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• PROJECT GOALS: 

1. Develop new DNA-based data storage system that use native DNA, or 

combinations of native and synthetic DNA for massive DNA storage of 

heterogeneous data in order to enable parallel writing, fast random 

access and single-bit random access, reduce the cost and latency of 

the reading/writing process.  

2. Enable multidimensional storage both in the DNA content and 

backbone via a combination of synthetic DNA and superimposed nicks 

for metadata. Extend the capability of molecular recorders to allow for 

easy privacy-preserving information erasure and rewriting. 

3. Develop new coding and machine learning methods specialized for the 

DNA storage media that increase the reliability of the recording 

system.  

4. Develop watermarking and other authentication protocols for DNA-

encoded data da and implement multilevel flash memory storage 

systems via enzymatic synthesis of length-modulated tails at the sites 

of nicks.  

5. Develop the first known parallel, in-memory computing paradigm that 

operates directly on data stored in DNA. In particular, demonstrate 

massively parallel single instruction set register incrementing, Rule 

110 and sorting in memory on nicked data. 



 

The role of team members from the University of Illinois was to address Project 

Goals 1-4. Subawardees from University of Texas, Austin and University of 

Minnesota were tasked with addressing Project Goal 5. 

 

• SUMMARY OF CONTRIBUTIONS: 

1. Developed the theoretical underpinnings of the first DNA-based data storage 

paradigm that uses native (bacterial) DNA as the storage media (Part I of the 

report). 

2. Experimentally implemented the system by encoding both text and imaging 

data. The key idea is to record information in the form of nicks in the sugar-

phosphate backbone, with a nick representing either 1,2 (sense,antisense) 

or 0 (no nick) (Part I of the report). 

3. Optimized a new class of nicking enzymes (PfAgo) to operate in parallel 

fashion with negligible off-target activity (Part I of the report). 

4. Performed the first nanopore sequencing experiments for the purpose of 

detecting nicks, toeholds and tails (Part I of the report). 

5. Enabled the first bitwise random access protocol for DNA-based data 

storage (Part I of the report). 

6. Developed new coding methods for error-correction (e.g., coded trace 

reconstruction), constrained coding (e.g., set codes) and image inpainting 

methods for data reconstruction. 

7. Devised the first in-memory computing method that operates directly on 

information stored in DNA nicks. The paradigm, termed SIMDNA, combines 

strand displacement with unique in memory protocols for register 

incrementing, Rule 110 and sorting.  

8. Work in progress includes writing out the results for DNA flash memories. 
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1 System Architecture of DNA Punchcards 

 

Synthetic DNA-based data storage systems (1-11) have received significant attention due to the 

promise of ultrahigh storage density. However, all proposed systems suffer from high cost, read-

write latency and error-rates that render them impractical. One means to avoid synthesizing DNA 

is to use readily available native DNA. As native DNA content is fixed, one may adopt an 

alternative recording strategy that modifies the DNA topology to encode desired information. We 

developed the first macromolecular storage paradigm in which data is written in the form of “nicks 

(punches)” at predetermined positions on the sugar-phosphate backbone of native dsDNA. The 

platform accommodates parallel nicking on multiple “orthogonal” genomic DNA fragments, paired 

nicking and disassociation for creating “toehold” regions that enable single-bit random access and 

strand displacement. As a proof of concept, we used the multiple-turnover programmable 

restriction enzyme Pyrococcus furiosus Argonaute (12) to punch files into the PCR products of 

Escherichia coli genomic DNA. The encoded data is reliably reconstructed through simple read 

alignment.



All existing DNA-based data recording architectures store user content in synthetic DNA 

oligos (1-11) and retrieve desired information via next-generation (e.g., HiSeq and MiSeq) or 

nanopore sequencing technologies (5). Although DNA sequencing can be performed routinely 

and at low cost, de novo synthesis of DNA strands with a predetermined content is a major 

bottleneck (14); DNA synthesis protocols add one nucleotide per cycle and are inherently slow 

and prohibitively expensive compared to existing optical and magnetic writing mechanisms. To 

address these limitations of DNA-based data storage systems and reduce their cost, we 

developed a new storage paradigm that represents information via in vitro topological 

modifications on native DNA sequences (e.g., genomic DNA or its cloned or PCR-amplified 

products).  

In the write component of the proposed system (Figure 1, top), binary user information is 

converted into a positional code that describes where native DNA sequence is to be topologically 

modified, i.e. nicked. A nick is a cut in the sugar-phosphate backbone between two adjacent 

nucleotides in double-stranded DNA, and each nick encodes either log$ 2 = 1 bit (if only one 

strand is allowed to be nicked or left unchanged) or log$ 3 = 1.58  bits (if either of the two strands 

is allowed to be nicked or both left unchanged). As bacterial cells are easy to handle and grow, 

the native DNA nicking substrates of choice are the PCR products of one or multiple regions of 

the bacterial genomic DNA, that can be easily isolated via simple and inexpensive commercially 

available protocols. Native DNA is organized into orthogonal registers, with each register 

represented by multiple replicas of one isolated genomic region; two registers are termed 

orthogonal if their sequence edit distance is sufficiently large (>55%). Each register is nicked in a 

combinatorial fashion, determined by the information content to be stored. To enable fast and 

efficient data recording, a library of registers with desired nicking site patterns is created in 

parallel. Registers or orthogonal registers are subsequently placed into grids of microplates that 

enable random access to registers and spatially organize the data, similar to tracks and sectors 

on disks and tapes.  

In the read component of the proposed system (Figure 1, bottom), nicked DNA may be 

processed using different protocols: next-generation sequencing (NGS), solid-state nanopore 

sequencing and strand displacement (16-18). As demonstrated by our molecular dynamics 

simulations, MoS2 nanopore sequencers can operate directly on the nicked DNA by correlating 

ionic and transverse sheet currents (Figures S12-S14).  

The register chosen for experimental verification is a DNA fragment of length 450 bps that 

was PCR-amplified from the genomic DNA of E. coli K12 MG1655. The register contains ten 



designated nicking positions. Although registers as long as 10 Kbps can be easily accommodated, 

they are harder to read; hence, multiple orthogonal registers are preferred to long registers. The 

nicking positions are determined based on four straightforward to accommodate sequence 

composition constraints that enable precise nicking. To prevent disassociation of the two strands 

at room temperature, the nicking sites are placed at a conservative distance of at least 25 bps 

apart. The user file is parsed into 10-bit strings which are converted into nicking positions of 

spatially arranged registers, according to the rule that a ‘1’ corresponds to a nick, while a ‘0’ 

corresponds to the absence of a nick (the number of bits recorded is chosen based on the density 

of nicks and the length of the register). As an example, the string 0110000100 is converted into 

the positional code 238, indicating that nicking needs to be performed at the 2nd, 3rd and 8th 

positions (Figure 2A). Note that recording the bit ‘0’ does not require any reactions, as it 

corresponds to the “no nick” ground state. Therefore, nick-based recording effectively reduces 

the size of the file to be actually recorded by half. This property of native DNA storage resembles 

that of compact disk (CD) and other recorders. 

2 Writing Mechanisms 

As the writing tool, we needed to choose a nicking enzyme with optimized programmability 

and nicking activity. Nicking endonucleases (natural/engineered) are only able to detect specific 

sequences in DNA strands; they can bind certain nucleotide sequences. Also, Streptococcus 

pyogenes Cas9 nickase (SpCas9n), as a widely used tool for genetic engineering applications, 

requires the presence of a protospacer adjacent motif (PAM) sequence (NGG) at the 3’ site of the 

target DNA. The NGG motif constraint limits the nicking space to 1/16 of the available positions. 

The SpCas9n complex uses RNA guides (gRNAs) to bind the target, which makes it unstable and 

hard to handle. Furthermore, SpCas9n is a single turnover enzyme (15), i.e., one molecule of the 

enzyme can generate one nick per DNA molecule only. These make SpCas9n exhibit low 

efficiency and versatility for storage applications. To address these problems, we used the 

programmable restriction enzyme Pyrococcus furiosus Argonaute (PfAgo) (12) as our writing tool. 

PfAgo has significantly larger flexibility in double-stranded DNA cleaving than SpCas9n and, most 

importantly, has a high turnover rate (one enzyme molecule can be used to create a large number 

of nicks). PfAgo also uses 16 nt 5’-phosphorylated DNA guides (gDNAs) that are more stable and 

easier to handle in vitro. We experimentally demonstrated that under proper reaction conditions, 

PfAgo can successfully perform simultaneous nicking of multiple prescribed sites with high 

efficiency and precision within 40 min. A comparison of the nicking performance of SpCas9n and 

PfAgo may be found in Table S2 and Figure S3-4.  



To facilitate writing multiple user files in parallel, we designed PfAgo guides for all ten 

nicking positions in the chosen register and created registers bearing all 210 = 1024 nicking 

combinations (Table S3). Registers were placed in microplates in an order dictated by the content 

to be encoded.  

Since the length, sequence composition and nicking sites of a register are all known 

beforehand, reading amounts to detecting the positions of the nicks. The nicked registers are first 

denatured, resulting in ssDNA fragments of variable length dictated by the nicked positions. These 

length-modulated ssDNA fragments are subsequently converted into a dsDNA library, sequenced 

on Illumina MiSeq, and the resulting reads are aligned to the known reference register sequence. 

The positions of the nicks are determined based on read coverage analysis, the insert size 

distributions and through alignment with the reference sequence; potential nicking sites that are 

not covered are declared to be ‘0’s (Figure 2A-C). 

3 Reading Mechanisms 

 

We reported write-read results for a 272-word file of size 0.4 KB containing Lincoln’s 

Gettysburg Address (LGA) and a JPEG image of the Lincoln Memorial of size 14 KB (Figure S6). 

Both files were compressed and converted into ASCII and retrieved with perfect accuracy. Given 

the inherent redundancy of the sequencing process and the careful selection of the nicking sites 

and register sequences, no error-correction redundancy was needed (Figure 2B, C and Figure 

S5B-D).

A potentially more efficient, portable and cost-effective approach to read the nicked DNA 

registers is via two-dimensional (2D) solid-state nanopore membranes. One approach is to use 

toeholds, short single-stranded regions on dsDNA created through two closely placed nicks, 

instead of single nicks. Toeholds can be accurately read using solid-state SiNx and MoS2 

nanopores, as recently reported in (13). The cost of creating toeholds is twice as high as that of 

nicks, since one needs two different nicking guides. To mitigate this problem, one may attempt to 

detect nicks directly. To illustrate the feasibility of this approach, we performed Molecular 

Dynamics (MD) simulations based on quantum transport calculations. These revealed a strong 

inverse correlation between the ionic and electronic sheet current signals along the membrane 

induced by nicks in MoS2 nanopores (Figure 2D, Figures S12-S14 & Video S1). The regions of 



strong negative “extremal” correlations between the ionic current and transverse sheet 

conductance strongly associate with the positions of the nicks. 

In addition to allowing for nanopore-based reading, toeholds also enable complex in-

memory computations. Toehold-mediated DNA strand displacement is a versatile tool for 

engineering dynamic molecular systems and performing molecular computations (16). 

Information is processed through releasing strands in a controlled fashion, with toeholds serving 

as initiation sites to which these input strands bind to displace a previously bound output strand. 

Toeholds are usually generated by binding two regions of synthetic ssDNA and leaving a 

short fragment unbound. However, with PfAgo, one can easily create toeholds in native DNA. To 

form a toehold, two nicks are generated within 14 bps. Under appropriate buffer and temperature 

conditions, in a single reaction the 14 nt strand between the two nicks disassociates, leaving a 

toehold on the double-stranded DNA (Figure S15). 

Fluorescence-based methods can detect the existence of a toehold and the concentration 

of registers bearing a toehold without modifying the DNA registers. We illustrate this process on 

a register encoding 0010000000, with a toehold of length 14 nts at the nicking position 3. As 

shown in Figure 3A, a fluorophore and quencher labelled reporter strand with a sequence 

complementary to the toehold can hybridize to the toehold segment, producing a fluorescence 

signal resulting from an increase of the distance between the fluorophore and the quencher. We 

were also able to reliably measure different ratios of native DNA fragments with and without 

toeholds within 20 mins (Figure 3B). Since the reporter has a short single stranded overhang, it 

can be pulled off from the register upon hybridization, making the readout process non-destructive 

(Polyacrylamide gel electrophoresis analysis, Figure 3C). This feature equips our proposed 

storage system with unique nondestructive bitwise random access, since one is able to design 

specific reporters to detect any desired toehold sequence which accompanies a nick. It also 

enables computations on data encoded in nicks, as described in two recent papers (19,20). 

In summary, by reprogramming PfAgo as a universal nickase and using E. coli native DNA 

sequences, we have implemented the first DNA-based storage system that mitigates the use of 

costly long synthetic DNA strands for storing user information. Our platform utilizes a parallel 

writing mechanism that combines an inexpensive nicking enzyme and a small number of short 

and inexpensive synthetic DNA guides. In addition, this approach enables enzyme driven toehold 

creation, allowing for bitwise random access and in memory computing via strand displacement.  

Nick-based storage outperforms known synthetic DNA technologies in all relevant 

performance categories except for recording density; but the roughly one order of magnitude loss 

is insignificant for a system that already compacts petabytes in grams and overcompensated by 



the four-fold reduction of cost in our proposed system (Table 1). It also allows for cost-efficient 

scaling as a) long registers and mixtures of orthogonal registers may be nicked simultaneously; 

b) most uncompressed data files do not contain all possible 10-mers or compositions of 

orthogonal k-mers; c) genomic DNA and PfAgo, as the writing tool, are readily available, and the 

mass of the created DNA products by far exceeds that of synthetic DNA, significantly increasing 

the number of readout cycles with NGS devices. This storage system may also be used to 

superimpose, erase and rewrite categorical and metadata on synthetic DNA oligos, in which case 

bitwise random access enables efficient non-destructive search and concentration sensing.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1 | The native DNA-based data storage platform. In the Write component, arbitrary user content 

is converted into a binary message.  The message is then parsed into blocks of m bits, where m 

corresponds to the number of nicking positions on the register (for the running example, m = 10). 

Subsequently, binary information is translated into positional information indicating where to nick. Nicking 

reactions are performed in parallel via combinations of PfAgo and guides. In the Read component, nicked 

products are purified and denatured to obtain a pool of ssDNAs of different lengths. The pool of ssDNAs is 

sequenced via MiSeq. The output reads are processed by first performing reference-based alignment of 

the reads, and then using read coverages to determine the nicked positions. 
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Figure 2 | Writing and reading the encoded data.  A) PfAgo can nick several pre-designated locations 

on only one strand (left, top) or both strands (left, bottom), simultaneously. In the first register, the stored 

content is 110…1, while in the second register, the content is 1210…0. The chosen register is a PCR 

product of a 450 bp E. coli genomic DNA fragment with 10 pre-designated non-uniformly spaced nicking 

positions (right, top). The positional code 238 corresponds to the binary vector 0110000100 (right, bottom). 

B) The MiSeq sequencing reads were aligned to the reference register to determine the positions of the 

nicks. The size distribution histogram (right) and coverage plots (left) are then generated based on the 

frequency and coverage depth of the reads. Coverage plots allow for straightforward detection of nicked 

and unnicked sites. In the example shown, all the ten positions were nicked, resulting in eleven aligned 

fragments. C) Five orthogonal registers used instead of one single register. Each vertical section represents 

one register in genome dictated reading order, and each row shows the read lengths retrieved after 

sequencing analysis. Read lengths are recorded on the left and sequencing depths on the right axis. D) 

Reading via solid-state nanopores. Plot of the calculated ionic current (blue), differential transverse sheet 

conductance (red) and center of mass of the nicked site (green) versus time (tdna represents the 

translocation time of the entire dsDNA, while tn represents the dwell time of the nick in the pore (left)). 

Scatter plot of normalized sheet conductance versus normalized ionic current over tdna (right). A strong 

inverse correlation with P = -0.8 between the ionic current and transverse sheet conductance is observed 

at 2 – 2.5 ns, during which time the ion current reaches its global maximum, while the sheet current reaches 

its global minimum in tdna. This time interval corresponds to the nick translocation event.
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4 Bitwise Random Access 

 

 

 

 

 

 

 

 

 

 

Figure 3 | Non-destructive detection of a toehold. A) Non-destructive detection of toeholds through a 

fluorophore and quencher labelled Reporter strand. Once the Reporter hybridizes with the toehold on the 

register strand, a fluorescence signal is observed due to the increase of the distance between the 

fluorophore and quencher. The Reporter strand can be pulled off from the register once the Reporter* strand 

hybridizes with the Reporter. B) Kinetics of detecting the concentrations of registers with and without 

toeholds in a mixtures (left). The fluorescence signals saturate within 20 minutes. The samples were mixed 

no more than 2 min before measurement. The concentration of toehold-ed DNA can be accurately 

quantified through fluorescence intensity (right), as it increases linearly with the concentration of the 

registers with toehold. C) PAGE gel results for non-destructive detection of a toehold. The gel was not 

stained with other fluorescence dyes, thus only the species with self-fluorescence is observed. After adding 

the Reporter, a large size complex appears in lane 3, indicating hybridization of the Reporter and the 

register. After the Reporter* is added, as seen in lane 4, the large size complex in lane 3 no longer exhibits 

self-fluorescence, indicating that the Reporter strand is pulled off from the register. 
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Table 1 | Comparison of synthetic and native DNA-based data storage platforms. Native DNA-based 

platforms outperform synthetic DNA-based approaches in all performance categories, except for storage 

density. 
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5 2DDNA 

Traditional DNA-based data recording architectures store user information in the sequence 

content of synthetic DNA oligos within large pools that lack an inherent ordering, and user 

information is retrieved via next-generation or nanopore sequencing6. Despite recent progress, 

several issues continue to hinder the practical implementation of molecular information storage 

models, including the high cost of synthetic DNA, lack of straightforward rewriting mechanisms, 

large write-read latencies, and missing oligo errors incurred by solid-phase synthesis.  

Image data is typically compressed before being recorded, and even a single mismatch can 

cause catastrophic error-propagation during decompression and lead to unrecognizable 

reproductions6,11,12. Moreover, the rate of synthesis and sequencing errors may vary an order of 

magnitude from one platform to another, while PCR reactions and topological data rewriting may 

cause additional gradual increases in sequencing errors. Therefore, to ensure accurate 

reconstruction, one needs to account for the worst-case scenario and perform extensive write-read-

rewrite experiments to estimate the error rates before adding redundancy13–15. Moreover, the 

estimated error rates have to be accurate enough for efficient error correction due to the 

mismatched decoding parameter problem16,17. The mismatched-decoder problem is an issue 

mostly overlooked in prior works and it asserts that powerful error-correction schemes such as 

low-density parity-check (LDPC) codes18 require good estimates of the channel error probability 

to operate properly. This is clearly hard to achieve for traditional DNA-based data storage systems 

due to the highly stochastic nature of the PCR, sequencing and rewriting process.  

Here, we develop and experimentally test a hybrid DNA-based data storage system 

termed 2DDNA, to address the issue of rewriting and avoid the use of worst-case error-

correcting redundancy needed to combat random and missing oligo errors that may accumulate 

in time and due to content changes. 2DDNA uses two different information dimensions and 



combines desirable features of both synthetic and nick-based recorders19. This is achieved by 

superimposing metadata (such as ownership information, dates, clinical status descriptions) 

stored via nicks onto images encoded in the sequence. Sequence content carries large amounts of 

information, but rewriting is difficult; information stored in nicks19 is usually of smaller volume 

but highly amenable for efficient, permanent and privacy-preserving erasing and rewriting. 

Importantly, information in both dimensions can be read simultaneously, as locations of nicks 

are determined using the nick-free strand as reference. Our approach is based on a simple 

compression scheme for images that operates separately on three different color channels and 

combines newly developed and existing machine learning (ML) and computer vision (CV) 

techniques for image reconstruction and enhancement to create high-quality replicas of the 

original data. For some images with highly granular details, we also propose  unequal error 

protection methods20 based on LDPC codes18  that only introduce redundancy for sensitive facial 

features. The 2DDNA paradigm eliminates the need for worst-case coding redundancy and 

avoids problems with mismatched decoding parameters. It offers the possibility for users to 

retrieve images of quality dictated by their channel error rates, which may be seen as a form of 

multiresolution coding. It also offers high information density and simultaneously enables 

rewriting of data recorded in the backbone via ligation followed by enzymatic nicking, lending 

itself for use in applications with both synthetic and native DNA substrates for the sequence 

content19. 

The encoding framework of 2DDNA is shown in Fig. 1. In the sequence dimension, we 

perform aggressive quantization and specialized lossless compression that leads to two-fold file 

size reductions. Compression is known to cause significant losses in image quality when errors are 

present, so it is common practice to include up to 30% error-correction redundancy4,7 which 

ultimately increases the cost of the storage system. We avoid error-correction redundancy and 

instead tailor our compression algorithm to accommodate image processing techniques from ML 

and CV to restore the image to its original quality. The specialized encoding procedure involves 

two steps, depicted in Fig. 1a. First, RGB channel separation is followed by 3-bit quantization and 

separate lossless compression of the three color channels. The latter process is performed using 

the Hilbert space-filling curve22 which preserves local 2D image similarity and smoothness, 

thereby resulting in linear strings with small differences between adjacent string entries. Moreover, 



we further employ differential encoding23 that involves taking differences of adjacent string values 

to create new strings with a high probability of small symbols. Differential encoding is followed 

by Huffman encoding24 which exploits the bias towards small symbol values. Together, these 

operations are performed separately on strings partitioned into eight subsets according to their 

quantized intensity (brightness) levels. Note that in our ML-based image reconstruction approach, 

we do not try to optimize the compression scheme: One may also use a basic 3-bit quantization 

scheme without lossless compression, at the cost of slightly increased file sizes.  

