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ABSTRACT 

In this report the problem of t.~e interaction of e.n underwater 
expl osion wave with a steol plate is discu~eed. Perticule.r attention is 
given to those aspects of the problem in which the pla".;e can be 0O111Sidered 
as a 'two-di:mcmsional wave guide. The phase velocities of the r.:ore important 
modes or the plate are evaluated as functions of fr~quency. They are used 
to derive tho properties of the precursor, an oscillation which precedes the 
expl osion waw as it travels along the plate. The resu~ts of the theory are 
compared briefly with experiment. A noro detailed d.iacussion of the experi­
ment ~ will be gi\ren in a. second report. 

The methods used 1n this report are alr;o applicable to the evaluation 
of the phase velocities of the modes of an electromagnetic wave guide. The 
propar,a.tion of a. transient, such as an explosion wave, down a wave guide 
presents the interestinf; nathematico.l probleD1 of the evaluation of a contour 
integral of a function of a ~ample'· variable defined implicitly. No rigorous 
solution for t.r.is problem as yet exists. 
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I. INTROI.,Ul'fION 

1. In a second report under tha sruna t~_tle s.r1 acccn.·mt will be r,iv-en 
or experiments r.:easurinv, the pre£su.ro caui,ed by the explosior... of a No. 8 
Dupont blas t;inr; cap in tho neit;hborhood of' a s toel disc in Ttater· in this 
report is preser_ted a theoretical Ftudj'" or tho su.me problerr.. This study 
is primarily intended to ~ive a. th~oret;iot-.1 e;-t.pl1:1.r1at1_0n of the "precurso:rt'. 
This is a characteristic oscillation whkh, for oblique angles of -inci­
dence, pl'eceded the explosion we.ve es it trave r,sl}d the diamewr of the 
disc, as is shown in Plate 8. 

2. All the experimental phenonena observad. e::<cept the existence and 
properties of the precursor, can be axplRineo. en the be,s is of theory 
already developed. In this rtlp,,i·t the problem of the action of an 
exponential transient (the e;cplosion y;9,ve) on., steel ple.te will be 

· discussed, with spoc:ial at·teritor, t.o thor.f as;:,ects of. the problem con­
cerned with the precursor. i!:erJer;·tially, the p1-~blem to be sc1':ed is that 
of the two-dimensional vr.ava p,lide !'o:rm<Jd i;y an (:,las tic plate in watar. 

II. STATt1.:~1!T OF THB FROHLEll 

3. The problem will ·first be sta.ted in cor.:rlwte r;cnerality • and then 
be sin:olifiad and appro:x.hated until it bi.:lcorne;;; tractable. It r:ust be 
remem~red that a complete solution is not d<:;d t(,d, but only those 
properties 0f the solution which can be compare:! with experimez:ts. ln 
particular it is desired to know tho pressure [t5 ;t 1\,,nction oi' thra for -
a specir:ted position near thti disc. befors the arri--7a.l of the rr.,':l.in shock, 
i oe. the properties o,; the precurse,r. Hy "prop!r ties" i5 meant the 
approximate p8riod of the pressure fluc-t;ue.tio:c."': ·Nher,. they appear and 
how lonr: they le.st. 

4. Let the displaceJ:1EJnt of the MFlium be given by 

~ ➔ 

r's - ~~a.d o/s +- cur 1 tfs 
➔ 

(l) 
l,. = 'a~ a.r! fw w 

where-the subscripts w,s, refo1- -:z, t.he water eud steel. It is t"o•i;ii.:red 
t; find functions CS/ e.nd q sa.tlsf~ring the v.,e:v~ eqve.tions 



subject to the boundary conditions: 

rn continuous on the vm.~er-steel boundary, 
Pn continuous on the water-steel boundary. 
Pt, ::.o in water and on the water-steel bounc.iary. 

· rn is the normal displacement in the m;-,dium, and 
Pn and Pt are the nonnnl and tangential etresses . 

'.::'he notation follows Reftirencei l and 2. 

(2) 

5. !he initial conditions a.re set by the requirement that the inci• 
d~u t waire be a diverging wave of expoIJential form. ~r tima is r.ieasured 
from the i nstant that the explosion wave just touches the plate, then 
at t :. O, 

· o (3) 

where r is the distance coordinate measured from the explosion source• 
and H the distance to t.he nearest point of the plate.1:'is the "tire 
c onstant" of t..he exponential explosion wave. and cw the velocity of 
sound in water. 

6. This problem is first simplified by replacing 1 t by a two-dimen-
s ional one. sin ce in the experiments the distance to the explosion 
s ource . (11 feet 6 inches) was large compared to the radiu& of the disc 
( l foot). The ,~. isc is take=,. as a st:imi-infini te slab• the iricident wt.1.ve 
ie no~ plane insteH.d Qf spherical,. e.nd t ."o r.otion takes place in two 
d imensions cmly (Sk,:tch l). 



r 

,, 

11 0 
Sketch 1. 

This approximation can be expected to be best up ton time shortly after 
the arrival of the explosion wave in the water, and to describe disturbances 
whose dimensions . are small compared to tho radius of the disc. 

7 • the problem can be still fur\her simplit'ied. S1noe the obGervations 
refer to conditions close to the plate, i.e., at points such as A and A' 
one would like to deterJ!line (rw at these points as functions of time, a~d 
at Tarioua distances from the edr;e BB' .• It is known from the observations 
that the. diffracted wave fo small o The problem of determining ¢Jw at A 
or A' is therefore divided into two parts: (1) a part due to the trans­
Jnisa i on of the wa..-e through the pJ.ate, or its reflec·t.ion from the plate, 
cons i dered as infinite, and (2) a part arising from the J.'orces or dis­
placenients obtainjng initially at the edge of the plate (.BB') due to the 
explosion wave. 

8 ~ The first probleI:l ili then ono of the reflection or transmission of 
a plane wave tra.,.1sient at an infinite plane ple.te. The second proble1J1 
is t hat of the plate considered as a two-dimensional "wave guide", with 
speci fied initial conqitions. Both of these problems ca.n be _solved by 
firs t obta.ininr the 5olution for steady-state tinusoidal time depender!ce, 
and t han superpos i11p; by integration solutions for different frequencies 
in or der to repret1ent the incident transient, or j_nitial conditions. 

9. The !'inst problem, the ro:flection e.nd transmiuion of sinusoidal 
vla.ves at an infinite plate, bas been solvad by Reissner (Ref. 3). he 
assumes an incident wave of amplitude unity, a.m: of arbi tri.:.ry frequency 
and anp:le of inc_idence e. In order to. se.tisfy the six boundar:;- condjti:ms. 
threti on each side of the plate, nnd the conditions that the ar.iplitudes 
or a l l the progreuive waves set up be inti.ependent of the coordinate alonr, 
the ple.te (x) and timo, just six additional waves with ~plitudes d~fi'~rent 
from tero mµst be found. There are one roflected wave, iour we.ves 1ns1.cle 
the plate (or1e dilation, one rotation._ in co.ch directi~n .:t' y) ~ and one. . 
transmitted wave. There are therefore seven wr-.ve ampll.tunes (.one srec1f1ed 
as unity), and six boundary conditior,s.- These boundary conditions p.:ive 

,, 

" 



a set o ' six inhornoger,eous equations on the six unknown amr,litudes, 
which a;: e thus completely determi.ned. In analor;y with the corresponding 
eloctro:.agnetic problem of' reflectior1 !'rorn a lamina, this may be called 
the inh-.,mogeneous t>roblem of waves in e.n elastic plate in water. 

\ 
10 . T 1e homogeneous r:roblem is the one in which the plate is consiciareri 
a two-c i.mene ional wave guide. Here there ur·o four vm.ves inside the 1 late·, 
and onl ,~ two in the water, one on each side of the plate~ r,ith six w~ves 
in all,. the six boundary conditions r;ive a sei; of sj x homogeneo.us linear 
equatfr 1S to ue ·satj si'ied by the wavo ar.;pli tudos. There is therefore no 
iso l uti c, ,1 ur.less U1e determinant or the coeffioi ents of the arr,pli tudes 
va11ishcs. This determimrnt determines the normal modos • or a disorete 
set of space d:i stri bution constants, for any specifiod frequency. Only 
one of the six amplitudes can be specit'ie;~ arbitrarily; the rest are 
de t err.i: ned. 

