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Abstract: We introduce a multiclass single-server queueing system in which the arrival rates depend on the
current job in service. The system is characterized by a matrix of arrival rates in lieu of a vector of arrival rates.
Our proposed model departs from existing state-dependent queueing models in which the parameters depend
primarily on the number of jobs in the system rather than on the job in service. We formulate the queueing model
and its corresponding fluid model and proceed to obtain necessary and sufficient conditions for stability via fluid
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transform of busy periods in the system is given. We conclude with tail asymptotics for the busy period for heavy-
tailed service time distributions for the regularly varying case.

Distribution Statement: 2-Distribution Limited to U.S. Government agencies only; report contains proprietary infc
Acknowledged Federal Support: Y



RPPR Final Report
as of 11-Jul-2022

Publication Type: Journal Article Peer Reviewed: Y Publication Status: 1-Published
Journal: Stochastic Processes and their Applications

Publication Identifier Type: DOI Publication Identifier: 10.1016/j.spa.2021.06.003

Volume: Issue: First Page #:

Date Submitted: 8/5/21 12:00AM Date Published: 6/1/21 10:00AM

Publication Location:

Article Title: Escape and absorption probabilities for obliquely reflected Brownian motion in a quadrant
Authors: Philip A. Ernst, Sandro Franceschi, Dongzhou Huang

Keywords: Escape and absorption probability; Obliquely reflected Brownian motion in a quadrant; Functional
equation; Carleman boundary value problem; Neumann'’s condition; Asymptotics

Abstract: We consider an obliquely reflected Brownian motion $Z$ with positive drift in a quadrant stopped at
time $T$, where $T:=\inf \{ t>0 : Z(t)=(0,0) \}$ is the first hitting time of the origin. Such a process can be defined
even in the non-standard case where the reflection matrix is not completely-$\mathcal{S}$. We show that in this
case the process has two possible behaviors: either it tends to infinity or it hits the corner (origin) in a finite time.
Given an arbitrary starting point $(u,v)$ in the quadrant, we consider the escape (resp. absorption) probabilities
$\mathbb{P} {(u,v)}[T=\infty]$ (resp. $\mathbb{P} {(u,v)}[T<\infty]$). We establish the partial differential equations
and the obligue Neumann boundary conditions which characterize the escape probability and provide a functional
equation satisfied by the Laplace transform of the escape probability. We then give asymptotics for the absorption
probability in the simpler case where the starting point in the quadrant is $(u,0)$.
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Abstract: During the Great Recession, Democrats in the United States argued that government spending could
be utilized to “grease the wheels” of the economy in order to create wealth and to increase employment;
Republicans, on the other hand, contended that government spending is wasteful and discourages investment,
thereby increasing unemployment. This past year we have found ourselves in the midst of another crisis where
government spending and fiscal stimulus is again being considered as a solution. In the present paper, we
address this question by formulating an optimal control problem generalizing the model of Radner and Shepp
(1996). The model allows for the company to borrow continuously from the government. We prove that there
exists an optimal strategy; rigorous verification proofs for its optimality are provided. We proceed to prove that
government loans increase the expected value of a company.

Distribution Statement: 2-Distribution Limited to U.S. Government agencies only; report contains proprietary infc
Acknowledged Federal Support: Y



RPPR Final Report
as of 11-Jul-2022

Publication Type: Journal Article Peer Reviewed: Y Publication Status: 1-Published
Journal: Stochastic Processes and their Applications

Publication Identifier Type: DOI Publication Identifier: 10.1016/j.spa.2020.08.010

Volume: Issue: First Page #:

Date Submitted: 8/5/21 12:00AM Date Published: 9/1/20 5:00AM

Publication Location:

Article Title: The rencontre problem

Authors: F. Thomas Bruss, Philip A. Ernst, Dongzhou Huang

Keywords: Hitting times; intersections of random walks; rencontre times.