Our encoding involves a second step that translates the binary strings into DNA oligo 

sequences. Here, DNA oligos of length 196nts are parsed into the following three subsequences 

(Fig. 1a): (1) a pair of primer sequences, each of length 20nts, used as prefix and suffix, (2) an 

address sequence of length 10nts, and (3) 11 information-bearing sequences of length 13nts. 

Primer and address sequences are used for PCR amplification and random access5. In addition, a 

block of three nucleotides is prepended to the address sequence to represent the RGB color 

information. When converting binary data into DNA sequence content, we use two additional 

constrained mappings to ensure that the maximum run length of G symbols is limited to three (to 

avoid G quadruplexes), and that the GC content is in the range of 40 − 60%. Overall, the mapping 

scheme converts blocks of 16 bits into blocks of 10nts for the address sequences, and blocks of 22 

information bits into blocks of 13nts.  

In the topological dimension, we record the metadata in nicks created on the backbone of 

the synthetic DNA molecules by transforming and generalizing our Punch-Cards system19  that 

was also used for specialized in-memory molecular computing25. The main modifications consist 

in disposing of nicking enzymes that require the additional synthesis of specific guide sequences; 

native nicking endonucleases are used instead by employing ON-OFF encoding across different 

intensity pools. Short binary strings are converted into combinations of native nicking 

endonucleases that determine the composition of nicked/unnicked sites. 



Figure 1. Schematic of the encoding and decoding procedure of our 2DDNA system. a) The encoding 

procedure in the first dimension (sequence content) entails splitting the color image into the Red (R), Green 

(G) and Blue (B) channel; aggressively quantizing the RGB channels from 256 to 8 intensity levels; 

performing lossless compression of individual channels through a combination of 2D to 1D conversion of 

the image data via space-filling curves followed by differential and Huffman encoding. Note that the 

encoding procedure is separately applied to each intensity level, and the generated binary vector is further 

augmented by channel information and addresses used to access the oligos. The scheme does not include 
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error-correction redundancy. b) For images with granular and highly relevant image features, one can 

optionally use unequal error-correction coding based on low-density parity-check (LDPC) codes with only 

3.3% redundancy compared to the scheme without redundancy. c) The encoding procedure in the second 

dimension (topological content) entails representing letters of the English alphabet in ASCII format and 

designating one nicking endonuclease to each of the seven bits in the format. Information is encoded using 

mixtures of endonucleases for which the ASCII bit is equal to 1. Rewriting is performed by sealing the 

nicks using the T4 DNA ligase and repeating the previously outlined procedure with different data. d) 2D 

data readout through the use of two subpools, one for each storage dimension. e) Image decoding is 

performed by reversing the steps of the encoding process in the first dimension. The image26 used in this 

figure is courtesy of Paramount Pictures.  

 

More precisely, a set of complementary nicking endonucleases is used as the writing tool 

and selected based on two main criteria: (1) endonucleases must be highly site-specific to prevent 

non-specific cleavage of the DNA template and hence preserve DNA integrity; and (2) recognition 

sequences should be selected with sufficiently large Hamming distances between them to prevent 

undesired cross-nicking (i.e., an enzyme nicking an undesired target site). The mixture 

composition determines which letter is stored based on the corresponding ASCII code, with the 

caveat that a ‘1’ is encoded through the presence of the enzyme in the mixture (ON), whereas a 

‘0’ is encoded through the absence of the enzyme (OFF). This method enables superimposing 

information on top of data stored in the DNA sequence content, with no need to change the 

synthetic platform, as shown in Fig. 1c. Nevertheless, it introduces readout challenges as the nicks 

break the structure of the strands and may hence lead to assembly ambiguities. We address this 

problem via an algorithmic solution that involves searching for potential prefix-suffix substrings 

in the nicked pool.  

To demonstrate a proof-of-concept, we experimentally tested the storage platform on eight 

Marlon Brando movie stills, shown in Fig. 2a. The original files were of total size 8,654,400bits, 

but after the two-step encoding procedure (Fig. 2b), they reduced to 2,317,896nts. The 

corresponding 11,826 DNA oligos were synthesized by Integrated DNA Technologies (IDT). One 

pool was reserved for each of the eight levels. The oPools were sequenced on an Illumina MiSeq 

device following standard protocols described in the Methods. Individual sequence reads may 



contain errors, so we first construct a consensus sequence by aligning reads with error-free 

addresses, following the approach described in our prior work6. This process led to 11,726 

perfectly recovered sequences and 22 sequences that contain errors but do not significantly 

compromise the image quality; 78 oligos were either highly corrupted or completely missing from 

the pool.  

The images generated from this procedure are depicted in Fig. 2c. Upon close inspection, 

it is apparent that the encoded images suffer from visible degradation, and in particular, large 

blocks of discolorations. These artifacts can be removed by applying a carefully designed 

combination of ML and CV image processing techniques (Fig. 4), tailor-made to operate on images 

compressed according to our method. 

To correct for image discolorations, we implement a three-step post-processing procedure 

that has no matching counterpart in the digital domain and heavily relies of using the color channels 

as a natural source of redundancy. The first step includes detecting the locations with 

discolorations and masking them out, as shown in Fig. 4a. To pinpoint the discolored regions 

without direct visual inspection (i.e., in an automated fashion), as already pointed out, we leverage 

the separate information content in the three distinct RGB color channels. Due to the random nature 

of errors, it is highly unlikely to have correlated errors in multiple channels for the same pixel. 

Hence, the three-color decomposition acts as a 3-repetition code, because at least two of the three 

color channels are likely to be unperturbed. The second step involves using an existing deep 

learning technique known as image inpainting28-30 to replace the masked pixels with values close 

to the original. Neural networks are well-suited for inpainting because they can be trained on 

massive datasets. For our system, we use the state-of-the-art GatedConvolution28 and 

EdgeConnect30 methods. EdgeConnect results after applying discoloration detection and image 

inpainting are shown in Fig. 2d. Finally, the third step involves smoothing the image to reduce 

blocking effects caused by quantization and blending mismatched inpainted pixels. Here, we use 

bilateral31 and adaptive median smoothing32 on the coarsely inpainted images, and we include 

additional image enhancement features33 to further improve image quality. The image post-

processing procedure relies on storing R, G and B color channels in different oligos and using the 

channels as “proxies” for repetition codes. This ensures that it is highly unlikely to have correlated 

errors in multiple channels for the same pixel and that discolorations can be detected through 



majority rules. As a result, our scheme can be used with any other type of recorder that splits 

images into R, G, B subimages and stores them separately. 

The results of image smoothing are depicted in Fig. 2e, and the enhanced images are shown 

in Fig. 2f. As shown in Figs. 2e, f, some facial details in highly granular images remain blurred 

even after applying the learning methods. To address these issues, we further propose the use of 

unequal error-protection for such images, which implies adding highly limited redundancy only to 

oligos bearing facial features (e.g., eyes, lips), as shown in Fig. 1b. Redundancy is added through 

a regular systematic LDPC codes of rate 0.75, resulting in 391 additional oligos and an overall 

overhead of 3.3%. Images generated from this redundant pool are shown in Fig. 2g, whereas Figs. 

2h, i, j parallel the results of Figs. 2d, e, f for the case of no unequal error-correction redundancy. 

Note that there exist no other approaches to performing the same task in the signal processing and 

computer vision community. Applying state-of-the-art image enhancement method33 directly on 

images generated from error-bearing DNA oligos without error-correction results in poor quality 

reconstructions because classical image enhancement methods cannot automatically correct 

discolorations (Fig. 2k and Fig. 3k). Both quantitative metrics (Peak Signal-to-Noise Ratio (PSNR) 

and Structural Similarity (SSIM)) as well as visual inspection of the recovered images show that 

our method offers significantly better performance than direct image recovery and enhancement 

of the corrupted DNA-encoded images. Processed images with corresponding quality values are 

plotted in Figs. 2a, f, j, k and Fig. 3. 



 

Figure 2. Write-Read results for encoding information content in the sequence dimension. a) Original 

images with 256 RGB intensity levels, encoded by 8 bits each. b) Quantized images with 8 RGB intensity 

levels, encoded by 3 bits each. c) Images generated directly from the information encoded in DNA oligos 
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without error-correction redundancy. d) Images reconstructed after applying a combination of discoloration 

detection and image inpainting on the results in c. e) Images refined via smoothing of the results depicted 

in d. f) Image enhancement results for images shown in e. g) Images reconstructed using unequal error-

correcting coding for facial features. h) Images reconstructed after applying a combination of discoloration 

detection and image inpainting on the results in g. i) Images refined via smoothing of the results depicted 

in h. j) Image enhancement results for images shown in i. k) Image enhancement results for images shown 

in c.  In summary, the best quality results – obtained using our image processing techniques – are given in 

i and j (boxed). The images in this figure are courtesy of: Paramount Pictures, Sony Pictures, MGM Studios, 

StudioCanal, American Zoetrope (© 1979 Zoetrope Corp. All Rights Reserved.), the Marlon Brando and 

Rod Steiger estates. The black and white public domain still of “A Streetcar Named Desire” was colorized 

using the software Hotpot.ai. 
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Figure 3. Comparison of our automatic discoloration detection and inpainting approach with the state-of-

the-art image enhancement technique33. The results shown include quantitative performance metrics 

computed with respect to a. The column labels refer to the corresponding rows in Fig. 2. Column a): The 

original, uncompressed images. Column f): The images reconstructed using our method, without unequal 

protection redundancy for facial features. Column j): The images reconstructed using our method, with 

roughly 3.3% redundancy for facial features. Column k): Results obtained after image enhancement, 

applied directly to the decoded DNA oligo images with errors. The pictures in this figure are courtesy of: 

Paramount Pictures, Sony Pictures, MGM Studios, StudioCanal, American Zoetrope (© 1979 Zoetrope 

Corp. All Rights Reserved.), the Marlon Brando and Rod Steiger estates. The black and white public 

domain still of “A Streetcar Named Desire” was colorized using the software Hotpot.ai. The original data 

are provided in the Source Data file. 



 

Figure 4. Diagram of the ML postprocessing techniques used to reconstruct images encoded in oPools. a) 

Automatic discoloration detection based on the natural redundancy in the three RGB color channels. The 

histograms reflect the frequency counts of the pairwise differences in channel intensity levels which are 
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used to assess which color channel may contain errors. b) Pixel masking and inpainting via deep-learning 

architectures. c) The smoothing and image enhancement procedures. The pictures in this figure are courtesy 

of: Paramount Pictures, Sony Pictures, MGM Studios, StudioCanal, American Zoetrope (© 1979 Zoetrope 

Corp. All Rights Reserved.), the Marlon Brando and Rod Steiger estates. The original data are provided in 

the Source Data file. 

Note that our compression scheme mitigates the effects of catastrophic error-propagation 

which may be otherwise present when using a JPEG compressor. As JPEG formats are highly 

sensitive to errors, they result in poor-quality reconstructions if one does not use a coding overhead 

that guarantees exact reconstruction. Furthermore, alternative methods based on joint source-

channel coding41-42 still require introducing error-control redundancy which we are aiming to 

dispose of in our learning-based approach. To demonstrate this point, we performed extensive 

simulations with six combinations of JPEG image compression qualities and matching error-

control coding schemes. For JPEG-compressed files with different quality parameters (as defined 

in the Python Pillow Package for all image formats, JPEG included, on a scale from 1 (worst) to 

95 (best)), we added LDPC redundancy to the compressed data for error-correction to ensure that 

the resulting number of oligos (file size) is as close as possible to that used in our experiment. The 

base substitution error is set to 0.8%, while the missing oligo error is set to 0.7%, matching the 

numbers obtained experimentally, leading to an overall bit error of 1.9%. We decoded the binary 

information from the erroneous DNA oligos using LDPC codes, followed by JPEG reconstruction. 

Part of the results are shown in Fig. 5. Note that since JPEG has very specific formatting rules, 

missing or erroneous critical identifiers in JPEG files leads to system errors, such as OSError in 

Python.  



 

Figure 5. a) The original, uncompressed images. b) An example illustrating why single-value metrics for 

assessing image quality are inadequate. Left: An image compressed by JPEG with quality parameter 20. 

Right: The same image, after simple 3-bit quantization and image enhancement33. The image on the right 

is visually superior yet has consistently worse numerical quality metrics compared to the image on the left. 

c) Images are compressed with JPEG quality parameter 40 and encoded with an LDPC code of rate 

R=0.125. The two images in the first column: No errors are added, so the decoding procedure is successful. 

Images in the remaining three columns represent pairs of decoded images with LDPC channel error rate 

parameters (probabilities) 0.5%, 1%, and 5%, respectively; in these cases, the base substitution error equals 

0.8%, the missing oligo error rate equals 0.7%, resulting in an overall bit error rate of 1.9%. The channel 

parameter for LDPC decoding is assumed not to be known beforehand. d) Images compressed with JPEG 

quality parameter set to 30 and encoded with an LDPC code of rate R=0.108. The two images in the first 

column: No errors are added, so the decoding procedure is successful. Images in the remaining three 
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columns presenting pairs of decoded images with LDPC channel error rate parameters (probabilities) 0.5%, 

1%, and 5%, respectively; in these cases, the base substitution error equals 0.8%, the missing oligo error 

rate equals 0.7%, resulting in an overall bit error rate of 1.9%. The pictures in this figure are courtesy of: 

Paramount Pictures, Sony Pictures, MGM Studios, StudioCanal, the Marlon Brando and Rod Steiger 

estates. The original data are provided in the Source Data file. 

For LDPC codes, it is crucial to have good estimates of the channel error probability: LDPC 

belief propagation decoding performs well in practice but is highly sensitive to incorrect initial 

log-likelihood ratios, which are functions of the channel error rate16,17. Therefore, when using 

mismatched channel parameters, LDPC decoders can fail to correct all errors, which in turn can 

lead to corrupted JPEG decoding, as seen in Fig. 5. It is worth pointing out that correlations 

amongst errors may cause some oligos to be disproportionally affected and others to have barely 

any errors. To further mitigate this issue, oligo-level redundancy was used4 before, but here it is 

replaced by a concatenation of an interleaver and LDPC codes, as interleaving renders errors 

uncorrelated and helps with missing oligo content reconstruction.  

As a proof of concept for storage in the topological dimension, we superimposed 

information on the same Marlon Brando images (Fig. 7). In the writing experiment, we recorded 

the word “ILLINOIS,” comprising 56 bits in ASCII code, across eight different intensity-level 

DNA pools. We selected seven nicking endonucleases, each representing one bit of the 7-bit ASCII 

code. These enzymes have recognition sites that exist in at least one oligo of each of the eight 

pools, and the sites are used as recording positions. In the ASCII code, ‘1’ translates into inclusion, 

whereas ‘0’ translates into exclusion of the corresponding enzyme. Upon nicking, the pools are 

sequenced using the procedure described in Fig. 1d. In this way, the nicked oligos were denatured, 

resulting in ssDNA fragments of various lengths dictated by the position of the nicks. The 

fragments were subsequently converted into a dsDNA library and sequenced via Illumina MiSeq. 

To verify the existence of short-length fragments capped at both ends by enzyme recognition sites, 

we developed a detection algorithm with a flowchart depicted in Fig. 6. The gist of the algorithm 

is to detect if a nick was created or not based on a search for two fragments corresponding to the 

prefix and suffix of the sequences recognized by the enzyme. Note that our algorithm counts the 

number of appearances of all possible (potential) nicking events for the sets of enzymes used. The 

decision regarding which enzymes are included in a certain pool is based on the counts of each 



prefix-suffix pair. To rewrite the data, we performed the process outlined in Fig. 1c, which involves 

treatment of the nicked DNA with the T4 DNA ligase. This erasure method completely removed 

the recorded metadata. Note that the ligase was perfectly effective in so far that each original oligo 

was accounted for in the sequenced pool. We then rewrote the word “GRAINGER” using the same 

topological nicking process with error-free reconstruction.  

As outlined above, decoding the information stored in the two dimensions requires 

nontrivial approaches, involving new pattern search algorithms. To hence read the content stored 

in both dimensions, two separate subpools are retrieved for each level. The sequence content is 

reconstructed by first sealing the nicks in one of the two subpools via ligation, as done during 

rewriting, followed by sequencing. Alternatively, to avoid ligation for the sequence content 

readouts, one may choose to only record the topological information on a subpool of oligos. This 

resolves the problem of sorting the nicked oligo fragments. The content in the nicks is retrieved 

using the second subpool. After sequencing, the reads are aligned to the now known full-length 

reads obtained from the first subpool in which the nicks were sealed. The results of the alignment 

are used in the algorithmic procedure to determine which enzymes were used for nicking and 

consequently, for reconstruction of the ownership metadata (Fig. 7).  
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Figure 6. A prefix-suffix pattern search method for decoding the information in the topological dimension. 

Each fragment obtained from the nicked pool is searched for the presence of a prefix-suffix substring pair 

that can indicate that a specific enzyme was included in the combinatorial mixture used for the given 

intensity pool. Since undesired nicking reactions may occur, some counts corresponding to recognition sites 

of enzymes that were not actually present in the pool may be nonzero; in this case, we make the decision 

based on how large the counts are relative to others (i.e., we use thresholding with a threshold determined 

based on the largest count values for the pool). 

 

Figure 7. Schematic of metadata encoding and identification using DNA nicking. The numbers in the 

middle column of the leftmost and rightmost tables represent the number of oligos in the sequenced pool 

capped by the recognition sequences of the nicking enzymes. The numbers listed in red correspond to the 

labels of nicking enzymes not used in the encoding of the letter to the left. As may be seen from both tables, 

the largest red numerical value is significantly smaller than the smallest black value for all encodings (e.g., 

4<<81, 5<<40 in the leftmost table) and the second round of writing resulted in no spurious nicks 

whatsoever. The quality of the results in the rewriting experiment may be attributed to a more suitable 

choice of nicking enzymes determined upon inspection of the results of the first round. Hence it is 

recommendable to use the second collection of enzymes for recording purposes. Also note that we shuffled 

the symbol encodings for the rewriting experiment in order to test more combinations of nicking enzymes.  

In the erasure step, the T4 DNA ligase was used in a single step reaction to seal all the nicks. No nicks were 

found after the ligation reaction, showing that the ligase perfectly erased the data (middle table). Note that 

when recording “ILLINOIS” and “GRAINGER” only six and five enzymes were effectively used for the 

ASCII code, respectively, due to the choice of the letters in the words.  

Existing technologies for DNA synthesis, editing, and sequencing allow for writing and 

reading diverse information in multiple dimensions or molecular features. Our 2DDNA platform 
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exploits these tools to enable recording data in two DNA dimensions, including sequence context 

and backbone structure, thereby opening the door for multidimensional macromolecular storage 

systems that can use multiple molecular properties (including molecular concentration). Our 

results show that the 2DDNA system takes advantage of our automatic discoloration detection 

approach and powerful state-of-the-art deep learning methods for image inpainting and 

enhancement to substantially improve the quality of the stored images without error-control 

redundancy. This represents a fundamental advancement in molecular storage which departs from 

prior techniques in the field and reduces the cost of data storage by greatly minimizing or 

eliminating the need for synthesizing redundant oligos. The tailor-made learning methods also 

overcome reliability issues that cannot be addressed by off-the-shelf JPEG compression and joint 

source-channel coding methods.  

Our storage system also offers a simple means for permanently erasing metadata 

information. The ligation-based approach differs substantially from the existing rewriting 

methods5,43. In the first setting, overlap-extension PCR is used to rewrite blocks of texts 

corresponding to words. This is a tedious, multi-step approach and much more complex to perform 

than ligation. In the second approach, one requires additional DNA synthesis and multiple 

hybridization and strand displacement steps to rewrite the content. Note that in our system 

metadata is automatically sequenced during the sequencing of the actual image – no separate 

sequencing for the nick-based information is needed. This is the case since we can always use the 

strand that is free of nicks as reference for sequence alignment to determine the locations 

(positions) of the nicks.  

For selective amplification and PCR-based random access, the oligos we used to store 

image content contain carefully designed primers. The primers satisfy Hamming distance, 

sequence correlation, sequence balance and so-called primer-dimer constraints44. Note that once 

nicks are added to the sugar-phosphate backbone, one cannot run PCR reactions on the oligos 

directly. To randomly access an image, a certain amount of DNA from the oPools has to be 

isolated, sealed using the T4 ligase and then amplified via PCR. Consequently, metadata is 

removed from the selected subpool to enable random access to the image itself, but it remains 

intact in the global pool of oligos. In order to avoid first sealing the nicks and then running the 



PCR, one can also use other methods for random access, involving magnetic beads with attached 

primers corresponding to the address sequences of the image of interest45. 

Our 2DDNA platform was tested on eight images of total size 1.082MB. The only oligo 

content that does not correspond to actual raw image information includes primers, 

pixel/color/image identifiers, constrained redundancy for balancing the GC content and removing 

long runs of Gs as needed for synthesis. The average sequencing coverage used is 112x, which is 

small compared to the 3000x coverage reported in2 and the 370x coverage from4. It is higher than 

the coverage of 5x reported in15 but in that case, error-control coding redundancy is used. We did 

not try to optimize the sequencing coverage - our coverage values are dictated by the sequencing 

protocol used and are not needed for high-quality reconstruction.  

