph compression,

the scaling becomes O(n22(n
2)). Clearly, this would be impractical for TD applications.

It is, therefore, wise to consider other graph representations in the hope that a more
computationally friendly solution could be found.

1For completeness, it is important to note that the measure P acts on the σ-algebra A. Here,

g ∈ [2(
n
2)], and we use the notation P(g) to represent the measure of the preimage P ◦ G−1(g) in the

usual way.
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2.2 Adjacency Construction

Let Ga : Ω → {0, 1}(
n
2) be a random variable that maps a graph to a binary sequence

of length
(
n
2

)
. Each element of the sequence corresponds to an edge, which may or may

not exist, in the graph. Since each edge exists with probability p independent of other
edges, it follows that

Ga ∼ Ber
(n
2)
p

i.e., Ga has a multivariate Bernoulli distribution. Thus, the entropy of Ga is

H(Ga) = H

(
Ber

(n
2)
p

)
=

(
n

2

)
H(Berp) =

(
n

2

)
H(p).

So, the adjacency construction preserves compression optimality.
Again, since we know the distribution of Ga, we can apply the Huffman algorithm to

obtain an optimal code. We know that the indexing method does not scale (see above).
Instead, we can use the adjacency representation to construct a simple, but optimal,
encoding scheme. First, consider the naive encoding suggested by the representation:
write the full length-

(
n
2

)
binary string. If p = 1/2, this approach would be optimal,

since the entropy bound would be achieved. But, for general p, we can do better.

2.2.1 Partitioning Based on w(Ga)

Consider the following straightforward algorithm:

1. Divide the total set of graphs into subsets according to the number of edges in
each graph.

2. Within a given subset, graphs are uniformly distributed. So, roughly log
((n

2)
k

)
bits will be needed to represent a graph, given that we know it has k edges.

3. Use the Huffman algorithm to encode the number of edges in the graph and prefix

this code to the length log
((n

2)
k

)
sequence selected in the previous step.

The code generated by this algorithm is a prefix code. To see this, note that the
Huffman code is a prefix code, and it is first decoded to identify the number of bits
used for the second, fixed-length part of the code.

To study the efficiency of the code, we derive the following upper bound on the
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average code length.

E[`(Ga)] =
∑
g

`(g)P(g)

≤
(n
2)∑

k=0

P(w(Ga) = k)

(
`(k) + log

((n
2

)
k

)
+ 1

)
≤ H(w(Ga)) + E

[
log

( (
n
2

)
w(Ga)

)]
+ 2

= −
(n
2)∑

k=0

P(w(Ga) = k) log
(
pk(1− p)(

n
2)−k

)
+ 2

=

(
n

2

)
H(p) + 2.

Hence, the code is efficient. Also, the runtime of the Huffman algorithm scales like
O(n2 log n). However, an indexing operation is required for each subset of graphs. For
the subset corresponding to graphs with k edges, it may be possible to use lexicographic
ordering of constant-weight binary sequences of length

(
n
2

)
to index the graphs. The

runtimes of naive algorithms appear to scale like O
((

n
2

)((n
2)
k

))
. Summing over all k

gives O(n22(n
2)), so we do not gain much by using this approach.

2.2.2 Partitioning Evenly and Indexing

Since the runtime of the Huffman algorithm scales like O(m logm), it makes sense
to run the algorithm on subsequences of the length-

(
n
2

)
sequence. If we divide each

full sequence into sequences of (roughly) length log n, we can index the 2logn = n
possible sequences and run the Huffman algorithm (roughly)

(
n
2

)
/ log n times. The

total runtime of this approach scales like O
((
n
2

)
/ log n · n log n

)
= O(n3), which is

much more palatable than the other approaches we have discussed.
Each code (for each subsequence) is efficient, i.e., the average length of the code is

close to H(p) log n. Since all subsequences are independent, the average length of the
extension is close to

(
n
2

)
H(p).

The drawback to this approach is that it is not based on graph structure, but rather
relies on arbitrary indexing. This leads to rather costly storage requirements. It may
be interesting to explore this issue further, as there is most likely a trade-off between
storage requirements and compression algorithm runtime.

2.3 Vertex Construction

Let V = [n] denote the index set corresponding to the set of vertices. Let V ′ =
2V \ (V ∪ ∅) be the collection of all unordered subsets of V of size two or greater. Let

9



Gv : Ω → V , where V = 2V
′

is the set of all subsets of V ′. For a given graph ω ∈ Ω,
the interpretation of a subset S ∈ V ′ is related to subgraphs of the full graph, but it
is not unique. For example, S may represent a clique in ω, or it may represent a star
subgraph in ω. Thus, in general, the random variable Gv is not well defined. However,
we include the general exposition here for completeness.

Consider the following restriction to the previous definition: let V ′ be the collection
of all unordered subsets of V of size two. There are

(
n
2

)
elements in V ′, which can be

interpreted as the set of all possible edges in an undirected graph with n nodes. Thus,

V = 2V
′

contains 2(n
2) elements, and for each element g ∈ V , the preimage G−1v (g) ∈ Ω

is a unique (measurable) graph.
Let g ∈ V be a graph described according to a (restricted) vertex construction. We

can equivalently write
g = {{v11, v12}, {v21, v22}, . . .}

where vij ∈ ([n]∪ ∅) is a vertex index for i = 1, . . . , w(g) and j = 1, 2. To encode g, we
will need to encode vij efficiently. The length of C(g) is

`(g) =

w(g)∑
i=1

(`(vi1) + `(vi2))

where we define `(g) := `(∅) when the sum is empty. Since edges occur independently
with probability p, for a graph with weight w(g), we have no a priori knowledge of how
likely any vertex will appear in this representation of the graph. As a result, we have
that

`(g) =

{
2w(g)`(v), w(g) > 0
`(∅), w(g) = 0

where v denotes an arbitrary vertex.

Note that P(Gv = ∅) = (1 − p)(
n
2). Consequently, it is more likely than not that a

graph will be nonempty for all nontrivial configurations. Indeed, a quick analysis reveals
that p < 1− e−1/n ' 1/n is required for P(w(Gv) = 0) > P(w(Gv) > 0), which implies
the mean degree is less than one. We can represent the event {Gv = ∅} with a single
bit, say “0”. For other graphs, we simply prefix the encoding of the graph with a “1”
and use roughly log n bits to represent each vertex index. Using this simple encoding

10



strategy, let us calculate the average code length for the restricted vertex construction:

E[`(Gv)] =
∑
g

`(g)P(g)

=

(n
2)∑

k=0

∑
g:w(g)=k

`(g)P(g)

≤ 1 · P(w(Gv) = 0) +

(n
2)∑

k=1

P(w(Gv) = k) · 2k(log n+ 2)

= (1− p)(
n
2) + 2p

(
n

2

)
(log n+ 2).

This upper bound is very close to H(G) for small p. However, it is important to note
that vertex construction does not yield a prefix code. Hence, a termination sequence
must be appended to each code, which reduces the efficiency of the code.

2.4 Edge Construction

Let E = [
(
n
2

)
] denote an index set corresponding to the set of edges. Let Ge : Ω → E ,

where E = 2E is the set of all subsets of E. For a given graph ω ∈ Ω, the interpretation
of a set g ∈ E is that it uniquely represents ω since g specifies the edges that exist in
the graph.