Abstract: Let $\left\{X*{1}_kiright\} {k=1}*{\infty}, \left\{X*{2} k\right\} {k=1}*{\infty}, \cdots, \left\{X"{d}_k\right\}
{k=1}\infty}$ be $d$ independent sequences of Bernoulli random variables with success-parameters $p_1, p_2,
\cdots, p_d$ respectively, where $d \geq 2$ is a positive integer, and $ O<p_j<1$ for all $j=1,2,\cdots,d.$ Let
\begin{equation*} SA{j}(n) =\sum_{i=1}{n} X} _{i} = XMj}_{1} + X*{j} {2} + \cdots + X*{j} {n},\quad n =1,2,
\cdots. \end{equation*} %denote the corresponding random walk for the $\left\{X*{j} {k}Nright\} {k=1}*{\infty}$,
$j=1,2,\cdots,d$. We declare a ““rencontre" at time $n$, or, equivalently, say that $n$ is a ““rencontre time," if
\begin{equation*} S*{1}(n) = SA2}(n) = \cdots = SMd}(n). \end{equation*} We motivate and study the distribution of
the \textit{first} (provided it is finite) rencontre time.
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Abstract: An object is hidden in one of $N$ boxes. Initially, the probability that it is in box $i$ is $\pi_i(0)$. You
then search in continuous time, observing box $J_t$ at time $t$, and receiving a signal as you observe: if the box
you are observing does not contain the object, your signal is a Brownian motion, but if it does contain the object
your signal is a Brownian motion with positive drift $\mu$. It is straightforward to derive the evolution of the
posterior distribution $\pi(t)$ for the location of the object. If $T$ denotes the first time that one of the $\pi_j(t)$
reaches a desired threshold $1-\varepsilon$, then the goal is to find a search policy $(J_t)_{t \geq 0}$ which
minimizes the mean of $T$. This problem was studied by \citet{posner1966continuous} and by \citet
{zigangirov1966problem}, who derive an expression for the mean time of a conjectured optimal policy, which we
call {\em follow the leader} (FTL); at all times, observe the box with the highest posterior probability.
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Abstract: Let $\pii$ be the occupancy density %(or the density of the Green's function) of an obliquely reflected
Brownian motion in the half plane and let $(\rho,\alpha)$ be the polar coordinates of a point in the upper half
plane. This work determines the exact asymptotic behavior of $\pii (\rho,\alpha)$ as $\rho\to \infty$ with $\alpha\in
(0,\pi)$. We find explicit functions $a,b,c$ such that $$ \pii (\rho,\alpha) \underset{\rho\to\infty}{\sim} a(\alpha) \rho”*
{b(\alpha)} eM-c(\alpha)\rho}. $$ This closes an open problem first stated by Professor J. Michael Harrison in
August 2013. We also compute the exact asymptotics for the tail distribution of the boundary occupancy measure
and we obtain an explicit integral expression for $\pii$. {We conclude by finding the Martin boundary of the
process and giving} all of the corresponding harmonic functions satisfying an oblique Neumann boundary
problem.
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Abstract: Consider the motion of a Brownian particle in three dimensions, whose two spatial coordinates are
standard Brownian motions with zero drift, and the remaining (unknown) spatial coordinate is a standard Brownian
motion with a (known) nonzero drift. Given that the position of the Brownian particle is being observed in real time,
the problem is to detect as soon as possible and with minimal probabilities of the wrong terminal decisions, which
spatial coordinate has the nonzero drift. We solve this problem in the Bayesian formulation, under any prior
probabilities of the nonzero drift being in any of the three spatial coordinates, when the passage of time is
penalised linearly. Finding the exact solution to the problem in three dimensions, including a rigorous treatment of
its nonmonotone optimal stopping boundaries, is the main contribution of the present paper. To our knowledge
this is the first time that such a problem has been solved in the literature.
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Abstract: Consider the motion of a Brownian particle in two or more dimensions, whose coordinate processes
are standard Brownian motions with zero drift initially, and then at some random/unobservable time, one of the
coordinate processes gets a (known) non-zero drift permanently. Given that the position of the Brownian particle
is being observed in real time, the problem is to detect the time at which a coordinate process gets the drift as
accurately as possible. We solve this problem in the most uncertain scenario when the random/unobservable time
is (i) exponentially distributed and (ii) independent from the initial motion without drift. The solution is expressed in
terms of a stopping time that minimises the probability of a false early detection and the expected delay of a
missed late detection. To our knowledge this is the first time that such a problem has been solved exactly in the
literature.
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Abstract: The paper studies a class of multidimensional optimal stopping problems with infinite horizon for linear
switching diffusions. There are two main novelties in the optimal problems considered: the underlying stochastic
process has discontinuous paths and the cost function is not necessarily integrable on the entire time horizon,
where the latter is often a key assumption in classical optimal stopping theory for diffusions, cf. [22, Corollary 2.9].
Under relatively mild conditions, we show, for the class of multidimensional optimal stopping problems under
consideration, that the first entry time of the stopping region is an optimal stopping time. Further, we prove that the
corresponding optimal stopping boundaries can be represented as the unique solution to a nonlinear integral
equation. We conclude with an application of our results to the problem of quickest real-time detection of a
Markovian drift.
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Final Technical Report
ARO-YIP-71636-MA

“Next-generation quickest detection’

)

PI: Philip A. Ernst, Ph.D.
Professor of Statistics (with tenure)
Rice University

July 9, 2022

Abstract

This is the final technical report for ARO-YIP-71636-MA “Next-generation quickest
detection.”