I II . lfJ,; Hlliot,OUBNIWUS CASf; 

ll . 1eia1Sner' s solution to the inhomogeneou6 probler.; can be used to 
deterrr ine the shape of the tra11s ient reflected or transmitted throuf,h the 
plate ~e i'ollows. he obtains the amplitudesA,r 9 t<.0) !'.:ndArJtR:1) of the trans­
mit ted a.rid reflected waves when a sinusoid of an:pli tude unity, circular 
frequency u.)1 at angle e is incident on the p late. If a plane wave 
transient at an ar,rle of incidence 0 ha:s the f' orm or profile (ignorinp; 
the dependence on position) 

-== o · -t ..( 0 

then the reflected wave is 

Rl-t-l ~ ~ 
V "2..,r 

and the transmitted wave is ) .,_ 
, +.:P -(I.A- -

Tft)-= . .L .f ~e(w)ltrJ'w) e dw 
~ -cJO 

where ~ ~lt1>is the fourier trans form of f e < t). 

+'"° ( iu..>t:" 
t w) -- .J_ ) + e (t ') e d ,..v 'e 1/1.-;r -t:P 

(4) 

l6) 

(7) 



12. The effect of the functions AtJl0) , A~JW) in cutting out parts 
of the 1''ourier spectrum is as follows. If' A elw) is small (compared to 
unity') at high i'requeneies, and or order unlty at low frequeno:ies, the 
shock front of the trari.smitted exponential wave will be rounded off and 
the height of the peak diminiahed. I!' Ay~(W) is of order unity at high · 
1'reque11cies and small at low frequencies, the reflected wave preserves 
its ,steep shock front, but rans off more rapidly t:.an the incident· wave 
and may even become negative. These effects are illustrated qua.Ii ta­
tively in .Bcetch 2 11 and in Plate 8, Noso 2, 1. Detailed data and 
discussion wi 11 be given in the second report (II) or1 t}ds wo;;-,lc. 

p '-•C~ -nT wav-<.. 
~f- /~G '? eJ w';l..,e_ 

· t "-a""" s. m ,11.e l WJ. vs(. 

Sketch 2, 

IV . iliE 1:iCli10GE?JEOUS CJ\S~ 

13 . The homogeneous, or wave-guide problem will form the main subject 
of this report, and will be used tooorive some properties of the precursor. 
It will therufore bo stated niore completely than the inhomogeneowi case 
diect,ssed above. The notation and I:'!ethod will follow that of Lamb in 

· Hei' . 2. where the prob.lem of a plate in a vacuum is solved. Some 
familiarii.-y with Le.mb ' s paper 1r.ust be a.ssu.n:ed. as his solution was used 
as a basis · for solving the present r,roblem. The two are closely rela.t!'d• 

14 . The ateady ... state wave-r,ui<ie problem n.e.y be sta.ted as follows• r'i nd 
the ~ctions 'f and lY such that {See Sketch l): 

In the water, 
d-i..~o v l,.c!?o ...L 0 

Cw .. 0 t.--
'2. j_ ~~~"L V ~-z. :::.0 lB) 

Cw ... 0 1: 1,.-



In tho plate. 

Displacement in x., 

IA, -:: 

in the plat.e. 

Displacerr~nt in y, 

V: J-#; - ~I 

In the water, 

Velocity of dilationa.l waves in the plate, 

C 1 -: ' r>.-;;.-;~ s. = o . S- 7 , Io fo c. "W\ /5 -e c. 
o V..:... Ps , 

Velocity or rotational 

~
-;½ 

Cy: c.:z 
(><.:. 

waves in the plate, 
c., 

6, 3 :> •ID C "),yi ( Si> c. 

Velocity of dilationa.l lsound) waves in tha water, 

1)-;, w. 
Cw~ -

Pw 
:::: 

(9) 

(10) 

(ll) 

A and )A.are ~'s conf!tants, and Poisson's 
tor the plate. p.,., = l .o. f s. = '7.6 gm/cm3. 
plate is Ool38 cm. · 

aS6umption that,\-= f1s b rr.ade 
The half-thickness, f • of the 

15 . Boundary condiUons at y !: ± f. 
( 1) f'yy is continuous at ! =- ±r. 

(Pyy)l ::. 0':q)o at y ~ -r. 

(Pyyh :. (.Pyy)2 at y .: -+r. 

A. ( ~--~ +· ~ ) +"2-k ~ 
Pyy: i>le 0'1 I 01 

(12) 



(2) i'xy va.nisht16 ut y =- ± f 

(Pxyh ::. 0 at y = ± f 

Pxy =fl(~+~) 
(3) v is e_ontinum s a.t y .=. ±. £ 

v 1 ::. v0 a.t y .: - r 

Vl ;. V2 f.lt y ;:. + f 

{13) 

( 14) 

16. The solutj on is required to be of tho form f(x,y )e'-wt. with t9J the 
arur.e in plate ana water. The variables are assumf.:d separable~ the 

• • 2,. ...... "" 0 ,{) 
separntion conste.nts 1.n y being -"7,~-"'i,-f,,r'Zfor ,;701 1,,l'j ,,'l.. respectively. 
The sep&ration constant-5,..for x must be tJe same :'or all cf) and 1/;, for the 
desired wave amplitudes to he i1tdepende11t of x. '.t1is same requirement 
also specifies only one si r,n for ~ , either + or - • i.e., tl',at waves 
trB.ve 1 in only OHS di rec ti on :i l'\ x along the pla-t,e. Then it can ·be easily 
verified that the solutions car1 be written in tho .C'or:r.' (all progressive , 
waves), 

Ao et(Wi:+i11. i"'rj,'1) 

AJ e i fwr: + ~x+"-,,) 

The separation constants are related to 0 as follo.vs = 

) ) 

\ 

tl6) 

· 17 . In this form only tho indicated choices of sir,n are allowed for 
i.1

1 
, to insure ei thm· an outr,otng we.ve from tho plate fort'), imaginary, 

or finiteness at ;:::i:-iii~t:y,, :i"orvreal. 
i: '1'11 

18. k:qua tions ( 15) can be rewritten, for p\1rpost:s of con iJ'enience, in the 
following form {standing waves in y only), 



ei(WT+~1r) 

"I, -: ( AJ c..o<:. h~ 1 -t"" BcJ s :...n h "',) e q '-'-'1" + ~,..) 

where 

( Ar Co~h r '1 + By S~¼, ~'1) e'"{<-VTti ~) 

A1-- e-">1'1 e '(uYt; ~.1c) 

(17) 

(l8) 

19. If the eq-.a tions (17) e.ra substi tutt d iuto "the bowide.ry condi ti ans 
(12). (13). ll4). the six equations (19) lPa.6e 12) are obtained. The 
COllDllon factor e""'-t-t"!x) has been cancelled from theM all, e.nd the commori 
amplitude factor of ea.ch colun-/\5 R indicated at tho top. 

20. For a solution for the A's and B's to exist, the determinaut o.f their 
coefficients oust vanish. T}ds determjna.nt, I'or a. r;ivenw , detf:lrmi.ncs 
the al lowed ve.lue,s of ~ , e.!ld hence of °'J ~ J 71 • There is in general an 
infi1 j te set of discrete valuee for ~1"" I r,7ror any r:i ven w . r11ey may be 
real or complex. 

21. The determinant of the coefficients in (19) can he rea.rran6ed as is 
indicated in (20) (Pagel~). 

22. 'l'hjg form is more suitable for deten:1ininc the various roots E}._,01.:lf'>~•-'?~ 
i'or a r,iven<.v. In this f'orm it is evident that either the upper or lower 
diaeonal nir.or can be set equal to zero, as a condition that the entire 
determinant sl.a.11 vanish. 

23. This division of the sixth order determinant into the product of two 
third order deteninants has e. sinple physical int~rprctation. It is 
possible to sntisfy e.11 six boundary conditions usinr, four waves, with 
only three different am}->li tudes. One can use ( "1.. 1) 
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(21) 

24 o The&e f.'urlctions substituted into the boundary conditrnns give the 
· upper diagonal tr1nor of equation (20) as a ccind!r;ti<>n for the existence of 
a solution. These four functions describe ,a ir.otion of the plate symmetrio 
about its median plane. 

25. 

provided Ao .::. -A20 These four functions can e.l6o z:e.tisfy all six boundary 
conditions~ and lead to the 10\'!er diagonal minor of (20). They describe a 
D'lotion of the plate antisymmetric about its 1n0tlian plane. In the case of 

· wave lengtms in x (2 tT /'- ) very :much greater the.r. the thickness or tha plate, 
the · symmetric and anthymmetric functione describe t.1i.e so-called longitudinal 
and flexural vibrations of the plate, respectivaly. 