The information density of our platform equals the number of bits stored divided by the 

number of nucleotides used for encoding. Since quantization is used during the encoding 

procedure, there are two ways to compute this density: If calculated with respect to the number of 

bits in the raw image files, the information density equals 3.73bits/nt. Clearly, this exceeds the 

maximum 2bits per nucleotide density dictated by the 4-alphabet size, but may be seen as a 

consequence of the fact that we get a distorted image back, which allows for an increase from 2 to 

3.73bits/nt. If the information density is calculated with respect to the number of bits of the 

quantized image files, the information density equals 1.40bits/nt. The reason why this value is 

smaller than 1.57bits/bp reported in5  and 1.72bits/bp reported in6, is that in the latter two works 

gBlocks of length 1000bps were used, while in this work we used oPools of length 196nts. To 

allow for random access, one has to include primers and address sequences which amount to 53nts 

per oligo, i.e., per 196 nucleotides – an overhead of 27%. This is to be compared to roughly 50bps 

per 1000bps5,6, resulting in a significantly smaller overhead of 5%. When converted into 

bytes/gram, the two reported densities theoretically equal 0.91 zettabytes/gram and 0.34 

zettabytes/gram. 

The oPools and corresponding primers were ordered from Integrated DNA Technologies 

(IDT):  

https://www.idtdna.com/pages/products/custom-dna-rna/dna-oligos/custom-dna-oligos/opools-

oligo-pools .All oPools were diluted to 5ng/ul. The primers were diluted to 10uM. Each oPool was 



amplified in separate reactions using forward and reverse primers for each of the 8 levels. 

Reactions were set up with 5ng of oPool, 1ul of each forward and reverse primer diluted to 10uM, 

22ul of water and 25ul of Kapa HiFi DNA Polymerase (Roche, CA) with the following PCR 

cycling conditions: denaturation at 98ºC for 45s, 8 cycles of 98ºC for 15s, annealing at 51ºC for 

30s and extension at 72ºC for 30s, followed by a final extension at 72ºC for 1min and hold to 4ºC.  

After PCR, the individual reactions were cleaned up with 50ul of AMPure beads (Agilent, CA) 

and eluted in 20ul of 10mM Tris. The PCR products were quantitated with the Qubit 3.0 

fluorometer and run on a Fragment Analyzer (Agilent, CA) to determine the presence of a band of 

the correct size and the absence of free primers or primer-dimers. The PCR products from each 

level were pooled in equimolar concentration and the pool was converted into a sequence-ready 

library with the Kapa Hyper Library Construction kit (Roche, CA) with no PCR amplification. 

The final library was quantitated with Qubit and evaluated in a Fragment analyzer and further 

quantitated by qPCR. The library was loaded on a MiSeq (Illumina, CA) and sequenced for 250 

cycles from each end of the library fragments with a Nano V2 500 cycles kit (Illumina). The raw 

fastq files were generated and demultiplexed with the bcl2fastq v2.20 Conversion Software 

(Illumina). 

All nicked products were purified using the Qiaquick PCR purification kit (QIAGEN) and 

eluted in ddH2O. They were then denatured at 98°C for 5min and immediately cooled down to 

4°C. The ssDNA samples were first quantified via the Qubit 3.0 fluorometer. Next, the Accel-

NGS® 1S plus DNA library kit (Swift Biosciences) was used for library preparation following the 

manufacturer’s recommended protocol. Prepared libraries were quantitated using Qubit and then 

run on a DNA Fragment Analyzer (Agilent, CA) to determine fragment sizes, pooled in equimolar 

concentration. The pool was further quantitated by qPCR. All steps were performed for each 

sample separately and no nicked DNA samples were mixed. The pooled libraries were loaded on 

an MiSeq device and sequenced for 250 cycles from each end of the library fragments with a Nano 

V2 500 cycles kit (Illumina). The raw fastq files were generated and demultiplexed with the 

bcl2fastq v2.20 Conversion Software (Illumina).  
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1 Single-Instruction Multiple-Data: SIMD-DNA

Ever since Watson and Crick first described the molecular structure of DNA, its information-
bearing potential has been apparent to computer scientists. With each nucleotide in the
sequence drawn from the four-valued alphabet of {A, T, C,G}, a molecule of DNA with n

nucleotides stores 4n bits of data. Indeed, this information storage underpins life as we know
it: all the instructions on how to build and operate a life form are stored in its DNA, honed
over eons of evolutionary time. In Part I, we discussed our work on DNA storage systems.
Storage is, of course, only half the equation. The transformative aspect of DNA is that it
is programmable – meaning that one can effect computation of data stored in this medium.
Here we discuss our approach to computation “in-memory”, that is to say modifying the
data stored in DNA directly.

Beginning with the seminal work of Adelman in 1994 [1], DNA computing has promised
the benefits of massive parallelism in operations. However, it is fair to say that in the three
decades since, the practical impact of research in this field has been modest. Operations are
typically performed on the concentration of DNA strands in solution. For instance, with DNA
strand displacement cascades, single strands displace parts of double strands, releasing single
strands that can then participate in further operations [2, 3, 4]. The inputs and outputs are
the concentration values of specific strands. With a focus on concentration, the application
space for this research has been limited to computing that is embedded in chemical systems.
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Data Stored in Nucleotide Sequence

Meta-Data Stored in Topological Modifications

Figure 1: Data is stored in multiple dimensions. The
sequence of nucleotides stores data in the form of the A’s,
C’s, T ’s, and G, with 2 bits per letter. Superimposed on
this, we store data via topological modifications to the
DNA, in the form of nicks and exposed toeholds. This
data is rewritable, with techniques developed for DNA
computation.

A practical DNA storage sys-
tem, particularly one that is in-
herently programmable such as
our platform, changes this. The
scheme that we discussed in Part I
operates on data stored not in the
sequence of nucleotides, but rather
in topological modifications to the
strands: breaks in the phosphodi-
ester backbone of DNA that we
call “nicks” and gaps in the back-
bone that we call “toeholds.”

Note that the data that we op-
erate on with this form of DNA
computing is encoded in a differ-
ent dimension than the data en-
coded in the sequence data of the DNA. The underlying data – perhaps terabyte’s worth of
it – is stored as the sequence of A’s, C’s, T ’s, and G’s in synthesized strands. Superimposed
on this, we store metadata via topological modifications. This is illustrated in Fig. 1.
This metadata is rewritable with the techniques that we describe here. Accordingly, it fits
the paradigm of “in-memory” computing [5]. The paradigm that we will deploy, dubbed
“SIMD||DNA”, was recently introduced by PIs Soloveichik [6], with follow-on work by PI
Riedel [7].
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1.1 SIMD||DNA structure

Funded by this DARPA grant, we proposed a new paradigm called SIMD||DNA (Single
Instruction Multiple Data1 DNA) which integrates DNA storage with in-memory computation.
As shown in Figure 4A, unlike traditional DNA data storage where information is encoded in
the nucleotide sequence, SIMD||DNA encodes information in a register, a multi-stranded DNA
complex with a unique pattern of nicks and exposed single-stranded regions. The paradigm
of storing information in nicks rather than in the DNA sequence itself was proposed in [9].
Besides enabling computation, since different data can be stored using different subsets of the
same DNA strands, this data representation scheme can potentially also reduce the cost [9].
Although storing information in the location of nicks rather than the sequence reduces the
storage density somewhat (factor of about 30, see Discussion), the density remains many
orders of magnitude higher than competing magnetic and optical technologies.

Our implementation of SIMD provides a means to transform stored data, perhaps large
amounts of it, with a single parallel instruction. We divide stretches of double-stranded DNA
into “domains”, where each domain is a contiguous sequence of nucleotides of some small
specified length (typically 5 to 20). A sequence of several (typically 5 to 7) domains maps to
a “cell” storing one binary bit. Whether a cell stores a 0 or a 1 depends upon topological
variations, specifically the location of “nicks”, i.e., breaks in the DNA backbone. The nicks
always occur on one strand of a double-stranded complex (generally the top strand in our
examples); the other remains untouched. We create these nicks in the assembly process.

1     2      3     4     5      6     7

Toehold ToeholdNick Nick

Bit 0 Bit 1

1     2      3     4     5      6     7

Figure 2: Bit representation in the encoding
scheme. Horizontal lines represent DNA strands.
Integers represent “domains”: specific sequences
of nucleotides. Arrowheads represent nicked posi-
tions: places where the phosphodiester bond in the
backbone of the DNA strand has been broken, via
gene-editing techniques. Cells store binary values.
Each cell consist of 7 domains. Domain 1 is always
exposed, forming a toehold.

Strand displacement is used to im-
plement computation on the stored val-
ues. It is predicated on the encoding
scheme for data, shown in Figure 2. Each
cell stores a single binary value (a “bit”).
Each cell consists of 7 domains. We do
not specify the actual nucleotide sequence
of the domains here for simplicity. While
preparing this cell, the top DNA strand
must be nicked before and after domain
1. This strand can then be displaced
by denaturing, creating an exposed toe-
hold. Domain 1 is always exposed as a
toehold in this representation. Domains
2 through 7 are covered. When storing a bit 0, we will nick the top strand between domains
3 and 4; when storing a bit 1, we will nick between domains 5 and 6.

The computation is carried out by a sequence of “instructions”, where each instruction
implements DNA strand displacement reactions on cells. Instructions are initiated by single-

1Single instruction, multiple data (SIMD) is one of the four classifications in Flynn’s taxonomy [8]. The
taxonomy captures computer architecture designs and their parallelism. The four classifications are the four
choices of combining single instruction (SI) or multiple instruction (MI) with single data (SD) or multiple
data (MD). SI versus MI captures the number of processors/instructions modifying the data at a given time.
SD versus MD captures the number of data registers being modified at a given time, each of which can
store different information. Our scheme falls under SIMD, since many registers, each with different data, are
affected by the same instruction.
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stranded “instruction strands” added to the solution. After the strand displacement cascades
complete, any single-strand fragments in the solution are washed away; the original strand
is kept and separated via a magnetic bead. After a sequence of instructions, the data is
transformed to its final state. The readout can be performed via fluorescence or with Oxford
nanopore devices [10, 11].

1. Design
Encoding
Scheme

2. Encode
Data

3. Perform
Computation

4. Read out

Nanopores

1     2      3     4     5      6     7

Toehold ToeholdNick Nick

Bit 0 Bit 1

1     2      3     4     5      6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

Figure 3: General Outline of SIMD||DNA Computations. Arrowheads represent “nicks”:
breaks in the DNA backbone, performed with gene editing techniques. Integers represent
“domains”: contiguous sequences of nucleotides of some small, specified length. For convenience,
we use the numbers 1 through 7 repeatedly; however, each copy of a number represents a
distinct domain, consisting of a unique nucleotide sequence. Stage 1 shows the encoding of
binary bits 0 and 1, based of different locations of toeholds and nicks. Note that domain 1 is
always “exposed”: the DNA backbone of the top strand is nicked, and the DNA is gently
denatured until this segment falls off, exposing a toehold at this domain. Stage 2 shows
an example of encoding the bits 010. Stage 3 illustrates the step in which computation is
performed with strand displacement, in a general sense. Details of this step will be provided
for specific algorithms in later sections. Note that, in this generic example, the location of
nick in the second cell has changed at the end of stage 3. Stage 4 illustrates how nanopore
sequencing could be used to perform readout.

The general flow of SIMD||DNA computation is summarized as follows and illustrated in
Figure 3.
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1. Design an encoding structure that best suits the algorithm.

2. Encode the data at specific locations, using enzymes to nick corresponding targets.

3. Gently denature the DNA, allowing segments between adjacent nicks to detach, exposing
toeholds.

4. Execute instructions, implemented as strand-displacement operations.

5. Finally, read out data using fluorescence or with nanopore sequencing.

All the registers share the same sequence space, but each is capable of storing and
manipulating a different value. To manipulate information, an instruction (a set of DNA
strands) is applied in parallel to all registers. The strand composition of a register updates
if the applied instruction strands trigger strand displacement reactions [12] within that
register; thus, the outcome of the instruction could differ between the registers. Through
strand displacement mechanism, the strand composition, patterns of nicks, and exposed
single-stranded regions in the registers are changed. Instruction strands are synthesized
independently of the data stored in the registers, so that executing an instruction does not
require reading the data. After the non-reacted instruction strands and reaction waste are
washed away, subsequent instructions can be performed. In the sense that the same set of
instruction strands simultaneously operates on all the different registers each storing different
information, our scheme computes in a massively parallel manner (Figure 4B). Additionally,
SIMD||DNA programs are “doubly-parallel” in the sense that multiple sites within a register
can also undergo displacement in parallel.

We built the theoretical framework for SIMD||DNA and experimentally realized two
different algorithms. The molecular programs of these algorithms—binary counting and
cellular automaton Rule 110—were developed in a conference paper [6]. Binary counting is a
fundamental function in computer programming, and Rule 110 is Turing-universal. Additional
algorithms were later developed for more efficient Turing machine simulation [13], and specific
operations of sorting, shifting, and searching [14] showing that diverse algorithms can be fit
to SIMD||DNA.

We subsequently experimentally implemented these programs and demonstrated correct
computation for in-memory and parallel computation for a pool of 16 registers encoding all
possible 4-bit binary values. To scale up the computational power, we show that the registers
can be repeatedly processed prior to read out by conducting multiple rounds of computation.
In addition, like a computer’s memory, information stored in the SIMD||DNA paradigm can
be specifically queried (random access [15]) or erased. A publication of the experimental
results is in preparation.

Registers can be constructed using both chemically synthesized DNA and naturally-
occurring DNA (i.e. non-genetically modified sequences), further reducing the dependency
on custom oligonucleotide synthesis. We show that unmodified kilobase-length M13 phage
plasmid provides a large storage space that allows information size to be scaled up, by
constructing multiple sub-registers for parallel computation. So far this is the largest strand
displacement system using naturally-occurring DNA sequences: Using SIMD||DNA, we
implemented 18 distinct strand displacement reactions in solution at the same time, and
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in total 122 distinct strand displacement reactions. An important reason for the stunning
achievements of DNA origami is that a native M13 template strand is used [16]. We believe
that exploring DNA strand displacement on native DNA similarly has profound implications
for dynamic DNA nanotechnology.

Figure 4 shows another overview of SIMD||DNA. Every register contains a long “bottom”
strand and multiple short strands, called top strands, bound to the bottom strand. We use
domain to represent consecutive nucleotides that act as a functional unit. Complementary
domains are represented by a star (∗). The length of the domains is chosen so that: (1) each
domain can initiate strand displacement (i.e. can act as a toehold), (2) strands bound by
a single domain readily dissociate, and (3) strands bound by two or more domains cannot
dissociate. Each bottom strand is partitioned into sets of consecutive domains called cells
(Figure 4C). Each cell contains the same number of domains. Cells encode information with
the binding configuration of their top strands (e.g. lengths, presence or absence of toeholds).
For the programs we designed, we used a binary encoding with each cell representing one bit.

Each instruction of a program corresponds to the addition of a set of DNA strands at
high concentration to a solution containing the registers. The registers are attached to
magnetic beads, allowing washing away of beadless non-reacted instruction strands and
reaction waste. Registers and instruction strands are allowed to react for a short amount of
time before washing such that the high concentration instruction strands interact with the
registers, but the low concentration waste products do not. The instruction strands can cause
three different types of events (Figure 4D). Attachment reactions preserve all the strands
originally bound to the register and attach new strands (as long as the new strand binds
strongly enough—by two or more domains). The attachment of an instruction strand can lead
to a partial displacement of a pre-existing strand on the register. Displacement reactions
introduce new strands to the register and detach some pre-existing strands. Upon binding
to a toehold on the register, the instruction strand displaces pre-existing strands through
3-way branch migration. Toehold exchange reactions are favored towards displacement by
the instruction strand since they are added at high concentration. Two instruction strands
can also cooperatively displace strands on the register. Detachment reactions detach
pre-existing strands without introducing new strands to the registers. An instruction strand
that is complementary to a pre-existing strand with an open overhang can use the overhang
as a toehold and pull the strand off the register.

To experimentally implement SIMD||DNA, considerations for readout need to be incor-
porated in the design (Figure 4E). To read out parallel computation results where registers
share the same sequence space, registers with different initial values are given their own
barcode sequences. Since information is encoded in the pattern of the top strands, direct
readout requires obtaining the location of nicks. To read out the stored information through
sequencing while preserving the desired computation logic, we modified the encoding by
introducing mismatches between the top strands and the register in a manner that can coexist
with the nick-based encoding. Since mismatches can affect strand displacement kinetics [17],
the mismatch locations are carefully chosen to ensure that the desired strand displacement
reaction is favorable. This secondary encoding allows us to read out the data stored in a
heterogeneous pool of registers after ligating the nicks, PCR amplifying the products, and
applying next generation sequencing (NGS). The resulting NGS reads, which correspond to
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Figure 4: Overview of SIMD||DNA. (A) Computation in traditional DNA storage paradigm relies on
outsourcing computation process on classical computer with additional required steps of sequencing and
synthesis. The SIMD||DNA paradigm allows in-memory computation performed by DNA itself. (B) Analog
to the single instruction multiple data (SIMD) computation in classical computer which enables processing
multiple data by one single instruction, the SIMD||DNA paradigm can also perform parallel computation on
multiple registers simultaneously. Each DNA register is a multi-stranded complex. Different information is
encoded in the pattern of nicks and exposed single-stranded regions in the register. Registers are attached
to magnetic beads (blue). At each instruction, a set of instruction strands is added to the solution to react
with all the registers in parallel. Then waste species (unreacted instruction strands and displaced reaction
products) are washed away. After a series of sequential reaction and washing steps, registers update their
information accordingly. (C) The notations for SIMD||DNA. Domains are represented by square boxes. We
indicate complementarity of instruction strands to register domains by vertical alignment. If a domain label
is given explicitly (e.g. a and a∗), the domain is orthogonal to the other vertically aligned domains A strand
can be described by listing the constituent domains in a bracket <> from 5’-end to 3’-end. Strands with
solid lines are complementary to the corresponding domains in the bottom strand. Strands with dashed
lines are complementary to the corresponding domains in the top strand. A dashed instruction strand
indicates the domains in the instruction strand are complementary to other vertically aligned domains. (D)
Three types of events can occur when registers react with instruction strands: attachment, displacement
and detachment. (E) Experimental workflow. Registers are first assembled, and then undergo computation.
The post-computation process including ligation and PCR amplification allows computation products to be
further sequenced. Mismatches are labeled as yellow dots.
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proportionally amplified computation products, each encodes a 4-bit value and collectively
represent the output of the computation. Like in regular DNA storage, this readout method
is destructive; however, a small sample can be taken, leaving most of the solution intact.

1.2 Binary Counting Program

We first start with the binary counting program: beginning from arbitrary initial counts stored
in different registers, each computation step increments all the registers in parallel. Compared
to counting in electrical circuits at the hardware level, where complicated modules are required
(a full adder requires at least 2 XOR gates, 2 AND gates and an OR gate—18 transistors
total), binary counting in SIMD||DNA requires only 7 instruction steps independent of the
size of input. Binary counting requires changing all 1s to 0 starting from the least significant
(rightmost) bit to more significant bits until the first 0, and changing that 0 to 1. All bits to
the left of the rightmost 0 remain the same. As shown in Figure 5, the SIMD||DNA program
encodes states 0 and 1 by two different sets of top strands. One extra domain is included
to the right of the rightmost cell which is used to initiate displacement. Starting from the
rightmost domain, the program erases all 1’s in between the rightmost cell and the rightmost
state-0 cell (Instructions 1 and 2), and changes those cells to 0 at Instructions 4 and 5. The
rightmost state-0 cell is first marked (Instruction 3), and then changed to state 1 (Instructions
6 and 7). Note that the binary counting program requires a strand displacement cascade
(Instructions 1) and the depth of the cascade is dependent on the number of consecutive 1’s
to the right of the rightmost 0.

To further reduce SIMD||DNA’s dependence on artificially designed long oligonucleotides
as bottom strands, we chose to assemble registers using the M13mp18 single-stranded
DNA plasmid from the M13 bacteriophage, without modifications to the original M13
sequence. Phosphoramidite synthesis, currently the golden standard for de novo synthesis
of single-stranded oligonucleotides, becomes increasingly error-prone as a function of strand
length. On the other hand, naturally-derived DNA is ensured to have both high fidelity
and high quality DNA as a result of biological error-correcting mechanisms. The single-
stranded M13 bacteriophage plasmid is a staple of DNA nanotechnology that has been
widely used as scaffolds for DNA origami [16]; similarly, it could potentially accommodate
computation with SIMD||DNA on several hundreds of bits. Despite these advantages,
naturally-occurring DNA is typically not used in strand displacement due to the potential for
undesired sequence complementarity. While artificially designed sequences can be optimized
to minimize secondary structure (e.g., using a 3-letter alphabet [18], computational tools
like NUPACK sequence designer [19], or other tools [18, 20]), naturally-occurring DNA
may contain thermodynamically stable secondary structures that trigger undesired spurious
interactions or prevent desired displacement from completing and ultimately producing
incorrect computation results.

Rather than designing the sequence, we pursue the use the naturally-occurring DNA
without a heavy load of sequence optimization: We screened different regions on the M13mp18
plasmid for viability by first eliminating areas with undesirable secondary structures (specifi-
cally, G-quadruplexes and hairpins [A] [16]) from consideration and then selecting 9 random
addresses as candidates at which we encoded sub-registers (Figure 5B). We tuned the domain
strength and categorized the encoded registers according to the binding strengths of some
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domains: weak (sub-registers 1 through 3), medium (sub-registers 4 through 6) and strong
(sub-registers 7 through 9). Each category is expected to react at different experimental
conditions as a result of the domain strength; for example, the registers with strong binding
strength are expected to require higher temperature or longer reaction time. We tested initial
values 0010 and 0011 with different reaction temperatures on these 9 sub-registers, and then
picked 5 for further experiments.