Major goals

The four key objectives of ARO-YIP-71636-MA are as follows:

(D

(IT)

A solution to Posner and Rumsey’s 1966 optimal search problem ([10]). This problem
was first formulated in the context of optimizing engineering systems designed to search
for satellite signals. The problem is stated as follows: consider an object to be in one
of n boxes. Let the boxes be indexed by J, where J = 1,...,n with given prior
probabilities, m; = m;(0) = P(J =14),i = 1,...,n, which may or may not initially all
be 1/n. One may search in any box by any search rule, I(t) = i at any time ¢ > 0,
so long as [ is measurable with respect to past observations Time may be considered
to be either discrete or continuous; if it is continuous, infinite rapid switching between
boxes is permitted. If one searches in the “correct” box, then an observable process
X (t) of Brownian motion with drift is observed; otherwise, the observed process X () is
standard Brownian motion. Let 7! denote the first time ¢ < oo at which the posterior
probability vector 7(t) = (7 (%), ..., m,(t)) has some component 7;(t) with 7;(t) > 1—a.
Then at time 77 < co, we have that P (J = j) > 1 —a. The task is to find the optimal
search rule I which minimizes this expected time to achieve this level of certainty.

The development of an explicit stopping role for the following “optimal real-time de-
tection” problem. Consider the motion of a Brownian particle in three dimensions,
whose two spatial coordinates are standard Brownian motions with zero drift, and the
remaining (unknown) spatial coordinate is a standard Brownian motion with a non-
zero drift. The task is to detect as soon as possible (and with minimal probabilities

1



of the wrong terminal decisions) which spatial coordinate has the non-zero drift. This
problem may be viewed as a reformulation of Posner and Rumsey’s problem ([10]) from
Objective I in which the user receives a signal from each box at every given point in
time, regardless of whether the user observes that box.

We provide a visual illustration of Objective II in Figure 1 below.

0.1

0.0

-0.2

T T T T T T 1
0.00 0.01 0.02 0.08 0.04 0.05 0.06

Figure 1: Three coordinates of the Brownian motion (two without drift, and one with drift)
begin at time 0 and evolve with time. The evolution of coordinate 0 appears in black, the
evolution of coordinate 1 appears in blue, and the evolution of coordinate 2 appears red.
Unbeknownst to the viewer, the black coordinate (given by the process X?) has been pre-
programmed to be the coordinate with positive drift.

(ITI) A solution to the following “quickest detection” problem: consider the motion of a
Brownian particle in two or more dimensions, whose coordinate processes are standard
Brownian motions with zero drift initially, and then at some random/unobservable
time, one of the coordinate processes gets a (known) non-zero drift permanently. The
problem is to detect the time at which a coordinate process gets the drift as ‘accurately’
as possible.

Objective III is illustrated by Figure 2 below. The objective of the quickest detection
problem in Figure 2 is to determine the time 6 as accurately as possible.
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Figure 2: A sample path of one-dimensional Brownian motion, X;. It begins as Brownian
motion without drift (this is the process in blue). At some random time 6 (which we assume

is exponentially distributed) the process gets a positive drift g and becomes the process in
red.

We also plot Figure 3, which offers a higher-dimensional analog of Figure 2.

Figure 3: This figure depicts the motion of a Brownian particle (viewed from two angles)
that initially takes place in a two-dimensional plane (blue line) and then after some ran-
dom/unobservable time € continues in the three-dimensional space (red line). The aim of
the present quickest detection problem would be to determine the time # at which the par-
ticle departs from the plane as accurately as possible.

(IV) The purpose of Objective IV is to generalize Objective III. In Objective IV, we consider
the motion of a Brownian particle in n dimensions (n > 2), whose coordinate processes
are standard Brownian motions with zero drift initially. At some random/unobservable
time, k out of n coordinate processes (1 < k < n) obtain a (known) non-zero drift u
permanently. Given that the position of the Brownian particle is being observed in
real time, we seek to detect the time at which the k coordinate processes get the drift
as accurately as possible. Objective III therefore solves the special case where k = 1.