26. One can theref'ore divide the discuEsion of' the roots of' tho complete 
sixth-order determinant into separate diacuss1.ons r,f ·tho roots of' the two 
third-order deterninants. "L'fuen any one ampl '.t t ,ude A or Bis givenp tho rest 
Bl:.e determined by solving .the set of five inhomogar,eous aquationa obtained 
by dropping one of th,e e ix. Depending on whother -';he determiaa.nt for B~'lllmEltri •O 
or antisymmetric motion hae been set equal to z:ero ~ Ao ·= ± A2 , and e~.ther 
Bci :. -Ar :. 0 or Ad :: Br :: 0 • 

27. Before proceeding with the . ;nwn<.,rical etthation of the rcott of the6e 
determinants fer given W, it would .be we'll to pdn-t out some of the ' proper­
ties of these determinants, and their physical interpretation if any. 



28 • Either determtnant defines ·an implicit: relation betw-t>en ~ ~~ 01' 
the fo~lowing variables :~"S~c,;,~,(?1,z •. ep is the phase velocity in th-3 :.c 
direction, de.fined asw/~ • For a fueo. ve.lue (rt;al or complex) of e..:iy 
!:me variable there is az1. infin:i. te set of vn1.uas fe r the othe..-. 11.s one 
varies continuously• the othsr defines s.n infini t( family of functions. 

29. Thoee values of ~ real, or neerly real, for given <.cJ real. corTesponc 
to modes of vibratiori propar,Jited alonr, the rlate with no or Httle 
attenuation. If a. ~i., has an appreciable imaginar.~,- component. this t1ode i!, 

highly damped. Tl1e energy associs.ted with it may be said to leak off re.pc• 
idly into the surrounding mediumo In ca.so a trant\ ient disturbnnc·e = . or 
superposition of modes - is propa.ga ted a.long the ::·, la. te, a. ftsr a re la ti ve ly 
short distance of' travel only those nodes with ra ].atively sma.ll a.ttenua­
tion are significant in summinf; to describe the Si le.po of the transient,. 

30. The determinants for synnnetric and a.ntisynm1ti tric motion in equation 
(20) ar_e closely" related to Lanib' s equations for ·determ1nin~ ·the i-;ymrr.etric 
and antisyum.etric modes of a. plate in a vacuum. '.:.'he rr.inors i.n equation . 
(20) can be written. ua:ing the de'finitions in equt,tion (11): 

\23) 

Ant is yw.rr..e tri c 

--r 

31. 
Lamb 
seen 

(24) 
0 

If these equations are compared with the ~crresponding , onos ri:en by 
for n plate in a vacu\UO. (Ref. 2, equations (12) and (48.)), it vnll be 
that tho first terms in equations (23) and ( ?4) ab ove are just his 
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equations (12) alld (48). The second terD'IB &re corr~otions int.-oduced by 
tho water. If the density or velooi ty of sound in water in the second 
term is made to approach zero. the second term "e.nishes and eq\1ations (23) 
and (24) reduce to those derived by Lamb. 

32. Now if the second t.erm ie smail compared to the fir_st. one can except 
that solutions to the complete equations (23) ru.~d (24) will be found close 
to those for the first term alone equals zero. i.e~ 9 close to the solutions 
already found by Lrunb. The second term it t:mall ciompe.red to the first. since 
r~c! Ip/; 't i& small. except wherE 1(=- c ~~-~ ~-,.. )'/i,-). · 

. c.,,, .... ' . 
is 11mallo If the equations (29)., (24) e.re multiplied by '1 , it will bo 
oeen tllat the s~.allnoss of 11. introduces additional solutions not in the 
neighborhood of those given oy Lamb's solutions. 

33. The equation for the symmetric case l23)· is id1.: ntico.l with the or,e 
for the antisymmetric case (24) except that hyperbolic sines in one replace 
hyperbolic cosines in the other, and vico v-ersa. rherefore wnen the real 
parts of all the hyperbolic functions are large. tha two expressions become 
practice.Hy identical. Tliis is the case when -the n1.velength in i is small 
compared to the thickness of the plate, o:rr whe:.1 the problem: approaches the 
oaae of a semi-infinite elastic solid. There is then rio distinction between 
symmetric and antisymmetric motion. 

34. There a.re solutions s.t (?-::.-0 fo::- all W for the symmetric case, _and 
at o{ -::;.O for a.11 W for th<1 antisyr,1Jnetric c!lse. Physically, this corre­
sponds to the fact that at_ any vxcite.tion frequency some sort of disturbance, 
though very small, must initially- be propagated dmm the plate with vttlocity -
or or od • 

35. For purposes of computation it will be useful to have eq~ations (23) 
and (24) in dimensionless form. In terms of~ • Cp they become; .1 

~yzmn:etric Cue . 
- ,_ 1,.. -i.. '/'1,,,- . ..,_ '/.- '2.. •r..... I . 

'-/ [(t- "i~.J Cot~(~-r(t-~1 .... ) )-(r--%1',r.:.) (1-~C ~)<0T~(1-§)~-! 
~ . .. c.,_). _, 

(25) 
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Antisymmetric Case 

36. Evidently when cp ~ cw both terms become of ·the sa..ito ordl3r of m:-;1.gni­
tude • so that there r.us t be solu·t:i ons for c · in this nei~hborhood, almost 
indepondent ofWor ~ • p 

37 • I: f~r c . one inserts t in the above e qu~ ti ons, and i..her holds W , · 
fixed. i:t l.S eeident that there ll"i\.lSt. te solutions for~ near ~-::-.(2 ....... 1),<-/f 

for Uie symetric case, and near g,,. -nrri.!f for ti1.e 1:.u1tisyrr.met:ric case. Both 
terms in equations (25) and (26) beco-c-,e sr.;sll undoE,r t i- ese conditions for 
:.:. sufficiently l~r•ge. These are the hig'1-ar modes r and evidently they 
o.re very highly attenuated since f is s.l.•ir:t;t rurely imarinal'y. 

38 . As previ_ous ly stated, j f W is cons id,)rod a.s a con'~inuous variable• 
there are fa.mil ies at' functions ~ ,:< '--<-') /'.pfU~ e. tc., de fi::ied by equations 
(25) and (26). Follow1ng Lamb. the lower and m:ire important c,f thtise 
functioru; will be evaluated for~! as a. purely r\;~l variable. in Pl~Pb cule.r 
the principal phase velocity cu~esCp,Jc...>). ;-,.,1?.th,r,~tically one finds whsre 
the contour of the real axis in the {a) plane .f.'a.lls in trie comple>C c. ?lane, 
the ma;. pinr, beinf, defined implicHJ.y by m1:1an1, of equat.ions (23) f\n& (24) 
or their equivalents (25) and {26) .- Thi:ir o ~.re ~.nfinitdy maJJyRimnEUL'1 
surfaces• of which only tha more important o::,er. 11.re selected. T1ds 
information is needed in order 1;0 o.~+,erm:imi the bt;,hav:,or of a. trr~.i;udent 
as it progresses a.long the plate. 

v. EVALUATIOO OF THE PHASE VELOCI1'Y FOR VERY ~ -·.RGE ~~-1~~~Y_ f..iL~.~ 
WAVELENGTHS 

Branches Close to Lamb's Curves_:. __ L, r.r, '.iavelenf;th 

39 . For small values of~ f {wavelength le.r·r,e co:n;nu"t:d to the thickr1ess 
of the plate) the hyperbolic sines a.nd cos iues can be re placed h:,- liriear 
terms or unity. The phase velocity for the principal syrt1e-{;rj_c mode is ill 
this case 
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(27) 

Lamb gives, und1r the &8llle conditions f"r a ple.tE, in a vacuum (Ref'. l, 
equation (15)), just the above expression with ?,,.,'° C\,,:::. o . T:iis is 
the velocity of "lollf,i tudi:a,1.J. 11 wa.\res in an elast5.c plate. 

40. Bvideritl~- the effect of the water on the pl cpa3ation of long 
longitudinal Wl ves is ,;ot to change the rea:.i. par '; of the phase veloc.i ty 
at all, but to add a very small atte:nue.tion which ,for low frequencies; 
incl'iJaeeis as · ;he · rx-equenc:y. ·' 

41 . For long wavelengths• th:3 detennina.nt for the ani.isymmetrical n,odes 
gi ves for the iha.se velocity of long "fle:x:.u·e.l" waves,, 

(28) 

He re third orr er terms must be · included in expanding ·';he hyperbolic 
functions, si; ce the entire determinant van:L shes in tne first ar,d second 
or der. 