We first performed SISD (single instruction single data) computation on sub-register
8 for each of the 16 4-bit initial values. Each test tube contained only one initial value
of sub-register 8. After NGS sequencing, sequencing reads were organized according to
the barcode sequences associated with their encoded initial values, and the percentage of
reads representing the correct value was calculated. More than 90% of the registers can
be successfully assembled, processed, and sequenced. After a round of binary counting
computation, sub-registers affiliated with all 16 initial values show the correct output as
the dominant output (Figure 5C), with the minimum correct percent at 68%. We observed
similar results for sub-register 3. We then performed SIMD computation on sub-register 8 by
pooling registers with all 16 initial values in the same test tube for computation . Figure 5D
shows that all the initial values were updated correctly, with the minimum correct ratio
at 60%. After testing different incubation temperatures, we achieved similar computation
results on sub-register 7, and 9 at a higher temperature.

We then investigated the ability to store and compute data on multiple registers si-
multaneously with SIMD||DNA. We tested parallel computation on multiple sub-registers
assembled on M13. Each M13 molecule was assembled with both sub-registers 7 and 9 at
the temperature compatible to both. For each step of the computation, instruction strands
for both sub-registers were applied simultaneously. As shown in Figure 5E, most registers
produced the highest readcount for the correct output, with the minimum correct ratio at
15%. This reduction of yield could be due to spurious cross-talk between the instruction
strands for sub-registers 7 and 9. Additionally, as the success of computation is dependent on
experimental conditions, this reduced accuracy may also stem from operating at a sub-optimal
temperature for each register as a compromise for compatiblity.

1.3 Rule 110 Program

In addition to binary counting, we also implemented a program that simulates elementary
cellular automaton (CA) Rule 110. An elemental cellular automaton [21], one of simplest
models of computation, consists of an infinite set of cells with two states, 0 or 1. At each
time step, updates to a cell depend on the states of its left and right neighbors. A simple
two-rule characterization of Rule 110’s transition rule is as follows: 0 updates to 1 if and
only if the state to its right is a 1, and 1 updates to 0 if and only if both neighbors are 1.
Critically, Rule 110 has been shown to be Turing universal [22].

Theoretically, SIMD||DNA’s in-memory computation model is as powerful as any other
space-bounded computing technique [6]. In other words, our space-bounded simulation of
Rule 110 immediately gives that any computable function can be computed by a SIMD||DNA
program, if the required space is known beforehand. Note that the Rule 110 simulation
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invokes two sources of parallelism: instruction strands are applied to all registers in parallel,
and every cell within a register can update concurrently. This contrasts with binary counting
where instruction 1 requires a cascade of strand displacement reactions across multiple cells.

To experimentally implement the Rule 110 program, we used M13 sequences as well as
artificially designed sequences. Since the encoding of information 1 contains an exposed
region, to enable ligation and sequencing, a set of “seal” strands were applied to all the
registers after performing parallel computation on all 16 initial values to fill in the gaps
on the patterns of the top strands (Figure 6A). We confirmed that the Rule 110 program
updated correctly for the 16 registers encoded with artificially designed sequences–the correct
values are the dominant output (Figure 6B). We achieved similar results using the native
M13 sequence as well (not shown).

1.4 Random Access

A related desired functionality for DNA data storage is to be able to selectively address or
read out a specific subset of data registers, a process commonly referred to as random access.
Random access avoids reading out everything at once, thereby destroying all data. Traditional
DNA storage uses PCR to selectively amplify data [23] or selectively pull out information
by tuning the binding affinity between sequences [24]. However, designing sequences or
multiplexed orthogonal PCR probes with high specificity can be challenging. Additionally, it
is necessary to reconstruct the database for information update after if a single piece of data
is read. On the other hand, strand displacement achieves specificity through kinetically and
energetically favorable reactions that displace a pre-existing strand. In SIMD||DNA, every
register is prepared with unique barcode sequences corresponding to different initial values;
these sequences can serve as a point of access for specific registers. Another feature of random
access is that it allows selective erasure. Accessing data can selectively destroy a subset
of the database (data erasure) but leaves the remainder available for further computation.
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Instead of reconstructing the database, a new, edited register can simply be added to a
previously-accessed database as an update. In principle, in SIMD||DNA programs, after
computation on multiple registers, displacement strands with unique barcode sequences can
be added to the solution to release registers with the matching barcodes from magnetic beads.
Thus, every register can be queried separately for read out from the register mix.

We experimentally demonstrated parallel computation and random access of both the Rule
110 and the binary counting programs. We show that registers can be sequentially accessed
by adding a series of different displacement strands with distinct barcodes (Figure 7A). We
mixed all 16 registers to perform Rule 110 computation. After computation, we first added
a displacement strand with a barcode corresponding to 0011 and processed the displaced
registers (ligation, PCR amplification, sequencing). Next, we added another displacement
strand with a barcode corresponding to 1001 to query the second register. Finally, we added
all 16 different displacement strands (corresponding to all 16 barcodes to access all of the
information. The sequencing results confirmed that, for the first and second queries, the
desired register is the dominating register among the registers displaced from the mix.

Registers can be accessed in parallel by adding different displacement strands to different
register mixes at the same time. All the queries were successful and at least 23% of registers
show the correct value. Accessing a register also performs selective erasure of the data.
Following displacement of one specific register, we added all 14 displacement strands to
displace the remaining data from the register mix. We observed that reads corresponding to
the displaced register were notably less abundant compared to reads corresponding to all
other registers.

1.5 Sequential computation

Finally, we scaled up the computational power of SIMD||DNA through sequential computation.
We began with the Rule 110 program (Figure 8A) and prepared 4 sets of register mix containing
5 distinct registers, each encoding a unique initial value. Each set went through one of the
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Figure 8: Multiple rounds of sequential computation with chemically synthesized DNA. (A) Sequential
computation of the Rule 110 program. Results are normalized to the total read count for each sample. Reads
with one or more indeterminate digits were excluded. Lower panels show the distribution of outputs values
for initial values 0001 and 1101. (B) Sequential computation of the binary counting program. In both the
lower panels of (A) and (B), the correct value is indicated by a white and black border; values that were
either the correct value or observed in > 25% of all reads are labeled.
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following processes: no computation, one round of computation, two rounds of computation,
and three rounds of computation. After these processes, all registers from the register mix
were ligated, displaced from magnetic beads, PCR amplified, and sequenced. In the first
round of computation, we confirm that all initial values included in the register mix produced
the correct value as the dominant output, with the correct value encompassing at least 83%
of all reads. In the second round of computation, all initial values again achieved the correct
value as the dominant output, with the correct value represented in at least 34% of all reads.
In the final round, all but one initial value produced the correct value as the dominant output;
for this initial value, the correct value was observed in approximately 10% of all reads.

For the binary counting program, we first prepared 7 sets of register mix containing all 16
registers (Figure 8B, left panel). One set did not go through any computation and served
as a control. The other 6 sets initially went through one round of computation. As part of
another experiment, a different register was random accessed (and therefore erased) from
each set (results in Figure 7). For 3 of the 6 sets, all remaining registers were displaced
and sequenced, and the analyzed results were pooled together to account for the missing
registers (Figure 8B, middle panel). The other 3 sets were subjected to another round of
computation, followed by access of all remaining registers, post-computation processing, and
sequencing. Likewise, the two-round computational results of these 3 registers were pooled in
our analysis (Figure 8B, right panel). After the first round of computation, the correct value
was represented in at least 22% of all reads for each initial value; following the second round
of computation, the correct value was present in at least 12% of all reads.

We investigated the limit of multi-round computation by quantifying product loss after
each round of computation using both qPCR and electrophoretic techniques. One round of
computation (washing, strand displacement, displacement from magnetic beads, ligation)
yields about 38%, while washing alone (without instruction strands added for computation)
leaves about 56% of product. Approximately 70% of the product loss is estimated to result
from bead loss during washing and 30% by imperfect ligation of the top strands and strand
displacement. Theoretically, using the same protocol, we can perform up to 38 rounds when
storing registers with 16 different values and up to 26 rounds when storing registers with
16,000 different values. This indicates that an improved washing techniques may drastically
increase the yield and consequently the maximum rounds of computation.

1.6 Identifying Bit Pairs

Before describing the implementation of specific algorithms for sorting, shifting, and searching,
we will present some general algorithmic steps useful in implementing all of these.

A common task in our algorithms is “identifying” pairs of adjacent bits, i.e., recognizing
the specific pair of cells at a location of interest. We will exploit the fact that domain 1 is
always exposed to identify these specific pairs. Figure 9 illustrates our approach on the string
11001, which contains all 4 possible adjacent pairs: 00, 01, 10 and 11.

Identification is performed with three instructions. In instruction 1, the strands (S1 6 7
1 2 3) are issued to all pairs of bits. Through the toehold at domain 1 between each pair,
the strand S1 binds to domains 6, 7, 1 in the pair (1, 1), leaving domains S1, 2, 3 open. In
the pair (0, 0), the strand S1 binds to domains 1, 2, 3, leaving domains S1, 6, 7 open. The
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Figure 9: Example of Identifying Different Pairs of Adjacent Bits.

strand S1 binds to domains 6, 7, 1, 2, 3, in the pair (1, 0). The strand S1 does not bind to
the pair (0, 1) since the only exposed toehold is domain 1. We can then distinguish the pair
(1, 0) from the open domains on strand S1.

In instruction 2, using the complementary strands (6* 7* 1* 2* 3*), the strand S1 that
attaches to the pairs (0, 0) and (1, 1) is pulled out. This is done through the open domains
2, 3 in the pair (0, 0) and the open domains 6, 7 in the pair (1, 1) on strand S1. After this
instruction, strand S1 remains only in the pair (1, 0).

In instruction 3, two instruction strands are issued at the same time: (S2 6 7 1) and (S3 1
2 3). Here (S2 6 7 1) will bind to the pair (1, 1) and (S3 1 2 3) will bind to the pair (0, 0).
They will not bind with any other pairs since the only exposed toehold for binding would be
domain 1; they will prefer the locations with more exposed domains.

The result is that the adjacent bit pairs (1, 1), (1, 0) and (0, 0) are each labeled with
strands S2, S1 and S3 respectively. Pairs (0, 1) are labelled with an exposed toehold at domain
1. This toehold could be replaced by a strand (Sx 4 5 6 7 1) or a strand (Sx 1 2 3 4 5); the
choice would be made depending on the use case.

1.7 Rewriting a cell

By exposing toeholds across domains 2 through 7 in a cell, we can rewrite the content of that
cell – so change a 1 to 0 or a 0 to 1 – with three instructions. The idea is that, since there
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are exposed domains, we can displace the content of the cell with a single strand covering all
these domains. Then we can remove the covering strand through the exposed “tag” domain
(S in Figure 10) using a complementary strand. The cell is now completely exposed. We can
write a new bit to it by hybridizing the strands according to our encoding scheme, leaving
domain 1 as a toehold and placing the nick at the desired location.

1.8 Parallel Binary Bubble Sorting

Sorting is a simple yet fundamental operation in computer science. Here we consider sorting
binary values.2 Sorting can be used to determine the “weight” of a vector of 0’s and 1’s: the
count of the number of 1’s relative to the length of the vector. It can also be used to compute
the majority function: whether there are more 1’s than 0’s or not in the input set. Majority
is a fundamental operation for many machine-learning algorithms.

Our SIMD DNA implementation performs parallel bubble sorting on binary bits [25]. It
can be expressed as a pairwise operation in the form of f(a, b) = (c, d), where (a, b) is the
value of the input bit pair, and (c, d), the outputs, represent the action we take, whether to
rewrite or to leave it as it is. The outputs can be 0 or 1, which means that we can arbitrarily
change the value of the cell. They can also be X, meaning they remain unchanged. We
discuss what kind of pairwise operations can be performed on our encoding in Section 1.15.

The sorting operation can be expressed in the following pairwise operation,

f(0, 0) = (X, 0)f(0, 1) = (X,X)f(1, 0) = (0, 1)f(1, 1) = (1, X).

Algorithmically, the following “bit swapping” is performed:

• If the current bit is 1, it changes it to 0 if and only if its right neighbor is 0.

• If the current bit is 0, it changes it to 1 if and only if its left neighbor is 1.

We argue that repeatedly performing such bit swapping will sort the entire sequence of binary
values.
Claim: Bit swapping will never happen more than once for any consecutive sequence of
three bits. Such a sequence consists of two consecutive pairs, sharing the middle bit.
Proof” The only pair of consecutive bits that ever gets rewritten is the pair (1, 0) to (0, 1). It
is impossible to have two consecutive, overlapping pairs (1, 0) sharing a common middle bit.

Accordingly, bubble sorting binary values in parallel does not require an odd and even
index addressing scheme, as does bubble sorting arbitrary values. Claim: Sorting completes
in at most (N − 1) parallel steps where N is the total number of bits.

2Perhaps counter-intuitively, sorting binary values in hardware is as difficult algorithmically as sorting
arbitrary values such as integers or real numbers [25]
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Proof: Suppose we have a sequence of binary bits of length N , in which all bits except the
first are 0. When applying the algorithm, the 1 located at the start will be pushed back one
position at a time with the f(1, 0) = (0, 1) bit swap operation. Fully sorting the sequence, i.e.,
moving the 1 to the last position, requires N − 1 total swaps. Now suppose we are sorting an
arbitrary bit sequence. We argue that, after N − 1 swaps, all the 1’s will be at the end of the
sequence. To see why, note that an f(1, 0) = (0, 1) operations moves a 1 forward, while an
f(1, 1) = (1, 1) operation does not affect adjacent 1’s. Thus, in N − 1 steps, all 1’s will have
moved to end of the sequence.

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

(a) Initial Sequence 0110

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1

(b) After Recognizing (1, 0)

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S2 

(c) Protection on Bit 0

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

(d) Flipped third bit to 0, Protection Removed

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

(e) Flipped fourth bit to 1, Result 0101

Figure 11: Outline of the SIMD DNA parallel binary sorting algorithm.

1.9 Implementation

Here we give an instruction set for performing parallel binary bubble sort with SIMD DNA,
using the encoding in Figure 2. It consists of 12 individual instructions. These are summarized
as follows.

1. Label pairs (1, 0).

2. Uncover these, leaving domains 6 and 7 for the bits 1 and domains 2 and 3 for the bits
0 open in these pairs.

3. Protect the bits 0 of these pairs by covering the corresponding toehold at domains 2
and 3.
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4. Flip the bits 1 to 0 in these pairs.

5. Release the protective covers; flip the bits 0 to 1 in these pairs.

For the initialization, we can use the first two instructions described in Section 1.6, with
an additional instruction to fix open domains for bits that do not change. We can use
the rewriting method described in Section 1.7 to flip the bits. A full description of the
implementation of sorting is provided in Appendix 1.13.1.

1.10 Parallel Left Shifting

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

(a) Initial Sequence 11001

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1 S3S2 S4

(b) After identifying all pairs

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S3S2 S4S5

(c) Release S1 from Pair (1, 0)

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S3S2 S4

(d) Rewrite bit 1 in the previous pair with 0

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

(e) Release S2, S3 and S4 then write 1, Result 10011

Figure 12: Outline of the SIMD DNA parallel left shift operations. The initial sequence S is
11001 and the result sequence T is 10011. The operation shift each bit to left one position
(T[5:1]=S[4:0]), while keeping the Least Significant Bit unchanged.

We propose a SIMD DNA implementation of shifting, another fundamental operation in
computer science. Shifting left corresponds to multiplying a binary number by 2; shifting
right corresponds to dividing it by 2. It is a useful operation in general for aligning data in a
variety of algorithms [25]. We present a left shift algorithm, one that shifts all N binary bits
one position to the left, with the Least Significant Bit (LSB) remaining unchanged. This
operation is, of course, a parallel left shift, moving all bits simultaneously in lockstep. Our
implementation requires 11 instructions per shift. Note that unlike usual arithmetic or logical
left shift that inserts a bit 0 to the LSB, the left shift operation described here keeps the
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original LSB, thereby duplicating the LSB. The usual left shift could be implemented by
adding instructions rewriting the LSB to 0 after the instructions we provide here.

We describe the shift operation using the following pairwise operation as:

f(0, 0) = (0, X)f(0, 1) = (1, X)f(1, 0) = (0, X)f(1, 1) = (1, X)

Here X means a value that does not change. For each bit pair, the operation writes the
value of the right bit to the left bit. Since only the value of the left bit is changed in each bit
pair, the operation is non-overlapping and can be implemented using the encoding scheme
we propose. We illustrate with the example of shifting 11001 to 10011, shown in Figure 12.

1. Label all the bit pairs. Cover the toeholds for the pairs (0, 0) and (1, 1).

2. For the pairs (1, 0), flip the bits 1 to 0.

3. For the pairs (0, 1), flip the bits 0 to 1.

4. Finally, uncover all the toeholds for the pairs (0, 0) and (1, 1).

A full description of the implementation of shifting is given in Appendix C.

1.11 Parallel Search Algorithm

Searching is fundamental to all branches of computer science that involve data storage and
retrieval. We consider the problem of deciding whether a given substring exists in a stored
string of bits. We first discuss a general algorithm that returns an answer to such a question
in log(n) parallel steps, where n is the substring length. We then propose an implementation
in SIMD DNA. Due to practical constraints, the time complexity of the implementation is
not O(log(n)); it is closer to O(n), depending on the problem size and implementation details.
We note that a requirement of our algorithm is that the length of the query string is a power
of 2. We discuss the time complexity and constraints in detail in Section 1.17.

1.11.1 Algorithm

Suppose we have a query substring Q of a length n and we would like to search whether
it appears in a much longer target string A. Pseudo-code for our approach is given as
Algorithm 1. We will elucidate the pseudo-code by stepping through examples.

1.11.2 Parallel search procedure

We illustrate searching for a query string Q = 1101 in the following target string A:

A0 = 10101010110110100011110101000100

A1 = a2a2a2a2a3a1a2a2a0a3a3a1a1a0a1a0

A2 = b0b0b1b0b2b1b3b3

(1)

The original string is A0. In each step, two consecutive symbols are read and replaced with a
single symbol. Here a0 = 00, a1 = 01, a2 = 10, a3 = 11, b0 = a2a2, b1 = a3a1, b2 = a0a3, b3 =
a1a0. Note that Q = 1101 = a3a1 = b1. After three steps, we conclude that the query string
exists in the target string, since there are two matches in the string A2.
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Algorithm 1: Pseudo-code for Parallel Search Algorithm. Note that the operations
inside the two foreach loops can be performed in parallel since they are independent.
The merge operation here is to find a corresponding symbol that replaces the two
symbols in the lookup table, and the identify operation is to look up the symbol
that represents the target string.

Data: S ←Query String, T ←Target String
Result: A set of offsets consists of successful search with offset
n← length of S;
results ← ∅ ;
foreach i in [0, n− 1] do

Ti ← T ;
truncate first i characters of Ti;
Li ← length(Ti);
p← 1;
while p ≤ length(S) do

foreach consecutive pair of bits a, b in Ti do

c← pair(a, b);
if c = identify(S) then

return True;
end

replace a, b in Ti with c;

end

p← 2 · p;

end

return False
end
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1.12 Implementation

To implement the algorithm in SIMD DNA, we do not issue instruction strands to each pair
of overlapping bits. Instead, we consider the non-overlapping bit pairs. In the example shown
in Figure 13, for the bit sequence 1011, we would consider operations on bit pair 10 and 11,
but not on bit pair 01.

Figure 13 shows the critical steps on searching a target sequence 1011. It provides
an example of a successful search and also the potential outcome of two failed searches.
To implement the search operation with an offset, we can simply skip the number of bits
according to the offset. We use the word symbol to represent the consecutive cells that we
search for on a certain level. For example, in the first level, the symbols are 10 and 11. We
can use the bit identifying steps described in Section 1.6 to recognize these symbols. We use
identifiers A0 = 00, A1 = 01, A2 = 10, A3 = 11 to represent symbols in this level. We then
move on to the next level, searching for consecutive symbols A2A3, which corresponds to the
target string 1011.

In the first step of the second level, we first rewrite the topological structure at symbols
that appear to be a query result. In this example, A2 should be found as the left symbol, and
A3 should be found as the second symbol. We pull identifier A2 out from every odd symbol
(we only look at the first, third, fifth, etc.) and rewrite the entire symbol with the technique
described in Section 1.7. After rewriting, we have the identifier A′

2 that covers domains (5 6
7) in the right most cell, as seen in Figure 13c. For the second symbol A3, we repeat the step
described, except we pull the identifier out from every even symbol and the new identifier
A′

3 covers domains (2 3 4) in the left most cell. Through these steps, we have essentially
“moved” the identifier of the matching symbols to the middle. In the final step, we issue the
new identifier strand (B11 5 6 7 1 2 3 4) to the location between every two symbols. It will
result in a perfect binding only if there is a match at the current symbol level. Figure 13e
shows the example of a matching result. Figure 13f and 13g show two potential examples of
imperfect binding, indicating a non-matching result. We can pull them out through the open
domains either on the identifier itself or a nearby open domain on the base strand. Therefore,
the presence of the identifier B11 indicates a successful match.

We can repeat the process to recognize multiple symbols at the same level. When we
move to the next level l+ 1, we can use the identifiers from this level l as a starting point for
rewriting. To identify a symbol Sl+1,c = Sl,aSl,b at level l + 1, we simply pull out identifiers
for Sl,a at odd symbols and Sl,b at even symbols at level l. Then we “move” the identifier to
the middle. Finally, we give identifiers for Sl+1,c to the middle of each pair and identify the
symbol.