Applications to U.S. Army

All objectives have been directly motivated by applications of direct relevance to the
U.S. Army. Objectives I-III are specifically motivated by the following two applications:

(i) In October 2016, the White House issued an executive order to coordinate efforts
to prepare for space weather effects ([18]). The executive order addresses the harm
to satellites from space weather effects (in particular, the threat caused by cosmic
rays, solar flames, and solar particles). Upon detection of cosmic rays (which we
assume may be appropriately modelled by diffusions), satellites are to be covered with
a shield to protect them from potential enormous destruction from cosmic rays. The
current systems in place that have been designed to protect satellites are noticeably
suboptimal, often leading to satellites being shut down for longer periods of time than
necessary. The developments proposed in Objectives I-11I should prove to be important
in optimizing existing navigation algorithms.

(i) When a plane is in the process of landing, the navigator needs to know its exact po-
sition in relation to the ground. This position is determined through communication
with satellites. For this determination to be successful, the exact time at each satellite,
determined by an atomic clock, must be known. These atomic clocks are extremely
precise (in terms of nanoseconds) but they can also cease to function, often sponta-
neously and unpredictably so. The breakdown point can be considered a change-point
that is not directly observable (see [17]). If the change-point is not detected within a
short period of time (measured in seconds) after the plane enters a critical height, the
plane may end up at a point of no return and potentially crash.

Objectives I1I and I'V are motivated by the potential need for “parallel quickest detection”
in army platoons. Specifically: when considering a platoon of soldiers, suppose that we are
interested in detecting whether an individual soldier has become “drowsy.” One may ask
as follows: can we do “better” at detecting this soldier’s drowsiness if we monitor his/her
colleagues simultaneously? It may very well be that in the past few hours, the soldiers have
eaten a contaminated meal that will inevitably lead to food poisoning; alternatively, it may
well be that the entire platoon has been exposed to a virus. If so, it may be the case that the
soldier of interest becomes drowsy from one of the aforementioned communal occurrences
than because of any individual-level occurrence. Following from the setup in Objective IV,
suppose that we have 100 platoon members and that we are given a dependence structure
for the underlying 100 Brownian motions (each corresponding to an individual soldier).
These 100 Brownian motions shall then be assumed to drive the corresponding 100 diffusion
processes. Suppose now that the task is to determine when 15 or more of the coordinates
(soldiers) change from being “healthy” to “drowsy.” Although it is nearly impossible to give
closed-form solutions to this problem in dimensions higher than three, numerical methods
should prove amenable to obtaining reliably approximate solutions.



2 Accomplished Under Goals

2.1 Objective 1

Objective I was fulfilled with our 2020 Stochastic Processes and their Applications paper
([6]). This paper studies a classical search problem first considered by [10].

As mentioned above, an object is hidden in one of N boxes; we denote by j* the index
of the true box. Initially,

P(j* = i) = mi(0). (1)

We then observe in continuous time, choosing to search box J; at time t. We see a signal
process Y whose dynamics are

AY () = V() + gy i, 2)

where 4 > 0 is a known constant, and W is a Brownian motion. It is straightforward to
derive the evolution of 7(t), the posterior distribution at time ¢ (see equation (10) of [6]).
The objective initially proposed by Posner and Rumsey ([10]) is to choose (J;)¢>¢ to minimize
the expected value of T', where

T = inf{t: m]aXﬂj(t) >1—¢}, (3)

where € € (4,1) is some desired error bound.

Posner and Rumsey ([10]) derived an expression for the mean time of a conjectured
optimal policy, which we call follow the leader (FTL); at all times, observe the box with
the highest posterior probability. Posner and Rumsey asserted without proof that this is
optimal, and Zigangirov ([16]) offered a proof that if the prior distribution is uniform then
FTL is optimal. The FTL has since been (incorrectly) assumed to be the optimal policy.

Although we were ultimately unable to find the unique optimal policy, our paper [6]
disproves the above fifty year old conjecture by showing that if the prior is not uniform, then
FTL is not always optimal; for the case of the uniform prior, the question remains open.
Our main result in Section 5 of the paper provides counterexamples that clearly show FTL
is not optimal for some specific values of (71(0),...,7x5(0)). An additional contribution is
the characterization of the solution to a class of stochastic differential equations, which plays
a key role in our calculations, and can be considered to be generalizations of Tanaka’s SDE.

