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ABSTRACT

A method of analysis is developed by which the
steady-state transfer charocteristics of resistance-
capacitance and resistance-inductence filter networks
are readily obtained. The procedure depends unon an
analysis of certein functions that are skown to be
basic terms in the transfer charccteristic equation
for any such filter networks. The functicns zre as
followss

1 + p/mo, and n/®,

where p is defined as ¥/- times 2m times frequency,

and w, is a constant. A set of design data charts is
glVe1 ‘for various combinations of re51stﬁnce, capacitance,
parallel resig ta»ce—ca,acltance, 2nd series resistance-
capacitance used in either the series or the shunt branches
of an unsymmetrical "L" section network.
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INTRODUCTION

i A method of analysis is developed in the »resent
report by which the steady-state transfer crarscteristics

of resistance-cavacitance and of resistance-inductance
filter networks mav be readily obtained. The networks
discussed all come within the class called vassive, lipear
networks. The analysis nrocedure when applied to a par-
ticular network will demand only a simmle algebraic moninu-
lation followed by the taking of algebraic sums of tabulated
quantities in order to yield an accurate detcrmination of
the attenu tion and phase sBift as a function of frequency.

2 To establish the anclysis method, extensive use is
made of varicus technigues emwloyed in feedback ammlifier
design as developed by Bode*. The varticular points of
interest in the Bode approach a2s used here in the filter
studies are: (1) the orocedure of nlotting loss in decibels
on a logarithmic frequency scale, (2) the concept of asymp=-
totic slopes used to define a reference frequency, (3) the
usefulness of the wuantity "decibels ner octave", and, (4)
the symmetriccl character of phase shift when plotted on a
logarithmic frequency scale. The points just enumerated
will be explained as they recur throughout thec report.

e The method of analysis developed in the nresent
report demends uvon «n understanding and apvlication of
certain functiens that are shcwn to be basic terms in the
transfer cheracteristic eguation for any filter network con-
taining orly resistance and capacitance or only resistance
and inductance. The functions are as follows:

1 + p/wgs and  p/w,

where p is defined as v/ = 1 times 27 times frequency, and
w, is a constant. The significance of the above functions

is fully cxplained later. By way of leading the reader to
an intuitive conclusions that only such functions of freguency
moy occur, the avproach used is one of studying in detail

the el vacteristics of the simple resistance=-cavacitance

and rcsistance-inductance low- and high-pass filter secticns.
This conc’usion is furthcr substantiated by application of
the analysis method to all possible combinations of resis-
tance, cavacitance, resistance-cavacitance in narallel, and
resistance~cavacitance in scries uscd in either the series

or the shunt branches of an unsymnetrical "L" section net-
work. A prodf that only such functions occur is given as an
appendix.,

* H. W. Bode, "Relations between Attenuation and Phase in
Feedback Ampvlifier Design," Bell System Tech. Jour., Vol. 19,
pi 421, July, 194‘0.




THE "L" SECTION NETWORK

4. Boforc the analysis of snecific network configurs
ations is undertaken, the gencral »nrocedure used in the
determination of the steady-statc resvense of a network

is outlined. ZFirst, it shculd be noted that t!'e effeot
nroduced by the inscrtion of a network into an electrical
circuit is not only & function of the character of the
nctwork itself, but also of the terminating impedaiices, i.e.,
the naturc of the in»ut and outvvt circuits. The immediatc
interest here is in the individuval cffects of the network
itself., The analysis is based uvon the assumption that the
in~ut circuit impedance, refcrred to as the generator im-
pedancc Zg, is negligibly small and that the output circuit
impedence, referred to as the load imvpcdance Z1,s is effect-
ively infinite., It 4s not proposed in the n»rcsent rcport
to consider circuit ,applications of the nctworks analyzed
but it may be stated in vpassing that the values of Z. and
Z7, prescnt when the network is uscd in the grid circtiit of
a low-frequency amplifier closely approximate these con-
ditions. The unsymmctrical “"L" section of Fig. 1 is taken
as the basic configuration.

