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EXECUTIVE SUMMARY

In this work, three novel underwater acoustic signal-processing techniques for detection, localization,
and source classification are applied to data from the SWellEX-96 experiment. The novelty in all three
cases stems from the use of information geometry, a unique, new approach to signal processing that takes
advantage of the underlying geometry of acoustic data. These geometric processors are introduced in the
context of underwater acoustics to make signal processing applications reliable in cluttered and low-SNR
environments. Five choices of geometric distance are used in this study for all three tasks. In the case of
detection, it is found that all of the distances fail to produce a better detector than the more conventional
approach. For localization and source classification, three of the geometric processors prove successful while
the other two fail to produce useful results.

E-1
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INVESTIGATING PRACTICAL UNDERWATER ACOUSTIC
SIGNAL-PROCESSING APPLICATIONS OF INFORMATION GEOMETRY

1. INTRODUCTION

Recently, deep connections have been revealed between the seemingly far-removed fields of differential
geometry, probability, and information theory. The key insight that leads to this transformative development
is the idea that families of probability distributions can be viewed as a differential manifold, a space that
locally resembles Euclidean space but globally is less constrained. The advantage of this identification
is that the probability manifold, in turn, can be endowed with a Riemannian metric that allows intuitive
geometric notions such as distances and angles to be computed between distributions. This newly emerging
subject, dubbed “information geometry,” offers the enticing opportunity for signal processing to go beyond
conventional statistical techniques into what is now referred to as “geometric signal processing.” In this
report, several practical applications of geometric signal processing are tested on real world data from the
domain of underwater acoustics. In particular, geometrically inspired approaches are tried for the well-
known problems of detection, source localization, and depth discrimination. The probability manifold in
all three cases is the family of complex, multivariate Gaussian distributions, which can be used to represent
data gathered on an acoustic array. Riemannian distances then are used for hypothesis testing and model
evaluation in lieu of the usual statistical methods. In all three applications, the results are compelling, and
yet it is unclear that there is real gain in using these more computationally intensive geometric approaches.

The report is organized as follows: The next section of this chapter will explore core concepts from
Riemannian geometry including the geometric notions of a manifold, metrics, and geodesics, which will
be necessary for formulating the various processors used in this study. In addition, explicit formulae will
be given for the distances between points and means of data sets using Riemannian metrics. After laying
out the theoretical preliminaries, the chapter will close by examining the particular data used in this study.
All three of the signal-processing applications will be tested using the SWellEX-96 data set and a section
will be devoted to processing this data. Information about the environment, array processing, and modeling
all will be given in this section. The next three chapters will give a description and results for each of the
three applications. In the conclusion, attention will be turned to resolving the underlying issue of identifying
systems for which geometric signal processing provides demonstrable benefit, and a path forward is mapped
out specifically for ocean acoustics.

1.1 Riemannian Geometry

It has been known for some time that the statistical question of how to compare two models can be given
an underlying geometric interpretation. The mathematical details of such analogies are derived rigorously
in [1-5] and references therein. The distance between two probability distributions is computed by first
defining a metric on the s pace o f all probability d istributions w ithin s ome family and then s olving the
geodesic equation for that metric. If an empircally estimated probability distribution is found to be closer
to some theoretical distribution in the geometric sense, then it is more likely in a probabilistic sense that

Manuscript approved November 29, 2022.



2 Daniel Brooker

this model gave rise to the data in question. In the field of information geometry, the conventional choice of
metric is the Fisher metric, which is given by minus the Hessian of the log-likelihood for a family of models.
Concretely, if we have a distribution p(x|6;) that is characterized by a set of parameters 6;, then the Fisher
metric is

gij = —E (8;0;log (p(x6;))) . (D

A Riemannian metric like the one above provides a jumping-off point for generalizing all of the usual
geometric notions of distance, angle, area, and volume to spaces of arbitrary curvature. This is because the
metric defines a line element at the infinitesimal level according to

2= gijdéde! @)
ij

where ds is the line element and d&' are a set of coordinate bases [6]. To get a clearer understanding of this,
it helps to look at two-dimensional Euclidean space. The coordinate bases are dx and dy and the metric is
the 2 X 2 identity matrix. Thus, the line element is given by

ds® = dx* + dy?, (3)

which is the Pythagorean relation in infinitesimal form. Integration allows one to move from microscopic to
macroscopic. In Riemannian geometry, this can be accomplished by defining distance along a parameterized
curve using the infinitesimal metric as

