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1. Introduction

This study describes inverse spectral analysis of diffuse reflectance from NIR-SWIR absorbing
dyes on a paper substrate for the estimation of dielectric response functions [1]. The calculated
functions provide dielectric-response characteristics of the dyes and information on the sensitivity
of their interactions with paper. Inverse spectral analysis is based on the reduction of absorption
spectra by critical feature isolation and projection. The critical features are identified through
structural analysis of the peaks, troughs, and points of inflection in the calculated Kubelka-Munk
absorption spectra, from diffuse reflectance measurement [2-5]. These features are then
parameterized and projected into a reduced feature subspace to effectively capture the fundamental
characteristics of the absorbing dyes. The critical feature parameterization and projection supports
construction of parametric models capable of estimating dielectric functions for various dyes,
substrates, and mixtures. The IR-absorbing dyes considered in this study are characterized by
robust spectral features. The inverse spectral analysis demonstrate the concept, as emphasized by
reference [6], of applying Kramers-Kronig analysis to diffuse reflectance. This has significant
practical value with respect to reduced effort for sample preparation (for spectroscopic analysis).

2. Kramers-Kronig Analysis of Diffuse Reflectance Spectra

The Kramers-Kronig analysis provides an estimation of dielectric responses using diffuse
reflectance from materials on substrates and their absorption functions obtained using inverse-
analysis. For this analysis, normalized extinction functions {a, (1)) are determined by inverse
spectral analysis of diffuse-reflectance spectra using the Kubelka-Munk model, i.e.

T,
(ay(D) = maxl e D] (Eq.1)
and
_ (1 -R,W)
fumA) = TR (Eq.2)

where Rn is the normalized reflectance relative to background, e.g., substrate. Before proceeding,
it should be noted that the inversion procedure defined by Egs. (1) and (2) has a specific sensitivity
property with respect to NIR-SWIR absorbing dyes, and accordingly, is essentially equivalent to
other inversion procedures, applied to different types of spectroscopic measurements. This
sensitivity property is discussed below.

Next, an imaginary index of refraction, scaled according to the normalized extinction
functions (a, (1)), is calculated by
(ay())A

(kn () =52

(Eq 3)

and a real-refractive-index change, consistently scaled, is calculated by the Kramers-Kronig
relation,

222 J°° (ky(2))dz (Eq 4)
0

(Any (1)) = 7P 202 = 27)°
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Note that a multiplicative factor approximates the dependence on scatterer density, and that the
Kubelka-Munk function in Eq. (2) is correlated with the absorbance function. Further, we assume
that the wavelength integration range of Eq. (4) is incomplete, but of sufficient expanse for
estimation of the real-refractive-index change (Any(A4)). Sensitivity with respect to this
incompleteness can be quantified by extrapolation procedures at the limits of the measured spectral
range.

Continuing the analysis procedure, a scaling parameter Cs represents the dependence on
scatterer density, defined by

as(1) = Cs{ay(Q)). (Eq5)
Accordingly, the dependence of the complex index of refraction on scatterer density is
ks(4) = Cs(ky (1)) (Eq 6)

ns(4) = ng + Cs{Any(2)). (Eq7)

and

Numerical integration of Eq. (4) uses methods described in references [7-9] and references therein.
Our spectral-reduction procedure entails the decomposition of (ay (1)) in terms of reduced basis-
function expansions, consisting of Lorenztian functions. Thus the integration defined by Eq. (4) is
performed analytically by Hilbert transformation of analytic functions. Accordingly, letting

RN (e/2)?
(@) =1 ,Z(Z) G202 + /2P a9

it follows that

Ng
A Ay (Vi /2)?
Un () = 27 kz @) a0t o (£4.9)
and
N
X Ay /2)A—A)
{Bny (D) =~ kZl (Z) -1+ 0/ (Eq.10)

3. Spectral Reduction and Critical Feature Projection

The key features of the dyes, including their absorption peaks and troughs, can be
characterized within a dimensionally reduced space using concepts from principle-component
analysis (PCA) [10]. This method allows the full spectral data to be projected into a smaller
subspace of spectral components while still maintaining the essence of the critical features — such
as the peak wavelengths, peak heights, and inflection points. The characterization of the complex
absorption behavior within simplified critical feature vectors can support further analysis of the
key absorption characteristics and the potential dye mixture interactions. Additionally, this
simplified parametric subspace can support the construction of approximate effective medium
models capable of estimating reflectance from dyed substrates.



4. Case-Study Analyses

The critical feature isolation and projection was performed for 13 NIR-SWIR absorbing COTS
dyes deposited on paper. The dyes chosen for analysis have maximum-absorption wavelengths in
either the NIR or SWIR bands, with appreciable spectral features extending into the visible
spectrum. Reference [11] describes the procedures used for sample preparation, and reflectance-
spectrum measurements. For this study, these dyes are designated according to their maximum
absorption wavelengths, using the designation “KM-Maximum-Absorption-Wavelength,” similar
to references [12,13], where chemical formulae for these dyes are given. For each of these results,
the absorption spectra was calculated from diffuse reflectance measurements using the normalized
Kubelka-Munk inverse analysis method.
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Figure 1: KM-720 absorption spectra and peak characterization.
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Figure 2: KM-720 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 1: KM-720 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
350 0.42 70
455 0.09 90
630 0.06 40
670 0.35 60
726 0.96 50
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Figure 3: KM-775 absorption spectra and peak characterization.
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Figure 4: KM-775 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 2: KM-775 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
372 0.02 40
438 0.02 40
710 0.28 60
781 0.99 80
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Figure 5: KM-778 absorption spectra and peak characterization.
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Figure 6: KM-778 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 3: KM-778 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
379 0.02 40
445 0.015 30
715 0.45 100
781 0.98 55
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Figure 7: KM-780 absorption spectra and peak characterization.
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Figure 8: KM-780 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 4: KM-780 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
446 0.07 70
710 0.38 100
793 1 70
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Figure 9: KM-825 absorption spectra and peak characterization.
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Figure 10: KM-825 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 5: KM-825 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
405 0.03 60
475 0.015 40
745 0.26 70
823 0.99 72
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Figure 11: KM-832 absorption spectra and peak characterization.
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Figure 12: KM-832 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 6: KM-832 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
404 0.1 70
471 0.05 50
750 0.45 130
837 1 70