A possible weakness of our implementation is that the strand used for rewriting could
potentially be very long. This could cause problems when performing these operations in
vitro due to branch migration complications. Lastly, this search operation can handle multiple
overlapping queries within the reference string, but this requires careful consideration of the
base-pair sequence of the cells in designing identifier strands.
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1.13 Instructions for Converting to Another Scheme

Instruction 1 identifies and distinguishes the two different bits. In instruction 1, strand (S1 1
2 3) is issued. In bit 0, the strand will displace the short strand over domains 2 and 3 but
does not edit bit 1 since domain 1 is the only open domain for binding. In instruction 2, all
domains in bit 1 are replaced by a single strand covering all domains with identifier Sa. Then
in instruction 3, the strand S1 is detached, so domains 1, 2, and 3 on bit 0 are exposed. In
Instruction 4, all domains in bit 0 are replaced by a single strand covering all the domains
with the identifier Sb. Then any encoding scheme with 7 domains in 1 cell could be written
to the bits by first detaching strand Sa and writing the encoding for bit 1, then detaching
strand Sb and writing the encoding for bit 0.

1.13.1 Detailed Implementation of Each Step for Parallel Sorting

Here we give an instruction set for parallel binary bubble sort with the previously defined
encoding scheme. We can implement each step of the sorting algorithm in 12 individual
operations. Details of the design are shown in Figure 15.

The 12 instruction falls to 2 stages. The first stage is “identifying.” During instructions
1-4, all the pairs (0, 1) are identified, and in both bit 0 and 1, a toehold is exposed for
writing new data. More specifically, Instructions 1 and 2 identify the combination of (1, 0).
In instruction 1, (S1 6 7 1 2 3) is issued to each pair of bits. In pair (0, 0), S1 and domains 6,
7 are exposed. In pair (0, 1), since the only open domain is 1, it will not form a strong enough
bind. In pair (1, 0), only S1 is exposed. In pair (1, 1), S1 and domains 2, 3 are exposed. In
instruction 2, strand (6* 7* 1* 2* 3*) is issued to each pair of bits. Since pair (1, 0) is the
only pair that does not have exposure 5 or 2, this strand will detach strand S1 in each pair
except pair (1, 0). After Instruction 2, the toehold between a bit value of 1 and a bit value of
0 in the pair (1, 0) is replaced by a strand with an identifier of S1. Instruction 3 seals off the
domain exposed in the other pairs during Instruction 1 and 2 so that it will not be edited
later. In instruction 4, the strand with identifier S1 is detached, exposing domains 6 and 7 in
the left cell containing bit 1, or domains 2 and 3, in the right cell containing bit 0. After
this instruction, toeholds are exposed only in the 1s and 0s in pair (1, 0). Other bits are not
affected.

The second stage is flipping the bits in the pair (1, 0). In instruction 5, in the case of a
bit value of 0, domains 2 and 3 are temporarily covered by a strand with identifier S2 so that
the writing process will not interfere with the identified 0s at this moment. In instruction 6,
a bit value of 1 is replaced by a strand with identifier S3 via the open toehold at domains 6
and 7. The strand is then detached in instruction 8, exposing all the domains of that bit.
Then, the bit value of 0 is written to the location of a bit value of 1 in instruction 8. In
instruction 9, the temporary cover for a bit 0 is lifted. Then, in instructions 10 through 12,
a bit 1 is written to the location of a bit value of 0 using the same scheme as instructions
6 through 8. Throughout the process, only bits identified in the first stage with toeholds
exposed are affected.
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1.13.2 Detailed Implementation of Each Step for Parallel Left Shift cell

The instructions are shown as followed, with an example of shifting 11001 to 10011.
The first three instructions are exactly the same as those for identifying bit pairs in

Section 1.6. In instruction 1, the strand (S1 6 7 1 2 3), which identifies the different patterns
of two bits, is issued to each pair of bits. In instruction 2, strand (6* 7* 1* 2* 3*) is issued,
detaching strands with open domains 6 and 7, or 2 and 3. After this instruction, strands
with identifier S1 only remain at pair (1, 0). In instruction 3, we issue two species of strands
at the same time: (S2 6 7 1) and (S3 1 2 3). (S2 6 7 1) will bind with pair (1, 1) and (S3

1 2 3) will bind with pair (0, 0). S2 will not form a stable binding with pair (0, 0) or (0, 1)
because the binding area is only one domain. Same goes with S3 and pair (1, 1) or (0, 1).
After this instruction, only domain 1 between pair (0, 1) is still exposed. In instruction 4,
strand (S4 4 5 6 7 1) is issued. Through the open domain 1 between pair (0, 1), the strand in
bit 0 is replaced by S4. After this step, the first bit in pair (1, 0) is identified with the strand
S1, and the first bit in pair (0, 1) is replaced with the strand S4.

Instructions 5 to 9 rewrite the first bit in pair (1, 0) to 0. In instruction 5, the strand S1

is detached, exposing domains 6, 7, 1, 2 and 3. The exposed domains 2 and 3 are sealed off
in instruction 6 to not interfere with subsequent instructions. In instruction 7, strand (S5 2 3
4 5 6 7) is issued through the open toehold on domains 6 and 7 in the bit 1 in pair (1, 0),
and displaces the strand in that bit. Since domains 2 and 3 are sealed off, bit 0 will not be
modified in this instruction. In instruction 8, strand S5 is detached, leaving the domains in
the bit open. In instruction 9, strands (2 3) and (4 5 6 7), which represent 0, are written to
the bit containing open domains.

In the final two instructions, we write 1 to the first bit in pair (0, 1). In instruction 10, 3
strands are issued to each pair of bits: (S2* 6* 7* 1*), (S3* 1* 2* 3*) and (S4* 4* 5* 6* 7*
1*). S2, S3 and S4 are detached through these strands. Since S4 covers the bit 0 in pair (0,
1), after this step, domain 3 and 4 are exposed in these bits, ready to be written to 1. In the
final step, strands (2 3), (2 3 4 5), and (6 7) are issued to each cell. Strand (2 3) and (6 7)
will fix the exposed domains from strand S2 or S3, and strand (2 3 4 5) will write bit 1 to the
bit with domain 3 and 4 exposed. Details of the design are shown in Figure 16.

For all the pairs of (0, 0) and (1, 1), the first bit in those pairs will not be modified since
the toehold 1 will be covered with S2 or S3 in the process.

1.13.3 Detailed Implementation of the Second Level in Parallel Search

Here we discuss the second level of the parallel search operation. The first level of search
operation uses the instructions that were described in Section 1.6, except we now only issue
strands to non-overlapping bit pairs. We use identifiers A0 = 00, A1 = 01, A2 = 10, A3 = 11
to represent symbols in this level. For instance, to search for the target string 1011, we search
for the symbol A2 in odd symbols and A3 in even symbols. The cases of A2 in even symbols
and A3 in odd symbols are covered by searching with offset.

In the first instruction of the second level, we uncover the A2 in the odd symbols, creating
an open region. In instruction 2, we use a long strand to cover the entire right half of
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the symbol, from the start of identifier A2 to the rightmost cell. This strand is pulled out
in instruction 3. In instruction 4, we use an identifier A′

2 to cover domains 5, 6, 7 in the
rightmost cell while covering all other domains.

Instructions 5 to 8 are essentially the same as instructions 1 to 4, but with two significant
differences. Firstly, since A3 is the second symbol in the current level of query, we only search
for even-numbered symbols (2, 4, 6, etc.). Secondly, instead of rewriting the right half of
the symbol, we write the left half. We make the new identifier A′

3 to cover domains 2, 3, 4
in the left-most cell. In instruction 9, we use identifier (B11 5 6 7 1 2 3 4) to recognize the
two consecutive symbols A2 and A3. Since, in the regular encoding, no strand starts from
domain 5 or ends at domain 4, it will only form a perfect binding with a matched result.

After the identifier B1 1 binds, we also need to clean up the imperfect bindings in case
of a mismatch. Figure 17 shows the instructions for the cleanup process. In instruction
10, we first use the complementary strand (5* 6* 7* 1* 2* 3* 4*) to pull out the imperfect
bond identifier B11. Then we issue strands covering the exposed domain. We first issue
strands covering fewer domains, then in following instructions, we issue strands covering more
domains. As a result, we always obtain a perfect fit; the strands will not be pulled out in
potential unrelated rewriting processes.

1.14 Discussion

We proposed and implemented the in-memory and parallel computation architecture SIMD||DNA
as a new DNA data storage paradigm. We theoretically proved the correctness of two pro-
grams binary counting and cellular automaton Rule 110, the latter of which has been shown
to be Turing universal. In practice, we performed in-memory and parallel computation of
these two programs on 4-bit registers, which can be constructed using both naturally existing
sequences and artificially designed sequences. To scale up the computational power, we
implemented random access memory and multiple rounds of sequential computation.

We investigated the completion level and the robustness of some of the instructions.
Leak can come from fraying at the nicks in the registers and undesired opening of domains,
both of which may lead to strands being mistakenly displaced or binding incorrectly. We
mitigated leak by allowing registers and instructions strands to react for a short amount of
time before washing. This favors the faster desired strand displacement events while slower
leak reactions are unfavored. However, in situations where undesired reactions are fast, leak
can be a major source of error. In electrical and computer engineering, a common error
correction strategy includes adding redundancy to the system design: making one mistake
in the overall computation requires multiple leak events to occur [26]. The recent “leakless”
design principles have shown that introducing redundancy can also reduce leak in chemical
systems [27, 28]. This raises the question of whether leakless design principles can be imposed
on SIMD||DNA constructions. In addition to preventing errors at the experimental level, it
remains open to address errors at the “software level” by employing error correction codes in
the data and employing error correction schemes in the instructions.

Our method of storing information in DNA is motivated by recent developments in DNA
storage employing topological modifications of DNA to encode data [9]. Although we use
chemically synthesized strands to assemble registers, it is possible to programmatically cut
naturally existing DNA and form strand breaks at desired locations as a high-throughput
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method of writing information into registers. In contrast to storing data in the DNA sequence
itself, encoding data in nicks could reduce the cost of large-scale de novo DNA synthesis
by repurposing biologically-derived DNA. Other than the approach we have taken to adapt
SIMD||DNA for sequencing (i.e. including a secondary sequence encoding with mismatches
and performing ligation), recently developed Nanopore sequencing methods could potentially
read information encoded in nicks and single-stranded gaps directly in double stranded DNA
in a high-throughput manner [11]. Registers can also be affixed to the surface of a microfluidic
chip to achieve autonomous control of reacting with instruction strands and elution, which
could increase both the yield and scale of computation.

Compared to information stored in the DNA sequence which could be stable for thousands
of years [29], information stored in the pattern of nicks may be more prone to change since
the patterns of nicks is more readily disrupted than DNA sequence itself (e.g. via undesired
4-way branch migration between different registers). In addition to the methods used in
traditional DNA data storage to increase the longevity [30, 31], it is possible to seal the nicks
reversibly through light-induced photochemical ligation [32].

Data storage in the nicking patterns trades computability for data density. Our current
encodings in SIMD||DNA store data at a density of approximately 0.03 bit per nucleotide, a
decrease from traditional storage schemes that encode information in the DNA sequence itself
for a theoretical maximum data density of 2 bits per nucleotide. In principle, data density
can be increased by using different encoding schemes, such as allowing overhangs on the top
strands to encode information. In our current implementation of reading out SIMD||DNA
products, we use mismatches to differentiate bit information, which is orthogonal to the logic
encoding. It may be possible to increase data density by encoding logic information through
mismatches so that the effect of an instruction depends on the difference in binding stability
or kinetics between mismatched and perfectly matched sequences.

We engineered SIMD||DNA programs with strand displacement reactions happening on
naturally-occurring sequences. Although some DNA strand displacement systems have been
adapted to naturally-occurring sequences such as diagnostic applications, it is still a challenge
to design systems that can be widely applicable. There are several advantages to using
naturally-occurring DNA over artificially designed and chemically-synthesized DNA. First,
the length and fidelity of biologically-produced DNA far exceeds those attainable by chemical
synthesis [33]. With phosphoramidite synthesis, currently the standard technique for de novo
production of oligonucleotides, oligonucleotides longer than 100 nucleotides (such as those
required for SIMD||DNA registers) are likely to be truncated and consequently result in
error in register assembly. Further, if the displacing strand is truncated it may not be able
to fully displace the intended target, resulting in low completion. Thus, current chemical
synthesis techniques have an upper bound of oligonucleotide length under reasonable yield
requirements, which limits the design of DNA architectures. Most schemes therefore avoid
using oligonucleotides of lengths longer than ≈ 70 bases, because longer strands require
higher levels of purification and a different, more expensive synthesis architecture (e.g. IDT
Ultramers™ [34]). In contrast, bacteriophage DNA is typically on the order of kilobases
in length and, importantly, single-stranded; as a result, it has been a popular choice as
scaffolds for DNA origami [16], and could potentially allow SIMD||DNA to compute on
several hundreds of bits. Second, the cost to produce natural DNA biologically is far lower
than that of producing custom DNA synthetically. M13mp18 plasmid can be easily cultured
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and harvested using minimal equipment, in contrast to custom oligonucleotide that require
specialized synthesizers. Special synthesis architecture and additional purification steps
are often needed to produce a similar yield compared to shorter oligonucleotides, adding
to both the time and financial cost of production. At time of writing, M13 plasmid can
be commercially purchased at less than $5 for 1 µg at leading suppliers, whereas a typical
oligonucleotide sequence of 200 nt costs around $40 per 1 nmole. Further, recent technology
developed for DNA origami can produce both short single stranded staples and the long
M13 to achieve production costs of around $0.025 per µg of folded DNA origami [35]. The
same technology may be potentially applicable to SIMD||DNA, with instruction strands
synthesized in the same manner as the staple strands for origami.

We discuss the features and implementation constraints of the proposed algorithms.

1.15 Ability to compute any non-conflicting pairwise operation

In Section 1.8 and Section 1.10, we presented examples of algorithms that perform pairwise
operations, namely sorting and shifting, respectively. Given the ability to identify pairs of
bits and a universal way to rewrite a cell, we can readily implement any algorithm that
performs non-conflicting pairwise operations. Such operations only entail rewriting pairs of
adjacent bits. The result of the operation on a specific sequence should always be the same,
irrespective of the execution order. To illustrate, consider the following operation:

f(0, 0) = (X,X)f(0, 1) = (X, 1)f(1, 0) = (X,X)f(1, 1) = (0, X)

Here X indicates a value that does not change. This operation is conflicting. To see why,
consider its effect on the sequence 011. The second bit should change to 1 when the operation
is applied to the first pair. However, this bit should change to 0 when the operation is applied
to the second pair. Depending on the order of execution, the final result will be different. To
ensure an operation is non-conflicting, for every three adjacent bits that two operations are
performed on, the middle bit should be set to the same value.

Non-conflicting operations can be performed in parallel on all bit pairs. In the first step,
we identify the four bit pairs described in 1.6. After this step, we supply strands with four
labels covering the four bit pairs. Then, we release strands with specific labels one at a time
to obtain write access to specific bit pairs. (Write access refers to a domain being exposed.)
We rewrite these cells with the operation described in Section 1.7. The full operation requires
rewriting all four bit pairs.

We conclude that our encoding scheme and design method are generally applicable to
parallel bitwise algorithms, provided that they can be expressed in terms of such non-conflicted
pairwise operations.

1.16 Converting to Different Encoding Schemes

A benefit of the encoding scheme that we are proposing is that it can easily be converted to
any other similar scheme since each cell always has an exposed domain 1. In the original
SIMD DNA scheme proposed in [36], the authors designed two specific encoding schemes
for the two applications proposed (rule 110 and a binary counter). We suggest that our
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encoding scheme could be used as an intermediate form when converting to other encoding
schemes, designed for particular algorithms. Figure 19 illustrates how we can use a single
strand (S1 1 2 3) to differentiate bit values of 0 from bit values of 1. We can use the technique
discussed in 1.7 to re-write the data with a different encoding scheme, so long as the scheme
also encodes each bit with 7 domains. Complete instructions for performing such encoding
changes are given in Appendix 1.13.

1.17 Time Complexity of Parallel Search

While the time complexity of the proposed parallel search is O(log(n)) in principle, where
n is the query substring length, the time complexity of our SIMD DNA implementation
is somewhat worse. While the abstract search algorithm finds the query in the reference
string by pairing individual characters in parallel, and thus completes in O(log(n)) steps, our
implementation searches for and identifies distinct symbols sequentially, that is to say, it first
searches for a specific symbol across all possible locations at once, then it searches for the
next symbol across all locations at once, and so on.

The abstract algorithm assumes all symbols are identified in one pass to allow for further
pairing. If we consider all the different symbols in a query string, counting repeated symbols,
n
2i

symbols must be searched sequentially at level i in our implementation. Accordingly, the
total number of sequential search steps could be as high as O(n). However, at each level, all
the occurrences of a specific symbol are identified simultaneously. At level i, each symbol
represents a binary string with a length of 2i, so there are at most 22

i

distinct symbols at
level i. For example, in the first level, instead of searching for n

2
symbols, we only search for

four distinct symbols. In the second level, there are only 16 distinct symbols. Since we only
search for distinct symbols, the number of steps in the first few levels will be greatly reduced.

Our parallel search algorithm currently only works on query strings having a length that
is a power of two. However, we believe that our implementation could be modified to allow
for arbitrary-length query strings. We do not provide details here, as they are cumbersome,
but we outline the method as follows.

Note that, in parallel search, the query string is searched reductively: at each level, two
symbols are reduced to one symbol. When working with query strings having any arbitrary
length, there might be an odd number of symbols in the current level, meaning that the last
symbol cannot be reduced for the next level. In this case, we can add a method to identify
the trailing odd symbol at the current level and replace it in the next level. The reduction
can still be completed in a logarithmic number of levels.

The range of algorithms discussed here suggest that the SIMD||DNA paradigm is broadly
applicable to computation. It is open to investigate the power of SIMD||DNA: what algo-
rithms can be directly designed (instead of implemented through Turing machine) and what
algorithms in principle cannot be achieved in SIMD||DNA paradigm. For all the designs
available, they all have unique data encodings. For the future design, it is natural to ask
whether there exists a universal encoding that is compatible with different programs, or if
it is possible to convert one encoding to the other. Can we design more efficient programs
with regard to the number of instructions or the number of unique instruction strands? More
complicated strand displacement mechanisms [37, 38, 39] may sacrifice speed and increase
design complexity in exchange for extra computational power in this architecture.
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SIMD||DNA can potentially revolutionize DNA storage architecture for future applications.
Given the current challenges in attaining high-quality, large-scale de novo long custom
strand synthesis [40, 41] and the urgent, growing need for archival data storage worldwide,
SIMD||DNA presents an intermediate solution that facilitates DNA storage for practical
settings. In a longer-term context, SIMD||DNA could remain relevant as an interface between
DNA computation modules that process molecular inputs and a semi-permanent record of
the output of those computations, thereby both scaling up strand displacement-based DNA
nanotechnology and adding a “wet” computation component to otherwise “cold” data storage.
Towards this end, one could for instance envision a database of personal medical records that
is collected through molecular detection programs taking daily samples from the patient as
input and updating corresponding registers for later readout.

1.18 Conclusions

We have presented algorithms for basic parallel operations within the SIMD DNA framework.
We note that there are, in fact, two layers of parallelism possible:

1. Bit-level Parallelism: instructions applied to all bits in an array at once.

2. Data-level Parallelism: the same instructions applied to multiple arrays at once.

While operations on DNA are slow and error-prone, with these levels of parallelism, perhaps
DNA computation could scale to a truly impressive regime. Consider the following back-of-
an-envelop estimates. Suppose:

– we have 1012 independent cells in parallel in a single test tube;

– a single operation takes approximately 10 minutes to complete.

– different cells use the same DNA sequence. Using distinct sequences for different cells,
as in our search operation, can result in a solution with multiple competing DNA
molecules. At larger scales, this would result in an increase in reagent volume and could
diminish reaction rates.

This means that we can perform approximately 109 operations per second in a single test
tube, already impressive. Now suppose that:

– we have 100 test tubes.

This means we can compute at 100,000 MIPS (million instructions per second). This is
comparable to what very respectable existing silicon systems can achieve. The key conceptual
difference between the SIMD DNA approach and other forms of DNA computing is that it
exploits a substrate on which data is stored. This enables the SIMD parallelism.

Many experimental hurdles remain in demonstrating and deploying this paradigm. DNA
synthesis remains prohibitively expensive. A possible alternative is to use gene-editing
techniques to encode data on naturally occurring DNA [42].
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2 Fractional Computing on Concentrations

This report presents a novel strategy for computing mathematical functions with molecular
reactions, based on theory from the realm of digital design. It demonstrates how to design
chemical reaction networks based on truth tables that specify analog functions, computed by
stochastic logic. The theory of stochastic logic entails the use of random streams of zeros
and ones to represent probabilistic values. A link is made between the representation of
random variables with stochastic logic on the one hand, and the representation of variables
in molecular systems as the concentration of molecular species, on the other. Research
in stochastic logic has demonstrated that many mathematical functions of interest can be
computed with simple circuits built with logic gates. This report presents a general and
efficient methodology for translating mathematical functions computed by stochastic logic
circuits into a chemical reaction networks. The computation performed by the reaction
networks is accurate and robust to variations in the reaction rates, to within a log-order
constraint. Reaction networks are given that compute functions for applications such as
image and signal processing, as well as machine learning: arctan, exponential, Bessel, and
sinc. An implementation of the reaction networks is proposed with a specific experimental
chassis: DNA strand displacement with units called DNA concatemers.