/ 1

Again, returning to the two-dimensional example and taking our curve as a straight line (x(¢) = ¢, y(¢) = t),
the derivatives are both unity and the integral is trivial. The distance traveled over a time At is then D = V2Ar.
Identifying Ar = Ax = Ay, this becomes D = \/Ax2 + Ay?, as expected. The generalization of a straight
line in Riemannian geometry is a geodesic, which is a curve that minimizes the distance integral shown
above for a given metric. Geodesics on the globe, for example, are great circles, such as the equator or the
prime meridian. The geodesics are determined by the metric according to the geodesic equation, a nonlinear
second-order system of differential equations derived from Eq. (4) using variational techniques [6].
principle, a distance formula like the Pythagorean formula derived above can be found for an arbitrary metric
by solving these geodesic equations with fixed endpoints, but in practice, this is usually intractable, barring
symmetries.

df‘ dfl
Zgl, - —d )

The connection between information geometry and underwater acoustics comes from recognizing that
the observed cross-spectra density matrix (CSDM) of a signal on an array can be thought of as a point on
one of these Riemannian manifolds. The question of comparing two signals or comparing received data with
a hypothesis then can be given a geometric interpretation by using a Riemannian distance as the method
of comparison [7-9]. Simply put, the more similar two signals are, the closer they will be in distance. In
this case, the manifold is the space of all Hermitian positive definite matrices. Probabilistically, this is the
identical to the manifold of all multivariate Gaussian distributions with fixed mean. There is a large amount
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of literature about the use of different Riemannian metrics for computing distances between CSDMs, and
this study will make use of four such metrics in particular, along with a Euclidean (flat) metric. The distance
formulas in these cases already are known in the literature and have been well studied [5, 10-15]. The
distances used in this study are given in Table 1.

Table 1—List of Information Distances

Metric Expression

Euclidean T (57 +3 - 23, 5))

Fisher-Rao \/Trlog? % Iy

Wasserstein-2 \/Tr [21 +2 -2 (2122)1/2)]

Log-Euclidean \/ Tr (log 2| — log ¥,)?

11
Root-Euclidean \/Tr (21 +3p - 2%} 222)

While not immediately obvious, in all four cases, the Riemannian distances in Table 1 have the following
three properties that make them true distance measures: First, the four distances are always greater than or
equal to zero, with zero distance implying 2| = X,, second, they are all symmetric with respect to interchange
of X; and 2,, and third, they obey the triangle rule.

One aspect of information geometry that confuses the whole issue of selecting a metric is that there is no
physical motivation behind the derivation of the various distance formulas in Table 1. In spite of this, it is still
interesting to understand how the distance formulas are derived and how they have been applied elsewhere
in the literature. The Fisher-Rao distance corresponds to the Fisher metric in Eq. (1) applied to the family
of zero-mean Gaussian distributions. The distance formula is derived from the geodesic equation explicitly
when one end point is set as the identity matrix and this can be mapped via similarty transformation into
the distance between any two positive matrices (full-rank CSDMs, in this case) [12]. This distance has been
used in signal-processing applications for radar detection and sonar detection, and also has been considered
for matched-field processing [7, 9, 16]. The Wasserstein-2 distance is derived via a mapping between the
space of positive matrices and the space of Hermitian matrices, which has a Euclidean distance measure.
Both a metric and transformation are chosen such that the mapping is distance-preserving, allowing the new
Riemannian distance to be derived from the Euclidean one [10, 17]. It has been applied to narrow-band
sonar detection and matched-field processing by several authors [9, 11, 16, 18]. The log-Euclidean and root-
Euclidean metrics both are related to the Euclidean metric, as their names imply, by a simple transformation.
For the log-Euclidean distance, it is readily seen that by taking S = log X, the distance (and indeed the
metric, itself) becomes Euclidean [14]. The same is true of root-Euclidean with the identification S = b
[10, 11]. The root-Euclidean metric has been used for narrow-band sonar detection and for matched-field
processing applications [9, 11], and the log-Euclidean metric has been applied to diffusion tenor imaging
[14]. Finally, it is important to note that the Fisher-Rao and log-Euclidean distances are identical when %
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and X, commute, and the same holds true between Wasserstein-2 and root-Euclidean. These two metrics
are especially interesting from a practical standpoint because the relation to the Euclidean metric makes it
easier to perform computations such as the Riemannian average, as will be shown now.

