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Consensus of Multiple Nonholonomic Mechanical
Systems

Wenjie Dong
Department of Electrical Engineering,
The University of Texas — Pan American

Abstract

This report considers the consensus problems of multiple nonlinear systems. For different nonlinear systems,
distributed controllers are proposed such that the states of a group of systems converge to the same value with
the aid of neighbors’ information. In order to propose distributed control laws, different techniques are applied. To
show the effectiveness of the proposed controllers, simulation has been done.

I. INTRODUCTION

Due to increasing task complexity and high performance requirements, distributed cooperative control
of multiagent systems has been an active research area in recent years. While such systems have a wide
spectrum of military applications there are still various challenging open research issues. Cooperative
control of multiagent systems has attracted multi-disciplinary researchers from a wide array of fields:
control system theory, physics, biology, applied mathematics, computer science, and robotics. In the past
decade, the attention of most researchers has been paid to cooperative control of multiple identical linear
systems or multiple mobile robots with specific simplified identical kinematic models without uncertainty.
For cooperative control of multiple systems, various control strategies have been proposed, such as
behavior-based [1, 12, 30], virtual structure [2, 15, 28], leader-follower [6, 19,32, 35], artificial potentials
[14,17,18,23,25,31], and graph theoretical [5, 8, 13, 16] methods, to name a few.

In cooperative control, consensus algorithms play an important role. A major issue in consensus
problems is how to achieve an agreement on some quantities among multiple systems, where agreement
can mean a collaborative solution to some problem of interest. Many cooperative control problems can be
solved with the aid of consensus algorithms or techniques developed for solving consensus problems. These
cooperative control problems include collective behavior of flocks and swarms [25, 31], sensor fusion [24],
formation control of multiple robot systems [13,26, 32], synchronization of coupled oscillators [4, 11], etc.
Pioneering work on the asynchronous agreement problem for distributed decision-making systems was
done in [3,33]. In [34], alignment of multiple discrete-time agents was discussed and control laws were
proposed by using local information. The simulation results in [34] demonstrated that local controllers
with neighbors’ information can make all agents move in the same direction. In [10], Jadbabaie et al.
provided a theoretical analysis of the consensus property of the Vicsek model with the aid of results from
algebraic graph and matrix theories. For networked continuous-time systems, a theoretical framework for
consensus control problems was introduced by Olfati-Saber and Murray in [27]. In [29], Ren extended
the results obtained in [10,27] and presented improved conditions for state agreement under a switching
communication case. Paper [20] considered the stability of multiple agents with nonlinear models in
discrete time and time-dependent communication links. Necessary and/or sufficient conditions for the
convergence of the state of each individual agent to a consensus vector were presented with the aid of
graph theory and convexity techniques.

In this report, we consider the consensus problem of multiple nonholonomic mechanical systems with
kinematics and dynamics. In solving the consensus problems, different techniques have been applied. For
example, algebraic graph theory, backstepping, adaptive control theory, and robust control theory.



II. DISTRIBUTED CONTROLLER DESIGN FOR CHAINED SYSTEMS
Consider m systems where the j-th system is defined by

501]' = Uiy (D
j32j = Ugj ()
Ty = V%o, 3<1<n 3)

The communication between systems is defined by a directed graph G = {V, £}. We consider the following
problem in this section.

Consensus of Multiple Chained Systems: For a group of m systems in (1)-(3), the problem is how
to design a distributed control law (vy;, vq;) for system j based on its own information and its neighbors’
information such that

Jim (z.; —¢) =0, 1<j<m, 4)
where z.; = [z1;,...,%,;]" and c is an unprescribed constant vector which depends on the initial condition

of each system and the topology of digraph G.

The system (1)-(3) has a cascade structure. (1) is a linear system and (2)-(3) is a linear time-varying
system. We propose the following results for the system in (1).

Lemma 1: For m systems in (1), the distributed control law

Vi = My 5)

my = —kiry+ Gy (6)

Cij = —kaliy+ Cy (7N

Cn—S,j = —kp—2Gu—3; + G2 ®)

Cn-2; = — Z aji(Cre2j — Cn-2,i) — b(Cn—2j — @) + & 9)

ieN;
ensures that

}i}m (xlj - xll) = 0, 1<j#I<m (10)

where aj; are positive constants, b > 0, k; > 0 for 1 < ¢ < n — 2, and « is a variable. Furthermore, if
a 1s a bounded persistently excited signal and ¢ is also bounded, then v;; is a bounded PE signal and
limy o0 (V15 — v17) “ZOoforl<j#1<m.