42 . Lamb 0 s expression for the same condition w:..th a plate in a va-cuum 
is (Ref. 2, equation (50)), 

(29) 

which . is the limit of (28) asJ?"" ➔ u. Note howa,,nr the.t .with '5i very .... ,,,_,_, · ~e..,_ r 
Emall and Pw finite,<::\' rv ~·-t--:, for a. plate in wr.,t,n·• whereascl>~"-t) or 
a plate in ·~ .va,::mULl. 

Cons icier this limiting form, · 

(.30) 
C ... ::; 

p 



and change to variables cp and W Then. 

(31) 

Evidently if (31) :,atisfies (24) in the limit ofuJ small and pura real, 
with cp real, then (24) is also Batisfied by«.>small and reul with c 
oomplex. l!:quati-on (Bl) :Ui.dicates _that there are f'ive •iifferent RieLnn 
surfaces or branches f'rO?n which a. point ofwsms.11 and pure real in the 
c..u plane can be mapped into the cp plane. Of thes·e f:ive only equation 
(31) and Br.;nc~ B.a:, . -

( 
L{ifl ) 'ls-

C' p-=- - t(,,'+-y\ "::,L /wle 

.... • 4 11 ✓Is- .r, L -;::- -:;-

-::: ~o-v-..sr /wl = 7 ,_ (32) 

are acceptable physically. The other three possiole choices of angle for 
op , corresponding to 1-1[ l (.;1i 1~,r for the _angle of W • would indicate either 
propagation in the opposite direction, or negativ"' attenuation. 

43 . There are therefore two acceptable r:hase ~eloci ties for long 
fl exural waves represented in absolute magnitude by the same ·formula Oue 
is high_ly attenuated; the other is not attenuat,:;d a.t all. 

Branches Close -to le.mb's Curves. Sho.!_~;.._:'favelength. 

44 . The determinants for symnetric and antisyrr.n-.etric mction approach 
the same limiting .Corm f'or sr,ort wavelength, or S f large. 

(33) 

0 

45 . This u the se.me expression as . that found b:r Lamb for a plate ir; .a 
· vacuum. ae;ain plus a small correc:tion term due to the water. Lamb's 
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expres61on was tha ~ume as that dedu~ed by Hfiyl~iYJh for seismic waves on 
the surface of the eartJ1. The atove expr,;is£;ion therei'ore corresponris to 
Rayleir;h waves on the floor 01· the ocoan. 

46. The phase velocity Ctm be deduced from (33 ) by a.osuminr, that e :::. 
R( l ~t ),f <,I, where z< i6 the velocity of Rayl.,,i r,,h wa.vesp determine~ 
by setting the first term alone of 8C;iUation (33) equal to zero. If c. =­
R( l -+E:) is si..bstitutl;ld into equation (33), or the equi1re.1E:nt expressions 
(26) or (26) with thf> \rperbolic funct5.ons set eq·~al to unity. one can 
e valunte E. • It is assumed that the ·..,ocond, wah•r-correc}ticn term is 
small. In this way --.ae fir1ds 

B l B B ·c . ::: R{ l -'-E ' ranc 1es 1 , 2 • p , 1 

whore R :. 0 . C/ J C/ '4- C 
~ 

0.303 · 10
6 

C-n-, /sec. 

. E -= 

47. The numerical value for E:- usinr, the data lx:. equation {11) is 

.c__ 
C" - -

v 

_..., 
/,Jg •JO 

( 34) 

(35) 

(36) 

(37) 

ThUfj . the attenuation of Rayleig;h waves on a s~;etJJ.-botto:med ocean would 
t-e relatively sr. ·all» so far a.s losses b;1• <i.cousti<:, radiation are concerned. 

· In practice• since the wavelencth of seismic we.ves is comparuble r.o the 
depth of the ocean, the .finite depth of the ocem and t';ra.v:i i;y waves on its 
surfnce wm .. ld have to be tl\k1:1r into acconnt. 

Branchos tot Close to La.nib's C·Jrves. 
?--

,iS. The form of equations {25), {26), multiplieC:, by (1 _c..,~,,;-), indicates 
that branches of the r, hase velocity cu.;,ve 1nay ce found for c ~ real and 
less t;han but almost equal to cw· It can b£i sho;m that the .. irst and 
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49. For5fema11. or lNlf:VlaV-1;:';_f}tl!!;ths. t h e: determinant of the syr.i:rietric 
case t.ay be a.rprox5.re.tecJ to give 

/-
~LQ_) -r-
Cw..., 

~- c.,.,-i \. 
ci1/ J 

[-

50 _, For ~ + small) Cr, in thr.-; dett·r::iins.nt f or the antisy1n:metrical case 
does r,ot remain close -c,o c..., but approach(.;S H >r-o i ;;i one of the tw, wa.:,s 
indicated in equations (31) nnci (32) ~ In fact• e :,a:ur.iw ... ticm or the 
or i ginal equatiomi {24) or (26) will showti:..:. t &suJ->a,e ➔oand always 

. ~ 
in such a ,.,,.ay that ~- ~c \:>-::, o 

3:· 
51. For ~1 large, or shod:; w:s;1relt? ngtb, P the ~ntisyrr~uetric and sym::;etric 
for ms approach each other, e.nd if cp is susrec-l:.od to be real and less than 
Cw, , the equation -wtdch rmst be sntisfiod :i.~ 

(39) 

() 

52 0 These two termG aro of OE'fJO~ite sign , S.J t hat cp<o and rea.l is a / 
possibility. SubEtitutiur, cp !'-Cw in c.ll terms except inwt.h~ f~ctor~-i ... )1. 



one cw~ obtain the approx :. ?~,ate exi rossiou 

" ... ,,..._ 
"l. { ewe..., (,- c~) 

~~ cfl = I- j>_,, (: ... -1 CJ1-
(' \,\, ').. L 

(40) 

4 [ { ,- c..,",·1~{ 1.. '/1. "l. ,._ - ,- G \-{,-.l..-c<.,.) 
. C\f.,_ I . (\.-ii '"C'v"l 

Usinr, the numerical values ii: equation l 11). 

I- O ,ooo IC, 
(41) 

53. In summary therofore, tho~ is one syrnmoti-ic and one arLtisymmetric 
branch of the phas e-vc loci ty curve close to cw. They are both the s arr.e 
constant fraction of cw at hi~:h frequencies, 1.r.a real. At lc,w fre<1uencies 
the synm.otric one approaches cw quadratically with res pect to frequency, 
and , is real. The antisynm1etric one r ·ust di ven~o frOJT1 cw and a.;:proach 
~e r o. It js 8.lso renl, and wat shown nuni.erically to ro into equation (31). 

VI. l:.'VALU/\TION OF Till: Ph!J.,t VELOCITY FCfr H1TERLWIATL WAVELE?-:GTfJ: .• 
t O}.'NLC TI Cl: <;f ThE BHA}; ChLS • 

54 . Th, .. s far the extremes only of the phr,se-velocity vs frequency c:-urves 
have been evaluated,and comps.red ...-dth the results of Lainb for a plute ina 
vacuum. The VRrious brnnchee so fo und are s ,.;n,:rue.rited in ~ketch 3, Lamb's 
cur ves. and ~ketch 4. lirni ting curve£ for hil!;h and low frequency for a. r•late 
in water . A be t.ded line i 11djcates t Lr, t tr.e µhase velocii,y i,as a. sr,,all 
1n:a.p;5:,ary component (Elir;ht a.tter ,uati on), an o ;:-. f: n circle lir,e indicates a 
lar r;e ima[ "irill.ry component (lar ;,:e uttcnue.tion), ~ll":d e. full line indicates 
tha t the ph1:.se velocity isl'.11 real (uo atter;w.;.tjon ). 1''uil horizontal lines 
nt ca and cr should appear on b oth s ketches, but 1;s.vc been omi ttod to ,1void 
con fusion. · 
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56 . Two qµestion& now arise: where 
branches lie and what bra.riches on the 
branches on the rir.;ht? 

do the internadiate points on these 
left in _Sk~t:; h 4 tie in with wt.at 

56 . 
giving 
Choose 

To answer these questions, consider tho 0que.tior.s {24) and (25) ae 
a i\inctional rel♦ation between t,'l"O coniplex 1ru1e.tleis implicit-lv. 
for example cp end w . Bi ther ( 24) or t 25) ::an be written. ., 