Let g ∈ E be a graph described according to the edge construction. We can equiva-
lently write

g = {e1, e2, . . .}

where ei ∈ ([
(
n
2

)
]∪ ∅) is an edge index for i = 1, . . . , w(g). To encode g, we will need to

encode ei efficiently. The length of C(g) is

`(g) =

w(g)∑
i=1

`(ei)

where, again, we define `(g) := `(∅) when the sum is empty. Edges occur independently
with probability p. Hence, we have no a priori knowledge of how likely any edge will
appear in this graph construction. As a result, we have that

`(g) =

{
w(g)`(e), w(g) > 0
`(∅), w(g) = 0

where e denotes an arbitrary vertex.
In a similar manner as discussed above, we select a single “0” to represent {Ge = ∅}.

For other graphs, we prefix the encoding of the graph with a “1” and use roughly log
(
n
2

)
11



Entropy

Vertex encoding

Edge encoding

0.02 0.04 0.06 0.08
�

10

20

30

40

50

60

�[ℓ(�)]� �(�)

Figure 1: The entropy and average code lengths for different constructions plotted
against the edge probability p. The number of nodes is n = 12.

bits to represent each edge index. The average code length for this construction is given
by

E[`(Ge)] =
∑
g

`(g)P(g)

=

(n
2)∑

k=0

∑
g:w(g)=k

`(g)P(g)

≤ 1 · P(w(Gv) = 0) +

(n
2)∑

k=1

P(w(Gv) = k) · k
(

log

(
n

2

)
+ 2

)
= (1− p)(

n
2) + p

(
n

2

)(
log

(
n

2

)
+ 2

)
= (1− p)(

n
2) + p

(
n

2

)
(log n+ log(n− 1) + 1).

As with the vertex construction, this upper bound is very close to H(G) for small p,
but the edge construction does not yield a prefix code. The code can be modified easily
to give a prefix code, which will reduce the efficiency. The reduction will be minimal
for large n.

2.5 Summary and Discussion

In this initial work, a fundamental view of graph compression was observed using an
ER model. The purpose of this work was to explore how different graph representa-
tions yield different limits on compressibility. These discrepancies manifested clearly
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and suggested that it may be possible in some cases to represent graphs using their
substructures (i.e., motifs). This basic idea will be exploited in section 4 to determine
the compression bounds for (quasi-) one-dimensional spatial networks.
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3 Compression of Random Geometric Graphs

In this section, we turn our attention to the lossless compression limits of random
geometric graphs (RGGs). To this end, we compute bounds on the entropy of directed
RGGs and analyze the scaling behavior of these bounds in the limit of large numbers
of nodes (or high node density).

3.1 Preliminaries

Consider a set of n nodes V embedded in a compact space Kd ⊂ Rd. The (random)
locations of the nodes are denoted by the random variables Z1, . . . , Zn, which are i.i.d.
with density fZ defined on Kd. The (Euclidean) distance between two nodes, say i
and j, is captured by the random variable Rij = |Zi − Zj|. We can collect all pairwise
distances into the length-n(n − 1)/2 vector Rn = (Rij)i<j. We assume here that Rn

has a well defined density fRn . Note that the marginal density fRij
is defined on the

interval I = [0, dia(Kd)].
We are interested in the distribution of the random graph Gn that is formed by

connections between nodes in V . The existence of pairwise connections is determined
by node proximity as well as node properties. Let pij : I → [0, 1] denote a mapping that
indicates the probability that a connection exists from i to j, i.e., there is a directed edge
(i, j). Note that for undirected graphs, we must have pij = pji. We will be concerned
with directed graphs unless stated otherwise. Under this formalism, we define a set of
n(n− 1) Bernoulli random variables {Xij}i 6=j such that Xij = 1 indicates that directed
edge (i, j) exists, and Xij = 0 indicates its absence. We collect these variables into the
vector Xn = (Xij)i 6=j. It follows that that P(Gn) ≡ P(Xn).

3.2 Entropy of Directed RGGs

The entropy of Gn is defined as

H(Gn) := E[− logP(Gn)] = E[− logP(Xn)] =: H(Xn). (1)

The {Xij} variables are correlated, so the direct computation of this quanitity does
not appear to be possible in general. However, we can immediately write the following
classical upper bound.

H(Gn) ≤
∑
i 6=j

H(Xij). (2)

If we assume pij = p for all i and j, we have the bound

H(Gn) ≤ n(n− 1)H(X) = n(n− 1)H(p̄) (3)

where

p̄ = E[p(R)] =

∫
I
fR(r)p(r) dr. (4)
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This is the directed analogue to the results presented in [15]. The only difference is
the prefactor is doubled in the directed case. Thus, all results reported in [15] can be
extended trivially to directed graphs. Furthermore, if we assume (i, j) exists if and only
if (j, i) exists, we recover the undirected model:

H(Gn) ≤ n(n− 1)

2
H(p̄). (5)

A more interesting bound can be obtained by slightly reducing our assumption of
independence and writing

H(Gn) ≤
∑
i<j

H(Xij, Xji). (6)

Here, we have effectively assumed that forward and reverse links for different pairs of
nodes are independent, but dependence exists for the links associated with the same
pair of nodes. If we suppose that pij = p for all i and j, we can write

H(Gn) ≤ n(n− 1)

2
H(X, Y ) (7)

where X and Y are Bernoulli random variables that represent the link states in the
forward direction (X) and the reverse direction (Y ). Moreover, if the forward and
reverse links are statistically independent when conditioned on the distance between
the nodes, we have that

P(x, y) = E[P(X, Y | R)]

=

∫
I
fR(r)p(r)x+y(1− p(r))2−x−y dr

from which H(X, Y ) can be evaluated easily.
Although bounds such as those given in (5) and (7) are rather simple, there is evi-

dence to suggest that they provide useful estimates for the minimum description length
of graph topologies [15]. The O(n2) scaling of these bounds (for fixed link entropy) is
predictable. But a number of key questions arise regarding the effect that local con-
nectivity has on this scaling. For example, how does entropy scale for asymptotically
connected graphs? This question is answered below.

3.3 Entropy of Asymptotically Connected Graphs

A graph Gn is said to be asymptotically connected if limn→∞ P({Gn is connected}) = 1.
Gupta and Kumar [27] showed that when Gn resides in the circle of unit area in R2

and the deterministic connection range satisfies πr0(n)2 = n−1(log n+ c(n)), then Gn is
asymptotically connected if and only if c(n) → +∞. This result has been generalized

15



to RGGs contained in the d-dimensional unit box Kd = [0, 1]d, for which the critical
pairwise connection distance threshold for asymptotic connectivity is

rc(n) =

(
log n

nVd

) 1
d

(8)

where Vd is the volume of a unit ball in d dimensions.
It is of interest to analyze the entropy of RGGs under the assumption that the

pairwise connection range is on the critical threshold. Such analysis would logically yield
information about the compressibility of (asymptotically) connected graphs. Before
considering a more general case, we begin with a brief illustration for a path graph
(a.k.a., a linear graph). This example is, in essence, non-geometric. Nevertheless, it
will serve as a useful point of reference when studying RGGs. A path Πn consisting
of n nodes can be written as the node index sequence Πn = k1k2 · · · kn where ki ∈ V
for i = 1, . . . , n. There are clearly n! ways to arrange the sequence if we assume it is
a directed path; for undirected paths, there are n!/2 unique paths. Suppose that each
path appears with equal probability, e.g., for undirected graphs, P(Πn = πi) = 2/n! for
all i. Then the entropy of the n-node random path graph is

H(Πn) = log n! +O(1) ∼ n log n (9)

where the O(1) term is included to capture the reduction of log 2 for the case where Πn is
undirected. This relation is completely intuitive, since one can imagine a “compression”
scheme whereby the nodes in the path are simply listed in order2.