b} o Z, - 3
.
INPUT I SRy
%2
’ l :
< FIG. 1 *
S5 The quantities Z1 and 22 may contain resistance and

reactancc tcrms as indicated by equations in complex form as
follows:

‘1 -
and
Z2 = a.2 =+ J b2 ] @ ° - L} ° ° " ] . ® e (C)

where a, and a, have values of zero or positive real numbers,
and b1 and b2 have any rcal number values including zero with
the limitation that b1 and b2 ecannot have unlike signs. PFor
resistance-inductance nectworks, 'b.| and b2 may be zero or
positive. For rcsistance-capvacitance networks, bj and b2

may be zero or negative. The symbol J indicates the com-
plcx number, v~ 1 .



65 Before obtaining the stcady-statc response equation,
another term cclled the open-circuit driving-point immedance
must be introduccd. As used hcre, the imncdancc between
terminals 1 and 2 of Fig. 1 measurcd with terminals 3 and 4
opcn=-clrcuited is designated the input open-circuit driving-
point impedance, Z,o. Similarly, the impedance betwecn
terminals 3 and 4 with tcrminals 1 and 2 open-circuited is
designatcd thc outnut open-circuit driving-voint impedance,

2340

The stcady-statc transfer characteristic, ¢ , may now bc
given by the general cquation

234 _ _Zp
Ziz L+ I,
The magnitude of o¢ is decsignated by the term attcnuation,
A, and is c¢valuated by

oL = :a-{-jb, e‘-l;.'(})

A=4/D,Z+bds ,...-oo!"!(4’)

whercas the nhesec of the outnut voltage relative to the
inout voltagc is designated by the term phasc shift, B, and
is given by

B=tan ' b Lo PR TR PORR R L
2

Since a is ncver ncgative, thc sigh of b dctermincs whether
thc output voltage lcads or lags the input. For a positive
valuc of b,a lecading phose shift occurss for a negative
value of b,a lagging phasc ghift results. In all networks
of the typc under considcration the phesc shift never ex-
cceds 90 degrces.

SIVCIT ~SECTION LOU-PASS FILTER

7 1ii¢ wroccdure outlined in the matcrial on "L" scction
networks will be apolicd to the single-scction low-~pass filter
of Fig., 2. As indicoted in the introduction, a carcful

study of cuch basic networks lcads to & generally applicable
method of analysis by which all rcsistance-capacitance and

2ll resistance~-inductancc networks may be analyzed. In

this cascy the scries-branch imnedance 21 becoemea R =nd the
shunt~branch immedance, Z5 becomes 1/pC where p is defined

as jws, w = 2rf, and f equals freguency in cycles pcr sccond.

Z;=R
| O AAAA o 3
R
INPUT Cc -~ ZZ: l/pC QUTPUT
20 04

Fig. 2



The equation for the transfer characteristic bccomes

.

et = = s P, 1 L= L] L L} - L] (6)
"+ 1 ‘ 17 ¥ DpRC
rC
X = 1 - pRC B 1 +

(1 + pRCIEY - pRO) 3 . 25000

. =wRC
T + w2R202 - - ® e s e e « . . (7)

The equation for attenuation is
s1/2 y
L] L] L . - L] L] ® L] L] (8)

A= {1 + ©2R2C2)
and the phase shift is

B = tan”' (-aRC). B2 bt ot s w « T

!

s As mentioned in the introduction, the plotting of
both attcnuation and phesc shift on a logarithmic frequency
scale has special merits in filter studies, If attenuation
is cexXprecssed in terms of dccibels, as determined by the
formula¥*

Agp = 20 log,g Ay .+ e v e o ... .. (10)
the charactcristic exhibits approximetely straight tine low
and high frecuency vnortirns when plotted on a logarithmic
freguency scalc as indicated by Fig. 3. The lines approached
by the attenusation cheracteristic are asymptotes of the curve
and o graphical cxtension of these asymptotes results in an
interceetion at & frequency having 2 particularly important
rclationship to the parameters of the network being analyzcde.
Equation (8) substituted into (10)

% A

8 0 K /agw%
g
ti - 20 db/decacle

FI1G. 3,

* Values of 'ccibels determined on a voltage ratio basis may
not bc used .n power level calculations unless the input and
output imvedcnces are egual in value and pure resistance,

#4—



gives the attenuation exprcssed in decibels,

_1/"
2) d.