Our work gives rise to several open problems. First, what is the optimal strategy for this
optimal scanning problem for any prior distribution? For decades, it has been (incorrectly)
assumed that FTL is optimal. Indeed, as we have shown, FTL is sub-optimal at least for
some values of (71(0),...,7x5(0)). Another open problem concerns whether FTL is optimal
for the case of uniform prior distribution. So the answer to the question in the title of [6] is:
‘We don’t know, but we know that it is not always best to follow the leader!’

2.2 Objective 11

Objective II was fulfilled with our 2020 paper entitled “Optimal real-time detection of a
drifting Brownian coordinate” ([5]), published in the The Annals of Applied Probability. This



work begins by mathematizing Objective II above. We assume that one observes a sample
path of the three-dimensional Brownian motion X = (X° X! X?), whose two coordinates
X7 and X* are standard Brownian motions with zero drift, and the remaining (unknown)
coordinate X’ is a standard Brownian motion having a (known) non-zero drift y with a
probability m; € [0, 1] for ¢ = 0,1,2 where mo+m+m2 = 1 and i # j # k belong to {0,1,2}.
The problem is to detect which coordinate is drifting as soon as possible and with minimal
probabilities of the wrong terminal decisions. Standard arguments imply that the above
setting can be realized on a probability space (2, F,P,) with the probability measure P,
decomposed as follows

PWIWOP0+7T1P1+7TQP2 (4)

for m = (o, ™1, m2) € [0,1]3 satisfying 7y + m; + 72 = 1, where P; is the probability measure
under which the observed process X has the #th coordinate equal to a standard Brownian
motion with drift p, and the remaining two coordinates are standard Brownian motions
with zero drift for ¢ = 0,1, 2, with the three coordinates being independent. This can be
formally achieved by introducing an unobservable random variable 8 taking values 0, 1, 2 with
probabilities g, 71, o in [0, 1] satisfying mo+m +m = 1 and being independent from three
(mutually independent) standard Brownian motions B°, B!, B% so that X = (X° X1 X?)
after starting at a point in R? solves the system of stochastic differential equations

dX; = pul(0 =i)dt + dB; (5)

for t =0,1,2.

Being based upon the continued observation of X, the problem is to test sequentially
the hypotheses Hy : # = 0, Hy : 0 = 1, Hy : § = 2 with a minimal loss. For this, we
are given a sequential decision rule (7,d,), where 7 is a stopping time of X (i.e. a stopping
time with respect to the natural filtration F;¥ = o(X,|0 < s < t) of X for t > 0), and d,
is an F--measurable random variable taking values in the set {0,1,2}. After stopping the
observation of X at time 7, the terminal decision function d, takes value ¢ if and only if the
hypothesis H; is to be accepted for i = 0,1,2. With a constant ¢ > 0 given and fixed, our
problem then becomes to compute the risk function

Vix)= inf EW[T np <I(9 —0,d, 20410 =1,d, # 1) +1(0 =2,d, # 2))] (6)
for m = (mo, m1,m2) € [0,1]* with mo+m+m = 1 and find the optimal decision rule (7., d%)
at which the infimum in (6) is attained. Note that E,(7) in (6) is the expected waiting time
until the terminal decision is made, and P.(0 = i, d, # i) are probabilities of the wrong
terminal decisions for i = 0,1, 2. Clearly, each probability P.(0 =i, d, # i) could be further
decomposed into the sum of two probabilities P(6 = i,d, = j) and P.(6 = i,d, = k)
for i = 0,1,2 and ¢ # j # k in {0, 1,2}, and each of the six resulting probabilities could
have a different constant/weight placed in front of them. Standard arguments show that the
initial optimization problem can be reduced to an optimal stopping problem (see equation
(3.8) in [5]) for the posterior probability process II of the non-zero drift being in the spatial
coordinates given X. In (12.25) of [5], we expose the exact solution to the optimal stopping
problem. Of course, the solution depends strongly on ¢ (see equation (12.4) of [5]). Return-
ing to Figure 1 above, we note that at the present evolution of the coordinates in the figure,

6



the optimal stopping rule in equation (12.25) of [5] does not declare the “pre-programmed”
black coordinate to be the coordinate with drift. This is sensible since only .06 units of time
(the length of the window in the figure) have elapsed.