3.3.1 Undirected Graphs

Now, let us consider an undirected RGG constructed in Kd = [0, 1]d. We treat the
canonical model here, where the connection function is defined as

p(r) =

{
1, r ≤ r0
0, r > r0.

(10)

Since we are interested in asymptotically connected graphs, we choose the connection
range to be the critical threshold r0(n) = rc(n). To compute the simple entropy bound
given in (5), we must evaluate (4). For small arguments, the pair distance density
admits the expansion

fR(r) =
2πd/2rd−1

Γ(d/2)
(1− βr +O(r2)) (11)

where β is a term (independent of n) that represents the volume of the projection of
the space Kd onto a (d − 1)-dimensional hyperplane averaged over all directions on a
(d− 1)-dimensional sphere (referenced to the origin). Hence, we have

p̄ =
2πd/2rd0
dΓ(d/2)

+O(rd+1
0 ) =

log n

n
+ o

(
log n

n

)
. (12)

2Roughly log n bits are needed to specify a node index, and this must be done n times.
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The binary entropy function for small arguments evaluates to

H2(x) = (1− log x)x+O(x2). (13)

Combining these results with (5) gives us an asymptotic equivalence for the entropy
bound for asymptotically connected graphs:

H(Gn) ≤ n log n

2
(log n− log log n+ 1) + o(n log n). (14)

Comparing to the path graph example, we see a modest increase in the entropy by
a factor of 1

2
log n in the limit of large n. This is not completely a result of the fact that

we study an upper bound here. Indeed, an asymptotically connected RGG will exhibit
clustering, which does not depend on the system size (only the dimension) [21]. Hence,
more information is captured in the topology of these graphs than for path graphs, and
thus the former are not as compressible as the latter.

Using this analysis, we can consider a simple TD scheme in which each node of the
network communicates a list of its neighbors through the network. For n nodes, log n
bits are required to identify a node. In the asymptotically connected regime, each node
has a number of neighbors that is Poisson distributed with mean log n. By the law
of large numbers, the number of bits collected from all of the n nodes to identify the
network topology is thus n(log n)2 bits. Note that in this scheme each link is counted
twice, so a slightly refined scheme would reduce the number of required bits by a factor
of two. Interestingly, this corresponds to the dominating term in the upper bound given
above.

3.3.2 Directed Graphs

To obtain a simple upper bound for asymptotically connected directed graphs, we
use (3). The only difference in the result relative to (14) is a factor of two.

3.4 Random Number of Nodes

It is easy to generalize the results above to the case where the number of nodes is
random. Specifically, let N : ΩN → Ω′N , where Ω′N ⊂ N0, be a square integrable
random variable that defines the number of nodes in Kd. For now, we refrain from
describing N by a particular distribution; suffice to say it has probability measure µN .
We are now concerned with the random graph G, the distribution of which contains
information about N as well as the topology. We can, in general, write

H(G,N) = H(N | G) +H(G) = H(G | N) +H(N). (15)

But since G encodes the value of N , we have that H(N | G) = 0. Thus,

H(G) = H(G | N) +H(N) = EµN [H(GN)] +H(N) (16)
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where EµN signifies that the expectation is taken with respect to the measure µN .
Applying the simple (loose) bound for a directed graph given above yields

H(G) ≤ H(N) + EµN [N(N − 1)]H2(p̄). (17)

Application of the tighter bound gives

H(G) ≤ H(N) +
1

2
EµN [N(N − 1)]H(X, Y ). (18)

We may consider some examples in order to better understand the rate of growth
of the bounds given here. Suppose N is uniformly distributed on Ω′N = {0, . . . ,m}.
Then we have that H(N) ≤ log(m+ 1) and EµN [N(N − 1)] = m(m− 1)/3. Hence, we
see that the entropy associated with the graph topology dominates. Now suppose N
is Poisson distributed with density λ (note that Ω′N = N0). In this case, we have that
EµN [N(N − 1)] = λ2 and H(N) ∼ 1

2
log(2πeλ) for large λ. Interestingly, the square-law

dominance appears once more in the term related to the graph topology. This simple
analysis reveals that the main task that must be considered in TD algorithms is the
compression of the network topology; encoding the number of devices that are active
in the network is relatively straightforward by comparison.
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4 Structural Entropy of One-Dimensional Random

Geometric Graphs

In wireless communications, one-dimensional (1-D) random geometric graphs (RGGs)
can model a vehicular network, sensors deployed along a river, a military convoy, train
backbone network, etc. Many of the graph properties (e.g., connectivity, average degree)
depend on the random structures in the ensemble, and not on the labels of the nodes.
Therefore, it is relevant to characterize the structures and associated properties induced
by the assumed graph model when the nodes are indistinguishable (i.e., their labels are
irrelevant). In particular, it is interesting to study how rich (complex) the ensemble
of structures is, how the complexity scales with the number of nodes and how it is
influenced by the connection range. Below, we provide details of our investigations into
these questions, which conclude with simple rules on how to compress 1-D network
structures.

4.1 Preliminaries

4.1.1 Graph Model

The one-dimensional random geometric graph Gn,r is constructed by placing n points
randomly on a line segment and connecting by an edge every pair of nodes that are
separated by a distance smaller than a threshold r. More formally, assume the n
points have the random locations X1, . . . , Xn in the interval [0, 1]. For now, we refrain
from defining the (joint) distribution of X1, . . . , Xn, since some results shown below are
universal. However, we will consider the specific case where X1, . . . , Xn are i.u.d.. The
corresponding graph Gn,r = (V,E) has the set of vertices V = {1, . . . , n} and the set of
undirected edges E = {(i, j) ∈ V 2 | |Xi −Xj| ≤ r, i < j}, for a fixed connection range
r > 0.

The graph Gn,r depends deterministically on the node locations. However, it does
not retain the locations but only the connectivity among the nodes. Also, an infinite
number of configurations of locations may be mapped to the same graph. We denote
by Gn,r the set of all possible graphs that are produced by this model, i.e., the support
of Gn,r. Fig. 2 illustrates two such graphs. The probability distribution of (X1, . . . , Xn)
induces a distribution of graphs in Gn,r, such that a graph G ∈ Gn,r occurs with proba-
bility P (G).