(42) 

where cpr' oppW.,.. 1Wi:are the real and h&f~hi.ury pe.rts of cp and w, 

lQ) 

67. There are therefore three complex planes• tha . If plane• the c plane 
and the CP plane. Imagine that a point. be f:i.x.ed in the w plane, a.ncl a point 
in the cp plene descr.ibes a clo~ed C\.1rve. The corrssponding point in the 
F plane will also describe i:i. closed curve. provide(. the.t F{cp,w) is 
regular over the range of variables considered. l f the closed curve in the 
F plane inc loses the orit;i.1, it means that a point on the implicit relation 
between o s.nd uv • given by F(cp,w)::- 0 has been '!.-:lcated. It lies some­
where wi t.R1n the closed curve in the op plane• i'or the given point w • 

5B. This process was usod to locate pointl\ in tha iL.termediate rogions 
of Sketch 4, to establish the connections· between t he right and le.rt; 
branches, and a.ls o as· an independent numer:'c~al check on the analytic 
derivations of' equations {2'1), {28) 1 (36), US8) ax;c. (41). The procedun 
i;;. as follows. A point W0 • cpo is chosen o:t ther OH one of' Lamb's curves 
or in some other reg;ion where a sol:µtion is suspec•;: ed, such as cp clcse 
to cw. The values ~,CJlr>(t+E-e' 9)u·e th~n substituted L ,to equation (25) or (26), 
and ea.ch factor of ea.ch term e.i-pe.nded by Ts.y1or's ·J1eorerr:. f. is a.ssur..ed 
small compared to U!"1i ty. In sor-,e CR&cs, fo1· e:imn,r ;_e when c is near cw• r 



/ 

(:- must be ,rery sme.11 indeed. If the choice W o• Cpo was a r;~od e;uess, 
the value of the determinant. equation (26) qr {26),will becoJr.e very enr:all. 
e.nd E- and e can then be adjusted toe:-0 0 o to make the entire expreuion 
vanish. When a value forEo has ueen so

1
deterrnined, one must subsequently 

check that the expansions used to obtain it were valid. A point on the 
implicit- re lat ion between W and op• W

0 
and Cp

0 
(1 + c-0 e' 9 o) 

has thus been doterrnir:e~. 

159. In the case of Branch 1'2 , a method sir..ilar to that used to ob)a.in 
equation (36) will give intermedinte points on the phase-velocity cure. Ir 
one lets F(tu. cp) sta'.ld for equation (25). tho symmetric case •. then 

(43) 

where Llt..18 Lamb's determinant for the plate in a vacuum and c(w. cp) is the 
small correction term due to the water. Letw0 , Opo• be a point on LllJllb's 
phai:;e-velocity curve BL., } (l.l,_{w.,/p,;)-=-0) J 

and substitutel,-c.J
0

, cp
0
{l+&) into tiquation {4l)o 

F-{wof Po(l-l-6-)) -= L\_fwo)Cpc) + db .. (cv{)/Po)f::c/)o t- C('-"-¾_,lcPu) .::::0 
arpo ~ 

or 

Since d,#-w'-- ic; easi(l~ to use tnan dDt.. one can also write 
u &p 

(45) . 



where(2"\/dtp;)Pi.JiB takon e;raphi<:ully frmr, Lamb's phase-velocity curve for 
BL., , ll'l ,-,,ketch 3 or Plate 1. SiI,ce foi·~ c -;, c 8_nd real the correction 

teJ'Jll is rmre imaginary, equation (45) leads tg0
thu ~oncluBion that the 

water around the plate cioes not ehr.nge the real pn.rt of the 1,hase velocity, 
but only adds a sr.inll attenua.tiono Also. barring unusual behavior of 
C(...i, 1c~.,) and "i>D,Jow this atte11ua.tion should be u ma;r,.imum where(dw

0
/Jc ) 

. . Pu ~LI 

is a. rninimuni~ _Thit is at the internied; ate freque ncies, where the wave• 
lenr;th is riei ther larr;e nor small c01q1ared to the thickness. Tl!is expects.-

. tion was borne out by the r,umerical calculati ons (Plate 2). 

60. l:f' the process is applied to determiriii1p: the ar; tisyrr:metrical. branch 
B,, close to B12, it fails as Cp ➔ Ow, hut in so doing indicates that the 
imar;inary component of the phase velocity beco1:1es ver3-· large. For t hia 

_ reascr it wns inferred that at low .f'requer;cies B2 c om1ected with -the highly 
a t tenua.i:ed phase-velocity curve whose ana l ytic expression ie given'in 
equation \32). 

61 . In t his way the connections required i'or S':etch 4 were completed, 
and are indicated in Pla.u, 1. Crosses (.x) in Plates 1=5 indicate numerical 
va.lue6 co:mputed by one of the a.bove methods. In ?late l the absolute 
magnitudes of all the phase velocj ties a.re p lottej as u function of the 
c i rcular frequency uJ • The separ~tion or 1\ a..,d .B1,.1.• Bz and BL2 is somewr,a.t 
e xaggerated. In Plates 2-5 the detv.iled d_ependen ce of the .; ndi vidual 
branches on the dimensionless variar)le uJf/ c-,. i:; ~iven, so that these curves 
can be applied to n plate of ro,y thickness. The solid lines indicate 
analytic curves, ar.d t iic dotted lines the ir,tcrpcilated ~uess. For branches 
B1 t\Jid B2 , {P~ates 2 and 3) the iMi.ginEi.ry co~,p onP,n~ of the phase ~eloci ty 
c is plottea &f!:ahist the reftl component., -m.th &Jf;e.,1 ~s parai:;cter for the 
c~eck points. For branches B3 and B4, (Ple.tes 4 ,..nd 5.) wi.ich are all real 
md close to c,,, l -op/cw waa used as deperdent va riablet> andw.f/Cw as 
i ndependeut variableo 

62 . In Plate 1 the symr,etric branch 8:-. f ollowed quite closely the 
corresponding J..e.in'p curve BLl throughouto _ The imt:. r,inary component ha.is a 
Jri&Jl:1.n.wn at intermediate values of wa.vele:nr;th lwf/c ,.._,,. o, Plnte 2). The _ 
i r regulari t;r of the points for la.ri;e and S!:!nll w f/cw reflects the d j ff :: cul ty 
o f followinr, the curve numerically in these rer:;inns. 

63 . In Plato l the antisyr,imetric branch B2 cl :1.nts clos(;ly to the Lamb 
br anch BL2 until 1 t d:i.ps to the Cw level. It tiwn di verges rapidly fror~ 
the La.mb curve in that its it:,ar,iml.ry con:poneut becomes very larr,e. At low 
f'requer,ciE::s it ha.s thE! sarr.e _ abs·oluto r0a~nitude depon~en~e on was brar,cb 
B nr'd is close to B in absolute x:10.r;ni tude, but tr;c ir.1a.r,ir.nry corrponent 4 • ' - L2 - · 
is large (Plate 3). 



64. Physically• we r::a.y inter1>n1t ti ,if; !:.lltisyr.imetric r:cde as • a. high-
pass filter, the cutoff point bflinp; dotcrr.ined approxin &.tcly at that 
frequency where the phase velocity equa.lE: th(i velocity in tho surrou1;d:;.ng 
reediurn, water. Frequencies below tl.:i f; cutoff, where cp<-=ew, are hir.;hly 
attenunted • tho er.erc;y being lost by radj.a.tion into the v,ater. Above it, 
where ep?cw, they are or1ly sl:ic;-htly e.ttenuatEJd. 

65 . ~Plates l and 4, tho symmetric branch B~ is close to the veiocity 
rn ~ . ~ 

of soun l\tnroughout. At hit:h frequencies J.t nieq;es into B4 at a constant 
fraction of c...-; at low frequer:.cfos it approaches Cw· . 