2.1 Introduction

In recent years, the topic of stochastic logic has been advertised as a possible design paradigm
for emerging technologies that promise scaling beyond complementary metal–oxide–semiconductor
(CMOS), as well as the basis of non-von Neumann architectures [43, 44]. While the term
can mean many things, ranging from randomized algorithms to probabilistic analysis, in
our context “stochastic computing” or “stochastic logic” has a specific meaning: it refers to
logic-level computation on randomized bitstreams. Instead of the traditional values of 1 and
0 that form the basis of binary computing systems, in stochastic computing a real value x is
represented as a stream of random bits. In this stream, the probability of a randomly chosen
bit being 1 is x, and the probability of it being 0 is 1− x.

The original ideas for this form of stochastic computation are generally attributed to
research by Gaines and Poppelbaum in the late 1960s [45, 46], as well as to work by Brown
and Card in the 1990s [47]. Beginning in the late 2000s, there has been a renewed interest,
with too many publications to enumerate. We point to some influential papers as well
as surveys: [48, 49, 50, 51, 52, 53]. In [54, 55], Qian et al. presented a general synthesis
methodology for stochastic logic. Our exposition is based on that framework.

The main appeal of stochastic logic is that a wide variety of functions can be computed
with simple structures. For instance, multiplication can be implemented with a single AND

gate. More complicated functions such as the exponential, absolute value, square roots, and
hyperbolic tangent can each be computed with a very small number of gates [56]. Simplicity is
a compelling advantage for the task that we confront in this report computing with molecular
reactions.

The idea of molecular computing dates back to seminal work by Len Adleman, who
discussed solutions to combinatorial problems such Boolean satisfiability and Hamiltonian
paths with DNA [57]. There has been a broad range of research since. We point to a small
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subset: [3, 58, 59, 60, 61, 62, 63].
This report explores a link between the two fields. Specifically, it presents a strategy

for computing mathematical functions with molecular reactions by applying concepts from
stochastic logic. We preview with an example. Suppose we want a chemical reaction network
that computes the function

f(a, b) = 1− a− b+ ab,

where a and b are real-valued variables. The corresponding digital function for stochastic
logic can be obtained using the methods discussed in Section 2.1. In this case, it is f(a, b) =
NOR(a, b), expressed in the following truth table:

a b NOR(a, b)
0 0 1
0 1 0
1 0 0
1 1 0

To represent a stochastic variable x that ranges from [0, 1] in a molecular format, we use
a pair of chemical species X0 and X1. As will be discussed in Section 2.2, we use a fractional
representation:

x =
[X1]

[X0] + [X1]
. (2)

Here [X1] denotes the concentration of the molecular species X1. Using this representation,
we obtain a chemical reaction network (CRN) from the truth table above:

A0 +B0 → C1

A0 +B1 → C0

A1 +B0 → C0

A1 +B1 → C0

(3)

Note that the subscripts of the species match the entries of the truth table above. This CRN
computes the target function, c = 1− a− b+ ab, in terms of the fractional variables a, b and
c. Each of these corresponds to a pair of chemical species, {A0, A1}, {B0, B1} and {C0, C1},
respectively. The central result of this report, presented in Section 2.4, is a proof that we can
implement any polynomial function, specified by a truth table, with a CRN matching its
truth table template.

This report builds upon our prior work, both generalizing and simplifying it. We use
the same formalism, namely a fractional representation of values, in this report as in [66]
and [67].

• In [66], we proposed a technique for computing functions based on a decomposition with
Bernstein polynomials [68]. The technique can implement a broad class of functions,
namely all univariate polynomials, but is quite abstruse. A target polynomial is first
repackaged in Bernstein form [69]. This form is implemented in a logic circuit using a
form of generalized multiplexing [55]. Finally, the logic circuit is translated into a CRN.
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• In [67], we proposed an alternate technique based on a factoring of polynomials with
Horner’s rule. The factored form is implemented with a cascade of 2-input logic gates.
Finally, the logic gate circuit is translated into a CRN. Although conceptually simpler
than working with Bernstein polynomials, this approach is not quite so general: only a
small subset of polynomials can be decomposed in the requisite way with Horner’s rule.

We admit that a significant limitation of the prior work is the complexity of the mathematical
packaging.

The approach in this report is conceptually much cleaner. As with the NOR function
example above, a target polynomial function is first mapped to a truth table. This can
be done using fairly standard techniques – at least for people familiar with the theory of
stochastic logic – and the results are intuitive. Then a CRN is constructed that matches the
template of the truth table.

This approach is also more general. Whereas the method in [66] is limited to univariate
polynomials, the method in this report can implement any multivariate polynomial. Stochastic
logic operates on functions where the domain and codomain are in the interval [0, 1], i.e., the
inputs and the output are probabilities. Common transcendental functions can be computed
via polynomial approximations. In the supplementary information, we provide CRNs for
stochastic functions such as arctan, exponential, Bessel, and sinc to demonstrate our approach
in detail. These functions have practical applications in fields such as machine learning, signal
processing, and image processing. We discuss the implementation of these abstract chemical
reaction networks with DNA strand displacement, with units called DNA concatemers.

This report is organized as follows. Section 2.2 presents background information on
chemical reaction networks and stochastic logic. Section 2.3 describes our methodology for
translating any function computed by a stochastic logic circuit into a set of chemical reactions.
Section 2.4 provides mathematical proof that the proposed methodology is mathematically
sound, based on an analysis of the chemical kinetics. Section 2.6 analyzes sources of error
stemming from differences in reaction rates. Section 2.7 discusses the implementation with
DNA strand displacement and DNA concatemers. Finally, Section 2.9 provides concluding
remarks and discusses future research directions.

2.2 Background

2.2.1 Chemical Reaction Networks

A chemical reaction network (CRN) consists of a set of reactions operating on a set of
molecular species. When a reaction fires, reactant molecules are transformed into product
molecules. Tor instance, consider the reaction:

X1 +X2
k
−→ X3.

Here one molecule of reactant X1 combines with one molecule of reactant X2, resulting in one
molecule of the product X3. The parameter k is called the rate constant. A CRN consists of
multiple reactions occurring simultaneously, where different reactions may involve different
combinations of reactants and yield different products. Consider a toy example of a CRN
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with three reactions operating on the molecule species set {X1,X2,X3,X4}:

X1 +X2 → X3,

X2 +X3 → 2X4,

3X3 +X4 → X1.

Here we assume that all three reactions have the same rate constant, k, an arbitrary value.
To quantify the changes in concentration of all the molecular species involved in a CRN over
time we can apply the theory of mass-action kinetics [70]: reaction rates are proportional to
both the concentrations of the reactants and to their rate constants. Given a CRN, one can
derive a set of nonlinear differential equations for the concentrations of all molecular species.
For instance, for the first reaction above, the rate of change of the concentrations of X1, X2

and X3 is

−
d[X1]

dt
= −

d[X2]

dt
=

d[X3]

dt
= k[X1][X2], (4)

where [X] denotes the concentration of the chemical species X. (We omit the equations for
the second and third reactions for brevity.) Given the initial concentration of the different
molecular species, one can predict the behavior of the CRN by simulating the differential
equations.

2.2.2 Digital Logic

We give some basic definitions that we will need pertaining to digital logic.
Definition: Combinational Logic Function. An n-input combinational logic function is
a function F (X1, X2, . . . , Xn) = Y , where all inputs and outputs are Boolean values. That is,
∀ 1 ≤ i ≤ n,Xi ∈ {0, 1}, Y ∈ {0, 1}.
Definition: Truth table. The truth table of a combinational logic function lists all the
possible combinations of its inputs and the corresponding outputs. Each combination of
inputs is called a minterm. Table 1 in the next section gives an example of the truth table
of a combinational logic function. (We also provided the truth table for the NOR function
in Section 2.1.)

2.2.3 Stochastic Logic

Stochastic logic is an active topic of research in digital design, with applications to emerging
technologies [45, 55]. Computation is performed with familiar digital constructs, such as
AND, OR, and NOT gates. However, instead of having specific Boolean values of 0 and
1, the inputs are random bitstreams. A number x (0 ≤ x ≤ 1) corresponds to a sequence
of random bits. Each bit has probability x of being one and probability 1− x of being zero.
Computation is recast in terms of the probabilities observed in these streams.

Consider basic logic gates. Given a stochastic input x, a NOT gate implements the
function

NOT(x) = 1− x. (5)
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This means that while an individual input of 1 results in an output of 0 for the NOT gate
(and vice versa), statistically, for a random bitstream that encodes the stochastic value x, the
NOT gate output is a new bitstream that encodes 1− x.
The output of an AND gate is 1 only if all the inputs are simultaneously 1. The probability
of the output being 1 is thus the probability of all the outputs being 1. Therefore, an AND

gate implements the stochastic function:

AND(x, y) = xy, (6)

that is to say, multiplication. The output of an OR gate is 0 only if all the inputs are 0.
Therefore, an OR gate implements the stochastic function:

OR(x, y) = 1− (1− x)(1− y) = x+ y − xy. (7)

The output of an XOR gate is 1 only if the two inputs x, y are different. Therefore, an XOR

gate implements the stochastic function:

XOR(x, y) = (1− x)y + x(1− y) = x+ y − 2xy. (8)

The NAND, NOR, and XNOR gates can be derived by composing the AND, OR, and
XOR gates each with a NOT gate, respectively. Please refer to Table 2 for a full list of the
algebraic expressions of these gates. An important assumption in stochastic computation is
that all inputs are independent of each other, i.e., the random bitstreams are uncorrelated.

We formalize the definition of stochastic logic functions as follows.
Definition: Stochastic Logic Function. An n-input stochastic logic function y =
f(x1, x2, . . . , xn), where ∀ xi ∈ [0, 1] and y ∈ [0, 1], is obtained from a combinational logic
function Y = F (X1, X2, . . . , Xn), by the setting corresponding inputs to be independent
random variables Xi with Pr(Xi = 1) = xi.
For a given Boolean circuit, its stochastic function can be computed as follows.

Theorem 1 (Output of a Stochastic Logic Function[71]). Given input sequences generated
by independent Bernoulli random variables, the output of a stochastic logic function will also
be a sequence generated by a Bernoulli random variable. The probability of the output of a
stochastic logic function f being 1 is the sum of all the probabilities of the minterms that
evaluate to 1 in the corresponding combination logic function F . That is,

Pr(Y = 1) =
∑

J∈S

(

n
∏

h=1

[Pr(Xh = jh)]

)

(9)

where J = (j1, j2, . . . , jn), ji ∈ {0, 1} is a minterm, and S = {J |F (J) = 1} is the set of
minterms that evaluate to 1.

To elucidate Theorem 1, we step through the implementation of a stochastic logic function
from a truth table. Consider a combinational circuit computing a function F (X1, X2, X3)
with the truth table shown in Table 1. Let f(x1, x2, x3) be the stochastic function computed
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by this circuit, with real-valued inputs x1, x2, x3 ∈ [0, 1]. Assuming each input is independent
of the others, set

[Pr(X1) = 1] = x1, (10)

[Pr(X2) = 1] = x2, (11)

[Pr(X3) = 1] = x3. (12)

Table 1: Truth table for a combinational circuit, and the corresponding probability of each
row.

X1 X2 X3 F (X1, X2, X3) Probability of row
0 0 0 0 (1− x1) · (1− x2) · (1− x3)
0 0 1 1 (1− x1) · (1− x2) · x3

0 1 0 0 (1− x1) · x2 · (1− x3)
0 1 1 1 (1− x1) · x2 · x3

1 0 0 0 x1 · (1− x2) · (1− x3)
1 0 1 1 x1 · (1− x2) · x3

1 1 0 1 x1 · x2 · (1− x3)
1 1 1 1 x1 · x2 · x3

The probability that the function f evaluates to 1 is equal to the sum of the probabilities
of occurrence of each row that evaluates to 1. The probability of occurrence of each row,
in turn, is obtained from the assignments to the variables, as shown in Table 1: xi if the
corresponding variable Xi is 1 and (1 − xi) if it is 0. Thus, we filter the rows in Table 1
where F (X1, X2, X3) = 1 and add their probabilities together to obtain the expression for
the stochastic function:

f(x1, x2, x3) =(1− x1)(1− x2)x3 +

(1− x1)x2x3 +

x1(1− x2)x3 +

x1x2(1− x3) +

x1x2x3

=(1− x2)x3 + x2x3 + x1x2(1− x3).

(13)

The procedure shown for this example can be generalized to any combinational circuit
to evaluate its stochastic function. Such probabilistic analysis of networks of logic gates is
not new. As early as 1975, the circuit testing community had begun analyzing errors in a
similar way [72, 73]. Similar techniques have also been applied to tasks such as timing and
power analysis [74, 75]. However, characterizing the outputs of the computation this way, as
probabilistic functions, is specific to the field of stochastic logic. We point to some of our
prior work in this field. In [69] we proved that any multivariate polynomial function with its
domain and codomain in the unit interval [0, 1] can be implemented using stochastic logic.
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In [55], we provide an efficient and general synthesis procedure for stochastic logic, the first
in the field. In [50], we provided a method for transforming probabilities values with digital
logic. Finally, in [76, 77] we demonstrated how stochastic computation can be performed
deterministically.

2.3 Implementing Stochastic Logic with Chemical Reactions

In the introduction, we gave a brief example of translating a simple polynomial function, the
NOR function, into a CRN. In this section, we step through the details of this process.

2.3.1 Fractional Representation in Solution

To represent a stochastic value x in a chemical system, we use two distinct molecular species
X0 and X1 such that

x =
[X1]

[X0] + [X1]
. (14)

Here we use the notation [X] to refer to the concentration of a molecular species X. We
introduced this fractional representation in our prior work [66, 67]: the value x equals the ratio
of the concentration of X1 to the total concentration of X0 and X1. As with probabilities in
stochastic logic, such a fractional value can represent any real number in the unit interval
[0, 1]. Indeed, we will demonstrate how this fractional encoding can be used to compute
stochastic functions. We present a potential experimental implementation using DNA strand
displacement in Section 2.7.

2.3.2 Building a Chemical Reaction Network from a Truth Table

Consider the truth table for the Boolean AND operation:

A B C =AND(A,B)
0 0 0
0 1 0
1 0 0
1 1 1

Given the fractional representation described above, let us design a CRN that performs
multiplication with an AND operation on two stochastic inputs a and b, producing an output
c. The network consists of the following reactions:

A0 +B0
k
−→ C0,

A0 +B1
k
−→ C0,

A1 +B0
k
−→ C0,

A1 +B1
k
−→ C1.

(15)

Here k is the rate constant, an arbitrary value, equal for all the reactions. Notice that there
is a one-to-one mapping from the Boolean truth table of the AND gate to the indices of the
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chemical species. Note that, given the two inputs a and b in the fractional encoding,

a =
[A1]

[A0] + [A1]
and b =

[B1]

[B0] + [B1]
. (16)

If we simulate this CRN, we observe that

c =
[C1]

[C0] + [C1]
= a× b. (17)

This strategy for implementing stochastic functions with CRN works for an arbitrary
number of inputs, provided the reaction rates are the same for all reactions. We will prove
this assertion in Section 2.4. Table 2 lists CRNs that implement the stochastic functions of
all the basic logic gates. Again, note that the indices that appear in each CRN match the
truth table of the corresponding gate.

The rate constants for all reactions in these CRNs must be equal for the computation to
proceed correctly. Consider a different situation: for the CRN presented in Eq. 15, suppose
that the rate constant of the fourth reaction is 2k, while all the other rate constants are k

(where k is an arbitrary value). Given stochastic inputs a = 0.7 and b = 0.6, simulation
shows that the output is c = 0.462 instead of the expected value a× b = 0.42. We analyze
the effects of varying rate constants on the accuracy of the computation in Section 2.6.

2.4 Proof of the Proposed Method

Here we prove the correctness of the method of implementing stochastic functions with CRNs
discussed in Section 2.3:

Theorem 2. Assume an n-input stochastic function y = f(x1, x2, . . . , xn) is implemented
by a combinational Boolean function Y = F (X1, X2, . . . , Xn). The stochastic function can
then be implemented with a CRN with 2n+ 2 different molecular species, in which pairs of
molecular species store the input values x1, x2, . . . , xn as well as the output value y, according
to the fractional representation in Eq 14. The CRN consists of 2n reactions, each of the form,

X1,v1 +X2,v2 + · · ·+Xn,vn

k
−→ YF (V ), (18)

where v1, v2, . . . , vn : F (V ) is a row of the truth table for the combinational function F , and
V = (v1, v2, . . . vn) denotes a minterm for the function . Note that the rate constants for all
reactions are equal to k, an arbitrary value.

Let S1 be the set of all minterms V such that F (V ) = 1, and let S0 be the set of all
minterms V such that F (V ) = 0. Also, we denote ci,j as,

ci,j = Pr(Xi = j) =

{

1− xi if j = 0
xi if j = 1

(19)

where xi is a stochastic input, and i is the index of the input xi in function y = f(x1, x2, . . . , xn).
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Table 2: Chemical Reaction Networks for Basic Logic Gates. Note that the indices of
molecules match the truth table implementing the logic gate.

gate inputs function CRN

NOT a b = 1− a
A0 → B1

A1 → B0

AND a, b c = ab

A0 +B0 → C0

A0 +B1 → C0

A1 +B0 → C0

A1 +B1 → C1

OR a, b c = a+ b− ab

A0 +B0 → C0

A0 +B1 → C1

A1 +B0 → C1

A1 +B1 → C1

NAND a, b c = 1− ab

A0 +B0 → C1

A0 +B1 → C1

A1 +B0 → C1

A1 +B1 → C0

NOR a, b c = 1− a− b+ ab

A0 +B0 → C1

A0 +B1 → C0

A1 +B0 → C0

A1 +B1 → C0

XOR a, b c = a+ b− 2ab

A0 +B0 → C0

A0 +B1 → C1

A1 +B0 → C1

A1 +B1 → C0

XNOR a, b c = 1− a− b+ 2ab

A0 +B0 → C1

A0 +B1 → C0

A1 +B0 → C0

A1 +B1 → C1
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To prove the theorem, we need to show that, for the given initial values of the stochastic
value xi at time t = 0,

xi =
[Xi,1]

[Xi,0] + [Xi,1]

∣

∣

∣

∣

t=0

, (20)

the output of the CRN should match the output of the stochastic function stated in Theorem 1,

lim
t→∞

y = lim
t→∞

[Y1]

[Y0] + [Y1]
=
∑

V ∈S1

(

n
∏

h=1

ch,vh

)

. (21)

In fact, we prove a stronger result: Eq. 21 applies for all t > 0.
Proof Given the CRN described in Theorem 2, the rate equations for each input are

d[Xi,j]

dt
= −k · [Xi,j] ·

n
∏

h=1,h ̸=i

([Xh,0] + [Xh,1]) , j ∈ {0, 1} (22)

= −k ·
[Xi,j]

[Xi,0] + [Xi,1]
·

n
∏

h=1

([Xh,0] + [Xh,1]) . (23)

Note that k, an arbitrary value, is the rate constant for each reaction. The rate equations for
the output species are,

d[Yj]

dt
= k

∑

V ∈Sj

(

n
∏

h=1

[Xh,vh ]

)

, j ∈ {0, 1}. (24)

We define the following new variables,

pi =
[Xi,1]

[Xi,0] + [Xi,1]
(25)

qi = [Xi,0] + [Xi,1] (26)

ri,j =

{

1− pi if j = 0
pi if j = 1

(27)

We substitute these variables into the expressions for the concentrations:

[Xi,0] = qi(1− pi), (28)

[Xi,1] = qipi, (29)

∴ [Xi,j] = qiri,j. (30)

These substitutions are introduced into Eqs. 23 and 24:

d[Xi,j]

dt
= −k · ri,j

n
∏

h=1

qh, (31)

d[Yj]

dt
= k

(

n
∏

h=1

qh

)

∑

V ∈Sj

(

n
∏

h=1

rh,vh

)

. (32)
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As the concentrations [Xi,j] are functions of time, all p, q, and r are also functions of time.
Consider the following two expressions derived from Eq. 31,

d[Xi,0]

dt
= −k(1− pi)

n
∏

h=1

qh (33)

d[Xi,1]

dt
= −k · pi

n
∏

h=1

qh (34)

∴

dqi

dt
=

d[Xi,0]

dt
+

d[Xi,1]

dt
= −k

n
∏

h=1

qh. (35)

We also have

[Xi,1] = pi · qi (36)

∴

d[Xi,1]

dt
= pi

dqi

dt
+ qi

dpi

dt
(37)

= pi

(

−k
n
∏

h=1

qi

)

+ qi
dpi

dt
(38)

=
d[Xi,1]

dt
+ qi

dpi

dt
. (39)

As qi ̸= 0, we conclude that
dpi

dt
= 0, (40)

that is, pi is invariant to time. Consequently, ri,j is also invariant to time. This means that
the stochastic value encoded by each pair of input species remains the same throughout the
reaction. Therefore, for t > 0, we have

pi = xi (41)

ri,j = ci,j (42)

We assign the new symbol

l =

(

n
∏

h=1

qi

)

(43)

∴

d[Yj]

dt
= k · l

∑

V ∈Sj

(

n
∏

h=1

rh,vh

)

. (44)
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Finally, we can calculate the stochastic output y as

y =

∫ t

0

d[Y1]

dt
dt

∫ t

0

d[Y0]

dt
dt+

∫ t

0

d[Y1]

dt
dt

(45)

=

∑

V ∈S1

(

n
∏

h=1

rh,vh

)

∫ t

0

k · l · dt

∑

V ∈S0

(

n
∏

h=1

rh,vh

)

∫ t

0

k · l · dt+
∑

V ∈S1

(

n
∏

h=1

rh,vh

)

∫ t

0

k · l · dt

(46)

=

∑

V ∈S1

(

n
∏

h=1

rh,vh

)

∑

V ∈S0

(

n
∏

h=1

rh,vh

)

+
∑

V ∈S1

(

n
∏

h=1

rh,vh

) (47)

=
∑

V ∈S1

(

n
∏

h=1

rh,vh

)

. (48)

The numerator in Eq. 47 corresponds to the sum of the minterms of all rows of the truth table
F that evaluate 1, while the denominator corresponds to the sum of all minterms. As ri,j is
only dependent on the initial input value, the denominator must sum up to 1 since it includes
all the minterms. Therefore, we conclude that a CRN constructed this way, correspond-
ing to an arbitrary Boolean truth table F will implement the stochastic function f of that
truth table. The only requirement is that the rate constants of all the reactions must be equal.