In contrast to all the sequential testing problems studied to date, our paper’s key con-
tribution is that the two-dimensional Markov diffusion process II in the sequential testing
problem of [5] has the infinitesimal generator of elliptic type. Moreover, the optimal stopping
boundaries are non-monotone as functions of the coordinate variables. To the best of our
knowledge, no rigorous treatment of non-monotone optimal stopping boundaries (curves)
had been previously studied in the probabilistic literature. Finding the exact solution to the
problem for X in three dimensions (exposed in Corollary 20), including a rigorous treatment
of its non-monotone optimal stopping boundaries, represents our key contribution.

Our work gives rise to several open problems in four and more dimensions. The analo-
gous problem for X in four/more dimensions introduces substantial challenges for a rigorous
treatment of ‘non-monotone’ optimal stopping boundaries (surfaces).

2.3 Objective III

Objective I1I was fulfilled with our 2022 paper ([4]), to appear in The Annals of Applied Prob-
ability. We begin our discussion by mathematizing Objective III. Assume that one observes
a sample path of the standard two-dimensional Brownian motion X = (X!, X?), whose co-
ordinate processes X' and X? are standard Brownian motions with zero drift initially, and
then at some random/unobservable time 6 taking value 0 with probability = € [0,1] and
being exponentially distributed with parameter A > 0 given that 6 > 0, one of the coordi-
nate processes X' and X? gets a (known) non-zero drift y permanently.! The problem is
to detect the time 6 at which a coordinate process gets the drift p as accurately as possible
(neither too early nor too late). The observed process X = (X!, X?) solves the stochastic
differential equations

dX}! = pI(B=1,t>0)dt + dB} (7)
dX? = pl(f=2,t>0)dt + dB? (8)

driven by a standard two-dimensional Brownian motion B = (B!, B?) under the probability
measure P, specified below, where the random variable 3 satisfies P,(f=1) = p; and P, (5=
2) = py for some py,ps € [0,1] with p;+pe = 1 given and fixed, meaning that § = i if and
only if the coordinate process X; gets drift p at time 6 with probability p; for ¢« = 1,2. The
unobservable time 6, the unknown coordinate 3, and the driving Brownian motion B are all
assumed to be independent under P, for 7w € [0, 1] given and fixed.

Standard arguments imply that the previous setting can be realized on a probability
space (€2, F,P;) with the probability measure P, being decomposable as follows

Pﬂzplﬂplo—i—pwrpzo—l—pl(l—w)/ /\e’\tPfdt+p2(1—7r)/ NeMPLa (9)
0 0

IFor simplicity, we assume that the observed process is two-dimensional. The framework of [4] allows for
this assumption to be easily extended to three or more dimensions.



for 7 € [0,1] where P! is the probability measure under which the coordinate process X'
gets drift p at time ¢ € [0,00) for ¢ = 1,2. The decomposition (9) expresses the fact that
the unobservable time 6 is a non-negative random variable satisfying P,(0 = 0) = 7 and
P.(0 > t]0 >0) =eMfort >0. Thus P(X € -) =P (X € - |8 =1i,0 =1)is the
probability law of the standard two-dimensional Brownian motion process X = (X', X?)
whose coordinate process X' gets drift p at time ¢ € [0, 00) for i = 1,2. Moreover, by P; we
denote the probability measure under which the coordinate process X* gets drift u at time

6 for i = 1,2. From (9) we see that
Pr = p1P1 + paPs (10)

where P; = 7P? + (1—m) [["Ae Pl dt for i = 1,2 and 7 € [0, 1].

Being based upon continuous observation of X = (X', X?), the problem then becomes
to find a stopping time 7, of X (i.e. a stopping time with respect to the natural filtration
FX =0(X,]0<s<t)of X for t >0) that is ‘as close as possible’ to the unknown time 6.
More precisely, we seek to compute the value function

V(r) = inf [PW(T <)+ cE(r— ) (11)

and find the optimal stopping time 7, at which the infimum in (11) is attained for = € [0, 1]
and ¢ > 0 given and fixed (recalling also that pi,ps € [0,1] with p;+p; = 1 are given and
fixed). We note in (11) that P.(7 < ) is the probability of the false alarm and E, (7 — )"
is the expected detection delay associated with a stopping time 7 of X for = € [0,1]. The
linear combination of the probability of the false alarm and the expected detection delay for
quickest detection dates back to [11] and has been extensively studied to date (see [12] and
the references therein). We provide the solution for the optimal stopping time 7, in (8.17)
(Corollary 6) of [4].

In contrast to two-dimensional quickest detection problems solved to date (see, i.e.
[1, 2, 7, 15] the multi-dimensional Markov diffusion process @ in the quickest detection
problem of our work ([4]) has the infinitesimal generator of elliptic type. Finding the ezact
solution to the quickest detection problem for the observed process X in two or more di-
mensions is the main contribution of [4].