Proof: Let En_27j = (p—2,; — o and QN"n_Z* = [En_gl, . ,5n_27m]—r, with the control laws we have

oo = —LGimow— blnoon = —(L+ b (11)

where £ is the Laplacian matrix. Since b > 0, (£+4bI) is a Hurwitz matrix. Therefore, (,_ . exponentially
converges to zero, which means that ¢, o ; exponentially converges to a.
Let ile =T1; — Tu and Ci,jl = Cij — Cﬂ for 1 < ) <n-— 3 and 1 < j 7& l <m, then

Tij = —kiZij+ G
Crjg = —kaCuji + Gai
Coosji = —kn2Gu-3+ G2,

Since k,,_o is positive and Qtn_zjl exponentially converges to zero, it is obvious that 571_3,]‘1 exponentially
converges to zero. Similarly, it can be proved that (,_3 j exponentially converges to zero. Repeat this
procedure, it can be proved that 7, ; exponentially converges to zero.



Since limy ,o0(21; — 21) 2 0 and limy 500 (G — Cu) 20, limy o0 (vy; — vyy) 2 0. By (6)-(9),
x1; = H(s)(y—2; where H(s) = m and H(s) is a stable, minimum phase, proper rational transfer
function. So, v1; = sH(s)(y—2- It is obvious that sH (s) is also a stable, minimum phase, proper rational
transfer function. By Lemma 4.8.3 in [9], vy, is a bounded PE signal. |

Remark 1: In Lemma 1, « is a control parameter. The reason for introducing it will be clear later.

Remark 2: In Lemma 1, b is a positive constant. Actually, b can be zero for some systems.

With the aid of the results in Lemma 1, we are ready to design controllers for the systems in (2)-(3).

We define the variables

zij = @i+ 0, 2<i<n (12)
where
an =0
Borg = Vi
2n—>5 L.
ﬁl] = Ulj zl+17j—|—761+17j, l:/n,_2,n_3,,2
V15
then we have
Zgj = U2 + 523' (13)
21’]’ = —'U%;-lillzij -+ V1j%i—1,55 3 S 7 S n (14)

It should be noted that the transform defined in (4) is global since (3;; is well-defined because its special
form. The following results can be proved.
Lemma 2: By the transform (4), if

tgm(zij—zz’l):o’ 2<i<nl<j#I<m (15)
then
tlgn(xij—xu):(), 2<i<n;1<j#1<m. (16)

The system (13)-(14) has a special structure. We will take advantage of this structure and have the
following results.
Lemma 3: If vy; is a bounded PE signal, 25; and 25, are bounded, and

tllf&(ZQj—Zgl):o, 1<j#1<m 17

then (15) holds.
Proof: For systems j and [ and j # [, we define e = 23, — z3. Then

e = —U%;L_46 —+ (U%ln—4 — U%;L_4)Zzl -+ (UljZQj — UngQZ) (18)
Since vy; is a bounded PE signal and (z9; — 29;) converges to zero, it is obvious that e converges to zero,
which means that z3; converges to z3;. Similarly, we can prove that z;; converges to z; for ¢ = 4,5,...,n.
|
Thanks to Lemma 3 and Lemma 2, it only needs to design vy; such that (17) holds. We have the
following results.
Lemma 4: 1If the communication digraph has a spanning tree, the control law

V25 = T2 (19)

J
e; = — Z aji(ZQj - 221‘) - 523‘ (20)
ieN;



ensures that (16) holds.

Combine the results in Lemma 1 and Lemma 4, we have the following results.

Theorem 1: For the m systems in (1)-(2), if the communication digraph has a spanning tree and « is
a bounded PE signal and « is bounded, the control laws (5) and (20) for system j ensure that (4) holds,
where the control parameters are defined in Lemmas 1 and 4.

In Theorem 1, « is required to be a bounded PE signal. There are many choices of &. For example,
we can choose a(t) = sint.

There are other methods for designing distributed controllers for the kinematic systems in (1)-(3). For
example, the method proposed in our paper [7] can be applied to propose distributed controllers.

III. DISTRIBUTED CONTROLLER DESIGN FOR DRIFTLESS SYSTEMS

In this section, we considered the following driftless systems

Quj = G15V15 "+ F GsjUsj = GujUs; (2D

where ¢, ..., gs; are smooth functions on R" such that in a neighborhood of 0 the dimension of the
distribution A;(q.;) = Span{g(q«;) : g € Lie{grj, ..., 9s;}} 18 n.