"
Agp = 20 log,, (1 + o?RZC

=18 log,, (1 + wQRzog), S R - 1

from which it is possible to determine the asymptotes by re-
taining the porticn within the varentheses having importance
at extremely low frequencies and again at extremely high
frequencies. For low frcecquencies the cquation of the
asymptote,

Adb = 09 L] [] - . ® L] L] @ L @ o L] L] o ° e ® (12)

is & zcro-slope line at zero-attenuation level.
For very high frequencies the ceguation of the asymptote,
Adb = “20 10g10 mRC ° ® ° . - 9 o @ ° . n (13)

is thec equation of a line crossing the zero decibel attenu-
ation line at a freguency svecified by the equation

wo = 1 ® . » w L [ L] . ® © © © @ ] @ (14)

To distinguish from the variable, w, & sub-script zero has
been used., The intersection of the asymptotes thus defines
an angular frequency w, which may be used as a reference
frequency, fos specification (wo = QWfO). The significant
naturc of the value of w specified by cquation (14) is
emphasized by the fact that the reciprocel of w_, namely
RC, is the circuit time constant of transient agalysis.
Before discussing the slopc of thc high frequency asymptote
it is decsirable to introduce the term “decade". In con-
formity with a rising usagc, the term decade serves to mean
a frequcencey interval of ten to oney i.e.; an interval of
one cycle of graduations in & plot on common log yaper.
From a valuc of zcro decibels for w = w,s equation (13)
gives a value of =20 decibcls for w = 18w0. Accordingly,
the slope of the high frcquency asymptotc is =20 db/decade.
In using the results of a filter analysis, the unit of slope,
"decibels per decade", is highly satisf.uctory but an alter-
nate unit that is probably more gencrally used should be
mentioned. If the term "octave" is understood to mean a
freguency intecrval of two to one, an alternate value of

-6 db/octawc results for the slovc of the high frequency
asymptote,



“Os Equations ¢11) and (9) mey now be written in another
form as follows:

2 JER
Agp = =10 logyg [1 + (§o) ] e < aelan)

and -1 £
B = -tan (§ ) s s F ISR IR R CC R R £
8]
where
f0=1.1...........(17)
21 RC

The actual attenuation characteristic is a smooth curve
deviating from the asymototes by the grcatest amount, -3 db,
at the rceferencec frecuency. For a given numbcecr of decades
either side of the reference frcguencys the attenuation -
characteristic has the same deviation from the asymptotes.
Accordingly, conly a limited number of deviaticn values are
needcd in order to graph the tharacteristic. A study of the
cquation for phase ghift, eguation (16), reveals the fact
that the phase charccteristic has odd-function symmetry about
the refercnce frequency. Eqguations (15), (16), and (17)

are used to calculatc the values tabulated in Table 1 and
plotted on Plate 1. Attenuation and vhase shift given as a
function of freguency completcly specify the steady-state
transfer characteristic of a network, Both characteristics
are implicitly expressed by one cguation of the type of
equation 36 . Eqguation (6) may now be written in the form
(1 + p/mo ! which is the reciprocal of one of the two

basic functions upon which the simplified method of analysis
depcnds.

SINCGIE~-SECTION HIGH-PASS FILTER

10 A somewhat different vproccdure will be used in the
detcrmination of the steady state attenuation and phase
shift of the resistance-capacitance high-pass filter of
Fig. 'd.'q l

=
IE)-—-{C{ t PC © 3

INPUT R $ Z,=R OUTPUT




The steady-state recsponse cquation is written using the
procedure indicated by equation (3). Thus,

= ___‘_,_,_R__,,_ S — 1 {
e oRC | vie m v o £48)

By writing cquation (18) in the following svpecial form,
x = ( :CRC ) ( --'-'-j'-"-'—"——- ) 9 . “ - @ e & o Ll L] L] ( 1 9 )

we hove sevmarated the expression for the response of the
high-pass filter into two functions.