2.4 Objective IV

Objective IV was fulfilled in the preprint of Ernst, Mei, and Peskir (2022). As we did in
Objective III, we continue with a Bayesian formulation of the quickest detection problem.
We assume that one observes a sample path of the n-dimensional standard Brownian motion
X = (X', X™), whose coordinate processes are standard Brownian motions with zero
drift initially, and then at some random/unobservable time 6 taking value 0 with probability
m € [0,1) and being exponentially distributed with parameter [ > 0 given that 6 > 0,
1 < k < n of the coordinate processes X get a (known) non-zero drift x4 permanently. As
before, the problem is to detect the time 6 at which the two coordinate processes obtain the
drift p as accurately as possible (neither too early nor too late).



To identify all the possible combinations of which k coordinate processes get the drift .
we consider the set

n._ {{m,- . -,nk}‘{nl,- o} C {1,-..771}}7

where I := (}) is the number of elements in T7. Let 8 : Q +— T} be the random variable
denoting the coordinate processes which obtain- the drift . Then the observed process X

solves the following stochastic differential equations
dX] = pl(j € B, t > 0)dt +dB!, for j=1,---.n, (12)

where B = (B!,---, B") is a n-dimensional standard Brownian motion under the probability
measure P, specified below. The distribution of § is

Pﬂ'(/B = {nla' : 7n/€}) = DPnq,- 2 O’

with ZT}Z Dny, n, = 1. We assume that the unobservable time ¢, the unknown coordinates
B, and the driving Brownian motion B are independent under the measure P, for 7 € [0,1)
fixed and given.

Standard arguments imply that the previous setting can be realized on a probability
space (€2, F,P,), with the probability measure P, being decomposable as

P7r = anlf‘}nk <7TP217,“7nk -+ (1 - 7T)/ Ae_AtPfll;u’nkdt) ) (13)
Yy 0
Here, Pi«l{"ynk is the probability measure conditional on 5 = {ny, --,n;} and 6 =, i.e.

Pl;n;wnk(') = PW('W = {nl,' : ',nk},e = t).

Moreover, we shall use the notation P,,...,, to denote the probability measure under g =
{n1,---,ng} and 0 < oo, i.e. Py .., () = Pr(:|8 = 7). Standard arguments then imply that

oo
Prtsoni (1) = WP%LWnk +(1- 7T)/O )\e_Atme,,’nkdt.
With the above in hand, equation (13) is equivalent to

Pr=> Doy Prssns- (14)
T;

Being based upon continuous observation of X, our optimal stopping problem of interest
is to find a stopping time 7* of X (i.e. a stopping time with respect to the natural filtration
of X augmented with all P, null sets (denoted by F;¥)) that is ‘as close as possible’ to the
unknown time 6, measured in terms of the cost functional

J(m;7) :=Pr(1 < 0) + cE (T —6)". (15)



Therefore, the optimal stopping problem of interest is to find an optimal stopping time 7*
such that the cost function is minimized, i.e.

V(m) = J(m;7*) = inf J(m; 7). (16)

We expose the solution to this optimal stopping problem in Corollary 8.2 of this preprint.
We continue by providing numerical solutions for the value function and optimal stop-
ping boundary in the multidimensional case. First, some necessary notation: for (Z) =1

dimensions, let us define the function L(y) := Zle pi(pi—2) .

(1) For the special case whenn =2and k =1 (with A =08, u=1,¢ =1, p; = py = 0.5),
a closed form solution of the value function cannot be obtained. In lieu, we present its
numerical solution of a in Figure 1. In Figure 2, the blue line presents the corresponding
optimal stopping boundary and the red line is L(y) = 0. It is clear that the optimal stopping
boundary lies outside of L = 0, in concurrence with the paper’s results.

Figure 4: The value function for n =2 and k = 1.
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Figure 5: The optimal stopping boundary for n =2 and k = 1.
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(2). For the special case when n = 3 and k = 2 (with A =08, p =1, ¢c =1, p =
pe = p3 = 1/3), the following picture presents the numerical solution of the optimal stopping
boundary and the plane L(p) = 0. The picture agrees with the fact that the optimal stopping
boundary will be a convex surface lying above the plane L(p) = 0.

80 —
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60 |
50 |\
40 -
30 -|
20 |

10 |

Figure 6: The optimal stopping boundary for n = 3 and k = 2.