The problem considered in this section is as follows.

Consensus of Multiple Systems: For a group of m systems in (21), the problem is how to design a
distributed control law v,; for system j based on its own information and its neighbors’ information such
that

lim(g,; —¢c) =0, 1<j<m, (22)

t—o00

where c is an unprescribed constant vector which depends on the initial condition of each system and the
topology of digraph G.

Practical distributed controllers can be proposed with the aid of the transverse function. For simplicity,
we assume the communication between systems is bi-directional in this section.

With the aid of the results in [22], we have the following results.

Lemma 5: For the system in (21), if the dimension of the distribution Span{g(x) : g € Lie{g1j,...,9s;}}
is n, there exists a function f;(f.;,€;) € R™ such that the matrix

of; of;
H;(Bag) = 1915(f3), 925 (f3): -+ G 8512’ S fwn_]s,j
is nonsingular for any 3,; and ¢; > 0, where 8,; = [B1j, . ., Bn_24] "> Bs; € R"~* and the function f; has

the following properties:

1) f; is bounded for any f(,;;

2) hmsj—>0 fj(ﬁ*j, Ej) = 0.

The proof of Lemma 5 can be found in [21,22]. The construction of f; can be found also in [21, 22].
The function f; is called the transverse function.

With the aid of Lemma 5, it can be found the function f;(5;,¢;) such that G; is nonsingular. Define

Zej = Quifi(Bugi €)™ (23)

then, we have
. Vyj
Zag o = drye.,)(@eg)dl, (Fi(Beg)) Hi(Big) l _/3‘]. ] 24)
*J
where the meaning of the notations can be found in [22].
We define the neighbors’s difference as

Cxj = [€15,- - enj| = 2,\:, ji(Zaj — i) (25)
1€N;



If B*j is considered as an additional input, we propose the following distributed control law.
Theorem 2: For the m systems in (21), if the communication graph has a spanning tree, the control
law

vy = Ty (26)
Usj = Tsj (27)

iy

: . —1
= —H;(By)” dl-1(qy)dry;s.,)(24) [Z aji(2 — 2*@')] (28)
Msj ! 1N
—Bas
ensures that

Im lg.; — guil| < 0(ee). (29)

where (¢ ¢;) is a nonnegative continuous function of ¢; and ¢; and limy;| 1,10 6(€ 6;) = 0.
Proof: By Lemma 5, G; is nonsingular. So, the control law exists. Substitute the control law into
the system, we have

le = —€1j (30)
: €29)
an = —enj (32)

Choose a function
.
Vi= 2, L2

where z;, = [2i1,..., 2] and L is the Laplacian matrix, we have
: T p2
Vi = —2, L%

By integrating both sides of the above inequality, it can be shown that z;, is bounded and Lz;, converges
to zero, which means that (zz-j — z;) converges to zero for 1 < j # | < m. Therefore, (29) holds. |
Remark 3: If €; is chosen to be a small constant, ||f; — fi|| is a small constant, which means that
|z.; — .|| converges to a small neighborhood of the origin. We say (22) is achieved practically.
Remark 4: In Theorem 2, nothing is said about f,;. So, 3,; may be bounded or unbounded. Thanks
to the properties of the function f;, the boundedness of 3,; plays no role in the consensus problem.

IV. DISTRIBUTED CONTROLLER DESIGN FOR DYNAMICAL SYSTEMS
We consider m systems. The j-th system is defined as

Ty = vy,  Tgj = V5, Ty = VTi-1y, S <1< n (33)
Mjf)*j + CjU*]’ + Gj + Dj = BjTj (34)
where v,; = [v1j,v9;] " and x,; = [x1;, ..., %] . The following properties are satisfied.

Property 1: Mj is bounded and M j— 2@ is skew-symmetric.
Property 2: For any differentiable vector £ € R?,

Mjé —+ 0]5 + éj = }7(55*]', i*j) 57 é)aj

where }7] is a known function of z,;, &.;, §, and 5 , and a; is the inertia parameter vector.
The problem considered in this section is defined as follows.