KM-836

Peak Selection

o o o
N =] @
T T T

Relative Magnitude

o
[N]
T

0

1 1 L |
0 500 1000 1500 2000 2500
Wavelength (nm})

Figure 13: KM-836 absorption spectra and peak characterization.
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Figure 14: KM-836 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 7: KM-836 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
350 0.18 70
398 0.04 40
567 0.02 50
815 0.98 80
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Figure 15: KM-845 absorption spectra and peak characterization.
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Figure 16: KM-845 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 8: KM-845 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
370 0.51 50
825 0.68 80
844 0.25 30
868 0.6 30
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Figure 17: KM-848 absorption spectra and peak characterization.
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Figure 18: KM-848 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.
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Table 9: KM-848 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
370 0.52 50
835 0.72 45
870 0.76 45

2500
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Figure 19: KM-920 absorption spectra and peak characterization.

Feature Projection

. Absorption 11
0.8 0.8}
= L © 0.6}
S 0.6 5
2 g
2 g
o4t <04t
0.2 0.2}
0 . . ! ) 0 . . . )
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
Wavelength (nm) Wavelength (nm)

Figure 20: KM-920 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 21: KM-920 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
366 0.82 50
845 0.25 10
876 0.97 85

13
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Figure 21: KM-949 absorption spectra and peak characterization.

Absorption 1 Feature Projection
1. -
0.8+ 08
506 206
2 £
2 E
Lo4f <041
021 021
0 I Il 1 I} O L 1 I I I
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
Wavelength (nm) Wavelength (nm)

Figure 22: KM-949 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 11: KM-949 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
350 0.33 70
420 0.35 75
962 0.86 250
1076 0.4 180
1304 0.47 270
1400 0.12 100
1524 0.2 165
1640 0.32 185
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Figure 23: KM-978 absorption spectra and peak characterization.
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Figure 24: KM-978 comparison between the original Kubelka-Munk absorption spectra and the
subspace feature projection.

Table 12: KM-978 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
404 0.32 80
860 0.3 200
984 1 120

15
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Figure 25: KM-1072 absorption spectra and peak characterization.
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Figure 26: KM-1072 comparison between the original Kubelka-Munk absorption spectra and

the subspace feature projection.

Table 13: KM-1072 Critical Peak Parameters

Wavelength Peak Amplitude Full-Width Half-Height
370 0.1 50
405 0.16 80
440 0.09 50
936 0.18 70
1001 0.9 270
1068 0.17 70
1280 0.2 380
1530 0.08 200
1650 0.11 200
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The complex indices of refraction for the reduced absorption subspaces were estimated and
evaluated using Kramers-Kronig analysis (Eq. 9-10). Kramers-Kronig analysis establishes
fundamental material properties that can support the characterization of the dielectric response
functions. The intermediate index of refraction properties, Any (1) and ky(4), are of particular
interest, as they can be scaled — based on the scatterer density — to effectively estimate these
dielectric response functions. The Kramers-Kronig results from the reduced subspace absorption
were compared to the complex index of refraction for the full dataset with extrapolation,
termination, and smoothing corrections, as calculated in reference [14]. The results from these
comparisons are shown in Figures 27-38.

KM-720
’ Kramers-Kronig
[ = Any(A) — Original Data
0.8 | == Ay (A) — Critical Feature Approx.
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Figure 27: KM-720 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 28: KM-775 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 29: KM-778 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 30: KM-780 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 31: KM-825 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 32: KM-832 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 33: KM-836 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 34: KM-845 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 35: KM-848 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 36: KM-920 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 37: KM-949 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 38: KM-978 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figure 39: KM-1072 Kramers-Kronig indices of refraction, comparing the results from the full
extrapolated and smoothed KM dataset with the results from the critical feature approximation.
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Figures 27-39 indicate that the absorption subspaces created from critical feature projection
can capture the fundamental characteristics of the Kramers-Kronig indices of refraction, and in-
turn the dielectric response behavior. The Kramers-Kronig analysis of the critical feature subspace
deviates some in magnitude and width from the full dataset Kramers-Kronig results; however, the
critical points of interest within the Kramers-Kronig analysis — including inflection point location
— remain similar. This indicates that the underlying dielectric response characteristics are
maintained through the reduction of absorption data into a critical feature subspace. Additionally,
reduced subspace datasets require no additional extrapolation, termination, or smoothing, unlike
the original dataset, which is incomplete in the sense that it does not necessarily approach zero at
the lower and upper wavelengths.

Conclusion

The results of this study demonstrate an inverse spectral analysis procedure for determining
estimates of dielectric response, which is based on reduction of absorption spectra by means of
critical feature isolation and projection. The estimated dielectric response functions can be used to
construct a parametric space for developing effective-medium models capable of estimating
reflectance from dye formulation on different types of substrates.
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