4.1.2 Connectivity

A graph is said to be connected if there exists at least one path between every pair
of distinct vertices. The connectivity of one-dimensional random geometric graphs has
been studied extensively, e.g., see [30] and the references therein. Trivially, Gn,r is
connected for r ≥ 1, as Gn,r is deterministically a complete graph in that case. For
r ∈ (0, 1) and finite n, the graph is connected with a probability smaller than one
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Figure 2: Two outcomes of Gn,r for n = 5 and r = 1/3; the points are i.u.d. on [0, 1]
(left); the resulting graph (right).

in general (e.g., when the random locations have a non-vanishing density on [0, 1]);
for X1, . . . , Xn independent and uniformly distributed, the probability is available in a
closed form expression [22,25].

Most of the works consider the connectivity of Gn,r for large n and study how the
connection range r should scale with n to achieve connectivity, i.e., what scaling func-
tions r : N→ R+, n→ rn, are appropriate. For i.u.d. point locations, the connectivity
exhibits a typical behaviour in the sense that there exists a critical range function
r∗n = logn

n
such that, as n becomes large, the graph is connected (or disconnected) with

high probability depending on how the scaling r that is being used deviates from the
critical scaling r∗. Specifically, for a connection range function in the form rn = r∗n+ αn

n

for some α : N→ R, it holds that [30]

lim
n→∞

P(Gn,r is connected) =

{
0, if limn→∞ αn = −∞,
1, if limn→∞ αn =∞.

(19)

For example, a deviation function αn = ± log log n determines Gn,r to be connected or
disconnected with probability one depending on the sign, in the limit of large n. More
generally, it is shown in [31] that graph connectivity also obeys a strong zero-one law
when the distribution of the point locations has a non-vanishing density.

4.1.3 Graphical Structures

The graphical structures produced by the model of Sec. 4.1.1 can be defined formally
based on the notion of graph isomorphism.
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Definition 1 (Structure). Two graphs G1 = (V,E1) ∈ Gn,r and G2 = (V,E2) ∈ Gn,r
have the same structure, which is denoted as G1 ' G2, if and only if there exists a
graph isomorphism between them, i.e., if and only if there exists an adjacency-preserving
permutation of the vertices π : V → V such that (i, j) ∈ E1 ⇐⇒ (π(i), π(j)) ∈ E2, for
all i, j ∈ V .

For example, one can verify that the two graphs in Fig. 2 have the same structure,
because the permutation π(1) = 2, π(2) = 3, π(3) = 5, π(4) = 1 and π(5) = 4 (applied
to the vertices in Fig. 2a) is edge preserving.

The relation ‘'’ is an equivalence relation, which partitions the set Gn,r into disjoint
equivalence classes. All graphs in an equivalence class have the same structure, while
graphs in different classes are structurally different. Thus, one can identify a structure
by its defining equivalence class or by a representative member of that class. In the
following, we denote by Sn,r the set of all structures of Gn,r.

4.1.4 Structural Entropy

The probability distribution of Gn,r with pmf P (G), G ∈ Gn,r, induces a probability
distribution over the set of structures Sn,r. Let f : Gn,r → Sn,r be a deterministic
surjection that maps each graph in Gn,r to its corresponding structure in Sn,r. Accord-
ingly, the preimage f−1(S) of a structure S ∈ Sn,r is the set of all graphs in Gn,r that
belong to the equivalent class represented by S. Based on the distribution of graphs,
the probability of a structure S ∈ Sn,r can thus be expressed as

P(S) =
∑

G∈f−1(S)

P (G). (20)

The entropy of Gn,r is

H(Gn,r) = −
∑
G∈Gn,r

P (G) log2 P (G) (21)

whereas the structural entropy is defined by [12]

H(Sn,r) = −
∑
S∈Sn,r

P (S) log2 P (S) (22)

4.2 Structures of Gn,r
4.2.1 Graph Ordering

A one-dimensional random geometric graph is naturally visualized by depicting its nodes
in the order of their locations. For example, by doing so, we realize that the graphs in
Fig. 2a and 2b have the same structure, which is illustrated in Fig. 3. In the following
such a representation of structure is formally justified. For connected structures, we
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Figure 3: The common structure of the graphs depicted in Fig. 2. The nodes are
displayed in the order of the point locations and their labels are discarded.

show that each equivalence class can be represented by a particular graph whose nodes
are indexed according to the order of the underlying point locations. This special
graph, which we call “ordered graph”, is then designated as the structure representative.
Disconnected structures can be treated as a collection of smaller, connected structures.

Definition 2 (Ordered graph). Let X1, . . . , Xn ∈ [0, 1] be the random locations of n
points and let X(1), . . . , X(n) be the order statistics of the n locations, i.e., X(k) is the
kth smallest of the X1, . . . , Xn. The random graph Gn,r is constructed as in Sec. 4.1.1.

We define the ordered graph Ĝn,r as the graph with nodes V = {1, . . . , n} and edges

Ê = {(i, j) ∈ V × V | |X(i) −X(j)| ≤ r, i < j}.

In the following, Ĝn,r denotes the support of the random ordered graph Ĝn,r.

Lemma 1. The graphs Gn,r and Ĝn,r are isomorphic.

Proof. Let σ : {1, . . . , n} → {1, . . . , n} be the bijection that reindexes the points in
ascending order of their location, such that Xσ−1(1) ≤ Xσ−1(2) ≤ . . . ≤ Xσ−1(n), i.e.,
Xσ−1(i) ≡ X(i) is the ith order statistic of the random locations. From the definitions of

Gn,r and Ĝn,r, it can be verified that σ is an edge-preserving permutation and therefore
an isomorphism.

For example, the sets of locations in Fig. 2a and Fig. 2b generate the same ordered
graph, which is depicted without the vertex labels in Fig. 3.

4.2.2 Maximal Cliques

In the following, an ordered geometric graph is represented in terms of its constituent
maximal cliques. A clique of a graph is a subset of the vertices of the graph, such that
any two vertices are adjacent, i.e., the subgraph induced by the clique is complete. A
clique is maximal if it is not a subset of a larger clique, i.e., no adjacent vertex can
be included to extend the clique. The number of maximal cliques of a graph with
n vertices can take any value between one and n, the extremes corresponding to the
complete graph and respectively the empty graph (in which case each maximal clique
consists of one isolated node).

Ordered graphs have the following basic property.

Lemma 2. If nodes i and j, i < j, of Ĝn,r are connected by an edge, then the set of
vertices {i, i+ 1, . . . , j} is a clique.
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Proof. Given that (i, j) is an edge, |X(j) − X(i)| ≤ r. Furthermore, for the order
statistic (X(1), . . . , X(n)), it holds that |X(l) − X(k)| ≤ |X(j) − X(i)| ≤ r, for all k, l ∈
{i, i + 1, . . . , j}. It follows that (k, l) is an edge, for every k, l ∈ {i, i + 1, . . . , j}, and
therefore {i, i+ 1, . . . , j} is a clique.

Thus, a maximal clique of Ĝn,r can be identified by its end-nodes only (i.e., those
with lowest and highest indices), so that we denote a maximal clique {a, a+ 1, . . . , b},
a ≤ b, by [a : b]. In this way, any ordered graph having k maximal cliques (1 ≤ k ≤ n)
can be represented by the set {[a1 : b1], . . . , [ak : bk]}, where the indices of the end-nodes
of the maximal cliques need to satisfy

1 = a1 < a2 < . . . < ak ≤ n,

1 ≤ b1 < b2 < . . . < bk = n,

ai+1 ≤ bi + 1, i = 1, . . . , k − 1.

