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1. INTRODUCTION 
The increased desire to rapidly field new military systems has resulted in significant 
reductions to acquisition program schedules. These reductions present numerous 
problems for ensuring that new systems have sufficient reliability. Many past acquisition 
programs have chosen to rely heavily on reliability growth during developmental testing 
to improve the overall system reliability and meet requirements. The expense of full 
system tests for some programs may also make it difficult to obtain meaningful testing 
regardless of the desired schedule. Bayesian statistical techniques are one option that 
may be beneficial in such a constrained environment. They provide a straightforward 
method for combining data from disparate sources (e.g., different tests or 
configurations), which may provide a more complete assessment of reliability than 
examining each data source independently. The model results may also be used to 
develop assurance test plans, which are the Bayesian analogue to traditional reliability 
demonstration tests (RDTs) in which prior information is used along with the test results. 
This report outlines an approach for determining the amount of testing necessary for 
reliability assurance at the end of a test program, while also aligning these results with a 
reliability growth test program directly preceding the assurance test. The approach 
provides a reasonable path for growing reliability to a level that will meet the desired 
risks of passing the assurance test. 
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2. TRADITIONAL RELIABILITY GROWTH PLANNING 
Reliability growth planning is centered on the development of a reliability growth 
planning curve that depicts how reliability is expected to grow throughout a 
developmental test program. The curve reflects the discovery and subsequent 
corrective actions of failure modes during the developmental testing. Development of 
the planned growth curve generally relies on experience from previous programs to 
model the growth that can be expected. Reliability data collected during testing are then 
compared with the planned values to determine if the reliability is improving in a 
satisfactory manner.  

2.1 Determining the End Point 

The initial step in developing the reliability growth planning curve is the determination of 
the end point for the curve. This process involves an RDT, and first considers the 
reliability requirement along with any statistical confidence levels that are required. The 
parameters defining the RDT consist of the test duration T and the allowable number of 
failures c. The "acceptance" or "passing" criterion for the test is observing no more than 
c failures. 

The number of allowable failures is found by bounding the probability of passing the test 
at the desired significance level (i.e., 1 – confidence) when the true Mean Time 
Between Failure (MTBF) of the system is equal to the MTBF requirement. The 
cumulative Poisson distribution is used, and c is the largest integer value of k satisfying 
the inequality in Eq. 1: 

 
∑

� 𝑇𝑇
𝑀𝑀𝑅𝑅

�
𝑖𝑖

𝑖𝑖!
𝑒𝑒𝑒𝑒𝑒𝑒 �− 𝑇𝑇

𝑀𝑀𝑅𝑅
�𝑘𝑘

𝑖𝑖=0 ≤  1 − 𝛼𝛼. (1) 

For the inequality in Eq. 1, 𝛼𝛼 is the significance, 𝑇𝑇 is the length of demonstration test, 
and 𝑀𝑀𝑅𝑅 is the MTBF requirement. 

The probability of passing the demonstration test is then just the probability of observing 
at most the allowable number of failures. This probability is a function of the unknown 
MTBF, 𝑀𝑀. It again uses the Poisson distribution as in Eq. 2, where 𝑛𝑛 is the observed 
number of failures. 

 
𝑝𝑝(𝑛𝑛 ≤ 𝑐𝑐) = ∑

�𝑇𝑇𝑀𝑀�
𝑖𝑖

𝑖𝑖!
𝑒𝑒𝑒𝑒𝑒𝑒 �− 𝑇𝑇

𝑀𝑀
�𝑐𝑐

𝑖𝑖=0   (2) 
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Plotting the probability in Eq. 2 as a function of 𝑀𝑀 yields the Operating Characteristic 
(OC) curve for the demonstration test. The curve is specific to the allowable number of 
failures and demonstration test length, which also makes it an implicit function of the 
desired confidence level for the demonstration. An example OC curve is shown in 
Figure 1. 

 

Figure 1. Example OC curve for RDT 

2.2 Determining the Starting Point 

The initial reliability for a system under development is not typically known when the 
planned curve is developed. A starting point for the planned growth curve may be 
determined by specifying a minimum level of reliability (or maximum failure rate) that 
must be achieved in early testing to have assurance that the reliability goals will be met 
through the planned reliability growth process.  

Two important management metrics are necessary to determine the minimum initial 
reliability. The first is the average Fix Effectiveness Factor (FEF), which is commonly 
written as 𝜇𝜇𝑑𝑑. The FEF is the fractional reduction in the failure rate for an observed 
failure mode after a corrective action has been implemented. The average FEF used for 
reliability growth planning represents the average level of fix-effectiveness that is 
planned across all observed failure modes. The second metric is the Management 
Strategy (MS), which is the proportion of the initial failure rate comprising failure modes 
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that will be corrected when observed. It is directly proportional to the amount of 
reliability growth that can be achieved during a test program, and it is further defined as 

 𝑀𝑀𝑀𝑀 =  
𝜆𝜆𝐵𝐵
𝜆𝜆𝐼𝐼

 . (3) 

𝜆𝜆𝐵𝐵 is the total initial failure rate for failure modes that will have corrective actions 
implemented when observed, and 𝜆𝜆𝐼𝐼 is the total initial failure rate. 

