








I. INTRODUCTION

1. In a second report under ths smme title an account will be given

of experiments reasuring the pressuro caused by the explosion of & No., 8
Dupont blasting eap 1n the neighborhood of a s%osl dise in water’in this
report is rreserted a theoretical shtudy of the ssme problem. This study

is primarily intended to give a thecreticsl eaplanation of the "precursor”.
This is & characteristic cscillation which, for oblique angles of inci-
dence, preceded the explosion wave es it traverzad the diameter of the
disc, as is shown in Plate 8.

2. All the experimental phenovena cobserved, except the existence and
properties of the preeursor, can be axpleined cop the besis of theory
already developed. In this report the problem of the action of an
exponential transient (the explosion wave) on = steel plate will be
“discussed, with spocial attertiorn t¢ thosy aspects of the problem con-
cerned with the prescursor. kEsentially, the problem to be seclved is that
of the two-dimensional wave guide formed by an clastic plate in watar.

1TI. STATHLENT OF THE PROBLEW

3. The problem will first be stated in complote generality, and then
be simplified end approxirated until it becones trectable, It must be
remembered that a complete sclution is rot desired, but only those
properties of the solution which csn be comparel with experiments. 1n
particular it is desired to know the pressure as % function of tire for-
a specified position near the dise before the arrival of the main_shock,
j.e. the properties of the precurscr. By "oroperties” is meant the
approximate psriod of the prossure fivctustiore, when they sppear and
how long they last. ' ~

4. Let the displaéemant of the medium be given by
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where  the subscripts W,s, gﬁfer 4o tne waser esnd steel. It is regplired

to find functions-(? and Lf satisfring the wave equstions
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Sketch 1.

This approximetion can be expected to be best up to a time shortly after
the arrival of the explosion wave in the water, and to describe disturbances
whose dimensions are small compared to the radius of the disc.

7. The problem can be still further simplified. Since the observations
refer to conditions close to the plate, i.e., at points such as A and AY,
one would like to determine vi at these points as functions of Lime, and
at various distances from the edge BB'. It is known from the observations
that the diffracted wave is small. The problem of determining dw at A -
or A' is therefore divided into two parts: (1) m part due to the trans-
mission of the wave through the plate, or its reflaction from the plate,
considered as infinite, and (2) a part arising from the lorces or dis-

- placements obtaining initially at the edge of the plate (BB') due to the
explosion wave. :

8. The first problem ie then one of the reflection or tramsmission of
e plane wave transient at an inflinite plane plete. The second problem

iz that of the plate consldered as s two-dimensional "wave guide™, with
specified initial conditions. Both of thess problems cen be solved by
first cbtaining the solution for steady-state &inusoidal time derendence,
and then superposing by integration solutions for different frequencies
in order to represent the incident transient, or initigl conditions.

9. The Cirst problem, the reflection end transmission of sinusoidal
waves at an infinite plate, has been solved by Reissner (Ref. 3). he
agsumes an incident wave of amplitude urity, anc of arbitrury frequency

and angle of incidence @. In order to setisfy the six boundary conditions,
three on each side of the plate, and the conditions that the amplitudes

of all the progressive waves set up be independent of the coordinate along
the plete (x) and time, just six additional waves with amplitudes d}ffgrent
from 2zero must be found. There are one raflected wave, four waves inside
the plate (one dilation, one rotation, in each direction % y), and one
transmitted wave. There are therefore seven weve amplitudes (one specified
as unity), and six boundary conditiors. These boundary conditions give
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s set o' six inhomogerneocus equations on the gix unknown amplitudes,
which a: e thue completely determined. In analogy with the corresponding
electro.agnetic problem of reflection frow s lamina, this may be called
the inh.mogeneous problem of waves in an elsstic plate in water.

10. T i homogenesus j:rohlem is the one in which the plate is cogsidared
& two-d imensional wave guide. Here there are four wanves inside the jlate,
and onl- two in the water, ome on each side of the plate. With six wuves
in all. the six boundary condlitions give a sot of six homogeneous linear
equaticris to be satisfied by the wave srplitudes. There is thsrefore no
solutica unless the determinant of the coeffisisnts of the amplitudes
vanishes. This determinsnt determines the normal modos, or a discrete
set of spaoe distribution constants, for eny specified frequency. Only
one of the six smplitudes can be specitfisd arbiirarily; the rest are
deternm: rned.

IIT. “HE IFHOBOGENLOUS CASE

11, teissner's solution to the inhomogeneous probler. can be used to
deterrine the shape of the itransient reflected or transmitted through the
plate as follows. he obtains the amplitudesp, gw)andA, gw) of the trans-
mitted und reflected waves wren a sinusoid of erpllitude unity, circular
frequency (), at angle © is ineident on the plate. If a plane wave
transient at an angle of incidence ® has the form or profile {ignoring
the dependence on position)
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24, Thegs functions substituted into the boundery conditions give the
upper diagonal rinor of equation (20) as 8 condition for the existence of
a solution. These four functions describe a motion of the plate symmetrio
about its median plane,

25. Alternatively, one can use
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provided Ag = =Ag. These four functions can eslso zrtisfy all six boundary
conditions, and lead to the lower disgonal minor of (20). They describe a
motion of the plate antisyrmetric about its mecdian vlane. In the caga of

- wave lengths in x (2 17/% ) very much greater than the thickness of ths plate,
the symmetric and antisymmetrie functions describe the so-called longitudinal
and flexural vibrations of the plate, respectivaly.