In what follows, we elucidate the proof with detailed examples. In the Supporting Information,
we give CRN implementations of a variety of functions that are of practical interest.

2.5 A demonstrative example

Let us go back to the two-input AND gate from Section 2.3.

A0 +B0
k
−→ C0

A0 +B1
k
−→ C0

A1 +B0
k
−→ C0

A1 +B1
k
−→ C1

(49)
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The rate equations for the input and output species are:

d[A0]

dt
= −k[A0]([B0] + [B1])

d[A1]

dt
= −k[A1]([B0] + [B1])

d[B0]

dt
= −k[B0]([A0] + [A1])

d[B1]

dt
= −k[B1]([A0] + [A1])

d[C0]

dt
= k([A0][B0] + [A0][B1] + [A1][B0])

d[C1]

dt
= k[A1][B1].

(50)

We introduce some variables to represent the stochastic values,

a =
[A1]

[A0] + [A1]
, b =

[B1]

[B0] + [B1]
, c =

[C1]

[C0] + [C1]
,

as well as the sum of concentrations of each pair of input species,

[A0] + [A1] = qa, [B0] + [B1] = qb.

With these variables, Eq. 50 becomes:

d[A0]

dt
= −kqaqb · (1− a)

d[A1]

dt
= −kqaqb · a

d[B0]

dt
= −kqaqb · (1− b)

d[B1]

dt
= −kqaqb · b

d[C0]

dt
= kqaqb · [(1− a)(1− b) + (1− a)b+ a(1− b)]

d[C1]

dt
= kqaqb · ab.

(51)

Let us prove the time invariance of a and b. We can express [A1] as a · qa, therefore
according to the chain rule for derivatives,

d[A1]

dt
= qa

da

dt
+ a

dqa

dt
. (52)

According to Eq 51,
dqa

dt
=

d[A1]

dt
+

d[A1]

dt
= −kqaqb. (53)
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From Eq. 51, 52 and 53, we conclude that,

qa
da

dt
= 0. (54)

Since, during the process, qa is not a constant equal to 0, we conclude that da
dt

= 0. This
proves the time invariance of a, that is to say, during the process, the fractional value encoded
by [A0] and [A1] remains the same. Similarly, we can prove that b is time-invariant.

From here, we can calculate c for t > 0. Assume the initial concentration of [C0] and [C1]
are 0, then

c =
[C1]

[C0] + [C1]

=

∫ t

0

d[C1]

dt
dt

∫ t

0

d[C0]

dt
dt+

∫ t

0

d[C1]

dt
dt

=

∫ t

0

kqaqb · ab · dt

∫ t

0

kqaqbdt

=

ab

∫ t

0

kqaqbdt

∫ t

0

kqaqbdt

(since a, b are constant)

= ab.

(55)

This proves than an AND gate implements multiplication.

2.6 Error Analysis

We performed simulations to test the robustness of CRNs implementing stochastic functions
with the program Mathematica [78]. We generated differential equations corresponding to
the reaction kinetics for CRNs, and investigated the impact of varying reaction rates. Here
we present a detailed analysis for a specific CRN, one that implements the polynomial:

f(x, y, z) = x+ y + z − 2xy − 2xz − 2yz + 4xyz. (56)

This polynomial is generated by the following truth table:
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x y z f(x, y, z)
0 0 0 0
0 0 1 1
0 1 0 1
0 1 1 0
1 0 0 1
1 0 1 0
1 1 0 0
1 1 1 1

To see this, take the sum of the expressions for the minterms, i.e., the rows that evaluate
to one. Recall that the expression for each row is formed by multiplying together factors
corresponding to the input variables: x if the variable x is equal to 1 or 1− x f the variable x
is equal to 0:

f(x, y, z) = (1− x)(1− y)z +

(1− x)y(1− z) +

(1− x)y(1− z) +

x(1− y)(1− z) +

xyz

= x+ y + z − 2xy − 2xz − 2yz + 4xyz. (57)

According to the method discussed in Section 2.3, we can translate this truth table into a
CRN as follows:

X0 +Y0 + Z0
k1−→ F0 (58)

X0 +Y0 + Z1
k2−→ F1

X0 +Y1 + Z0
k3−→ F1

X0 +Y1 + Z1
k4−→ F0

X1 +Y0 + Z0
k5−→ F1

X1 +Y0 + Z1
k6−→ F0

X1 +Y1 + Z0
k7−→ F0

X1 +Y1 + Z1
k8−→ F1

Note that the indices of the molecular species match the entries in the truth table above.
Since we will be exploring the consequences of non-uniform rate constants, note that here we
have assigned the eight reactions unique rate constants: k1, k2, . . . k8, respectively. We can
verify that this CRN implements the function in Eq. 56 through the differential equations.
We define the following stochastic variables:

x =
[X1]

[X0] + [X1]
, y =

[Y1]

[Y0] + [Y1]
, z =

[Z1]

[Z0] + [Z1]
, f =

[F1]

[F0] + [F1]
. (59)
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We used the procedure NDSolveValue inMathematica to simulate the differential equations
corresponding to CRN in Eq. 2.6. We varied the rate constants as well as the initial
concentrations. We compare the value of f computed by the CRN, in terms of [F0], [F1] to
the expected value of f from Eq. 56. Here is a summary of the trials:

2.6.1 Trials for Error Analysis

1. With all ki = 100 except for k1 = 1000, i.e., one rate constant being an order of
magnitude higher than the others: the highest error observed was 0.31, with 38.1% of
the input combinations having an error greater than 0.1.

2. With all ki = 100 except for k1 = 10, i.e., one rate constant being an order of magnitude
lower than the others: the highest error observed was 0.12, with 15.7% of the input
combinations having an error greater than 0.1.

3. With all all ki = 100 except for k1 = 10000, i.e., one rate constant being two orders of
magnitude higher than the others: the highest error observed was 0.45, with 45.8% of
the input combinations having an error greater than 0.1.

4. With all ki = 100 except for k1 = 1, i.e., one rate being two orders of magnitude
lower than the others: the highest error recorded was 0.12, with 22.7% of the input
combinations having an error greater than 0.1.

5. With all ki randomly generated, from a normal distribution with a mean of 100 and
a low standard deviation of 10: the highest error recorded was 0.06, with no input
combinations having an error greater than 0.1.

6. With all ki randomly generated, from a normal distribution with a mean of 100 and
a high standard deviation of 70 (negative values were not allowed): the highest error
recorded was 0.25, with 14.4% of the input combinations having an error greater than
0.1.

The absolute difference between the output value of f , calculated with Eq. 59, compared to
the expected value of f from Eq. 56 was calculated for a wide range of input concentrations.
These are graphed in Figure 21. The inputs x, y, and z, calculated with Eq. 59, were set
to values in the interval [0, 1] forming a cube mesh input. All input chemical species were
initialized such that [X0] + [X1] = 100. The maximum error difference and the number of
input combinations for which the error differential exceeded 0.1 were recorded. The purpose
of this simulation was not to account for all possible values of the rate constants, but rather
to understand the design constraints and the error margins. The key observations from our
simulations are:

1. In a network with many reactions, one rate constant being slower than the others by
an order of magnitude or two has a lower impact on error than if it were faster by a
similar amount.

2. Error rates are low if all the rate constants are within the same order of magnitude and
are distributed normally with a small standard deviation.
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3. Error rates are also low when some of the fractional inputs are close to 0 or to 1. This
translates to very slow or very fast reactions, respectively.

4. Even when the rate constants differ by orders of magnitude, not all inputs result in
high errors. Simulation is a valuable guide.

2.7 Implementation using DNA

2.7.1 DNA Strand-Displacement

DNA strand displacement is a well-established technique for implementing molecular com-
putation [2, 79]. Prior work has shown that such a system can emulate any abstract set of
chemical reactions. The reader is referred to Soloveichik et al. and Zhang et al. for further
details [3, 12]. Here we illustrate a simple, generic example. In Section 2.7.1, we discuss how
to map our models to such DNA strand-displacement systems.

We begin by first defining a few basic concepts. DNA strands are linear sequences of four
different nucleotides {A, T, C,G}. Nucleotide can bind to another following Watson-Crick
base-pairing: A binds to T, C binds to G. A pair of single DNA strands will bind to each
other, a process called hybridization, if their sequences are complementary according to the
base-pairing rule, that is to say, whereever there is an A in one, there is a T in the other,
and vice versa; and whenever there is a C in one, there is a G in the other and vice-versa.
The binding strength depends on the length of the complementary regions. Longer regions
will bind strongly, smaller ones weakly. Reaction rates match binding strength: hybridization
completes quickly if the complementary regions are long and slowly if they are short. If the
complementary regions are very short, hybridization might not occur at all. (In this discussion,
for simplicity, we are omitting many relevant details such temperature, concentration, and
the distribution of nucleotide types – in particular, the fraction of paired bases that are A-T
versus C-G, since C-G pairs are stronger. All of these parameters must be accounted for in
realistic simulation runs.)

Figure 22 illustrates strand displacement with a set of reversible reactions. The entire
reaction occurs as reactant molecules A and B form products E and F , with each intermediate
stages operating on molecules C and D. In the figure, A and F are single strands of DNA,
while B, C, D, and E are double-stranded complexes. Each single-strand DNA molecule is
divided, conceptually, into subsequences that we call domains, denoted as 1, 2, and 3 in the
figure. The complementary sequences for these domains are 1∗, 2∗ and 3∗. (We will use this
notation for complementarity throughout.) All distinct domains are assumed to be orthogonal
to each other, meaning that these domains do not hybridize. Toeholds are a specific kind
of domain in a double-stranded DNA complex where a single strand is exposed. For instance,
the molecule B contains a toehold domain at 1∗ in Figure 22. Toeholds are usually 6 to
10 nucleotides long, while the lengths of regular domains are typically 20 nucleotides. The
exposed strand of a toehold domain can bind the complementary domain from a longer single
DNA strand, and thus toeholds can trigger the binding and displacement of DNA strands.
The small length of the toehold makes this hybridization reversible.

In the first reaction in Figure 22, the open toehold 1∗ in molecule B binds with domain 1
from strand A. This forms the molecule C where the duplicate 2 domain section from molecule
A forms an overhanging flap. This reaction exhibits how a toehold triggers the binding of
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DNA strands. In molecule C, the overhanging flap can stick onto the complementary domain
2∗, thus displacing the previously bound strand. This type of branch migration is shown in
the second reaction, where the displacement of one flap to the other forms the molecules D.
This reaction is reversible, and the molecules C and D exist in a dynamic equilibrium. The
process of branch migration of the flap is essentially a random walk: at any time when part
of the strand from molecule A hybridizes with strand B, more of A might bind and displace
a part of F , or more of F might bind and displace a part of A. Therefore, this reaction is
reversible. The third reaction is the exact opposite of reaction 1 – the new flap in molecule
D can peel off from the complex and thus create the single strand molecule F and leave
a new double-stranded complex E. Molecule E is similar to molecule B, but the toehold
has migrated from 1∗ to 3∗. The reaction rate of this reaction depends on the length of the
toehold 3∗. If we reduce the length of the toehold, the rate of reaction 3 becomes so small
that the reaction can be treated as a forward-only reaction. This bias in the direction of
the reaction means that we can model the entire set of reactions as a single DNA strand
displacement event, where reactants A and B react to produce E and F . Note that the
strand F can now participate in further toehold-mediated reactions, allowing for cascading of
such these DNA strand displacement systems.

2.8 DNA Concatemers

DNA Concatemers are long strands of DNA that contain repeated base-pair sequences. These
are formed when a single smaller DNA unit is capable of hybridizing with other copies of
itself. Specifically, to form a DNA strand of the form ABABAB . . . , the 1-mer unit must
have the following 3 regions:

1. A leading sticky end (single-stranded region) on the 1st strand with the sequence A.

2. A middle double-stranded section with the sequence B.

3. A trailing sticky end on the 2nd strand with the complement sequence A′ such that it
can bind to a leading sticky end for A.

We propose designing our molecules for fractional representation as DNA concatemers [80]
that can interact via strand displacement, as detailed in the next subsection. For a fractional
variable a, the molecules A0 and A1 needed for the reaction network can be designed as
concatemer units such that the double-stranded section for each unit is distinct, but the
sticky ends for both of them are the same. This allows the two species to cross-polymerize
and forms a linear chain of DNA of randomly arranged A0 and A1 units. This is similar to
the randomized digital bitstreams used in stochastic computing in which a random stream of
0’s and 1’s forms the basic data unit [45, 55]: A0 and A1 correspond to 0 and 1, respectively.
Thus a single fractional variable can be stored as a long DNA strand that can be amplified
to improve readout [81]; or the reactant concentration and can easily be broken up using
artificial restriction enzymes – or natural restriction enzymes, if the sticky ends are designed
purposefully. Furthermore, this concatemer design allows the use of RNA-seq [82] in the
readout process to measure the fractional value stored by a DNA strand. For this purpose, a
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long DNA concatemer must be broken into its constituent units using a restriction enzyme,
and then these smaller DNA units can be used instead of the standard complementary DNA
in RNA-seq to determine the expression level of each unit. From this quantitative readout,
the relative amount of A1 unit to A0 +A1 can be determined .

2.8.1 Procedure

Figure 23 illustrates the reaction Ai +Bj → Ck implemented with DNA strand displacement
and cleaving enzymes. Two species of concatemer units are transformed into another
concatemer unit. The implementation consists of three stages:

1. Extracting single strands: Consider the two input concatemers Ai and Bj shown in the
figure. We design the concatemers in such a way that the sticky ends of a concatemer
unit can act like open toeholds in DNA strand displacement. As a result, we can extract
a single strand from a concatemer. For example, concatemer Ai is formed with two
single strands [Ti, Ai], [A

∗
i , T

∗
1 ]. We can add strand [Ai, T1] so that strand [T1, Ai] is

displaced. Similarly, we can extract strand [T2, Bj, T3] from concatemer Bj with strand
[Bj, T3, T2].

2. This is the strand displacement reaction that implements the main reaction. It receives
two single-strand DNA molecules, [T1, Ai] and [T2, Bj, T3] as reactants. The product is
a complex containing the output concatemer. The reaction is divided into two parts.
In the first part, strand [T1, Ai] displaces strand [Ai, T2] from the auxiliary complex
G1 and forms G2 through a reversible reaction. Then the strand [T2, Bj, T3] displaces
the output complex which is formed by strand [Bj, T3, Ck] and [C∗

k , T
∗
3 ]. This step is

irreversible since the output complex cannot bind to the resulting auxiliary complex
G3 after this step.

3. Cleaving. The output complex from the previous step contains the domain Bj in
addition to the part that could form concatemer Ck. The domain Bj is cleaved from
the complex. After this step, we get a concatemer Ck with T3 sticky end. Cleaving can
be achieved by using DNA editing enzymes such as CRISPR-Cas9 and PfAgo [9].

We assume that the concentration of the initial auxiliary complex G1 is much larger
than the concentration of the concatemers. With this assumption, the concentration of the
auxiliary complex can be treated invariant through the reaction. Thus, the reaction rate only
depends on the concentration of the single strands extracted from the concatemers. As there
are four reactions to implement the two-input network shown in this example, four species
of the auxiliary complex representing each reaction should be used. This ensures that the
mixture of different species of A0 and A1, or B0 and B1, can react competitively. During the
cleaving step, each reactant participates in only one reaction. Therefore, it should not affect
the reaction rate or the fractional encoding of the output by the two product species.

The reaction itself can be extended to a multimolecular reaction by extending the chain
of toehold exchange reactions. For example, in the complex G1, domains [T4, Dl] and their
complementary domains can be added between the domains Bj and T3. In this way, G1

would be capable of receiving an additional strand [T4, Dl] before displacing the final product.
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2.9 Conclusion

This report proposed a strategy for computing mathematical functions with molecular
systems based on a fractional representation, using a pair of molecular species to represent
each mathematical variable. With this representation, we are able to apply the theory of
stochastic logic to develop very efficient chemical reaction networks for computing functions.
In particular, we showed how to translate the truth tables for stochastic functions into
chemical reaction networks. We demonstrated how to implement the reaction networks with
DNA strand displacement.

Stochastic logic is an intriguing paradigm for digital computation. Instead of computing
definite outputs from definite inputs – say Boolean values from Boolean values, or integers
from integers – it entails computing probabilities from probabilities. There is randomness and
yet the computation is robust. The computation is effected by transforming the statistical
distribution of random bitstreams. The paradigm has been applied in a variety of domains,
particularly for emerging technologies [44, 84, 85, 86]. It has been most successful for
applications that entail computing mathematical functions: for instance, arctan for nonlinear
activation functions in machine learning; Bessel functions for differential system models; and
the sinc function for image and signal processing. We give examples of CRN implementations
of these functions in the Supporting Information. Of course, we cannot point to real-world
applications that call for the molecular computation of such functions. For now, the ideas in
this report should be taken as a proof of concept.

Over the past two decades, computing has moved from desktops and data centers into
the wild. Embedded microchips – found in our gadgets, our tools, our buildings, our soils
and even our bodies – are transforming our lives. And yet, there are limits to where silicon
can go and where it can compute effectively. It operates based on voltage and so requires a
power source. Even miniaturized to the microscale or smaller, an electronic system is often a
foreign object inserted into a material, substrate, or environment. This sort of computation
discussed in this report could find application in a novel class of computing system that is
not foreign, but rather an integral part of its physical and chemical environment: a system
that computes with its constituent molecules. In such a system, sensing, computing, and
actuating occur at the molecular level, with no interfacing at all with external electronics.
Futuristic, yes, but we can point to the field of soft robotics where such systems are being
developed [87].

2.10 Supporting information

S1 Examples of CRNs for polynomial approximations of nonlinear functions. For
the examples in this section, we consider polynomial approximations: 4th order Maclaurin
series at x = 0.