Consensus of Multiple Systems: For a group of m systems in (33)-(34), the problem is how to design
a distributed control law 7; for system j based on its own information and its neighbors’ information such
that

Jim (2, — ) =0, 1<j<m, (35)
where z,; = [z1;,...,2,j]" and c is an unprescribed constant vector which depends on the initial condition

of each system and the topology of digraph G.
In the dynamics (34), we first assume that the inertia parameter vector a; is a constant and is unknown.
In order to design controllers for the systems in (33)-(34), we let

Uyj = v~y (36)
Ugj = w5 —Mj, 1< jg<m (37)

where 7;; and 7y, are defined in (5) and (20), respectively. Then we have

B1 = 1y + g (38)
Toj = Toj + (39)
Ty = (my + 0j)Tic1y, 3<i<n (40)
M;,; + C;0,; = Byr; — (M + Cyny; + G5 + Dj) (41)

where Vyj = [Uljy UQj]T.
For the systems in (38)-(40), we have the following results.
Lemma 6: For the m systems in (38)-(40), if the communication digraph has a spanning tree, then
1) z;; —x; is bounded for 1 <i <nand 1 < j # [ <m if 9;; and Uy, are bounded for 1 < j < m.
2) z;; — x; converges to zero for 1 <i <mnmand 1 < j # 1 < m if 0y; and 0y; converge to zero for
1<j<m,
Proof: Let 71 j; = x1; — x1;, we have

fl,jl = —k1Z15 + 51,3'1 + 015 — vy (42)

Since Q:le exponentially converges to zero, the system (42) has the input-to-state stability property for
input (0;; — 01;). This means that #; j; is bounded if ¥;; and 7y, are bounded and Z; j; converges to zero
if v1; and vy; converge to zero.

For the systems in (39)-(40), with the aid of the transform in (4), we have

22]' = T2y + 623‘ + {)Qj (43)
Ziy = _U%?%Zij + 215, 3<i<n (44)

It can be proved recursively that z;; is bounded if z;_;; is bounded and z;; converges to zero if z;_; ;
converges to zero. Therefore, ;; — x;; converges to zero for 2 < i <nand 1 < j # [ < m if 0;; and 0y,
converge to zero for 1 < j < m. |
With the aid of the results in Lemma 6, we can design controllers such that v;, and 0., are bounded
and converge to zero.
For the dynamics of each system, we have

Mjig + Cing + G = Y;(@ug, Bajy Mg )05 (45)
where a; is the inertia parameter. For the disturbance Dj, it is assumed that
1D;1I < pj(z) (46)

where p; is a known function of x,;. If the inertia parameter a; is a constant and is unknown, we have
the following results.



Theorem 3: For the m systems in (33)-(34), if the communication digraph has a spanning tree, the
control law

Tj = B]—l [—Kjﬁ*j —+ }N/jdj — pﬁlgn(f)*j)} (47)
a; = —I;Y 0, (48)

ensures that (35) holds and a; is bounded, where K; and I'; are positive constant matrices.
Proof: Let

1.+~ 1, . EER
Vi = 505 Mt + 5(8; — ;)17 — o)

Differentiating it along the closed-loop system, we have

oo AT e ST T

Vi = =0, K0 — pi0,sign(vy;) — 0,,;D;
~T .

< —U*jKjU*j S 0

Therefore, V; is bounded, which means that v,; and a; are bounded. By Barbalat’s lemma, it can be
shown that v,; converges to zero. [ ]
In Theorem 3, the unknown inertia parameter is estimated by an adaptive control law. If an estimate
of a; is a; and
la; — a;]] <
for 1 < j < m and ~; is a known constant, we propose the following robust control laws.

Theorem 4: For the m systems in (33)-(34), if the communication digraph has a spanning tree, the
control law

7 = Byl [=Kjbg + Ya; — yYsign(Y; 6.) — pysign(i)] 49

ensures that (35) holds, where K is a positive constant matrix.

Proof: Let

1 ~—|— ~
‘/} — iv*jv*j

Differentiating it along the closed-loop system, we have

Vi = —0,K;b.; — posign(d.,) — 05D,
+77*ijj(5lj —a;) — Vjﬁg}/}sign(YjT@*j)

~T ~
S —'U*jKjU*j S 0

Therefore, V; is bounded, which means that v,; is bounded. By Barbalat’s lemma, it can be shown that
U, converges to zero. |

In Theorem 4, the unknown inertia parameter a; is not required to be a constant. In the control laws,
«y; 1s required to be known. It is possible to estimate it.