(23)

The above conditions ensure that the maximal cliques cannot include one another,
although they may be overlapping, and each vertex belongs to at least one maximal
clique. When ai+1 ≤ bi, the ith and (i+ 1)th maximal cliques are overlapping, whereas
when ai+1 = bi + 1 there is a break in the ordered graph between vertices bi and bi + 1.
Also, it is possible that ai = bi for some i, which occurs when node ai is isolated and
thus constitutes, itself, the ith maximal clique. The example in Fig. 4 illustrates the
decomposition of an ordered graph into its constituent maximal cliques.

4.2.3 Ordered Graphs and Structures

Lemma 3. Any isomorphism π between two connected ordered graphs in Ĝn,r is either
the identity π(i) = i, for all i ∈ V , or the “backward identity” π(i) = n− i+ 1, for all
i ∈ V .

Proof. Let G and G′ be two outcomes of Ĝn,r that are connected and isomorphic.
We consider their maximal-clique representations G ≡ {[a1 : b1], . . . , [ak : bk]} and
G′ ≡ {[a′1 : b′1], . . . , [a

′
k′ : b′k′ ]}, where the end-nodes satisfy the conditions (23) with the

stronger restriction that the strict inequalities ai+1 < bi + 1 and a′j+1 < b′j + 1 must
hold, because the graphs are connected and therefore consecutive maximal cliques must
overlap. Note that the isomorphism π maps each maximal clique of G onto a unique
maximal clique of G′. Therefore, the two graphs have the same number of maximal
cliques, i.e., k′ = k. Moreover, since consecutive maximal cliques are overlapping, any
two successive maximal cliques of G are mapped by π onto two consecutive maximal
cliques of G′. In particular, noting that the first (i.e., leftmost) maximal clique [1 : b1]
of G does not have a preceding maximal clique, it follows that [1 : b1] is mapped onto
either [1 : b′1], in which case b′1 = b1 and π(i) = i, i = 1, . . . , b1, or [a′k, n], in which
case a′k = n − b1 + 1 and and π(i) = n − i + 1, i = 1, . . . , b1. Then, by considering
all the maximal cliques in succession, it results that π can only be the identity or the
backward identity.
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Figure 4: Illustration of the decomposition of an ordered graph into maximal cliques:
(a) the locations of n = 10 points (b) the ordered graph determined by the set of
locations and connection range r = 0.2; (c) the ordered graph consists of five maximal
cliques: [1 : 4], [2 : 5], [4 : 6], [5 : 7], and [8 : 10]; each maximal clique is a complete
subgraph.
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Proposition 1. The connected graphs in Gn,r that have the same structure have corre-
sponding ordered graphs that are identical up to left-right reversal.

Proof. The result follows from Lemma 1 and Lemma 3, together with the fact that
composition of isomorphisms is an isomorphism.

Similarly to the surjection f introduced earlier, which maps each graph of Gn,r to

its corresponding structure in Sn,r, we now define the surjective map f̂ : Ĝn,r → Sn,r,
which associates each ordered graph with its structure.

Proposition 1 enables us to study connected ordered graphs of Ĝn,r as representatives
of the connected structures in Sn,r, with the understanding that an ordered graph and
its image under left-right reversal represent the same structure. Accordingly, for each
S ∈ Sn,r that is connected, it holds that either |f̂−1(S)| = 1, when the ordered graph

in f̂−1(S) is left-right symmetrical, or |f̂−1(S)| = 2, otherwise.
Disconnected structures can be treated similarly. In this case, permutations of con-

nected components of an ordered graph should also be considered identical, in addition
to left-right reversal. Thus, in general, the number of ordered graphs that have a
common structure S with NS connected components satisfies

1 ≤ |f̂−1(S)| ≤ 2NSNS! (24)

4.3 Counting Structures

In this section, we assess the number of distinct structures of the graphs in Gn,r, i.e., the
cardinality of Sn,r, for any number of nodes n, connection range r > 0, and probability
distribution of the node locations. Specifically, we exploit the connection between
structure and ordered graphs made in the previous section to find an upper bound on
|Sn,r|, which finally gives the bound on the structural entropy presented in Theorem 1.

4.3.1 Total Number of Structures

Based on the surjection f defined in Sec. 4.1, the number of structures can be expressed
as

|Sn,r| =
∑
G∈Gn,r

1

|f−1(f(G))|
, (25)

where the denominator gives the size of the equivalence class the graph G ∈ Gn,r belongs
to. We will however consider the following alternative expression based on the ordered
graphs

|Sn,r| =
∑
G∈Ĝn,r

1

|f̂−1(f̂(G))|
≤ |Ĝn,r|, (26)

because we are able to find an upper limit for the number of ordered graphs. Moreover,
the set Ĝn,r is smaller than Gn,r. By doing so, we obtain the following upper bound on
the number of structures.
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Proposition 2. For any number of nodes n, spatial distribution of the nodes, and
connection range r > 0, the number of structures in Sn,r is upper bounded by the nth
Catalan number, i.e.,

|Sn,r| ≤ cn =
1

n+ 1

(
2n

n

)
<

4n

n3/2
√
π
. (27)

It is well known that the Catalan number cn and 4n

n3/2
√
π

are asymptotically equiva-

lent, which means that the last inequality in (27) is tight for large n.
Given that the entropy of any distribution is upper bounded by the cardinality of

the support, we have H(Sn,r) < log2 |Sn,r|, such that Proposition 2 immediately gives
the following result.

Theorem 1. For any number n of points, any spatial distribution of the points, and
any connection range r > 0, the structural entropy is upper bounded by

H(Sn,r) < 2n− 3

2
log2 n−

1

2
log2 π. (28)

4.3.2 Number of Connected Structures

Considering now only connected graphs, let Ĝcn,r and Sc
n,r be the subsets that include

all the connected graphs/structures of Ĝn,r and Sn,r, respectively. In the asymptotically
connected regime (i.e., for an appropriate connection range r such that Gn,r is connected
with probability one as n grows large, as defined in Sec. 4.1.2), the graph Gn,r is

connected with probability one, such that Ĝcn,r = Ĝn,r and Sc
n,r = Sn,r (the sets Ĝn,r and

Sn,r include only connected graphs and structures).
The following bounds on the number of connected structures follow from the fact

that f̂−1(S) has at most two elements for connected S:

1

2
|Ĝcn,r| ≤ |Sc

n,r| ≤ |Ĝcn,r|. (29)

By finding an upper limit for |Ĝcn,r|, we obtain the following upper bound for |Sc
n,r|.

Proposition 3. For any number of nodes n, spatial distribution of the nodes, and
connection range r > 0, the number of connected structures in Sn,r is upper bounded by

|Sc
n,r| ≤ cn−1 =

1

n

(
2n− 2

n− 1

)
. (30)

4.4 Probabilistic characterization of maximal cliques

Theorem 2 (Inner maximal cliques). In an ordered graph with n nodes and connection
range r ∈ (0, 1), the probability that [i, j], with 1 < i ≤ j < n, is a maximal clique is

P([i, j]) =

{∑n
a=j−i(−1)a−j+i

(
n
a

)
ra(1− r)n−a, if r ≤ 1

2
and j ≥ i∑j−i−1

a=0 (−1)j−i−1−a
(
n
a

)
ra(1− r)n−a, if r > 1

2
and j > i.