The key concept in finding the minimum initial reliability is the reliability growth potential. 
The growth potential failure rate, 𝜆𝜆𝐺𝐺𝐺𝐺, is the theoretical lower bound on the failure rate 
that can be achieved after all modes are observed and corrected with an assumed 
average level of fix effectiveness. It can be expressed as  

 𝜆𝜆𝐺𝐺𝐺𝐺 =  𝜆𝜆𝐼𝐼(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀), (4) 

and is often used to manage risk when planning a test program. The growth potential 
itself is generally not achievable in the limited testing associated with a reliability growth 
program, which means the growth potential failure rate needs to be lower than the 
desired goal failure rate for the growth program. Recommendations for the ratio of the 
goal-to-growth potential are based on the MTBF (or reciprocal of the failure rate). The 
recommended ratio of goal MTBF to growth potential MTBF is to be at most 0.8, with 
lower risk being associated with lower values. The ratio can be defined using the goal 
and growth potential failure rates as 

  𝑅𝑅 =  𝜆𝜆𝐺𝐺𝐺𝐺
𝜆𝜆𝐺𝐺

. (5) 

Combining Eqs. 4 and 5 then yields 

 𝜆𝜆𝐺𝐺 =  𝜆𝜆𝐼𝐼(1−𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀)
𝑅𝑅

 . (6) 

The expression in Eq. 6 can then be rewritten as  

 𝜆𝜆𝐼𝐼 =  𝜆𝜆𝐺𝐺𝑅𝑅
(1−𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀), (7) 

which is a direct expression of the maximum initial failure rate (minimum initial MTBF) 
that is required to achieve the desired end point on the planning curve.  
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2.3 Constructing the Planning Curve 

There are several specific reliability growth planning models, but the Planning Model 
Based on Projection Methodology (PM2) is the standard model currently used by the 
Army. The assumptions for PM2 are found in Ellner and Hall,1  and the resulting failure 
rate after some amount of testing, 𝑡𝑡, can be expressed as  

 𝜆𝜆𝐺𝐺 =  (1 −𝑀𝑀𝑆𝑆)𝜆𝜆𝐼𝐼 + (1−𝜇𝜇𝑑𝑑)𝑀𝑀𝑀𝑀𝜆𝜆𝐼𝐼𝛽𝛽𝛽𝛽
(1+𝛽𝛽𝛽𝛽) + 𝑀𝑀𝑀𝑀𝜆𝜆𝐼𝐼

(1+𝛽𝛽𝛽𝛽) . (8) 

By setting 𝑡𝑡 in Eq. 8 to the amount of reliability growth test time, 𝑇𝑇, the planning curve 
can be fully determined. The final parameter, 𝛽𝛽, can be expressed in terms of the 
previously defined parameters and is given in Ellner and Hall1 as 

 
𝛽𝛽 = �1

𝑇𝑇
� �

1−𝑀𝑀𝐼𝐼
𝑀𝑀𝐺𝐺

𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀−�1−
𝑀𝑀𝐼𝐼
𝑀𝑀𝐺𝐺

�
�. (9) 
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3. METHODOLOGY 
The test program is assumed to consist of three phases: reliability growth, reliability 
demonstration, and reliability assurance testing. Reliability demonstration and 
assurance testing are both fixed configuration tests that are used to provide an overall 
reliability assessment. The demonstration test results are used as prior information and 
combined with the results from the assurance test. The main difference between them is 
that the assurance test is a system-level operational test, while the demonstration test 
may use non-military operators and can also be performed at either the system or 
subsystem level. Reliability growth testing is then performed to support the 
demonstration test. The intent of the growth testing is to ensure that the system has a 
high probability of achieving sufficient reliability prior to demonstration testing. Sufficient 
reliability is defined as seeing at most the allowable number of failures in demonstration 
and assurance testing, thereby successfully meeting the reliability requirement for the 
system.  

The end goal of the reliability program is to enter the RDT and follow-on assurance test 
with sufficient reliability to successfully pass the assurance test. This means that there 
should be a high probability of observing no more than the predetermined desired 
number of failures during the RDT and assurance tests. The reliability growth phase 
should therefore be structured to support achieving the desired results during RDT and 
the subsequent assurance test.  

3.1 Assurance Testing 

3.1.1 Definition of Posterior Risks 

The posterior consumer’s risk is defined as the probability of not meeting the 
requirement, conditioned on the test being passed.2 This is given as 

 
𝑝𝑝(𝜆𝜆 > 𝜆𝜆𝑅𝑅 | 𝑛𝑛𝑠𝑠 ≤ 𝑐𝑐) = �

𝑝𝑝(𝑛𝑛𝑠𝑠 ≤ 𝑐𝑐|𝜆𝜆)𝑝𝑝(𝜆𝜆)