66 . In .Plate; l and 5, the entisymr:mtric branch D4, also just below Cw 
e.t high fi'eql1CiiCies. follows the cw level cl ~eely, al?'lost to the point 
where it would cross the Lamb antisytrJ:",etric bra.."lch BL2 (Platel). It ther, 
tur ns abruptly down, and reli'.ai-ne just belo-t1i the La.mb branch !3L2. It is 
real throughout. It is very difficult to explore numerically the anti­
SyYr'1'18tric case for smallW, since a.l l the terms are a.pproa.ching zero. 
In this r ei~ion it was necessary to c~rry out the analysis with the variables 
Cp and~ • and subsequently to conyert to ep and u-' • 

67 . The dkonsionless variable uJf/ew used in Plates 2-5 is the ratio of 
the tir:e required for sound to traverf\e the half thickness of the pla.te in 
wat er to the tir.o required for tbo exponent in t"lt> tir. ,e-dependent factor 
el lJl "t" in~ or¥" to chant;c tbrough ono radian. It will bo ob£erved that, 
except for branch B1, when this ratio if\ of order unity most of the 
chanr;es in the phase veloci -cy curve£ are taking place. .Branch n3 is 
begiu1inr, to approach~ (Plato 4), B4 h turninG sharp ly dowu (l'late 1), 
and B2 is chant_;ing from predomin&.ntly real to ,Predomi nru-1tly imaf:inary 
(~late 3). The frequer1c :- · correcporcding to Wf/cw"" 1 is 160 kc, period 
/\... 6 f"8ec • . For Branch B1 the change occurs a.round wr/ew-,,,f.>, or at a. 
frequer.cy of' approxtmately 800 kc, period ~1.2r3ec. A conversion scale 
from u.f/c.,, to(.;I) appears on Plate l. 

VII. USE OP PliAS.8 VELOCITY CURVBS n: Th E STUDY Cf' TRANSI.r..J:;Th 

68. According to La.n:b (Ref . 4), in a. one ..- dirr:e risional di3persive r.-edium 
the effect 01' an initial disturbance can be represented by an tnter,ra.l of 
the fonr, 

(46) 

where Was a. function oi''s is deterrnined by the µh!'!.Se-velocity curve,. •nMch 
in this report is civen a.s cp~ vf~ as a functj on oi\..J. M~)is the 1''ourier 
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t r an6for~ of the shape of the disturbance at t~o. For example, if A(~)-::. 
con5tant, the ini_tie.l disturbance is infinitely concentrated, a S""runction. 
I t' Af~)-=;r~(~) - 1./e. the initial disturbF.uice is a step. or unit function 
l {x). ~ J 

69 . · For the problem of' too elastic plate in water, equation (4o) would 
be generali,ed to 

fo~ t t"°Aoc:l~)e+·lfi; eLf~-t+~k)·Je. 
L,; I V 'S 

[ Sc;<>✓• t{.Lv.7-;i; ) · •. 

"<1~<0 Coshcli~e ' . )':~P.>JJn s~l,,.°"le((«),i~x) ,./~] 

,,. 
-:: (-, [ S)A-r;<~)Co<>k~~ e'{wilfq>.> .t- ~;C~)s~(:>£· 1Et r"", r-i-~~)~47) 

1~-i~ I~) e-,z~, e<fwiz-1~,-J d~ 
i) 

I n (47)P',tiJ ~.·1"?;are functions of~determinod by the phase-velocity curves , 
and the sur.imation is applied over a 11 the branches - an infi.ni te nurr:ber of' 
them. i.e. all the r,ornal modes. The ~[~) and B1(f) are so choson that the 
configuration of the f~ and tfJ with respect to y and x is correctly r;i Yer. at 
the initial instant, t= o. 

70 . E.owever the arnpli tudes ~), Bj_(~) of the higher modes a.re appre- · 
ci able only when there is consi derE\hle ''structure., or varia.tio.1 with 
re s pect toy in t,he initial disturbance, not true in the present problem . 
Ale o 1 t vras shewn t.ha t these hi fher modes are damped out rapidly as the 
dis turbance pror;res.ses across · the plate. Therefore it will bo considered 
su :f!'ici.ent to use only the lowest members , or branches of the phase­
ve l ocity curve which have just been determined. 

71 . Even if tht1 runpli tudes A1(~) , Bi~J could be' deter111i11ed there wo~ld 
sti ll reF.ain the rl i ''C-:i cult problem of carry1 r,.g out the inter;ration · over 
~ , where the I'• La.tior.s w/f)and °'( ( i) etc. a.re defined implici ~.:,, and 

t~e variables are aotually oonr lex. , The probleJn oi' contour integration 
of a function of a complex variable rlefimid implicit_ly seems to have no 
known r,enerul solution. here the path of inter,ra.tion :t~ -9.lont; : the, real 
axis, but it coulc;. be deforrr.cd. LN!lb (Ref. 4) r,ives an approxinate J11ethod 
whi ch w111 be r.iodified slightly to apply t.o· the pr esent problem. 



12. The oscillograme in Plete B, showinr the precursor 0 represent 
observationa of press,;re as functions of t ,, for various ..-alues of x, with 
y fixed, e.& shmm in Sketch l. Therefore the p,oblam is to evaluate. say 
frot1 1\ .. ) 

( P".\f,; (p'1,) ; ) . .,.(~~~.:f-... "') -;; ,,\w 1. ~,1,,-f) AJ~) e 1, '1 e~ (w: r 1'q r) de. 
,, i f,.. o)~ J1 '- }~'; ~ l48) 

u a function of t, with x as paraineterp One would like to know what 
characteristic frequency or frequtincies appee.r, i .e o, the average "sracing 
oft.he creeta" {lief. 4) which iappee.r in the oecillogr8.lno Assume that the 
factor r1i~··'('·) •A1,; ~ changes slowly by comparison -to the fa.ctore 1 'w-z:.1~.--? 
Thie vli.11 be true f'or u concentrated S"or:step disturbar.ce, and will also 
be true i'or an eJ<.µonential-type explosion wave. Then the rrincipa1 
contribution to the integrand comes in those ra.ngen of 5 where the exponent 
is stationary. since ther1 all the elemental vectors represunted by, the 
inttJc;rand tidd in a straight lineo TheW correspondinr, to this . ~ is the 
one which appears predomi.nantly in the oscillogrs.x:: a.rid deterrr.ines . the 
average spacin~ of the crests. The we.velength -Z"'ff/-(J would charaoterhe a 
"snapshot" or in&tantaneous picture _of the disturbance. The factor e- '11 '1 
iB neglected, since' y is a. constant. lienee this factor does not affect 
the relative value~ with respect to X ruid t. of the integral. 

73. To determine this characteristic W Q a nodificatiou of t.he construc• 
tion ~iven by Lamb lRef'. 4). is used. lu Sketch 5 

C Sketch 5 

xc/c i& plotted against_ l/w_, whore x~ is the ~ eoor~ina.te of the point 
or o~serve.tlon . The orduiate has there1ore the dimens1on or time. At any; 
part icular time t', given by a point on the y axis, the characteristic 
osci llation frequencies are given by the abscissae of tl:;e points of 
tangency, such as C, of stntir,ht lines drawn from t~e point t' to th~ 
Xr,/op curve. I.st A be in the first ir.stance a r.y r-01.nt, n-0t r.ecessanly the 
tnnr,ent, on the xo/op curve. The a.nhle ADB has as tanr;ent AD/BO, wld.ch is 
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{49) 

and this tangent; hence the pllfl.Se angle 'f ~ - w-C1s stationary when the line 
DE is drttwn tangent to the x0 /cp curve. i~vidently. as time roes on. the 
point D moves up the- y axis• and the tangent line rolls_ on the .xc/cp curve. 
If this curve is concave clov.r,. as drawn, 1/0 increases and the maxima. 
in the oscillogram becone farthar a.nd fartl,er apart. The chttracteristic 
frequency decreB.ses vii th time. n'hon the ;r:0 /cp curve is concave up, the 
opposite is true. If the xofcp curve has sharp bends i:n :it, as time ~oes on and 
and D r..oves up. the abscissa C o:f the charaote-ristic frequency shifts only 
slir,htly. Thus over a: coni:,ider.s.ble interval of time th·:? rpa.cin?; of' the crests 
remains nearly ti ,e same, and this particular oscillation vn.11 appear very 
prominently in the oscilJ.ogrurr:. In generr;l in a dicpersiire ~:ediun1, -when the 
phase veloci t;v vs frequer cy curve cr.a.nges rapidly» i oe o has bends, the 
frequency characteristic of the ·trR-rrnition ror::ion will ap;,•l)e.l?' in a tran6ient 
disturbance. The commonest example c-f tLit: is f:iven by electrical filters 
with sharp cutoffs lep becomes _ almoot a.11 ima.r;ine.:ry) or abrupt ci'langes in 
their tramnnission charA.cte.rir.·Hcs. Hh~n axi::itec. by a trv.nsiet1t, these 
filters of.ten "rin~" with o,;cilla.tions characteristic of the cutoff or 
transition ret;ions. 