3 'Training opportunities

The PI has actively mentored two Ph.D. students on this project: Dongzhou Huang (grad-
uated May 2022), who will be starting as Assistant Professor at Colorado State University
in August 2022, and Yizhou Xia (graduated December 2019, currently Data Strategist at
BP). The PI also actively mentored and collaborated with two of his postdoctoral fellows
on this project: Quan Zhou (now Assistant Professor of Statistics, Texas A&M University)
and Hongwei Mei (starting as Assistant Professor at Texas Tech University in August 2022).
The PI remains actively engaged in recruiting underrepresented groups in STEM into his
research program.

4 Dissemination

The results have been disseminated in multiple conferences and workshops, highlighted by
the following key venues: Institute for Mathematics and its Applications Conference on
Modeling, Stochastic Control, Optimization, and Related Applications (June 2018), Sum-
mer Research Conference of the Southern Regional Council on Statistics (SRCOS) (June
2018), A Symposium on Optimal Stopping in Honor of Larry Shepp (June 2018), Institute of
Mathematical Statistics (IMS) New Researcher’s Conference (July 2018), MSU’s Symposium
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on Mathematical Statistics and its Applications (October 2018), A Workshop in Memory of
Larry Brown (November 2018), Probability and Analysis 2019 (Banach Center, Poland, June
2019), The Fifteenth Latin American Congress of Probability and Mathematical Statistics
(December 2019), The INFORMS Annual Meeting (November 2020), Canadian Mathemat-
ical Society 75th Anniversary Summer Meeting (June 2021), Seminar on Stochastic Hybrid
Systems, University of Connecticut (December 2021), and New Advances in Statistics and
Data Science, Honolulu, HI. (May 2022). The results have also been disseminated in over
20 departmental seminars in three countries (USA, UK, and Belgium).

5 Honors

The PI’s significant honors during the 2018-2022 project period are listed below.

International and National Research Awards

1. Election to 2022 Committee of Presidents of Statistical Societies (COPSS) Leadership
Academy.
Award Citation: “‘for significant contributions of extraordinary merit to applied prob-
ability and mathematical statistics, particularly the resolution of the longstanding
conjecture of Yule’s nonsense correlation, outstanding teaching and leadership.”

2. Appointed “Chaire Internationale” (visiting international research chair) at Depart-
ment of Mathematics, University of Brussels, Summer 2022.

3. 2020 INFORMS Donald P. Gaver, Jr. Early Career Award for Excellence in Operations
Research.
Award Citation: “for outstanding research accomplishments in operations research,
probability and statistics, including solving a nearly 100-year old conjecture by Yule
on nonsense correlation; for collaborating to solve outstanding problems in queueing,
mathematical finance and optimal control; for outstanding teaching; and for mentoring
of PhD students and postdoctoral fellows.”

4. 2018 Institute of Mathematical Statistics (IMS) Tweedie New Researcher Award.
Award Citation: “for his fundamental contributions to exact distribution theory, in
particular for his elegant resolution of the Yule’s nonsense correlation problem, and
for his development of novel stochastic control techniques for computing the value of
insider information in mathematical finance problems.”

5. 2018 Army Research Office (ARO) Young Investigator Award.
Rice University Research Awards
7. 2022: Promoted to Full Professor at Rice University (Three Years Early)

8. 2019: Awarded Early Tenure at Rice (Two Years Early)
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9. 2019 Rice University School of Engineering Teaching and Research Excellence Award
(awarded annually to two professors at Rice University’s George R. Brown School of
Engineering).

10. 2018 Rice University Dobelman Family Junior Chair of Statistics
Rice University Teaching Awards

12. 2022 George R. Brown Award for Excellence in Teaching (this award is considered Rice
University’s most prestigious teaching award, and is awarded annually to one professor
at Rice University)

13. 2021 George R. Brown Award for Superior Teaching (awarded annually to nine pro-
fessors at Rice University)

6 Participants

The personnel supported on this grant at Rice University include the PI Philip A. Ernst,
Ph.D. and two Ph.D. students: (i) Dongzhou Huang (graduated May 2022), who will be
starting as Assistant Professor at Colorado State University in August 2022, and (ii): Yizhou
Xia (graduated December 2019, currently Data Strategist at BP). The PI also actively
mentored and collaborated with two of his postdoctoral fellows on this project: Quan Zhou
(now Assistant Professor of Statistics, Texas A&M University) and Hongwei Mei (starting
as Assistant Professor at Texas A&M University in August 2022).
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