In addition to comparing data using distance formulas, there are other data analysis tasks that can be given
a Riemannian interpretation. In particular, the notion of averaging has a Riemannian interpretation as well

and will be used in this work both for detection and for depth discrimination. This geometric interpretation
of an average comes from the fact that the arithmetic mean of a set of points,

1 N
fzﬁz_;xn, 5)

can be shown to be the solution to the following optimization problem:
N
min )" (x = x,)” . (6)
X
n=1

Identifying the quantity (x — x,,)? with the squared Euclidean distance then leads to the notion of a Frechet
mean:

N
S =argmin » d*(Z,%,) @)
gE Z n

n=1

where d is any Riemannian distance. For the distances listed in Table 1, analytic results for the Frechet mean
of N matrices are known in only three cases. The Euclidean case has the expected result:

iEz%ZZn. (8)

For the cases of log-Euclidean and root-Euclidean, the mean can be derived using the transformations
mentioned previously. For the log-Euclidean distance, the Frechet mean is [14]

N

- 1

Y =exp (NZloan), )
n=1

while for root-Euclidean, it is [11]

N

LA
Z:(N;Z) . (10)

For the cases of Fisher-Rao and Wasserstein-2, the means must be computed using an iterative procedure.
In both cases, an initial guess for the mean can be set by the Euclidean formula, Eq. (8). Then subsequent
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iterations are found using a Newtonian gradient descent formula. For Fisher-Rao, the iterations are generated
by [15]

1 1 N _1 _1 1
T = 22 exp NZlog (2i22n2i2) 22, (11)
n=1

where the X, are the data matrices and the X; are the estimates of the average. For Wasserstein-2, the
iterations are generated by [13]

1 1 2 _1
(z; znz;) 2 (12)

In both cases, it has been proven that this algorithm in the limit of an infinite number of steps converges to the
Frechet mean defined by Eq. (7) [13, 15]. Now that the mathematical preliminaries have been established,
the next section will examine a particular data set, the SWellEX-96 experiments S5 event [19, 20], which
will be explored using Riemannian signal-processing techniques.

1.2 Data Processing

The SWellEX-96 S5 data set [19, 20] was chosen for this study because it has been used previously for all
the signal-processing tasks under consideration: detection, localization, and depth discrimination [21-23].
The experiment was conducted in May of 1996 several kilometers offshore from San Diego. During the
S5 event, two sources were towed simultaneously by the same ship at a speed of about 5 knots for a total
duration of 75 minutes. The deep source was towed at a depth of approximately 54 m and the shallow source
at a depth of about 9 m. The ship track and the location of the acoustic arrays are shown in Fig. 1. All of
the trials in this study will be done using data collected on the vertical array labeled “VLA” in Fig. 1. The
array was bottom-moored at a depth of 216.5 m and had 21 hydrophpones with 6 m spacing between them.
Phone data was sampled at a rate of 1.5 kHz and a fast Fourier transform (FFT) of length 4,096 was used to
extract complex pressure values with a snapshot length of approximately 2.73 s and a frequency bin size of
0.3662 Hz. The snapshots were buffered together so that the first half of each snapshot was the last half of
the previous snapshot, effectively doubling the total number. In total, there were 3,294 snapshots taken. A
spectrogram showing the incoherent average power on the array during the whole experiment is shown in
Fig. 2.
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Fig. 1—A map showing the track of the RV Sproul during the SWellEX-96 S5
event. The array data was taken at the point labeled “VLA.” Image courtesy
http://swellex96.ucsd.edu/s5.htm, last accessed February 2021.

Power (dB)

200 250
Frequency (Hz)

Fig. 2—A spectrogram showing the signal band in the range 50 to 400 Hz for the S5 event.
Vertical lines represent tones that were emitted by the two sources used in the experiment.
As can be seen by the gaps in the tones, the source was turned off at the start, midway point,
and near the end of the trial.
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Of the tonal set that was broadcast, several can be observed clearly in Fig. 2 as vertical lines in the
spectrogram. Of the broadcast tones, the tonals to be processed for localization and depth discrimination
along with several noise frequencies are displayed in Table 2.