7 4. for a bend in the xcf Cp ourve to be s ha• p enOli gh to make the 
correepondir,f; frequorcy in the oscillor-;ram promi:11':;nt, e. shirt of ~ t~ at; C, 
Sketch 5, equal to the period corresponding; to C, Pc, :rrnst cause a shift in 
Pc small compared to Pc. In other worcts tlie bend must be so ·sr:arp th6.t the 
characteristic period chanr,es by a. small fra.ctioll of itself over the 
period of a siI,glt> oscillation. 

(bO) 

75. lf there is no dispersioJ~ ~-a the r.i•h1ium, e_s in open water• the 
xo/cp curve is a stratght lin_e pars.Eel to the 1/(! , ~xis. Then no tangent 
can be d,rawn until ·t 0 ~ xo/cp, when tar;-r;e :.-i-t; f.nd ~/cp curve coincide, or 
are tanr;ent at all values of 1/W. · Tha.t :Ls, the origh.al undistorted 
distiu~bance, or al? lee.st e.n aperiodic dioturbance ; is observed. 

76. The t:;Ed;hod of E:tationary fJhase described R'JOVc, applies prir.;arily 
to cases where wand ~ are !ill rafl.l, ,·or complex. V$.lu,::s, t.he saddle poir,t 
n~etbod can be e.pplied, v:'r:t.-ih 1uno•mts to de1'orr.1inr: the path of integrution 



1.':rori the rea.l ·axls (stationary phase rr;etbod) into the comple:i: olane. 
However• when the relation betwean W and~ is defined imp].ici tly • this 
process usually becomes too complicated to be tractable• thour,h a for1ne.l 
solution can be writteri down. li. thE:J present problem the stationary phase 
method will be used, using ouly the teal purt of c,, &.nd the it-.af:;inary 
partlor the attenuation) will be ner,locted. This £s probably a r;ood 
arproxirna:tion for all t.he bra.nchos except the low-frequency end of a2 ,, 
since everywhere else the ir.1ar,ir!a.ry pa.rt of cp is exceedingly s1no.ll. Ttiis 
approximation i~ equivalent to assur:iint that all the elemental vectors 

e < twr+<s'IC) are of the sBJ11e length. ;:/htin .the tangent falls 011 that part 
of Bz with large attenuation, where the a.pr;roxi:rnatior1 is known to fail, 
the entire contribution from that bra.ncL will be neglected, on the (';rounds 
that those frequencies will be darped out. 

77. This spproxirr.ation is e. r.:athenmtical necessity, for which the 
justificat.ion is perhaps a little meagre. As it t.urns out, the precursor 
can be associated with Branch B4 ~which is all real, so that whtire the 
theory agrees with observation, the a.pproximati oxi is valid. 

Vlll. APPLICATION OF STATIONARY PH.AS~ l,£'l'llCO 

78, These &r&-uments can be applied to the pre~ent problem of the 
propagation of tht:J exylosion wave along a steel plate in water. In Plates 
6 arid 7 is plotted 1/cp vs 1/4,) for e.11 the phase-velocity curves evaluated. 
1/c was chosen rath~r trian xo/cp with a particular x0 , since the shape 
of ~he curves would~uzw.ffected by incluciinr: ;t0 • The origin in coordinates 
x and t b the odr;e of the plate ut the time the tixplosion wave strikes 
it. A.point in time on the 1/cp axis . in flat8 6 (such as C) is at such a 
.distance 1.':rmn the orit,;in that a disturbance. travel_ing vrlth · the velocity 
er vrould have just reachad it. A disturbance tTavelinr, with a velocity 
cd would have already ~one b:·. It would have arrived at an earlier 
(smaller) tiJr.e corresponding to the pohtt A. Plate 6 ca.11, by a proper 
choice of scale .for the 1/cp axis, therl':!fore be r:ade to apr:ly to any pos l tio11 
of t.he gauge. 

79. Consider £'or example 1..he observed oscillor;ran,s when the gaur,e is at 
the middle or the disc, 30.5 cm from the edge. The exµlosiox1 liea nearly 
in the plane of tho disc, so that the explosion wave strikos the dbc on 
its edge, as it Sketch f, para6raph 90. 

80. At t=O, the origin (Plate 6)) no tangents can be rlravm and 1..here is 
110 disturbance at i.he f!:auge. A.t ·t.i:rro ~=1/cd (A • .E-'le.te 6), r.orrespondin~ 
to the time required for a wa.vo in the plate to reach Uie position oi' the 
gauge,. travelinr, w1.th n. velocity cd, a tanr,er,t to ti1e st.rair,ht lin~ solution 
l/cp1:1/cd can be drawn. This ir tancent at e.11 frequer:cies. It does riot 



neceeaarily follow that the resulting disturbance wil 1 be similar. to the 
original disturbance., but merely that it will ae tipsriodi.c (Ref 0 5). 

Bl . Shortly after tit1,:/cd another &periodic disturbu;ce will arrh·o 
correspondinr, to the ta.nr;~rL t to the low frequency end of Bi (Poin.t B)., or 
long longitudinal waves. Later two more aperiodic disturbances arrive 
(Points C., D)P corraspondinr, to the arrival of 11 un<lerwa.ter Rayleigh waves" 
ox1 tho surface of the µla.to anci the straight lina solution l/cp =- l/cr• 

82 . · At intermediate and ~Ill?OOdiately subEaquent times (Points a1 ., D1 ) 
ts;1gents to the .knees of branch Bi C&...Tl be dra.wn, with characteristio 
oscillations ranp;ing in period between 0.6 t(I 1.9 µsec, or l/Wfrom O.l to 
0 . 3 p.eeo. These are too short ·to. be ensj ly observed on the oscillograph 
with the sweep a.peed actually used.,, 

83. Beginnini; at e. time correspondinz e.ppro::tima'tely to D2• tnngentls can 
be drawn to Branch B4 • Since B4 is concave up, as time goes on the tar.gent 
rolls toward the 1/cp axis and the spacin~ of the crests in the oecill.ograro 
decreases until at t :.- x/cw (Point ki) nnother aperiodic · disturbance whi.ch 
has been travelint; with a velocity equal to the velocity of sound in water 
arr ives. This is .iust tho bahavior of tho precu1·sor., which precedHs the 
main explosion wave in the water. L..uch later, at a ·ti me such as Bl (see 
als o Plate 7). tangents which fulf'ill the condition for periodicity can 
be dro.wn to the parabolic• concr~ve-ciowr1 part of brnnch B4. 'l'his char~e­
ter istic oscillation htuS a decree.sing frequency• or inc!"easing spacing of 
the crests . 

84 . The proce_..duro outlined above does not p;h·e EU1Y indication of the 
treatment accorded Branch B2 ., which shifts rapidly from p1•in;arily real to 
primarily jrr.aF;inary at about 1/c,>:l .2 psec. If the analogy of B2 to a high­
pas s filter ·is good, it might be suspected that oscillations characteristic 
of the cutoff f'requency should appear, when this mode is sufficiently 
exc i •t;ed by the transient. Tho ta.ne;ent which can be drawn to the prir..arily 
real part of B2. between times C aid D, doer; not !\.tlfi 11 thet condition for 
per iodicity. 

86 . The observations (!'late 8) ma.de ?rit h a tourmaline pressure gauge and 
a oathode-ray oscilloe;re.ph, can be compared with the ab,Jve description of 
the periodic and aperiodic disturbances P.rr :!.vinp; at the cer ter of the disc. 
There are a number of' discrepancies. Nor.e of the disturbances corresponding, 
to 1/cd, lJcr, a.nd branch B1 appear o Tho abser.ce of pt,lses corresponding 
to 1/cd and 1/c must be attributed to srt.allness of the · corresponding 

. r ('' amplitude factors , Aca(~) an<\ Ac."",,, 
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The :theory is insufficient to determine t .:.l!:!11e 1''3.cttrs, b1.rl; i'rcm a pJ:iydcal 
standpoint one ,'l'Ould fiXpoct them to be s;,i:l.1.i.. ·r :1f;~• :.--eprcst.mt dist-..:x;bEu.-ices 
propag&.tad in t.ho pl,at.e "l3 thO\lf;r. it w<.>re a.n inf:ln'..te ~•t;cliu-n. Actuul.ly i'·, 
is quite thin jr1 terr.1$ of wa.veier,ct.lis t.o ·m.ich tho measuring irl8trt1J11ent 
is respor1si v-e. oth~r invostiga:L~ona of ~or,, fa.voru.ble e:r.emplf's b~ye shovn 
that these amplitudes :re relatively sr.,nll (Hof. 5)'. 