: L The second function of eguation (19) has been dis-
cussed in the varagraphs on the low-pass filter, and its
charactcrigtics are fully known. The resvlis of a similar
analysis of the characteristics of the first function when
proverly combined with theose alrcady obtained will give the
performance of the high-pass filtcer. Morcover, it will be
shown that the function pRC, when exXpresse@ more gencrally,
is the only other tyvec of function involved ia the transfer
characteristics defining the stecady-state response of any
resistonce=-capacitance or resistonce-inductancce filter net-
work. Accordingly, w¢ wroceed in thc analysis of the first
function of equation (19) by writing

e = RO, sl o s o= 8 e w ok £20)
and
B0 = 0 EEED. | o w as v s s o e s s 129)

Equation (21) ig in the form of a + jb, To obtain the
attenvstion in deeibels we write
2)-1/2

i o o -.-\2
Agy = 20 logy, (a= + b

]

10 logyq (0 + w?R20%),
Agyp = 20 log,, wRC. ool o s w e L2

Equation (22) shows thot attenuation c¢xnrcgssed in decibels
has a straight-linc charactcristic when plottcd on & log
scale. An angular refercice frequency wg, may be specified
by setting couation (22) equal to zero, thus:

(.DO = 1 L] L] L] L] L] - L] - Ll L] L] (23)
RC
From w, we have the referonce frequency fo since w, = QWfO-

Bquation (22) may now be written in the form

= 20 log,, (%0). e R T -
—?—

J'I.'L
db



o The sign of the decibel valne given by ecuatiorn (24)
depends upon whether the ratio f/fo is less than or greater
than unity. At any frecuencv lower than fos & negative

decibel value or attenuation results. For any frecuency higher
than f,;, a positive decibel value or amplification isindicated.
The slope of the characteristic is a constant .nd equal to

plus 20 decibels ver decade (sir decibels ver octave) for all
values of f. The phase shift is given by

= %
B‘“_: t".".l'l h = tc—,};ﬁ [+ @c—:} = 900 lead B oo s e 060 v 0 & 8 (25’)
S ' g 4

and is seen to be the same for all vslues of freguency f.
Plate 2 summarizes the above results for the function & = p/wé

13. Each of the two terms in eguation (19) are known as
complex functions of the real veriable w; since p = jw. Using
the subscrinte 1 and 2 to refer to the first and the second
function resvectively, the functions mayv be indicated in the
equivalent rectangular and vpolar forms

‘@ = ] e :Ej
1 (,.1 + J‘b1 A“ e 9 eon»»oneeu(gé)

and
@, =85 + 3, = Ay (B2, o & sevesen sl 270

where the symbol / B mesns at angle B. The product of two
such functions is given by¥*

(A‘l 2 (ﬂQABQ o
Ao v by (BU £ Bp  ») esnes (28)

1l

Finallw, since attenuation is expressed in decibels, the

met’ of interwnreting the oroduct of two functions is given
by
agw = (A, 0 A = A + A fes e ) o o n
av = (44 2lab = A1gy * Aoy, ¢29)
and o
B=Byd By s | suscasaveswses s veal B0

We are now able to combine the results given for the function
(p/wy) by equations (24) and (25) with the previously obtained
results for the function (1 + n/wy)~1, equations (15) and
(16), to exhibit the steady-state attenuation and phase shift
for the high-nass filter of Fig. 4. The equations are as
follows:

*¥For a detailed discussion see a text on circuit theorys; e.g.,
"Electric Circrits," M.I.T.Staff, 1943, John Wiley & Soms, Inc.