Table 2—Source and Noise Frequencies From the SWellEX-96 Experiment

Source Frequencies (Hz)
Deep source | 49, 64,79, 94, 112, 130, 148, 166, 201, 235, 283, 338, 388
Shallow source 109, 127, 145, 163, 198, 232, 280, 335, 385
Noise 92,107, 125, 143, 161, 179, 248, 296, 351, 398

From the complex spectra, CSDMs were generated as follows: The full data set was split up into segments
of 28 snapshots, with each segment overlapping half of the previous segment. This led to a total of 232
segments of data. Then for each segment, the CSDM at each frequency is computed as

28
1 e o
2(f)ij = mZPU-Pu - (13)
P

The localization and depth-discrimination processors are both generalizations of matched-field processing
and require replica CSDMs [9]. Replica CSDMs were made on a 216-m-by-10-km grid using a spacing of
2 m in depth and 50 m in range. In order to make the replicas full rank, 100 random samples of the sound
speed profile (SSP) were drawn from a normal distribution whose mean and covariance were determined
empirically using an ensemble of 39 conductivity-temperature-depth (CTD) casts that were taken during
the SWellEX experiment. The acoustic field then was evaluated using the range-dependent acoustic model
(RAM) [24] for each frequency in Table 2. The replica CSDM was determined from the RAM models using
Eq. (13). These models all were range-independent with a water column depth of 216.5 m and a bottom
profile that consisted of a 23.5-m sediment layer followed by an 800-m sub-basement and a fluid half-space
basement as specified by the SWellEX environmental database [20, 25]. A typical sound speed along with
the bottom model is shown in Fig. 3.
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Fig. 3—A sample of the sound-speed profile along with the bottom model used for producing

replicas. Image courtesy http://swellex96.ucsd.edu/environment.htm, last accessed February
2021.

Since the Riemannian distances and Frechet means will require matrix inversions and matrix logarithms,
it is important that the replica CSDMs be numerically stable enough to support such calculations. To ensure
that the replica matrices are not too singular and to improve the quality of the simulation, another replica set
was made by loading the original replicas using an empirical estimate of the ambient noise CSDM. This was
done by adding a scaled-data CSDM to the replica using one of the frequencies which does not contain any

signal. The scaling was set at each time segment and for each frequency using an empirical estimate of the
SNR based on the power spectra:

SNR(fy, ) = IO(P(fr)_P(fn))/lo, (14)

where P is the power in decibels, f, is the replica frequency, and f;, is the noise frequency. Both CSDMs
first had their traces normalized to unity, then the replica CSDM was scaled by

z:r,scaled = Zr(S]\,R - 1)/SNR, (15)

and the noise CSDM was scaled by

z:n,scaled = Z:n/S]VR, (16)
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so that the new replica CSDM is

Xr,new = 2r,scaled + Zn,scaled . (17)

For this study, the replica frequencies are shown in Table 2 along with the noise frequencies that were chosen
to avoid overlapping with any of the other lines [20]. To see why this loading is important for increasing the
fidelity of the replicas, an example of how the eigenspectra of a particular replica changes with this noise
loading is shown in Fig. 4. As can be seen, the eigenvalues are in much better agreement, especially those at
lower power. Now that both the theoretical preliminaries and the treatment of data are established, the first
of three signal-processing applications, detection, will be examined.

07 e e Data 01 e e Data
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Fig. 4—Left: The eigenspectra plotted on a log scale for the particular data-replica pair prior
to adding noise. Right: Eigenspectra for the same two matrices after loading the replica with
sampled noise.

2. APPLICATION I: DETECTION

Geometric detection has been explored previously in a number of works [7, 8, 11, 16]. This section in
particular is based upon and uses the same methodology as Brooker et. al [16]. There are two key differences
between the detectors implemented here and those typically found in textbooks on signal processing [26].
First, the detectors in this study do not perform matched filtering. Instead, they use a signal-discovery
technique motivated by the relative entropy detectors of Mignerey et. al. [27]. The distinction is that instead
of testing two hypotheses (Hy, H1) corresponding to a noise distribution Hy and a candidate waveform H;
a la matched filtering, these detectors test only against a single null hypothesis. Second, the choice of test
statistic in this study is based on information geometry and will use the Riemannian distances shown in Table
1. As a point of comparison, the Kullback-Leibler (KL) divergence also will be used as a more conventional
choice of dissimilarity measure between distributions [28]. The KL divergence is defined for two probability



