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when the number of samples at hand is not necessarily much larger than the underlying degrees of freedom of the 
data models). Particular emphasis is placed on multi-modal and heterogeneous data models, including the cases 
where (1) the sensing units are heterogeneous so that the samples acquired might have drastically different 
characteristics, or (2) the acquired samples are

driven simultaneously by multiple important sources and we are asked to disentangle these sources. New insights 
and novel techniques from high-dimensional statistics, mathematical optimization, and statistical learning theory will 
be developed to meet the research objectives. Throughout the proposal, for concreteness, we frame our 
discussions in a few stylized problems such as mixed regression, blind deconvolution and de-mixing, spectral 
learning, tensor completion, etc. We believe that the techniques to be developed in this research program are 
broadly applicable to other foundational problems of critical values to the defense applications.

Accomplishments:  During the past 1.5 years of the grant period, we have made progress towards multiple 
directions, as described below. 



1. We have developed fast and guaranteed nonconvex algorithms showing how to effectively learn mixtures of low-
rank models from random linear measurements.  This is a challenging scenario that involves multi-modal and 
heterogeneous data. 



2. We have developed statistically optimal inference procedures for estimating the principal subspace of a high-
dimensional data stream, in the presence of heteroskedastic noise and missing data. The proposed procedures are 
fully data-driven and adaptive to heteroskedastic noise, without requiring prior knowledge about the noise levels 
and noise distributions. 



3. We have developed efficient nonconvex optimization algorithms for low-rank tensor completion.  We have also 
put forward statistically optimal uncertainty quantification algorithms that allow one to build entrywise confidence 
intervals for the unknown low-rank tensor. 



4. We have established an intimate connection between convex relaxation and nonconvex optimization in robust 
principal component analysis and blind deconvolution, allowing one to demonstrate the statistical optimality of 
convex relaxation in the presence of random noise and adversarial outliers. 
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5. We have developed a suite of model-agnostic eigenvector inference procedures, which allow one to construct 
optimal confidence intervals for functions of eigenvectors. The procedures, which exploit how data asymmetry can 
help achieve bias reduction, work well without prior knowledge about the noise distributions and accommodate 
heterogeneous data models.
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where the column dimension d2 far exceeds the row dimension d1, which is the focal point of the current paper.  
We investigate an efficient spectral method, which operates upon the sample Gram matrix with diagonal deletion. 
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factor by minimizing a nonconvex quadratic loss function via vanilla gradient descent, following a tailored spectral 
initialization. When the true rank is small, this algorithm is guaranteed to converge to the ground truth with near-
optimal sample complexity and computational complexity. To the best of our knowledge, this is the first guarantee 
that achieves near-optimality in both metrics. In particular, the key enabler of near-optimal computational 
guarantees is an implicit regularization phenomenon: without explicit regularization, both spectral initialization and 
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Suppose we are interested in estimating a rank-1 and symmetric matrix, yet only a randomly perturbed version M 
is observed. The noise matrix is composed of independent (but not necessarily homoscedastic) entries and is, 
therefore, not symmetric in general. This might arise if, for example, we have two independent samples for each 
entry of M? and arrange them in an asymmetric fashion. The aim is to estimate the leading eigenvalue and the 
leading eigenvector of the true matrix.  We demonstrate that the leading eigenvalue of the data matrix M can be O
(sqrt{n}) times more accurate (up to some log factor) than its (unadjusted) leading singular value of M in 
eigenvalue estimation. Moreover, the eigen-decomposition approach is fully adaptive to heteroscedasticity of 
noise, without the need of any prior knowledge about the noise distributions.
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properly designed matrices constructed from data. A diverse array of applications have been found in machine 
learning, imaging science, financial and econometric modeling, and signal processing, including recommendation 
systems, community detection, ranking, structured matrix recovery, tensor data estimation, joint shape matching, 
blind deconvolution, financial investments, risk managements, treatment evaluations, causal inference, amongst 
others. Due to their simplicity and effectiveness, spectral methods are not only used as a stand-alone estimator, 
but also frequently employed to facilitate other more sophisticated algorithms to enhance performance.
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ARO YIP Final Report (April 2020 - October 2021)
Trustworthy and Scalable Nonconvex Statistical Estimation for

Sample-Starved Multi-Modal Data Models

PI: Yuxin Chen (Princeton University)

During the past 1.5 years of the award period, we have made progress towards multiple directions,
including learning nonconvex mixture models, uncertainty quantification for nonconvex statistical learning,
and bridingconvex and nonconvex optimization. Several highlights are listed as follows.

• Learning mixtures of low-rank models. In this work, we consider the problem of learning mixtures of
low-rank models, i.e., reconstructing a mixture of multiple low-rank matrices from unlabelled mea-
surements of each. This problem enriches two widely studied settings — low-rank matrix sensing and
mixed linear regression — by bringing latent variables (i.e., unknown labels) and structural priors (i.e.,
low-rank structures) into consideration. To cope with the non-convexity issues arising from unlabelled
heterogeneous data and low-complexity structure, we develop a three-stage meta-algorithm that is
guaranteed to recover the unknown matrices with near-optimal sample and computational complexi-
ties under Gaussian designs. In addition, the proposed algorithm is provably stable against random
noise. We complement the theoretical studies with empirical evidence that confirms the efficacy of our
algorithm.