(31)
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Proof. The conditions for [i, j] to be a maximal are X(j) −X(i) < r, X(j) −X(i−1) > r
and X(j+1) −X(i) > r. We first consider the probability that [i, j] is a maximal clique,
given the coordinates X(i) = x and X(j) = y, where y− x < r, as depicted in Fig. 5. In
this case, the distributions of

(
X(1), . . . , X(i−1)

)
and

(
X(j+1), . . . , X(n)

)
are conditionally

independent, each representing the order statistics of i−1 and respectively n− j points
uniformly distributed on [0, x] and [y, 1], respectively.

0 1
•

i− 1
•
i

x
•
j

y
•

j + 1

y − r x+ r

Figure 5: Illustration of the maximal clique [i, j], given that X(i) = x and X(j) = y with
y − x < r; the conditions are X(i−1) < y − r and X(j+1) > x+ r.

Thus, we have

P
(
[i, j] | X(i) = x,X(j) = y

)
= P

(
y −X(i−1) > r | X(i) = x,X(j) = y

)
P
(
X(j+1) − x > r | X(i) = x,X(j) = y

)
= P

(
x−X(i−1) > r − (y − x) | X(i) = x,X(j) = y

)
× P

(
X(j+1) − y > r − (y − x) | X(i) = x,X(j) = y

)
=

(
1− r − (y − x)

x

)i−1(
1− r − (y − x)

1− y

)n−j
where in the last line we have used the expression for the gap distribution [], scaled by
the length of the corresponding interval. The joint pdf of X(i)and X(j) is []

fX(i),X(j)
(x, y) =

n!xi−1(y − x)j−i−1yn−j

(i− 1)! (j − i− 1)! (n− j)!
. (32)

Denote C = {(x, y) ∈ [0, 1]2 | y − x < r, y − r > 0, x+ r < 1}. We have

P ([i, j]) =

∫∫
(x,y)∈C

P
(
[i, j] | X(i) = x,X(j) = y

)
fX(i),X(j)

(x, y) dx dy

=

∫∫
(x,y)∈C

n! (y − r)i−1(y − x)j−i−1(1− r − x)n−j

(i− 1)! (j − i− 1)! (n− j)!
dx dy (33)

Let u = y − x. For r ≤ 1/2, we write (33) as

P ([i, j]) = n!

∫ r

0

du

∫ 1−r

r−u
dx

(x+ u− r)i−1uj−i−1(1− r − x)n−j

(i− 1)! (j − i− 1)! (n− j)!
(34)

We make the transformation x→ (r − u)x+ (1− r)(1− x) and obtain

P ([i, j]) = n!

∫ r

0

du
uj−i−1(1− 2r + u)n−j+i

(i− 1)! (j − i− 1)! (n− j)!

∫ 1

0

xi−1(1− x)n−j dt (35)

= n!

∫ r

0

uj−i−1(1− 2r + u)n−j+i

(j − i− 1)! (n− j + i)!
du (36)
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Next, we expand

(1− 2r + u)n−j+i =

n−j+i∑
a=0

(−1)a
(
n− j + i

a

)
(r − u)a(1− r)n−j+i−a (37)

and make the change u→ ru, such that we obtain

P ([i, j]) =

n−j+i∑
a=0

(−1)a
n! ra+j−i(1− r)n−j+i−a

(n− j + i− a)!

∫ 1

0

uj−i−1(1− u)a

(j − i− 1)! a!
du (38)

=

n−j+i∑
a=0

(−1)a
n! ra+j−i(1− r)n−j+i−a

(n− j + i− a)! (j − i+ a)!
(39)

=
n∑

a=j−i

(−1)a−j+i
(
n

a

)
ra(1− r)n−a (40)

When r > 1/2, we have different integration limits in (34), i.e.,

P ([i, j]) = n!

∫ r

2r−1
du

∫ 1−r

r−u
dx

(x+ u− r)i−1uj−i−1(1− r − x)n−j

(i− 1)! (j − i− 1)! (n− j)!
. (41)

Similar calculations yield the result in (31).

Remarkably, the probability (31) depends on the size of the maximal clique only
and not on the absolute values of the indices of the left and right nodes.

Corollary 1 (Recursive identity). The maximal-clique probabilities satisfy

P([i, j + 1]) = −P([i, j]) +

(
n

j − i

)
rj−i(1− r)n−j+i, (42)

for any i ≥ 2, i ≤ j ≤ n− 2 and r ∈ (0, 1).

Proof. The identity can be verified from (31).

Because of the effect of the margins, the probabilities are different in the case when
i = 1 and/or j = n, as shown next.

Proposition 4 (Boundary effects). In an ordered graph with n nodes and connection
range r ∈ (0, 1), the probability of observing a maximal clique containing the leftmost
and/or rightmost nodes is

P([1, j]) = P([n− j + 1, n]) =

(
n

j − 1

)
rj−1(1− r)n−j+1, 1 ≤ j < n, (43)

and
P([1, n]) = n rn−1 − (n− 1)rn. (44)
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Proof. The proof follows the steps of the previous one, just that there are fewer con-
ditions for the maximal cliques at the boundaries. The conditions for [1, j] to be a
maximal are that X(j) −X(1) < r and X(j+1) −X(1) > r, which gives

P
(
[1, j] | X(1) = x,X(j) = y

)
=

(
1− r − (y − x)

1− y

)n−j
(45)

Multiplying by the joint pdf (32) (with i = 1) and marginalizing, we obtain

P ([1, j]) = n!

∫ r

0

du

∫ 1−r

0

dx
uj−2(1− r − x)n−j

(j − 2)! (n− j)!
(46)

=

(
n

j − 1

)
rj−1(1− r)n−j+1. (47)

For [1, n] to be maximal clique, the condition is X(n) −X(1) < r, which gives

P ([1, n]) = n!

∫ r

0

du

∫ 1−u

0

dx
un−2

(n− 2)!
(48)

= n(n− 1)

∫ r

0

un−2(1− u) du = n rn−1 − (n− 1)rn. (49)
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Figure 6: The probability of observing a maximal clique with leftmost node index
a = 10 vs. the index b of the rightmost node; n = 30 nodes and (left) r = 0.1× lnn

n
and

(right) r = lnn
n

.

Corollary 2 (Endpoint of a maximal clique). When r � 1, node i (i ≥ 2) is the left
endpoint of a maximal clique with probability P([i, ·]) = 1

2
+ 1

2
(1− 2r)n.
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Proof. The probability that node i (i ≥ 2) is the left endpoint of a maximal clique is
P([i, ·]) =

∑n
j=i P[(i, j)]. In the identity (42) we sum over all j’s and get

−P([i, i]) + 2
n∑
j=i

P([i, j]) =
n∑
j=i

(
n

j − i

)
rj−i(1− r)n−j+i. (50)

Thus,

P([i, ·]) =
1

2
(1− 2r)n +

1

2

n−i∑
a=0

(
n

a

)
ra(1− r)n−a. (51)

Since r � 1 and P([i, j]) is exponentially decaying with j, we extend the summation
limit up to n, as those extra terms are insignificant, such that

P([i, ·]) =
1

2
+

1

2
(1− 2r)n. (52)

Note that we ignored the margin effect (i.e., when i is close to n), which influences the
last O(nr) nodes.