10 Daniel Brooker

distributions (P, Q) as
P(x;)
O(x;)

D(P|IQ) = ) P(x;)log (18)

This measure is conventional because it satisfies the Neyman-Pearson lemma, thus providing a uniformly
most powerful test in the limit of large sample sizes [26, 29]. For the case of two multivariate complex
Gaussian distributions with zero mean (labeled 1 and 2), the KL divergence is given by [28]

1 detX
D (MilIN2) = 5 [Tr (zg‘zl - 1) +log (detZ?)} . (19)

To implement this expression (or any of the distances listed in Table 1) in a detector, one assigns a candidate
distribution, which may or may not contain signal, to AV} and a noise distribution to N, that is assumed
to contain no signal. If the dissimilarity (or distance) measure D between the two distributions exceeds a
chosen threshold, then a detection is made.

All of the distances given in Table 1 have been implemented as detectors previously [7, 8, 11, 16];
however, such works are usually inconclusive as to which distance, if any, works best. Previously, Riemannian
distances were introduced in the context of detection statistics to provide improved results in noisy, cluttered
environments where signals are well modeled as zero-mean Gaussian processes [7]. However, it is difficult
to judge metrics against one another since there is no a priori criteria for evaluating them as detectors
independent of the environment and the measurement model under consideration. In addition, detectors may
perform differently depending on the environment, even when used for the same application [27]. Wong
et. al. have suggested that a joint Riemannian machine-learning approach may provide a resolution to this
issue since a metric (i.e. detector) can be learned that maximizes the level of dissimilarity between a noise
ensemble and incoming signals [11]. In their own paper, however, the authors test several versions of this
machine learning approach using several different metrics as starting points. It is not clear whether the
learned metrics are the same or even related in among the different trials, and still the question remains of
which metric to use as a starting point. Given the confusion, the trend in the literature has been to test many
different metrics for a given application. One trend that does stand out is that in studies that do make use of
the KL divergence as a point of reference, the KL divergence typically performs quite well, leaving one to
wonder whether detection is even a suitable problem for this Riemannian approach [8, 16].

The Riemannian detectors are implemented as follows: Two bands are extracted — one ranging from 100
to 400 Hz and one ranging from 450 to 750 Hz. As seen from the spectrogram in Fig. 2, the 100-to-400-Hz
band contains a number of narrow-band signal lines, while the 450-to-750-Hz band was empty. For each
time segment, the frequency bins in each band are sorted by total incoherent power and all of the bins with
below-median power are used to form a noise ensemble for each band. Then a single-noise CSDM is found
in each band by averaging the statistics of these ensembles, and this CSDM serves as the null hypothesis for
the detector. Then the detector output is formed as a spectrum of Riemannian distances between the signal
and noise CSDMs.

Performance of the detectors is evaluated by generating empirical receiver operating characteristic (ROC)
curves from mutual cumulative distribution functions (CDF) using the algorithm in Mignerey et al. [27].
The CDFs required to make the ROC curves are generated from information values obtained for each time
segment by summing the Riemannian distance spectrum over the whole frequency band. These information
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values, one for each time segment, are used to form ensembles required by the ROC curves. Within each
ensemble, data values are sorted and and normalized to form a staircase function for the CDF, which is then
smoothed. The empirical ROC curves are shown for each metric in Fig. 5 and the KL-divergence performs
the best by a large margin.
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Fig. 5—ROC curves showing detector performance for the various choices of Riemannian
distance. The light-gray line labeled “equality” represents probability of detection equal to
probability of false alarm and is included to give a sense of the logarithm scaling used here.

The poor performance of the Riemannian distances is unsurprising, given that similar results were found
in Brooker et. al. [16]. That the KL divergence performs so much better than the other distances could be
due in part to the fact that this is a rather high SNR environment, whereas Riemannian distances for detection
were first introduced for cluttered, noisy environments [7]. It remains the case, however, that in any study
that includes the KL divergence alongside a Riemannian distance for detection the KL divergence performs
at least as well as the Riemannian distances [8, 16, 30]. One possible route to improving the geometric
detectors is to use a Riemannian mean as discussed previously when averaging together the noise ensemble
to form a null hypothesis as suggested by Hua et. al. [30]. This has been done and the results are shown
in Fig. 6. The improvements offered are significant, but it still does not account for the performance gap
between the Riemannian detectors and the KL divergence. It might be concluded, then, that detection is not
a suitable application of geometric signal processing in the sense that there is little evidence for significant
value added over conventional detection schemes. Our next application will be localization of the narrow
band lines seen in Fig. 2 using matched-field processing.
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Fig. 6—ROC curves showing detector performance for the various choices of Riemannian
distance and using Riemannian averages to form a null hypothesis. The light-gray line
labeled “equality” represents probability of detection equal to probability of false alarm and
is included to give a sense of the logarithm scaling used here.