• Guaranteed nonconvex optimization for low-rank tensor completion. This work is concerned with how to
estimate a high-dimensional tensor with low CP-rank from highly incomplete and randomly corrupted
measurements. Despite a flurry of recent activity in studying this problem, previous algorithms either
are computationally too expensive, or suffer from statistical suboptimality. In order to address the
inadequacy of past works, we propose an efficient two-stage nonconvex algorithm (i.e., first-order
nonconvex method following spectral initialization) that provably achieves optimal statistical accuracy
and computational effiency simultaneously. In particular, the proposed algorithm reconstructs the
tensor and recovers all unknown tensor factors within nearly linear time, yielding an estimate with
near-optimal statistical guarantees (i.e. minimal sample complexity and optimal estimation accuracy).

• Uncertainty quantification for nonconvex tensor completion. Moving from estimation to uncertainty
quantification (an important step towards trustworthy decision making), we study the distribution and
uncertainty of nonconvex optimization for noisy tensor completion. Focusing on the above-mentioned
two-stage estimation algorithm, we characterize the distribution of our nonconvex estimator down
to fine scales. This distributional theory in turn allows one to construct valid and short confidence
intervals for both the unseen tensor entries and the unknown tensor factors. The proposed inferential
procedure enjoys several important features: (1) it is fully adaptive to noise heteroscedasticity, and (2)
it is data-driven and automatically adapts to unknown noise distributions. Furthermore, our findings
unveil the statistical optimality of nonconvex tensor completion: it attains un-improvable Euclidean
accuracy—including both the rates and the pre-constants—when estimating both the unknown tensor
and the underlying tensor factors.

• Bridging convex and nonconvex optimization in robust PCA and blind deconvolution. In this work,
we consider the convex programming approach in the problem of low-rank matrix estimation and
that of blind deconvolution, in the presence of (1) random noise, (2) gross sparse outliers, and (3)
missing data. These problems find applications in various application domains (e.g., channel estimation,
recommendation systems). Despite the wide applicability of convex relaxation, the available statistical
support (particularly the stability analysis vis-a-vis random noise) remains highly suboptimal, which
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we strengthen in this paper. For a broad class of ground-truth signals, we demonstrate that a principled
convex program achieves near-optimal statistical accuracy, in terms of both the Euclidean loss and the
entrywise loss. All of this happens even when nearly a constant fraction of observations are corrupted
by outliers with arbitrary magnitudes. All of this is enabled by bridging convex relaxation with
the nonconvex Burer-Monteiro approach, a seemingly distinct algorithmic paradigm that is provably
robust against noise and outliers. More specifically, we show that an approximate critical point of the
nonconvex formulation serves as an extremely tight approximation of the convex solution, thus allowing
us to transfer the desired statistical guarantees of the nonconvex approach to its convex counterpart.

• Inference for heteroskedastic PCA with missing data. This work studies how to construct confidence
regions for principal component analysis (PCA) in high dimension, a problem that has been vastly
under-explored. While computing measures of uncertainty for nonlinear/nonconvex estimators is in
general difficult in high dimension, the challenge is further compounded by the prevalent presence of
heteroskedastic noise and missing data. We propose a suite of solutions to perform valid inference on
the principal subspace based on two estimators: a vanilla SVD-based approach, and a more refined
iterative scheme called HeteroPCA. We develop non-asymptotic distributional guarantees for both
estimators, and demonstrate how these can be invoked to compute both confidence regions for the
principal subspace and entrywise confidence intervals for the spiked covariance matrix. Particularly
worth highlighting is the inference procedure built on top of HeteroPCA, which is not only valid but
also statistically efficient for broader scenarios (e.g., it covers a wider range of missing rates and signal-
to-noise ratios). Our solutions are fully data-driven and adaptive to heteroskedastic random noise,
without requiring prior knowledge about the noise levels and noise distributions.

• Fine-grained eigenvector estimation and inference under heteroscedastic noise. This work aims to
address fundamental challenges arising in eigenvector estimation and inference for a low-rank matrix
from heterogeneous noisy observations: (1) how to estimate an unknown eigenvector when the eigen-
gap is particularly small; (2) how to perform estimation and inference on linear functionals of an
eigenvector — a sort of “fine-grained” statistical reasoning that goes far beyond the usual L2 analysis.
Based on eigen-decomposition of the asymmetric data matrix (as well as certain data asymmetrization
trick), we propose estimation and uncertainty quantification procedures for an unknown eigenvector
in the presence of heterogeneous noise, which further allow us to reason about linear functionals of an
unknown eigenvector. The proposed procedures and the accompanying theory enjoy several important
features: (1) distribution-free (i.e. prior knowledge about the noise distributions is not needed); (2)
adaptive to heteroscedastic noise; (3) minimax optimal under Gaussian noise.

List of publications:
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2. “Inference for Heteroskedastic PCA with Missing Data”, Y. Yan, Y. Chen, J. Fan, under revision,
Annals of Statistics, 2022.
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