Corollary 3 (Average number of maximal cliques). When r � 1, the expected number
of maximal cliques is n

2
+ n

2
(1− 2r)n.

Proof. Let Ai ∈ {0, 1} be a variable that indicates whether node i is the left endpoint
of a maximal clique. The number of maximal cliques is K =

∑
iAi and its expected

value is thus
E[K] =

∑
i

E[Ai] =
∑
i

P([i, ·]) =
n

2
+
n

2
(1− 2r)n. (53)

Corollary 4 (Size of a maximal clique). When n is large and lnn
n
< r � 1, the size of

a maximal clique starting at node i has size S = j − i+ 1 with distribution

P(Si = s) = 2
n∑

k=s−1

(
n

k

)
(−1)s−1+krk(1− r)n−k (54)

Corollary 5 (Average size of a maximal clique). When n is large and lnn
n
< r � 1,

the average size of a maximal clique is nr + 3
2
.

Theorem 3. The entropy of an ordered graph is bounded by

H(Ĝn,r) < E[K]H(S) +H(K) (55)

Proof. By viewing the ordered graph as a collection of K maximal cliques C1, . . . , CK ,
where Ck = [ak, bk] is a maximal clique with endpoints ak and bk, we express

H(Ĝn,r) = H(C1, . . . , CK | K) +H(K)−H(K | Ĝn,r). (56)
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Figure 7: The entropy of random ordered graphs with n = 12 nodes vs. the connection
range and the upper bound in Theorem 1 and Theorem 3.

Given Ĝn,r, the maximal-clique decomposition is unique and thus deterministic, which

implies K | Ĝn,r is deterministic, such that H(K | Ĝn,r) = 0. Using the sub-additivity
property of joint entropy and then the fact that conditioning reduces entropy, we obtain

H(Ĝn,r) <
∑
k

P(K = k)
k∑
l=1

H(Cl | K = k) +H(K) (57)

<
∑
k

P(K = k)
k∑
l=1

H(Cl) +H(K) (58)

Ignoring the effect of the boundary, the maximal cliques have identical marginal distri-
bution, which is actually the distribution of the size, we finally obtain

H(Ĝn,r) < E[K]H(S) +H(K) (59)

4.5 Bounds on the Structural Entropy

In the previous section, we characterized the structural complexity of the considered
random geometric graph model by studying the number of possible structures in Sn,r.
That is, all the different structures were equally accounted for without taking into
account the distribution of the node locations. However, the distribution of the locations
dictates how prevalent the different structures are in the ensemble of graphs.

In this section, we focus on the structural entropy H(Sn,r) given by (22) and thus
explicitly consider the distribution of the locations. We further exploit the connection
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between the random structure Sn,r and the ordered graph Ĝn,r to obtain upper and
lower bounds on H(Sn,r).

Lemma 4. For any number of nodes n, distribution of the locations, and connection
range r,

H(Sn,r) ≤ H(Ĝn,r). (60)

Proof. According to the map f̂ introduced in Sec. 4.2.3,

H(Sn,r) = H(f̂(Ĝn,r)) ≤ H(Ĝn,r), (61)

where the inequality holds because the entropy of deterministic functions of a random
variable is no larger than the entropy of the variable [20].

When considering only the connected graphs, we find an upper bound and a lower
bound that determine the structural entropy within one bit.

Lemma 5. Let Sc
n,r denote the random structure conditioned on it being connected.

The connected ordered graph Ĝc
n,r is similarly defined. Then, for any number of nodes

n, distribution of the locations, and connection range r,

H(Ĝc
n,r)− 1 ≤ H(Sc

n,r) ≤ H(Ĝc
n,r). (62)

Proof. As established earlier, the preimage f̂−1(S) for connected structures contains
only one element when S is left-right symmetrical, and two elements, otherwise. Thus,
for any S ∈ Sc

n,r, (20) gives

P (S) =

{
P (Ĝ), if S is symm., S = f̂(Ĝ),

P (Ĝ1) + P (Ĝ2), if S is asymm., Ĝ1, Ĝ2 ∈ f̂−1(S).
(63)

We now write

H(Ĝc
n,r) = −

∑
Ĝ∈Ĝcn,r

P (Ĝ) log2 P (Ĝ)

= −
∑
S∈Scn,r

∑
Ĝ∈f−1(S)

P (Ĝ) log2 P (Ĝ). (64)

For any asymmetrical structure S, define qS = 1
P (S)

min(P (Ĝ1), P (Ĝ2)), where {Ĝ1, Ĝ2} ≡
f̂−1(S). From (63), qS < 1. Using (63), we further express (64) as

H(Ĝc
n,r) = −

∑
S∈Scn,r

P (S) log2 P (S)−
∑
S∈Scn,r

S asymm.

P (S) [qS log2 qS + (1− qS) log2(1− qS)]

(65)

= H(Sc
n,r) +

∑
S∈Scn,r

S asymm.

P (S)Hb(qS), (66)
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...

i− Li

...

i+ 1− Li+1

...
i i+ 1

...

Figure 8: In this illustration, node i−Li is the leftmost neighbor of node i, i.e., node i is
connected by an edge to nodes i−Li, i−Li+1, . . . , i−1 but not to nodes 1, . . . , i−Li−1.
Similarly, node i+ 1 has Li+1 neighbors to the left.

where Hb(·) is the binary entropy function. Given that Hb takes on values smaller than
one and P (S) is a probability distribution, the sum term above is between zero and
one, and the desired result follows.

Lemmas 4 and 5 give upper and lower bounds on the structural entropy in terms
of the entropy of the ordered graph, H(Ĝn,r). In the following, we find bounds on

H(Ĝn,r) and study them for i.u.d. point locations and different scaling functions rn,
results which ultimately transfer to bounds for the structural entropy.

4.5.1 Upper bound on H(Ĝn,r)

We represent Ĝn,r in terms of the number of leftward neighbors the nodes have, as

follows. Recall that the vertices of Ĝn,r are indexed in increasing order from left to
right, according to the order of their locations. For all i ∈ {2, . . . , n}, let Li be the
number of neighbors that node i has to the left, which satisfies 0 ≤ Li ≤ i− 1. It can
be inspected (e.g., see Fig. 8) that 0 ≤ Li+1 ≤ Li + 1.

As there is a one-to-one relationship between Ĝn,r and (L2, . . . , Ln), we write

H(Ĝn,r) = H(L2, . . . , Ln)

≤ H(L2) +
n−1∑
i=2

H(Li+1 | Li), (67)

where the inequality is obtained by applying the chain rule for entropy and then dis-
carding some of the conditioning variables together with the fact that conditioning
reduces the entropy.

To evaluate the upper bound (67), we next obtain the joint probability P(Li =
a, Li+1 = b) for independently and uniformly distributed points, where 0 ≤ a ≤ i − 1
and 0 ≤ b ≤ a+ 1.