3. APPLICATION II: MATCHED-FIELD LOCALIZATION

Source localization using an information geometric version of matched-field processing (MFP) first was
proposed by Finette and Mignerey [9] and later was demonstrated in a deep-water environment by Cao et.
al. [18]. The idea behind this generalization stems from the fact that the Bartlett processor, itself, has a
geometric interpretation. The Bartlett processor, a starting point for many localization algorithms, takes
a series of replica vectors r(x) that represent a modeled array response for a source at a location x and
compares it with a received data d using an inner product:

Pgartier (¥) = E(rf (x)d|*) = r (x)2r (), (20)

where X is the data CSDM [22, 31, 32]. Localization then is performed by computing the Bartlett response
surface for a given CSDM and the location corresponding to the replica with the greatest response is
selected. The geometric interpretation comes from recognizing that in any Euclidean space, the inner
product is intimately related to geometric distance (D) by the law of cosines:

D(A, B)* = [|A|* +||B||* - 24 - B, (21)
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where A and B are any two points. Since MFP replicas and data are typically normalized to unity first, the
Bartlett processor then could be written equivalently as

Pgartiers(x) = E(]1 = D*(r,d)[%). (22)

What Finette and Mignerey did was to promote r from a replica vector to a replica CSDM, doing away
with the expectation value and the squaring of the output. Then they replace the factor of 1 — D? with
D using a Riemannian distance and, instead of picking the replica that maximizes the inner product, they
pick the replica that minimizes distance [9]. The generalization from replica vectors to replica CSDMs is
quite powerful from a modeling point of view, since more physics can be included in generating replica
CSDMs than replica vectors [9]. Moreover, from a signal-processing point of view, there are more degrees
of freedom to be constrained when using CSDMs if adaptive constraints are to be added later [33]. In the
paper by Finette and Mignerey, the additional physics came via a shallow-water linear-internal-wave model.
The internal waves generated a stochastic perturbation to the sound speed that contributes to the CSDM
but averages to zero in the mean [9]. The sound-speed distribution that was generated from the SWellEX
experiments’ CTD casts and the added noise estimate serve a similar role here.

All of the frequencies listed in Table 2 are processed individually and then the distances are averaged
together to form a single incoherent output for each of the two sources. Then a location is selected by picking
the replica that minimizes the incoherent output. The results are shown in Figs. 7 and 8 for the replicas
with no noise added and in Figs. 9 and 10 for the replicas with empirical noise estimates. Both trials were
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Fig. 7—Localization results for the five distance processors along with the Bartlett processor
on the deep source and with no noise added. Solid lines on the range-versus-time curves
show the ground truth as determined by GPS, while colors indicate geometric distance.
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Fig. 9—Localization results for the five distance processors along with the Bartlett processor
on the deep source. Empirically estimated ambient noise has been added to the replicas
to stabilize them. Solid lines on the range-versus-time curves show the ground truth as
determined by GPS, while colors indicate geometric distance.
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Fig. 10—Localization results for the five distance processors along with the Bartlett processor
on the shallow source. Empirically estimated ambient noise has been added to the replicas
to stabilize them. Solid lines on the range-versus-time curves show the ground truth as
determined by GPS, while colors indicate geometric distance.

performed using the full replica grid, which has a spacing of 2 m in depth by 50 m in range and covered a
216-m-by-10-km water column. The Wasserstein-2, root-Euclidean, and Euclidean processors have localized
the two sources correctly in all cases, while the log-Euclidean processor and the Fisher-Rao metric both fail
when no noise is added. The failure of the Fisher-Rao metric also was noted by Cao et al., who did not give
results for that processor [18].