- e



Ay = =10 logyg {1 + €0l - L AR SSTEN s
and -1
B = tan f,/f. LR e

However, the »urpose of the foregoing study is not that of
deriving eqguations but one of indicating an approach for
obtalning the owversll cehorccteristics of the network by
gravhical means. The procedure indicated in methematical .
terms by cquations (29) and (30) iec apnlied graphically by
combining the data of Plates 1 and 2 as shown by Fig. 5.

The method does not rewuire that the reference frequencies of
the functions involved be the samc, as is the case here.

)
1)
g Eﬂﬁ\\g////
P/w,
] Lo
a °r i <l w >
9 g
Q
e
~ I ,
& S
% 5 ol
y
90”_“h_ e
"
3 Spase - e
:h 4':3 | + P/wﬂ
5
QI\: OD_‘—_'" s OJO Lt >
"""-\\
8 o Lase P ‘
€ < \\\ﬂ I + Plw,
§ 3 -
Q A‘M"h- e
900_ Sl R e

Fig, § ~-~ Single-Scction High-Passg Filter



THE FUKCTIOMS (

14, In
only two

the

introduction

» (1 + p/w,), AND (p/w).

it was

stoted that functions
basic tymnes are involved in the exvwressions for

of

the steady-state response of resistance-cavecitance and of
resistance-inductance filter networks.

appendir that one of them, p/w..
but that the other, namely (1

It is
pgceurs only in the numerator
p/w.)s may occur in either or

gshown in the

both the numerator cnd denominotor of the transfer character-

istic eguaticn.
tive not studied was the function (1 + /W )
Here,

numerztor.

In the »nreceding discussien the only alterna-

term in the

P i =
[ | i

the riesults for the 1ow—8ass filter may be
used directly by chonging the sign of both the vhase shift
ongle and attenuation.

Phose shift starts
rises to 90° lead instead of dropving to 90° lag,

from zecro and

The

"attenuation" becomes negative attenuation or amplification.
The foregoing is summarized and shown graphically by Figures

6, 7, and

on Plates 1, 3, and 2 respectively.
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RESISTANCE -INDUCTANCE NETWORY SECTIONS

1h. The steady-state transfer charccteristies of resistance-
inductence filter nctworks moy be obtained in an exactly

ayial

analogous manncr to that uscd in studying the resistance-
capacitance networks. The same two basic forms of functions
avpear s ig shown by the equcations written for the networks
of Figs. 9 and 10,

Zy = FJL.
o 5O 03
L
INPUT R %ZZZR DUTPUT
20 04

Fig, 9--- Low-Pass R-L Vetwork.

The transfer characteristic equation is

= R = ! PRI P
> w Kol e
Z.=R
o N O ©3
R
b=

INPUT 1 gzz'-'- PL OUTPUT

O 0 4.

Fig. 10--- High-Pass R-L Network.

The transfcr charascteristic equation mey be written in the
form

& = i — BARIEL . 5  svemsassiB8)
R + oL 1+ p/(R/L)

or in the form

v amak 25)

By analogy with ecuations for the resistance-canacitance
networks, rcferencc frequency specifie-tions of w. = (R/L)
are noted throughout the above ecuations. All otBer dctails
ozre the same for both tvpes of networks.

o S



APPLICATION OF THE SIMPLIFIED ANALYSIS PROCEDURE

16. The study of the basic functions upon which the method
of analysis of the stcady-state verformance of resistance~-
capacitance and of resistence-inductance f ilter networks
devends has been comnleted. The details of the application
of the method are best slown by analvzing = more comvlicated
configuration, namely, the circuit of Fig. 11.

R|= .47 Meg
e VAVAVAY VAV
|/
e 1C -0 3
Ci=.) mFo.
INPUT = R.=1 Meg. QuUTPUT
C,=.25mrp, =
20" 04

Pig. 11.