When 0 ≤ a ≤ i − 2 and 1 ≤ b ≤ a + 1: For nodes i and i + 1 to have Li and
respectively Li+1 leftward neighbors, the points must be spatially located as follows:
i−Li−1 points in [0, X(i)−r); Li−Li+1+1 points in [X(i)−r,X(i+1)−r); Li+1−1 points
in [X(i+1)− r,X(i)); 0 points in (X(i), X(i+1)); and, finally, n− i− 1 points in (X(i+1), 1].
When the n points are independent and uniformly distributed on [0, 1], we obtain the
joint probability by integrating the multinomial distribution over the feasible values of
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the locations x and y of nodes i and i+ 1, respectively. That is,

P(Li = a, Li+1 = b) =

∫∫
D

n! (x− r)i−a−1(y − x)a−b+1(r + x− y)b−1(1− y)n−i−1

(i− a− 1)! (a− b+ 1)! (b− 1)! (n− i− 1)!
dx dy,

(68)
where the integration domain is D = {(x, y) ∈ (0, 1)2 | x > r, y > x, y < x + r, y < 1}.
Assuming r < 1/2, we make the change of variable y− x = u, such that 0 < u < r and
r < x < 1− u, and obtain

P(Li = a, Li+1 = b) =

∫ r

0

n!ua−b+1(r − u)b−1

(a− b+ 1)! (b− 1)!

∫ 1−u

r

(x− r)i−a−1(1− u− x)n−i−1

(i− a− 1)! (n− i− 1)!
dx du

(69)

=

∫ r

0

n!ua−b+1(r − u)b−1(1− r − u)n−a−1

(a− b+ 1)! (b− 1)! (n− a− 1)!
du (70)

=

∫ 1

0

n! ra+1 ta−b+1(1− t)b−1(1− r − rt)n−a−1

(a− b+ 1)! (b− 1)! (n− a− 1)!
dt, (71)

for all 0 ≤ a ≤ i− 2 and 1 ≤ b ≤ a+ 1.
When 0 ≤ a ≤ i− 2 and b = 0: In this case, assuming r < 1/2, the following must

hold: X(i+1) −X(i) > r; i− Li − 1 points in [0, X(i) − r); Li points in [X(i) − r,X(i)); 0
points in (X(i), X(i+1)); and, finally, n− i− 1 points in (X(i+1), 1). Thus, we write

P(Li = a, Li+1 = 0) =

∫ 1−r

r

∫ 1

x+r

n! (x− r)i−a−1ra(1− y)n−i−1

(i− a− 1)! a! (n− i− 1)!
dx dy

=

(
n

a

)
ra(1− 2r)n−a. (72)

From the two cases above, we find that

P(Li = a) =
a+1∑
b=0

P(Li = a, Li+1 = b)

=

(
n

a

)
ra(1− r)n−a, (73)

for all a = 0, . . . , i− 2, and therefore

P(Li = i− 1) = 1−
i−2∑
a=0

P(Li = a)

=
n∑

a=i−1

(
n

a

)
ra(1− r)n−a

Thus, Li has a truncated binomial distribution, as a consequence of the left margin.
The margin effect however becomes insignificant for large n and small r, as i � 1 for
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Figure 9: The upper bound on the structural entropy per node for large n and rn = x
n
.

most of the terms in (67) and P(Li = i − 1) corresponds to the tail of the binomial
distribution.

Based on (67), we obtain the following result.

Proposition 5. When the point locations X1, . . . , Xn are i.u.d. and the connection
range scales with n such that limn→∞ nr

2
n = 0, then

lim
n→∞

1

n
H(Ĝn,r) =

{
h(x), if limn→∞ nrn = x <∞,
2, if limn→∞ nrn =∞,

(74)

where the function h : [0,∞)→ R+ is given by

h(x) =
x e−x

ln 2
−
∞∑
a=0

xae−x

a!

a∑
k=0

x

a+ 1
M(k+1, a+2,−x) log2

(
x

a+ 1
M(k + 1, a+ 2,−x)

)
(75)

with M being Kummer’s confluent hypergeometric function.

For example, when the connection range function is rn = x
n
, for some finite x > 0,

the structural entropy per node is upper bounded by the curve in Fig. 9 when n grows
large; the upper bound asymptotically approaches 2 bits in this case. When rn = x lnn

n
,

the upper bound equals 2 bits for any finite x (i.e., it is constant), when n→∞.
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4.5.2 Lower bound on H(Ĝn,r)

Similarly to (67), we represent the ordered graph in terms of the numbers of leftward
nodes, such that

H(Ĝn,r) = H(L2, . . . , Ln)

= H(L2) +
n−1∑
i=2

H(Li+1 | L1, . . . , Li) (76)

≥ H(L2) +
n−1∑
i=2

H(Li+1 | L1, . . . , Li, X1, . . . , Xi) (77)

= H(L2) +
n−1∑
i=2

H(Li+1 | X1, . . . , Xi) (78)

By determining the conditional distribution of the number of neighbors to the left,
given the locations of those neighbors, we then obtain the following result.

Proposition 6. When the point locations X1, . . . , Xn are i.u.d. and the connection
range rn is proportional to lnn

n
(i.e., in the asymptotically connected regime)

lim
n→∞

1

n
H(Ĝn,r) ≥

5

4 ln 2
≈ 1.8. (79)

4.6 Compression Scheme

Propositions 5 and 6 tell us that, in the asymptotically connected regime (which is rel-
evant for connected yet power efficient wireless networks), we need somewhere between
1.8 and 2 bits per node to represent large 1D networks. Based on the graph repre-
sentation in terms of its maximal cliques, we devise the following compression scheme
that requires 2 bits per node, i.e., it asymptotically achieves the 2 bits per node upper
bound obtained previously.

Let a and b be two binary strings of length n. The ones in a and b indicate the
end-nodes of the maximal cliques. Specifically, the position of the kth one in a (b) gives
the index of the leftmost (rightmost) node of the kth maximal clique. For example, the
graph in Fig. 4 is encoded as a = 1101100100 and b = 0001111001.
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5 Conclusions

The primary contributions generated within this project are summarized in the entropy
bounds for directed and asymptotically connected graphs given in this report. Crucially,
the bounds on the structural entropy in one dimensional networks point to a very
simple compression scheme with encoding that is linear in the number of nodes. For
(quasi-) one-dimensional networks, such as convoys, one may use this encoding scheme
to propagate information about the topological structure of the network quickly and
efficiently to all devices in a time period that grows linearly with the size of the network.

While not fully explored in the project, the secondary contributions associated with
physical layer performance and the timeliness of network state information point to
further refinements of the theory presented herein. Such refinements could consider the
effect of node mobility and transmission delays on TD performance.

Of fundamental interest is the consideration of higher-dimensional networks – espe-
cially 2-D – and the entropy scaling properties of such systems. Additionally, it should
be noted that all results reported herein were obtained under the assumption that loss-
less compression of the network state information is required. A natural modification
to this assumption would be to treat the lossy case, whereby a rate-distortion theory of
graph compression would need to be developed. This is a rich area of research worthy
of further investigation.
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