It is important to note that the numerical output of the processor represents how similar the data and
replica are, but it is unclear if there is any physical interpretation as to why it takes on the particular numerical
value that it does [9]. For all of the Riemannian processors, a distance of zero would represent a perfect
match. The Euclidean, Wasserstein-2, and root-Euclidean distances all have an upper bound on the distance
of V2 due to the fact that the replica and data CSDMs have their traces normalized to unity. The Fisher-Rao
and log-Euclidean processors have no such bound, but it would seem based on the values for the other three
distances that in spite of correctly localizing the source in some cases, there is not very much agreement
between the sources and the replicas. This might indicate that more modeling is needed of the environment,
and that the noise loading procedure could be improved. There are a number of ways this might be done in
future works. One possibility would be to include spatial variations in the sound-speed profile as was done in
the original work of Finette and Mignerey [9]. With enough spatial sampling of the sound speed, this could
be modeled using a Karhounen-Loeve expansion. Another option would be to use uncertainty to generate
a CSDM. In this approach, replicas could be generated over a range of unknown environmental parameters
and these could be averaged together. A final possibility for improving the Riemannian implementation of
MFP would be to include constraints. The minimum variance constraint Cpsvpr [34, 35], like the Bartlett
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processor, itself, has a geometric interpretation in terms of an inner product,
Cwmvpr =wr—1=0, (23)

and this could be generalized using inner products defined by a Riemannian metric. This would be chal-
lenging, however, due to the fact that in Euclidean space, there is a natural correspondence between points
and vectors, namely that each point can be identified with the vector from the origin to that point, whereas
Riemannian manifolds have no such correspondence. Since the view has been taken that the data and replicas
are to be represented by a point on the manifold, there would be some ambiguity as to which vectors would be
used in forming constraints. Nevertheless, once a choice is made to resolve this ambiguity, the MFP process
could be formulated as a manifold optimization problem [36]. For MVDR, the problem is to minimize the
inner product between the data and the weights subject to the MVDR constraint. For Riemannian adaptive
MFP, the problem would be to maximize the distance between data and weights subject to geometric con-
straints. This is all beyond the scope of the current work, however, and is left as a topic for future study.
Attention now is turned to the last of the three signal-processing applications, source depth discrimination.

4. APPLICATION III: DEPTH DISCRIMINATION

It has been observed that in an environment with a thermocline, the mode structure of the acoustic
field is such that the surface sources tend to excite only higher-order modes, since the lower-order modes
are effectively trapped below the thermocline. This leads to the need for several processors for depth
discrimination, with one popular choice being the so-called “trapped energy ratio” [23, 37, 38]. As a binary
hypothesis test, the trapped energy ratio involves picking a certain number of modes that are trapped and
observing what fraction of the total modal energy they take up for a given source. Thus, a low trapped energy
ratio should correspond to a surface source and a high trapped energy ratio will indicate a submerged source.
This is a fantastic idea because it takes advantage of a specific environmental signature and exploits it to
perform source identification. One key drawback to these techniques, however, is that they do not work in
environments with a large degree of mode mixing or in environments that lack a thermocline. An alternative
to this approach that could work in any environment would be to perform a crude MFP that matches the data
to replicas in depth only. If the goal is simply to determine whether a received signal is near the surface or
deeply submerged, then it is possible that only a few replicas would be needed. This is the approach taken
in this work and to facilitate a reduction in size of the replica set, clustering will be employed. Clustering
of MFP replicas has been performed previously as a way to facilitate direction of arrival estimation, but
it has not been tried yet for depth discrimination [39]. The advantage is that clustering of replicas can be
performed as part of the preparation for an experiment, and then at sea, the evaluation will be much faster,
since received signals are only matched against one representative from each cluster. In this case, the clusters
correspond to the two source depths, but in principle, there might be more clusters if there were more depth
bins being considered or if there were many types of sources being searched for (e.g. mechanical vs biologic).
Clustering, in general, is a procedure that is done in two parts. First, the position of new data relative to the
existing data set is evaluated. Then it is put into the cluster to which it belongs, according to some rule. The
first question is a question of geometry, and so it is here that information geometry can be exploited.