The procedure mey be sevarated into six stevs: (1) Write
equation for transfer characteristic. (2) Note the functions
involved, (3) Drew individual asymptotes and combined overall
asymptotic cttenuction characteristics. (4) Draw individual
vhase shifts and combined overall phasc shift curves. (5)
Compute values using spccific circuit values. (6) Prevare
accurate graphs using valuecs assembled in (5). These steps
are applicd to the circuit of Fig.11 as follows:

(1) Write cquation for transfcr characteristic.

Ro
* + Ho
i =k pRTC1 1 + pRgC,
y * 5o 1+ pl e )(es &6,

Ba + B

1 2

(2) Note the functions involved.
(2) R2 $ & constant attenuation, no phase shift.

R1+Rn
=

- 12 -



&7 - 1 3 a low pass filter character-

R4R

)(?1+Cg)

istic with an angular reference frequency W4 egual to
the reciprocal of the coefficient of p.

(e¢) 1 + pR4C
a reference frequency determined by Wy = 1/R1C1.
(3) Draw individual asymntotes and combined attenuation
characteristic.

See Fig. 12%.

4 3o =7
I A g "
3 dbi//
T 4 *20//
“ﬁztlééq /i;~
3 oy I - d (l+fy&52)
\y 1 =
3 SRy M = j——'”-—}’
E Rz i & ] T kyeﬂ"
R+ R ~
Q !i z ELN = L ‘L* e
! S \\‘::DG . c,,_
= / éb |~\H3§§§ ¢, +Cp
2- o/ f?},?z \‘(? QVERALL
- ,fﬁk(gdi%) f —45\ ¢
N i
142y’ .
o/ ‘\‘
Fig, 12.

1 3 the reciprocal of & low=paferfilter with

* Note that the -20 db/decade portion of the overall character-
istic is not an asymovtote in the mathematical sense but such

usage is convenient.

- 13 =



(4) Draw individual phase ghifts and combined overall phasc
shift curves. Sce Fig., 13.

~ - 90 S e
. 3
N
e | (1+ ptes,, )
ﬁ wj/
N -
P \ - o
& : OVERALL
w 45 :
g s )
Q ® \\Qﬂ “)y
3fee |

Eise 14,

(5} Computc values using svecific cirecuit values.

R2 = 1 = .68§ = 3-35 db-
Ry + R, 1 + .47
1 = 1 = 8,043 L4 = 1.42 cps
(52 (¢ + 85) l.iz (4+ .25)
R, + R <47
1/R4Cy = 1/(.47 + .1) = 21.173 fo = 3.38 cps

For convenience in graphing, nrevare a table of attenucation
and phase shift values with corresponding frequency values.
See Fig. 14.



o/, g e thn | 30)
1/16 «21 +02 3.6
1/8 18 W42 07 7.1.
1/4 .36 .84 v 33 14.0
1/2 Wk 1.69 .97 26.6

1 1.42 3.38 3.0 45

2 2,84 6.76 7.0 63.4

4 5.68 13.52 9. 76.0

8 11..36 27 .14 181 82.9

[16 22.72 J 24 .1 86.4

Fig. 14

(6) Prevare accurate graphs using values assembled in (5).
See Plate 4. A variation of the magnitudes involved
in the narticular network studied can cause a somewhat
wide variation in the overall results., See Plate 10.

AIDS IN FILTER DESIGN

17, In equalizer and filter design work, the general
charncter of the attenuation and phase shift obtainable
with n given network serves as a guide in selecting a
varticular circuit configuration. Adjustment of the
characteristic to meet marticular requirements is often a
rather tedious cut-and-try process, This is especially
true when the circuit is somewhat complicated and variation
of the magnitude of a component in one branch causes
interaction in other branches, When the network response
has been found by the simplified method of analysis nre-~
sented here, the effects of all elements in the circuit

are clearly revealed with the result that suitable design
values may be readily assigned, Thus, the designer has

at his command a means whereby he can make minor adjustments
in the characteristics to meet varticular needs.