V. DISTRIBUTED CONTROLLER DESIGN FOR GENERAL DYNAMICAL SYSTEMS
Consider m systems where the j-th system is defined by

Qxj = G1jV15 "+ F GsjUsj = GujUsj (50)
Mjf}*j —+ CjU*j + Gj + Dj = BjTj (51)
where v,; = [v1j,v9]", g1j» ---» gs; are smooth functions on R™ such that in a neighborhood of 0 the

dimension of the distribution A;(q.;) = Span{g(q.;) : g € Lie{g1j,...,gsj}} is n.
The following properties are satisfied.
Property 3: Mj is bounded and M j— 2@ is skew-symmetric.



Property 4: For any differentiable vector ¢ € R?,
Mié+ Cié + G = Yiauy, iny, €, €)ay

where }7] is a known function of z,;, @.;, £, and 5 and a; is the inertia parameter vector.

The problem considered in this section is defined as follows.

Consensus of Multiple Systems: For a group of m systems in (50)-(51), the problem is how to design
a distributed control law 7; for system j based on its own information and its neighbors’ information such
that
lim(¢,; —¢) =0, 1<j<m, (52)

t—o0

where c is an unprescribed constant vector which depends on the initial condition of each system and the
topology of digraph G.
In the dynamics (51), we first assume that the inertia parameter vector a; is a constant and is unknown.
In order to design controllers, we let

Vi = vy —miy, 1<7<s (53)
where 7);; is defined in (26)-(27), respectively. Then we have
Z"*j = —€yj + gljﬁlj + -+ gsjf)sj (54)
Mjv.j + Cjouy = Bty — (Mjij; + Cjneg + G + Dj) (55)
For the dynamics of each system, we have

Mjipey + Cjtneg + Gy = V(s g gy 1heg) g (56)

where a; is the inertia parameter. For the disturbance f)j, it is assumed that
1D;]| < pj(s5) 57

where p; is a known function of ¢,;. If the inertia parameter a; is a constant and is unknown, we have
the following results.

Theorem 5: For the m systems in (50)-(51), if the communication graph has a spanning tree, the control
law

7 = Byl |=Kjig + Ya; — psign(iyg) — A (58)
a = —I;Y;'0, (59)
ensures that a; is bounded and (52) holds, where K; and I'; are positive constant matrices, and
iz €ijlguli
A = : (60)
> €ijlgssli

where []; denotes the i-th element in [-].
Proof: Let

V= Zz Lz, + Z U*JM Dy + Z —a;)T5 (a; — aj)

Differentiating it along the closed-loop system, we have

m

Vo= —ZszZ’zﬂ—ZﬁLijJ ZPJU*JSIgn By) = 2 04;D;
j=1

j=1
m
T p2 ~T g~
< —Zz L ZZ*—Zv*jKjv*j

J=1



By integrating both sides of the above inequality, it can be shown that V' is bounded, which means that
Six, Us; and a; are bounded. Furthermore, it can be shown that by Barbalat’s lemma that z;,, and 0,;
converge to zero. Therefore, (29) holds. |
In Theorem 5, the unknown inertia parameter is estimated by an adaptive control law. If an estimate
of a; is a; and
la; — ;]| <

for 1 < j < m and ~; is a known constant, we propose the following robust control laws.
Theorem 6: For the m systems in (50)-(51), if the communication graph has a spanning tree, the control
law

T = B’j_l [—Kjﬁ*j +Y;a; —v;Y; mgn(?}Tﬁ*j) — pjsign(d,;) — AJ} (61)

ensures that (52) holds, where K is a positive constant matrix and A; is defined in (60).
Proof: Let

n m 1 -
— =
Differentiating it along the closed-loop system, we have

m m m
Z ZTEQZZ* — Z ff*TjKj@*j — Z pj@;erign(@*j) - Z @*Tij
j=1 J=1 Jj=1
m

—1—217;1/} Z o Ysign( Y Usj)

Therefore, V' is bounded, which means that z;, and v,; are bounded. By Barbalat’s lemma, it can be
shown that z;, and v,; converge to zero. [ ]

In Theorem 6, the unknown inertia parameter a; is not required to be a constant. In the control laws,
7y, 18 required to be known. It is possible to estimate it.

VI. SIMULATION

To verify the proposed results, simulation has been done for five nonholonomic wheeled mobile robots
on a horizontal plane. Robot j is constituted by a rigid trolley equipped with 3 nondeformable wheels.
The orientation of the 2 wheels with respect to the trolley is fixed, while the orientation of the third wheel
is varying. See Fig. 1 for details. We assume the plane of each wheel remains vertical and the wheel
rotates around its (horizontal) axis. The contact between the wheels and the ground satisfies non slipping
condition. The mobile robot is driven by 2 motors which provide torques acting on the rotational axes of
the 2 wheels whose orientation is fixed.