The clustering method used here is a greedy algorithm based on previous work for clustering of beams
in horizontal beamforming [39]. The replica grid was reduced from 2-m depth increments and 50-m range
increments to 10 m by 250 m at this stage, and the replicas without any added noise were used to make
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the problem more computationally tractable. Replicas with less than 20 m depth were put into the surface
category, while those below 20 m depth were put into the submerged category. A matrix is computed for
each metric containing the distances between all pairs of replicas. A threshold distance d; is set, the replica
with the largest number of neighbors at a distance less than d; is chosen as the first cluster center, and all
the replicas of distance d < d; from this center are assigned to that cluster. This is repeated until there is
at least one cluster center containing each replica. Then another pass through the replica set is made and
replicas are re-assigned to whichever cluster center is closest. Finally, a new center is formed for each cluster
by taking a Riemannian mean of all the replicas in the cluster. After this training, evaluation is performed
on the SWellEX data in a similar fashion. Data CSDMs are assigned to the cluster centers closest to them,
and the processor output reports whether the assigned cluster is surface or submerged. For this trial, the
threshold distance is set high enough that there is only one cluster each for surface and submerged. All 19
frequencies listed in Table 2 are treated individually and the percentages of correct localizations are shown
in Table 3 for the Wasserstein-2, root-Euclidean, and Euclidean metrics.

Table 3—Depth Discrimination Results Using One Cluster Each

Metric Percent correct
Euclidean 88.8
Wasserstein-2 89.8
Root-Euclidean 92.2

The log-Euclidean metrics and Fisher-Rao metrics are not reported in this case because they failed to
pick the right cluster correctly with any reliability, each having a success rate of around 50 percent. This
was to be expected, however, given the MFP results reported in the previous chapter. It is possible that the
Fisher-Rao and log-Euclidean metrics would succeed at depth discrimination using the replica set that has
added ambient noise, but these replicas feature a different noise CSDM for each time segment, meaning the
clustering would have to be done each time a new data CSDM is tested. This would be far too impractical to
implement and completely defeats the purpose of clustering, namely that it could be done in advance of any
trials. It is quite impressive, however, that even with only two replicas, the depth discrimination is a success
for the other three metrics. This should have been expected, perhaps, since depth discrimination already has
been performed successfully on this data set, but the approach here is still novel and could be applied to
more challenging environments, such as environments lacking a thermocline [23, 37, 38]. One issue with
this whole procedure is that it is not at all clear how the distance threshold used in the clustering determines
the number of clusters. This could be determined empirically, but it will be different for different replica
sets. In this case, it is not very enlightening to explore, since with only one cluster each, the surface depth
discrimination already was a success, but it would be interesting to explore in other data sets.

5. CONCLUSIONS

In this work, signal-processing techniques based on information geometry have been applied to three
different tasks: detection, localization, and source depth discrimination. The Riemannian geometry based
techniques achieved varying levels of success with the Euclidean, Wasserstein-2, and root-Euclidean distances
performing the best across all three tasks. It remains to be seen, however, whether there are any tasks for which
the non-Euclidean distances provide a decided advantage, given that the original motivations for geometric
signal-processing applications were for low-SNR, cluttered, and highly variable environments [7-9]. The
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SWellEX environment, by contrast, is fairly stationary, and high SNR was seen in the spectrogram in Fig. 2.
This makes it a great testing ground for new signal-processing techniques, but now that the viability of these
Riemannian techniques has been demonstrated, they should be applied to other sites. One complication,
though, is that it is hard to know a priori whether a given environment will need geometric signal processing.
One possibility would be to use curvature as guide to understanding the need for a non-Euclidean metric.
Ricci curvature, in particular, is a local measure of curvature that is specific to each metric and that varies
over the manifold. On all manifolds, distances are approximately Euclidean for nearby points, but in regions
of higher curvature, the Riemannian distance diverges from its Euclidean approximation more quickly [6].
By connecting curvature directly to environmental models, a study could be done to determine which ocean
environments are amenable to geometric signal processing.

In addition, there are still more questions that can be answered for the particular applications studied in
this work. How can the replica CSDMs be improved? Is there a better way to estimate ambient noise besides
the empirical estimates used in the MFP chapter? Can the performance of the Fisher-Rao and log-Euclidean
processors be improved for MFP and depth discrimination with better replicas? How should the clustering
approach to depth discrimination be implemented in an environment where the naive choice of distance
threshold used here is no longer sufficient? If a study of curvature in ocean environments were performed,
these questions all could be explored in a situation in which information geometry provides a clearer value
added.
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