w 15 %



18. Design data for "L" section networks comvosed of
resistance, canacitance, resistance-capacitance in parallel,
and resistance-canacitance in series used in eigher the
series or the shunt branches are vresented on Plates 5
through 12, The sixteen poscible combinations are shown.
Bach data chart is divided into five parts: (1) Circuit
schematic of the network. (2) Steady-state transfer
equation, (3) Attenuation asymptotes. (4) Attenuation
characteristics. (5) Phase shift curves. Plate 13 pro-
vides an index to the materisl of Plates 1 - 12. The
illustrotions are meant to be general and the relative
location on the freguency scale is not restricted to the
one~octave interval between reference frequencies shown

on many of the plates. On Plate 10 the circuit on the
left half is cavable of producing an asymptotic character-
istic with a high-frequency portion other than zero. The
characteristic shown in the illustration is a svecial case
in which f01 is exactly one octave higher than fo’ In

the right half of Plate 10, the phase shift shown should
approach 90 degrees lag but fails to do so because of the
varticular choice of the attenuation reference freguencies
used in the illustration.

CONCLUSIONS

19. The equ~tions for the steady-state performance of
resistance~capacitance and resistance-inductance filter
networks are shown to have factors of the following basic

forms:

1 + p/wo, and D/ Wy -

A simplified method of analysis is develoved and applied
to various configurations containing resistance and
capaciltance,
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APPENDIX 1 =-- Types of Functions in Transfer Characteristic
Equations

21 In paragravh 3 of the introduction, the statement
was made thot the transfer characteristic equations written
for filter networks containing only resistance and cavacitance
or only resistance and inductance gomtain two types of
functions, The nurpose of the following is to prove that

only these two functions occur in the basic "L" section of
Fig. 1, reveated below:

Z,
| o—AANN- ' -0 3
2;2-%- Zé "‘#2:34
20 + —04

Fig. 1

22, In the circuit of Fig. 1, 2, and Z, are driving
voint impedances of two resistance-capacitanca or resistance~
inductance circuits. The characteristics of driving vpoint
impedances are discussed thoroughly in numerous reference
books on filter theory. The treatment of E, A. Guillemin,
"Communication Networks," Vol, II, John Wiley & Sons, Inc., is
followed here with a change in the notatian. In par-
ticular, see pages 208 and 212 of the above reference. For
resistance-inductance circuits the gencral equation for
driving point impedances is

Zipl =B (p~ 5l - p3)------(p - Pop-1)

. = {3F)
(p = PQ)(D = D4)------(p i pgn_g)

= ® & DPon.q & Poped CovendDplBs 4 0 .« . (38)

Note that the roots and poles of Z(p) are p = p; £ 0. For

circuits containing resistance and cavacitance the general
equation fer driving voint impedance is

2(p) =H (p=pp -paecececclp = moq) || (39)
p (p - pé)[p - p4).......rp - DPop.2)

= C!)é?’)zn_1 < Popap <.-..-<D2< p.‘ ‘_(‘ g - & = (40)

-17 -



The transfer characteristic for "L" sections networks is given
by

&L= %3 o PR S |

Since 22 is a driving point impedance and Z1 + 22 is a driving

point impedance, the function obtaired by the quotient is of
the form of either equation (37) or (39). Thus, the equation
for o has only the two types of functions discussed in
paragraph 3. As aon additional conseguence of the above proof,
the transfer characteristic for "L" scction filters has been
shown to contain roots and voles with negative real parts only,

TABLE 1
Attenuation and Phase Shift for the function ( 1 +_§7w0 ).

The formulas used in evolusting the function are:

hgp==10Tog (14 (315 ... i. (1)

B = = ‘t_«’.‘-,l'l— 1 (i ) . » L] L3 - o L] » . - [ . ) (16)
: fo
f/fO Asp B
1438 0 - 1.8
1/16 -.02 - 3.6
1?8 -.07 -17.1
1/4 -+33 -14.0
1/2 -.97 -26.6
-T "'3.0 -45’
2 -7.0 -62.4
4— “12.3 "7 .O
8 -18,1 -82.9
16 -24.1 -86.4
32 -30.1 -88.2
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