ArcTan Function

Here we show an example of arctan(x). It can be approximated as:

arctan(x) ≈ x−
1

3
x3 = x(1−

1

3
x2)

We assign the stochastic variables x1 = x, x2 =
1
3
, x3 = x4 = x. Then the stochastic logic
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function is:
AND(x1,NAND(x2,AND(x3, x4)))

According to the truth table, the corresponding CRN is:

X1,0 +X2,0 +X3,0 +X4,0 → Y0

X1,0 +X2,0 +X3,0 +X4,1 → Y0

X1,0 +X2,0 +X3,1 +X4,0 → Y0

X1,0 +X2,0 +X3,1 +X4,1 → Y0

X1,0 +X2,1 +X3,0 +X4,0 → Y0

X1,0 +X2,1 +X3,0 +X4,1 → Y0

X1,0 +X2,1 +X3,1 +X4,0 → Y0

X1,0 +X2,1 +X3,1 +X4,1 → Y0

X1,1 +X2,0 +X3,0 +X4,0 → Y1

X1,1 +X2,0 +X3,0 +X4,1 → Y1

X1,1 +X2,0 +X3,1 +X4,0 → Y1

X1,1 +X2,0 +X3,1 +X4,1 → Y1

X1,1 +X2,1 +X3,0 +X4,0 → Y1

X1,1 +X2,1 +X3,0 +X4,1 → Y1

X1,1 +X2,1 +X3,1 +X4,0 → Y1

X1,1 +X2,1 +X3,1 +X4,1 → Y0

Exponential Function

Here we show an example of exp(−x). Its approximation is:

exp(−x) ≈ 1− x+
1

2
x2 −

1

6
x3 = 1− x(1−

1

2
x(1−

1

3
x))

We assign the stochastic variables x1 = x, x2 = 1
2
, x3 = x, x4 = 1

3
, x5 = x. Then the

stochastic logic function is:

NAND(x1,NAND(x2,AND(x3,NAND(x4, x5))))

According to the truth table, the corresponding CRN is:

X1,0 +X2,0 +X3,0 +X4,0 +X5,0 → Y1

X1,0 +X2,0 +X3,0 +X4,0 +X5,1 → Y1

X1,0 +X2,0 +X3,0 +X4,1 +X5,0 → Y1

X1,0 +X2,0 +X3,0 +X4,1 +X5,1 → Y1
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X1,0 +X2,0 +X3,1 +X4,0 +X5,0 → Y1

X1,0 +X2,0 +X3,1 +X4,0 +X5,1 → Y1

X1,0 +X2,0 +X3,1 +X4,1 +X5,0 → Y1

X1,0 +X2,0 +X3,1 +X4,1 +X5,1 → Y1

X1,0 +X2,1 +X3,0 +X4,0 +X5,0 → Y1

X1,0 +X2,1 +X3,0 +X4,0 +X5,1 → Y1

X1,0 +X2,1 +X3,0 +X4,1 +X5,0 → Y1

X1,0 +X2,1 +X3,0 +X4,1 +X5,1 → Y1

X1,0 +X2,1 +X3,1 +X4,0 +X5,0 → Y1

X1,0 +X2,1 +X3,1 +X4,0 +X5,1 → Y1

X1,0 +X2,1 +X3,1 +X4,1 +X5,0 → Y1

X1,0 +X2,1 +X3,1 +X4,1 +X5,1 → Y1

X1,1 +X2,0 +X3,0 +X4,0 +X5,0 → Y0

X1,1 +X2,0 +X3,0 +X4,0 +X5,1 → Y0

X1,1 +X2,0 +X3,0 +X4,1 +X5,0 → Y0

X1,1 +X2,0 +X3,0 +X4,1 +X5,1 → Y0

X1,1 +X2,0 +X3,1 +X4,0 +X5,0 → Y0

X1,1 +X2,0 +X3,1 +X4,0 +X5,1 → Y0

X1,1 +X2,0 +X3,1 +X4,1 +X5,0 → Y0

X1,1 +X2,0 +X3,1 +X4,1 +X5,1 → Y0

X1,1 +X2,1 +X3,0 +X4,0 +X5,0 → Y0

X1,1 +X2,1 +X3,0 +X4,0 +X5,1 → Y0

X1,1 +X2,1 +X3,0 +X4,1 +X5,0 → Y0

X1,1 +X2,1 +X3,0 +X4,1 +X5,1 → Y0

X1,1 +X2,1 +X3,1 +X4,0 +X5,0 → Y1

X1,1 +X2,1 +X3,1 +X4,0 +X5,1 → Y1

X1,1 +X2,1 +X3,1 +X4,1 +X5,0 → Y1

X1,1 +X2,1 +X3,1 +X4,1 +X5,1 → Y0

Bessel Function

Here we show an example of the Bessel function of the first kind with parameter α = 1.
Its approximation is:

J1(x) ≈
1

2
x−

1

16
x3 =

1

2
x(1−

1

8
x2)
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We assign the stochastic variables x1 = 1
2
, x2 = x, x3 = 1

8
, x4 = x5 = x. Then the

stochastic logic function is:

AND(x1,AND(x2,NAND(x3,AND(x4, x5))))

According to the truth table, the corresponding CRN is:

X1,0 +X2,0 +X3,0 +X4,0 +X5,0 → Y0

X1,0 +X2,0 +X3,0 +X4,0 +X5,1 → Y0

X1,0 +X2,0 +X3,0 +X4,1 +X5,0 → Y0

X1,0 +X2,0 +X3,0 +X4,1 +X5,1 → Y0

X1,0 +X2,0 +X3,1 +X4,0 +X5,0 → Y0

X1,0 +X2,0 +X3,1 +X4,0 +X5,1 → Y0

X1,0 +X2,0 +X3,1 +X4,1 +X5,0 → Y0

X1,0 +X2,0 +X3,1 +X4,1 +X5,1 → Y0

X1,0 +X2,1 +X3,0 +X4,0 +X5,0 → Y0

X1,0 +X2,1 +X3,0 +X4,0 +X5,1 → Y0

X1,0 +X2,1 +X3,0 +X4,1 +X5,0 → Y0

X1,0 +X2,1 +X3,0 +X4,1 +X5,1 → Y0

X1,0 +X2,1 +X3,1 +X4,0 +X5,0 → Y0

X1,0 +X2,1 +X3,1 +X4,0 +X5,1 → Y0

X1,0 +X2,1 +X3,1 +X4,1 +X5,0 → Y0

X1,0 +X2,1 +X3,1 +X4,1 +X5,1 → Y0

X1,1 +X2,0 +X3,0 +X4,0 +X5,0 → Y0

X1,1 +X2,0 +X3,0 +X4,0 +X5,1 → Y0

X1,1 +X2,0 +X3,0 +X4,1 +X5,0 → Y0

X1,1 +X2,0 +X3,0 +X4,1 +X5,1 → Y0

X1,1 +X2,0 +X3,1 +X4,0 +X5,0 → Y0

X1,1 +X2,0 +X3,1 +X4,0 +X5,1 → Y0

X1,1 +X2,0 +X3,1 +X4,1 +X5,0 → Y0

X1,1 +X2,0 +X3,1 +X4,1 +X5,1 → Y0

X1,1 +X2,1 +X3,0 +X4,0 +X5,0 → Y1

X1,1 +X2,1 +X3,0 +X4,0 +X5,1 → Y1

X1,1 +X2,1 +X3,0 +X4,1 +X5,0 → Y1
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X1,1 +X2,1 +X3,0 +X4,1 +X5,1 → Y1

X1,1 +X2,1 +X3,1 +X4,0 +X5,0 → Y1

X1,1 +X2,1 +X3,1 +X4,0 +X5,1 → Y1

X1,1 +X2,1 +X3,1 +X4,1 +X5,0 → Y1

X1,1 +X2,1 +X3,1 +X4,1 +X5,1 → Y0

Sinc Function

The mathematical expression of the sinc function is:

sinc(x) =
sin(x)

x

And its approximation is:

sinc(x) ≈ 1−
1

6
x2 +

1

120
x4 = 1−

1

6
x2(1−

1

20
x2)

We assign the stochastic variables x1 = x2 = x, x3 =
1
6
, x4 =

1
20
, x5 = x6 = x. Then the

stochastic logic function is:

NAND(AND(x1, x2),AND(x3,NAND(x4,AND(x5, x6))))

According to the truth table, the corresponding CRN is:

X1,0 +X2,0 +X3,0 +X4,0 +X5,0 +X6,0 → Y1

X1,0 +X2,0 +X3,0 +X4,0 +X5,0 +X6,1 → Y1

X1,0 +X2,0 +X3,0 +X4,0 +X5,1 +X6,0 → Y1

X1,0 +X2,0 +X3,0 +X4,0 +X5,1 +X6,1 → Y1

X1,0 +X2,0 +X3,0 +X4,1 +X5,0 +X6,0 → Y1

X1,0 +X2,0 +X3,0 +X4,1 +X5,0 +X6,1 → Y1

X1,0 +X2,0 +X3,0 +X4,1 +X5,1 +X6,0 → Y1

X1,0 +X2,0 +X3,0 +X4,1 +X5,1 +X6,1 → Y1

X1,0 +X2,0 +X3,1 +X4,0 +X5,0 +X6,0 → Y1

X1,0 +X2,0 +X3,1 +X4,0 +X5,0 +X6,1 → Y1

X1,0 +X2,0 +X3,1 +X4,0 +X5,1 +X6,0 → Y1

X1,0 +X2,0 +X3,1 +X4,0 +X5,1 +X6,1 → Y1

X1,0 +X2,0 +X3,1 +X4,1 +X5,0 +X6,0 → Y1

X1,0 +X2,0 +X3,1 +X4,1 +X5,0 +X6,1 → Y1

X1,0 +X2,0 +X3,1 +X4,1 +X5,1 +X6,0 → Y1

X1,0 +X2,0 +X3,1 +X4,1 +X5,1 +X6,1 → Y1
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X1,0 +X2,1 +X3,0 +X4,0 +X5,0 +X6,0 → Y1

X1,0 +X2,1 +X3,0 +X4,0 +X5,0 +X6,1 → Y1

X1,0 +X2,1 +X3,0 +X4,0 +X5,1 +X6,0 → Y1

X1,0 +X2,1 +X3,0 +X4,0 +X5,1 +X6,1 → Y1

X1,0 +X2,1 +X3,0 +X4,1 +X5,0 +X6,0 → Y1

X1,0 +X2,1 +X3,0 +X4,1 +X5,0 +X6,1 → Y1

X1,0 +X2,1 +X3,0 +X4,1 +X5,1 +X6,0 → Y1

X1,0 +X2,1 +X3,0 +X4,1 +X5,1 +X6,1 → Y1

X1,0 +X2,1 +X3,1 +X4,0 +X5,0 +X6,0 → Y1

X1,0 +X2,1 +X3,1 +X4,0 +X5,0 +X6,1 → Y1

X1,0 +X2,1 +X3,1 +X4,0 +X5,1 +X6,0 → Y1

X1,0 +X2,1 +X3,1 +X4,0 +X5,1 +X6,1 → Y1

X1,0 +X2,1 +X3,1 +X4,1 +X5,0 +X6,0 → Y1

X1,0 +X2,1 +X3,1 +X4,1 +X5,0 +X6,1 → Y1

X1,0 +X2,1 +X3,1 +X4,1 +X5,1 +X6,0 → Y1

X1,0 +X2,1 +X3,1 +X4,1 +X5,1 +X6,1 → Y1

X1,1 +X2,0 +X3,0 +X4,0 +X5,0 +X6,0 → Y1

X1,1 +X2,0 +X3,0 +X4,0 +X5,0 +X6,1 → Y1

X1,1 +X2,0 +X3,0 +X4,0 +X5,1 +X6,0 → Y1

X1,1 +X2,0 +X3,0 +X4,0 +X5,1 +X6,1 → Y1

X1,1 +X2,0 +X3,0 +X4,1 +X5,0 +X6,0 → Y1

X1,1 +X2,0 +X3,0 +X4,1 +X5,0 +X6,1 → Y1

X1,1 +X2,0 +X3,0 +X4,1 +X5,1 +X6,0 → Y1

X1,1 +X2,0 +X3,0 +X4,1 +X5,1 +X6,1 → Y1

X1,1 +X2,0 +X3,1 +X4,0 +X5,0 +X6,0 → Y1

X1,1 +X2,0 +X3,1 +X4,0 +X5,0 +X6,1 → Y1

X1,1 +X2,0 +X3,1 +X4,0 +X5,1 +X6,0 → Y1

X1,1 +X2,0 +X3,1 +X4,0 +X5,1 +X6,1 → Y1

X1,1 +X2,0 +X3,1 +X4,1 +X5,0 +X6,0 → Y1

X1,1 +X2,0 +X3,1 +X4,1 +X5,0 +X6,1 → Y1

X1,1 +X2,0 +X3,1 +X4,1 +X5,1 +X6,0 → Y1

X1,1 +X2,0 +X3,1 +X4,1 +X5,1 +X6,1 → Y1
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X1,1 +X2,1 +X3,0 +X4,0 +X5,0 +X6,0 → Y1

X1,1 +X2,1 +X3,0 +X4,0 +X5,0 +X6,1 → Y1

X1,1 +X2,1 +X3,0 +X4,0 +X5,1 +X6,0 → Y1

X1,1 +X2,1 +X3,0 +X4,0 +X5,1 +X6,1 → Y1

X1,1 +X2,1 +X3,0 +X4,1 +X5,0 +X6,0 → Y1

X1,1 +X2,1 +X3,0 +X4,1 +X5,0 +X6,1 → Y1

X1,1 +X2,1 +X3,0 +X4,1 +X5,1 +X6,0 → Y1

X1,1 +X2,1 +X3,0 +X4,1 +X5,1 +X6,1 → Y1

X1,1 +X2,1 +X3,1 +X4,0 +X5,0 +X6,0 → Y0

X1,1 +X2,1 +X3,1 +X4,0 +X5,0 +X6,1 → Y0

X1,1 +X2,1 +X3,1 +X4,0 +X5,1 +X6,0 → Y0

X1,1 +X2,1 +X3,1 +X4,0 +X5,1 +X6,1 → Y0

X1,1 +X2,1 +X3,1 +X4,1 +X5,0 +X6,0 → Y0

X1,1 +X2,1 +X3,1 +X4,1 +X5,0 +X6,1 → Y0

X1,1 +X2,1 +X3,1 +X4,1 +X5,1 +X6,0 → Y0

X1,1 +X2,1 +X3,1 +X4,1 +X5,1 +X6,1 → Y1
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1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

(a) Initial Sequence 1011

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A3A2

(b) Identifier A2 captures first pair 10, A3 captures second pair 11

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A3A2'

(c) covering the domain 1 between the two bit pairs

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A3'A2'

(d) Rewrite the content in the pair so that new identifiers are close to the middle

B11

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

(e) Two identifier strands replaced by a single identifier if there is a perfect match

B11

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A0

(f) Initial sequence is 0011. It will result in an open domain 4 in the cell left to the
identifier

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

B11 A1

(g) Initial sequence is 1010. It will result in an open domain 4 on the identifier itself

Figure 13: Example implementation of search algorithm on target sequence 1011
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S1    1    2    3

Bit 0 Bit 1

1     2     3     4     5     6     7 1     2      3     4     5     6     7

Ins 1: Distinguish 0, 1

Ins 2: Replace Bit 1 with Strand Sa

S1

1     2     3     4     5     6     7 1     2      3     4     5     6     7

Sa     1     2     3     4     5     6     7 Sa     1     2     3     4     5     6     7

Ins 3: Detach S1

S1

1     2     3     4     5     6     7 1     2      3     4     5     6     7

S1*   1*   2*   3* S1*   1*   2*   3*

Sa

Ins 4: Replace Bit 0 with Strand Sb

1     2     3     4     5     6     7 1     2      3     4     5     6     7

Sa

Sb     1     2     3     4     5     6     7 Sb     1     2     3     4     5     6     7

Result

1     2     3     4     5     6     7 1     2      3     4     5     6     7

SaSb

Figure 14: Current coding scheme could be converted to other coding scheme
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1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1    6      7      1      2      3S1    6      7      1      2      3S1    6      7      1      2      3

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1S1

6*   7*   1*   2*   3* 6*   7*   1*   2*   3*6*   7*   1*   2*   3*

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1

6     72     3 6     72     3 6     72     3 6     72     3

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1

S1*   6*   7*   1*   2*   3*S1*   6*   7*   1*   2*   3*S1*   6*   7*   1*   2*   3*

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S2   2   3 S2   2   3 S2   2   3 S2   2   3 

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S2 

S3    2     3     4     5     6     7 S3    2     3     4     5     6     7S3    2     3     4     5     6     7 S3    2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S2 S3

S3*   2*   3*   4*   5*   6*   7* S3*   2*   3*   4*   5*   6*   7*S3*   2*   3*   4*   5*   6*   7* S3*   2*   3*   4*   5*   6*   7*

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S2 

2     3     4     5     6     7 2     3     4     5     6     7 2     3     4     5     6     7 2     3     4     5     6     7

1     2     3     4     5     6     7

S2 

S2*   2*   3*S2*   2*   3*S2*   2*   3*S2*   2*   3*

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S3    2     3     4     5     6     7S3    2     3     4     5     6     7S3    2     3     4     5     6     7S3    2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S3

S3*   2*   3*   4*   5*   6*   7* S3*   2*   3*   4*   5*   6*   7*S3*   2*   3*   4*   5*   6*   7* S3*   2*   3*   4*   5*   6*   7*

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

2     3     4     5     6     72     3     4     5     6     72     3     4     5     6     72     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

Ins 1: Identify the pair (1, 0)

Ins 2: Detach Strand on other pairs

Ins 3: Seals off region exposed previously

Ins 4: Expose Toehold on pair (1, 0)

Ins 5: Temporarily cover toehold on bit 0

Ins 6: Identify bit 1

Ins 7: Expose all domain in bit 1 identified earlier

Ins 8: Rewrite 0 to exposed bit

Ins 9: Remove the Protection Strand

Ins 10: Identify Bit 0 

Ins 11: Expose all domain in bit 0 identified earlier

Ins 12: Rewrite Bit 0 to exposed bit

Result

Original

Figure 15: Instructions for Parallel Sorting
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1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1    6    7    1    2    3 S1    6    7    1    2    3 S1    6    7    1    2    3 S1    6    7    1    2    3

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1 S1 S1

6*   7*   1*   2*   3* 6*   7*   1*   2*   3* 6*   7*   1*   2*   3* 6*   7*   1*   2*   3*

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1
S2    6    7    1

S3    1    2    3

S2    6    7    1

S3    1    2    3

S2    6    7    1

S3    1    2    3

S2    6    7    1

S3    1    2    3

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1 S3S2

S4     4     5     6     7     1S4     4     5     6     7     1S4     4     5     6     7     1S4     4     5     6     7     1

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S1 S3S2 S4

S1*   6*   7*   1*   2*   3*S1*   6*   7*   1*   2*   3* S1*   6*   7*   1*   2*   3*S1*   6*   7*   1*   2*   3*

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S3S2 S4

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S3S2 S4

S5     2     3     4     5     6     7S5     2     3     4     5     6     7 S5     2     3     4     5     6     7S5     2     3     4     5     6     7 S5     2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S3S2 S4S5

S5*   2*   3*    4*   5*   6*   7* S5*   2*   3*    4*   5*   6*   7*S5*   2*   3*    4*   5*   6*   7* S5*   2*   3*    4*   5*   6*   7* S5*   2*   3*    4*   5*   6*   7*

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S3S2 S4

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

S3S2 S4

S2*   6*   7*   1*

S3*   1*   2*    3*

S4*   4*   5*   6*   7*   1*

S2*   6*   7*   1*

S3*   1*   2*    3*

S4*   4*   5*   6*   7*   1*

S2*   6*   7*   1*

S3*   1*   2*    3*

S4*   4*   5*   6*   7*   1*

S2*   6*   7*   1*

S3*   1*   2*    3*

S4*   4*   5*   6*   7*   1*

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

Original: 11001

Ins 1: Identifying pair (1, 0)

Ins 2: Detaching S1 on all other pairs

Ins 3: Identifying pair (0, 0) and (1, 1)

Ins 4: Identifying bit 0 in pair (0, 1)

Ins 5: Detach S1

Ins 6: Sealing off exposed region 2 and 3

Ins 7: Displacing bit 1 in pair (1, 0) with S5

Ins 8: Detaching S5, emptying location

Ins 9: Write 0 to empty location

Ins 10: Detaching S2 S3 and S4

Ins11: Writing 1 to location with region 4 and 5 exposed, fix exposed 2,3 and 6,7

Final: 10011

Figure 16: Instructions for the Left Shift cell
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1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A3A2
Initial state: Sequence 1011, Symbols is already identified in previous level 

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A3
A2*   6*   7*   1*   2*   3*

A2

Ins 1: Uncover Symbol A2 for every odd numbered symbol 

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A3
S     6     7     1     2     3     4     5     6     7

Ins 2: Cover the entire half of symbol for the odd A2 symbols

Ins 3: Remove the cover

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A3S

S*

Ins 4: Write: A new identifier A2' covers domain 5, 6, 7 in right most register, cover the rest

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A3

A2'

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A3A2'

A3*   6*   7*   1*
Ins 5: Uncover Symbol A3 for every even numbered symbol 

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A2'
S     2     3     4     5     6     7     1

Ins 6: Cover the entire half of symbol for the even A3 symbols

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A2' S

S*Ins 7: Remove the cover

Ins 8: Write: A new identifier A6' covers domain 2, 3, 4 in left most register, cover the rest

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A2'

A3'

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A2' A3'

B11Ins 9: Add identifier for current level

Result

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

B11

Figure 17: Instructions for a search operation of target sequence 1011
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1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

B11 A1
Initial state: Sequence 1010, After the identification step 

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

B11 A1

5*   6*   7*   1*   2*   3*   4*
Ins 10: Pull out identifier B11 in an imperfect fit 

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

A1

Ins 11: Cover the open domains 6, 7 or 2, 3 

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

Ins 12: Cover the open domains 5, 6, 7 or 2, 3, 4

A1

A3'A2'

1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7 1     2     3     4     5     6     7

Ins 13: Cover the open domains 4, 5, 6, 7 or 2, 3, 4, 5

A1A2'

Figure 18: Instructions for the clean up process for a failed searching, these instructions
won’t affect the result of a successful search.

S1    1    2    3

Bit 0 Bit 1

1     2     3     4     5     6     7 1     2      3     4     5     6     7

Figure 19: One strand could be used to differentiate two bits

Figure 20: Stochastic representation: A random bitstream. A value x ∈ [0, 1], in this case 3/8, is
represented as a bitstream. The probability that a randomly sampled bit in the stream is one is
x = 3/8; the probability that it is zero is 1− x = 5/8.
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Figure 21: The error cubes for the six trials listed in Section 2.6.1. The three dimensions
in the plots span the inputs x, y, and z, each in the interval [0, 1], with a step size 0.1. The
color of each point corresponds to the absolute difference between the value computed by
the CRN and the expected value of f from Eq. 56. A legend is provided for each cube. The
trials were performed with theNDSolveValue function in software tool Mathematica.
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2* 3*1*
A

+21 2 3

B

⇌
2* 3*1*

2 3

C

1

2* 3*1*

2 3

C

1 ⇌
2* 3*1*

2 3

D

1

2* 3*1*
D

2 31 ⇌
2* 3*1*
E

21 + 2 3

F
Figure 22: A set of DNA strand displacement reactions. Each DNA single strand is drawn
as a continuous arrow, consisting of different colored domains numbered 1 through 3. DNA
domains that are complementary to each other due to A-T, C-G binding are paired as 1 and
1∗. The first reaction shows reactant A and B hybridizing together via the toehold at domain
1∗ on molecule B. The second reaction depicts branch migration of the overhanging flap of
DNA in molecule C, thereby resulting in the nick migrating from after domain 1 to 2. The
third reaction shows how an overhanging strand of DNA can be peeled off of molecule D,
thereby exposing a toehold at domain 3∗ on molecule E and releasing a freely floating strand
F . All reactions are reversible. The only domains that are toeholds are 1∗ and 3∗.
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1. Extract Single Strand

+

+

+

+

2. Reaction Step

3. Cleave

+

+

+

+

+

⇌

Input Concatemers

Figure 23: An example illustrating strand displacement reactions, implemented using con-
catemers. The figure is divided into an example sequence of concatemers, and three reaction
steps: 1) extracting a single strand from concatemers; 2) a reaction step that consumes two
single strands and outputs a complex; and 3) cleaving.
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