The constraint of the non slipping condition can be written as

xjsinf; —y;cost; =0 (62)

where (z;,y;) is the position of robot j and ¢; is the orientation of robot j. The dynamics of robot j are
described by the following differential equations

1
m;E; = Xjcosb;+ — 7 (71 + T9;) cos b,
j
1
m;ij; = —Ajsing; + — 7 (T1j + 7o;) sin b, (63)
j
. L.
1.0, = J(Tl. — Taj)
VA Rj J J



Driving wheel
(Xj ' yj )

Driving wheel

Passive wheel

O

Fig. 1. Configuration of robot j

where m; is the mass of robot j, and /; is its inertia moment around the vertical axis at point Q. I; is
the radius of the wheels and 2L ; the length of the axis of the front wheels, and 7;; and 7,; are the torques
provided by the motors.

Let q.; = [z, 9;,0;]

mj O O
Mj(g5) =1 0 my; 0 |,Ci(qsj>G+) = 0,Gj(qsj) =0
0 0 I

cost; cosb;
B;(q+) = ﬁ siz g, Sil}/@j ,J; = [sinf;, — cos b, 0]
J . e
j j

The system (62)-(63) is in the following form

Ji (i) G = 0 (64)
M;(uj)dej + Cj(Gujs @) Gnj + Gi(dej) = Bi(@ug) 7 + T (4ug)j Ay (65)
Let
cost; 0O
Gy = | sind; 0
0 1
then Equations (62) and (63) are converted into
jl'j = U34COS (9j
gj = Uy sin 9J
" B ufj 66
mytny = (1 + 1) (00)
7’
Ly, = —j(ﬁ- — Taj)
7 U2j R; J J
With the transformation
Ty = —0;
Ty; = xjcos0;+ y;sind;
T3; = —Zj sin 0]‘ + y; cos Qj
vy = Uz
Vo = U1 — T3;V1j
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Fig. 2. Communication graph.

Equation (66) can be converted into the following standard form

15 = Vi
T2j = U (67)

1'3] = ZL‘QJ’UU
M;o,; + Civ.; = BiTy;

where

M' _ Ij -+ mjxgj mjxgj é _ mjxgjjl'gj 0 B _ i iL’3j + Lj .1'3]' — Lj
J m;xs; m B mji’gj 01>/ Rj 1 1

and
M;(q;)€ + Ci(qujy 455)§ = Y(Gujs Gujr €5 §)aj

where the inertia parameter vector a; = [m;, [;]”

¥ . : T '51 + 3133'52 + 2303561 51
Yi(qui, s €,6) = 3561 T T356 5 L35
(q ] q ] 5 5) l xgjfl + 52 + jjgjgl O

The consensus problem of the kinematics in (67) can be solved with the aid of the results proposed in
Theorem 1. If the communication graph is shown in Fig. 2. The controller is proposed as

Uiy = Ty (68)

m; = —kiry+ Gy (69)

Gi = — > ai(Cij — Ci) = (¢ —a) + @ (70)
ieN

Vo = T2j (71)

T2y = — Z a]z 225 — ZQZ (72)
’LEN

where k1 > 0, aj; > 0, b > 0, and o = sin(14t), z9; = xa; + Poj, 235 = w35 + P35, P35 = 0, and
Ba2; = v1;23;. Figs. 3-5 show the time response of x1,, 2., and x3,, respectively. It is shown that the state
of five systems reach consensus.

The consensus problem of the dynamics in (67) can be solved with the aid of the results in Theorem 3.
The controller is proposed as in (6)-(48) if the inertia parameter vector a; is a constant and is unknown.
Figs. 6-8 show the time response of xi., T2, and zs,, respectively. It is shown that the state of five
systems reach consensus.



Fig. 3. Response of x1.

Fig. 4. Response of z2..

Fig. 5. Response of x2s.
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Fig. 9. Response of x1.
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If the inertia parameter vector a; is a constant and is unknown, we can also solve the consensus problem
by the robust control algorithms in Theorem 4. Figs. 9-11 show the time response of x1,, T2, and xs,,
respectively. It is shown that the state of five systems reach consensus.

VII. CONCLUSION

This report considered the consensus problems of several groups of nonlinear systems. Distributed
controllers were proposed. Simulation results show the effectiveness of the proposed results.
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