86. The ta.ngeut points to the kx,eea artl ·:;ht< Kay).e:tr;I1 l'ep;ion end of Bi 
.fall at abscissae of hif;h frequency, Z or-.e :ner,ecy-cle~ which the c,cill,,grams 
cannot resolve. The absence of a o.isturhunc•::: corraspor.dinr, to the lmr­
frequency- part of B1 rer.ains unexplained, unlflu· or.a wis.,et; to infer :'rom 
the observations that the a.-r.:plitude factor bl:lro is st'lll.ll. l"or ve?l' 1.o~-v 
frequencies the wavel,:mr,th is coir.,pa.rs.ble to Lh,· r&.:iius of i,t1c disc, .9.:mi 

the theory is not applicable. 

· 87. The se.me remarks also apply to bra..?1ch ~2. L,era t,r.e lm•.fr,.- tiueu~y 
end is hir,hly attenuated. It t-:t\y bf: that, th£· mr:;u:11' f'r~t~l.ie':lcl' is corit.d­
butinr, to the precursor. 

88. ~he lower tanr,ent to B4 r,ivea a very t-r.t.L:::lct·::iry e:xpltmo.tion c,f the 
precursor. Theory and observe.i;ion of the "l'":l·,.c,c'\. t.:._r, -l:.he d\::rs.tior; 1 the 
number of oscU 1.atioru;, and their ranr,o cf p,r1r:.o-i ,:!!n be corr.pared :.n i.he 
i'ollowine; table. 

"Telocity 
Duratiou 

Kange 0£ period 
Nwnbar 0£ osc;11-
ations 

Theory 

O.l9xl06 cn,/s~c 
40p,sec 
12 to 6 t$0C 
5 

·u:)servecl 
\ .C:-ox;. Reriort II j 

G?~:!l:Jdoti cm/set: 
40-70 f'" sec 
11 to 8.& f see 

·E: 

In Plate 0 1 i.f P2 is specifi~d ~t 52.f'sec/.:nr,, 1..h:; ·aloc:i.:ty of tr.e bJr•J,,urs.:>r 
co.rresponds to U2, the du;:-ation -:o x/Cr; 2 --~.:/1;-w, wi.t.li x .. l rt. (30.b cm). 
The range in period of th~ characteristic os,~ ·.Hat·:.on correi:ponds to ;/u• :: 
2 f' BOC to 1/w--= l rscc. 

&9. Also notti tk .. t the d'Ul"e.tion o~ th~: rn,c1.,recr· (e.nd houce the number 
of oscillations) ir:crtianes linoarl? ;,ritr. the S"aalc of lite y axis. or 
distance fron, the edr,tt of the E•late. This :i::: ln a.r,r•Jer,.ent vri th ob.;er-ve. tion. 
The theory is insufficien1. to describe etthe_r· th!::· nn:plitude oi' tho pre­
cursor as a fltnction of tir:e o::- the lur;e r1£::f~ati·H· ~'3a.k of'ten ohe:ri:-etl juflt 



before the main shock wave. 
i n Plate 8, No. 6. 

A good example of th5.s negative peEi.k appears 

90 . The above analysis appUes to the case wher:;1 the explosion wave lies 
ne arly in the plane of the disc~ at nne;les of incidence near 90° • as in 
Sketch 6. Evidently ii' the explosion wave comes fr.om a direction more 
ne arly normal to the disc, as in ~ketch 7, it · mll arrjve sooner e.t the 
gaur,e. Hence it will overlap the 1recursor, and rrecursor oscillations 
wi ll appear after the arrival of the shock front. At an angle of incidence 
of about arc~cos (ew/cprec.) .::.57°. precursor and explosion wave will 
arrive s irnul taneous ly, i.e.: there is no "pre" curs or. This cone lus ion is 
a l so in approximate e.f,'ree~,ent with observation,. 

Sketch 6. Sk-Jtch 7. 

·91 . :rheory requires that there should also be oscillattons · of period 
i ricreasiur, with the tir:e • correspond int; to an upper tangent on the 
parabolic part of Il4, in Plate 7. These oscillatior s are those r;iven by 
the classical 1-.heory of a struck ba.r, or flat plafo (Ref. 6). The 
periodicity condition be~ins to be fulfilled nt a·:JOut point Bi (I'la tes 6, 
7 ) or a.bout 150 fAsec after the be~inning of the pr•3<mrsor. The time scale. 
'on Plate 7 refers to the center of the disc, for x

0 
:. 1 ft.:. 30.5 cn,. The 

p e riod oi' oscillation should be inii.1.all.y about 75 rsec• correspondin15 to 

1/u> :- 12 ~ec. 

92. These oscillations were not observed for any orientation of the disc. 
Ne ar normal incidence, as in Plate 8. No. 2, a:n os-ci llation with quali ta­
t i vely the correct properties, but with too short a period {14-30 ;.,.sec) 
wa s observed,just at the end of the oscillogra:m. 'l'his "postcursor" is 
unexplained; it may be quite unrelated to Branch B4 • 

93 . The fact that the obs6rvations fail to ~how these flexural vihratj ons 
should n'.)t be considered a serious objection to the theory. Their· wavelenrth 
in the plate is comparable to the tbegpy. Tbei r weveJ e:r;i@Jth i:a 1.l::r,i r hite 
!:ti ic<,mpeuaU,c'to the rad:i.us of the disc. s,c tha:t },are the ~emi-inf'inite 
p l ate theory is no longer afplicable. 



94. Genera.Uy speaking. -the theory dev9loped for the ~cmi~infini te 
plate can be e>..pected to. fail for tirneE appreciably ai'ter the shock front·, 
and for long-wa.velenrt.h phenomena. For such cases the i'ini te radius of' 
the disc r.,ust be ta.ken into acr,ount. 

IX. SUlJ,:AHY A?.!D CONCLlJSIONS 

95. The problen; of the aetion of aII underwater 13:r.:plosian wa.vo on a 
water-backed elastic plate can be divided into tw~ pnrts. In tho first 
the plate is considered e.s in infinite slab, with the explosion wave as 
an incident plane wave transient. Xn the e:ec ,Jnd the plate if. considered 
as a wave guide, with the explosion wavf' H itting th.-, initial conditions 
at the edge of the paiate. The first is an· inr,omoi,:;eneous boundary iralue 
problem, the second a hoxnor;eneous one. - · 

96. The inhomogeneous case has been solved in •;re literature lHef. 3), 
and tho results of the theory are in qualitative h.freen:e:nt with th'l 
experiments on transients • . The homogensous · rrohlel!: forms -Lho principal 
part of this report. 

97. The phaso ... vcloci ty curves s.s ftmctions of frequency, i'or the 
principal normal modes of a platt'l in water, are clusely . r(!le.ted to tht< 
oorrespond.inr, curves for a plata in a. va.cuu.--n. Th.a 0ff'ect or the wat,,r on 
the principal symmetric node of the platE! is i.ot tc change the rer~l pE!.i:-t 
of the phase velocity from its value for a plate in :3.. vacuui,, but to add 
a small imaGinary component,. or atteruat;ior. duo to nidiatior~ loss into 
the water. The principal antisymmetric node is slir,htly attenuated at 
highf'requeiicies. and stronr,ly attet ,uated at low fn,quencics • . The eutoff 
comes at that frequency where the phase velocity alonr the plate equals the 
velocity of' sound in water. · 

98. In addition to the a hove -V/\'O n,odes • wU.ch correspc:nd to the pr:i ncipal 
modes for a plate in a va.cuun, the preser1ce of the water introduces tv·o 
additional modes, one syrmnetric !lnd one a.ntisyrr:metric: ~ At hir,h frequencies 
their phase velocities are very close to. but a c ,msta.nt fraction of, tho 
vol0city of sound in water. At low frcquenc:i.es t.:e phase velocity of' the 
symmetric rr.ode approaches t.he. velocity o:f' sound in water: the · ;,hase velocity 
of the ar1tisy1mr.etric r .ode approaches zero. Hoth these modes ar.e unat~enua ted, 
1·.e. their phase velocities nre all real. The anti.s:,'1l~etric mode accounts 
for r.10st of the troperties of the precursor, an oscillatiorJ which -precedes 
the explosion wave as it travels . along the plute ,. 
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