26. One can therefore divide the discussion of the roots of the complete
sixth~order determinant into separate discussions «f the roots of the two
third-order determinants. When any one mmplitude A or B is given, the rest
are. determined by solving the set of five inhomogsreous eguations obtained :
by dropping one of the six. Depending on whother “he determinent for symmetris
or antisymmetric motion has been set equal to zero, Ay =+ A, snd elther

Bi = Ar =0 or AQ = Br = 0.
27, Before proceeding with the .mumerical eveluation of the roots of these

determinants far given (o, it would be well to pciat out some of the proper-
ties of these determinants, and their physical interpretation if mny.
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Lamb gives, und:r the seme conditions for a plete in a vacu;lm (Ref. 1,
equation (15)), just the above expression with 2..= Cu, 0 . Tiis is
the velocity of "longitudinal® waves in an elastic plate.

40. hvidently the effect of the water on the prcpagation of long
longitudinel wives is not to change the reai par’ of the phase velovity
at all, but to add a very small attenustion which ,for low frequencies,
invraages as -he frequency. ’

4l1. For long wavelengths, the determinant for the antisymmetrical nodes
gives for the ‘hase velooity of long "flex.irel" waves,

2
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CP = %Yr 3 CAr (28)
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Here third orter terms must be included in expanding “he hyperbolic
functione, si: ce the entire determinant vanishes in tne firs%t ard second
order. ’

42. Lamb's expression for the same condition with e plate in a vacuum
is (Ref. 2, equation (50)),

2 4 f?’/{-g.tl)]
= O1 % g1 (29)

cd=

which is the limit of (28) asf,»d. Note howewer that with €4 very
emall and 2, finite,Cp ~ %’q—‘ﬁ for a plate in wuter, whereascb"m;.’ g"' for
a plate in = Yaouun.

Consider this limiting form,

2 3 - (30)
o> ‘-{C:'(i—- St jo -,3 3 _
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one cer obtain the approximate ex;ression

Branches 83, By.
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83. In summary therefore, thereis one symmetric and one antisymmetric

branch of the phase-vclocity curve close to ¢,. They are both the sarme
constunt fracticn of ¢, at high frequencies,«nd real. At low frequencies
the symmetric one a’nroaches ¢y quacdratieally with respect tofrequency,
and 'is real. The antwsyrmetrwc one rust diverge from ¢ and arprosch
zero., 1t is also real, and wa: shown numericelly to go into equation (31).

Vi, EVALUATION OF ThE PhHASH VELOCITY FOK INTERLEDIATL WAVELENGTES .
CONKRECTION OF THE BRANCHES .

54, Thus far the extremes only of the phrse-velocity ve freguency curves
have been evaluated, and compared with the results of Lamb for a plate in. a
vacuum. The variougs branchee soc found are sunmerized in Sketch 3, Lamb's
curves, and Sketeh 4, limiting curves for nigh and low frequency for a plate
in water. A beuwded line indicatés thet the phase veloeity ias a srall
iraginary component (siipht atterustion), an oren circle line indicates a
large imapinary component {larpe attenustion), and & full line indicates
that the phuse velocity isall resl {no atienustion). Fuil horizontel lines
at e3 and ep shculd appear on both sketches, but Lave been omittedto av01d '
confusion.

























from the real axis (stationary phase reihod; into the complex plane.
However, when the relation betwesn (W and?% is defined implicitly, this
process usually becomes too complicated to be itractable, though 2 formal
solution can be written duvwn. 1n the present problem the stetionary phase
method will be used, using only the real pert of ¢, and the irmaginary
part(or the attenuation) will be neglected. This % probably a good
erproximation for all the branchos except the low-frequency end of By,
since everywhere else the imagirtary part of ¢, is exceedingly small. Tuis
approximation ie equivalent to assuming that all the elemental vectors

e (®T+§X) are of the same length. «hen the tangent falls on that part
of By with large attemnuatlon, where the approximeiion is known to fail,
the entire contribution from that branch will be neglected, on the pgrounds
that those frequencies will be darped out.

77.  This spproxiration is a rathemalical necessity, for which the
Justifieation is perhaps a little mesgre. As it turns out, the precursor
can be associated with Branch B, ,which is all real, so tuat where the
theory agrees with observation, the approximation is wvalid.

VIIT. APPLICATION CF STATIONARY PUASE METHOD

78, These arguments cen be applied to the present problem of the
propagation of the explosion wave aleng a steel plate in water. 1ln Plates
€& and 7 is plotted 1 op V8 1/o for eil the phase-velccity curves evaluated.
l/b was chosen. rether than xo/b with a particular x,, since the shape

of ghe curves wouldhﬁnaffected by including x,. The origin in coordinates
x and t is the edge of the plate ut the time the explcosion wave strikes
it. A point in time on the 1/c_ axie in Plate 5 (suech as C) is at such a
distance from the origin that a disturbance travel_ing with the velocity

¢, would have just reached it. A disturbance traveling with a velocity

cg would have already gone br. It would have arrived at an earlisr
(smaller) time corresponding to the point A. DPlate 6 can, by 'a proper
choice of scale for the 1/'0p axis, therefore be rmade to apply to any position
of the gauge.

79. Consider for example the observed ocscillograms when the gauge is at
the middle of the disc, 30.5 em from-tihe edge. The explosion lies nearly
in the plane of the disc, so {hat the explosion wave strikes ithe disc on
its edge, as in Sketch &, paragraph Y0.

80. At t=0, the origin {(Plate 6))no tangents can be dravm and there is

no disturbance at the gauge. At-tine t:x/bd {A, Flete €), corresponding

to the time required for a wave in the plate o reach ihe position of the
gauge, traveling with & velaeity c4q, & tangent to the straight line solution
1/6p=l/bd can be drawn. This ic tangent at all frequercies. It does not
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