∫ 𝑝𝑝(𝑛𝑛𝑠𝑠 ≤ 𝑐𝑐|𝜆𝜆)𝑝𝑝(𝜆𝜆)𝑑𝑑𝑑𝑑∞
0

𝑑𝑑𝑑𝑑
∞

𝜆𝜆𝑅𝑅

, (10) 

where 𝑛𝑛𝑠𝑠 is the observed number of failures, c is the allowable number of failures, 𝑝𝑝(𝜆𝜆) 
is the prior distribution for 𝜆𝜆, and 𝜆𝜆𝑅𝑅 is the failure rate requirement. Note that this 
definition of consumer risk does not directly result in a specified posterior probability 
relative to the failure rate requirement unless 𝑐𝑐 = 0. Substituting 𝑛𝑛𝑠𝑠 = 𝑐𝑐 in the right-hand 
side of Eq. 10 yields the actual posterior probability of observing 𝑐𝑐 failures. The resulting 
posterior percentile can serve as an alternative consumer risk metric when a specific 
posterior probability is desired, and it should in most cases provide a more conservative 
result.  
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The posterior producer’s risk is defined as the probability of having a failure rate below 
the requirement, conditioned on the test being failed. It is defined as 

 
𝑝𝑝(𝜆𝜆 ≤ 𝜆𝜆𝑅𝑅 | 𝑛𝑛𝑠𝑠 > 𝑐𝑐) = �

𝑝𝑝(𝑛𝑛𝑠𝑠 > 𝑐𝑐|𝜆𝜆)𝑝𝑝(𝜆𝜆)

∫ 𝑝𝑝(𝑛𝑛𝑠𝑠 > 𝑐𝑐|𝜆𝜆)𝑝𝑝(𝜆𝜆)𝑑𝑑𝑑𝑑∞
0

𝑑𝑑𝑑𝑑

𝜆𝜆𝑅𝑅

0

, (11) 

with the same terms as in the posterior consumer’s risk. Note that the requirement, 𝜆𝜆𝑅𝑅, 
can also be replaced by 𝜆𝜆𝑅𝑅/𝑑𝑑, where 𝑑𝑑 is defined as the discrimination ratio. Applying 
the discrimination ratio allows for the producer risk to be calculated using a failure rate 
value somewhat less than the requirement itself, which often presents more flexibility 
when choosing an appropriate assurance test design.  

An additional useful measure is the overall probability of passing the test, which is given 
as  

 
𝑝𝑝(𝑛𝑛 ≤ 𝑐𝑐) = � 𝑝𝑝(𝑛𝑛 ≤ 𝑐𝑐|𝜆𝜆)𝑝𝑝(𝜆𝜆)𝑑𝑑𝑑𝑑

∞

0
. (12) 

It is also important to note that the prior defined by 𝑝𝑝(𝜆𝜆) is implicitly defined as the 
posterior 𝑝𝑝(𝜆𝜆|𝑥𝑥) resulting from modeling using previous data generically defined by 𝑥𝑥. 
Although the expressions for the posterior risks can be calculated directly for the simple 
prior-likelihood combination presented here, it is also straightforward to use posterior 
samples from simulation techniques such as Markov chain Monte Carlo (MCMC) to 
calculate the risks. Each posterior sample can be used in the conditional terms in Eqs. 
10, 11, and 12, which allows for risk calculations in cases where the prior-likelihood 
combination is more complex. More information on the posterior risks, along with 
additional forms for other test and data assumptions, is also given in Hamada et al.2  

3.1.2 Determining Assurance Test Lengths 

For many defense applications, the main objective of the assurance test will be to 
ensure that the desired percentile of the posterior MTBF for the system is at or above 
the MTBF requirement after a successful test. Designing a test with a high probability of 
success is also important, as it would be impractical to design a test that met posterior 
risk thresholds while still having a low chance of being successfully passed. This is a 
particularly important point in programs that have severe constraints on resources. 
Controlling the posterior risks while simultaneously ensuring that the probability of 
passing the test remains high should result in a test plan that provides an efficient 
means of assessing reliability in these resource-constrained cases.  
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Using the available prior information, the process starts with a desired number of 
allowable failures and minimum desired test length. The test length (and if necessary, 
the allowable failures) are then varied until the posterior risks and probability of passing 
conditions are achieved. Note that this condition is similar, but not identical, to stating 
that the posterior consumer’s risk must be less than or equal to 0.20. The following 
procedure can be used to determine the required test length and number of allowable 
failures for the assurance test2: 

1. Generate samples from posterior distribution on failure rate for the assumed RDT 
data. 

2. Generate the posterior predictive number of failures for each sampled value of 
the posterior failure rate. 

3. Posterior consumer risk will be the proportion of sampled failure rates that are 
above 𝜆𝜆𝑅𝑅 when the corresponding number of failures is less than or equal to (or 
alternatively, just equal to) the current allowable number. Calculate the test 
length required for the desired posterior consumer risk. 

4. Posterior producer risk will be the proportion of sampled failure rates that are 
below 𝜆𝜆𝑅𝑅  when the corresponding number of failures is greater than the current 
allowable number. If producer risk is greater than the desired threshold, increase 
the allowable number of failures and return to step 3. 

Steps 3 and 4 can be repeated until the number of allowable failures and test length 
meet the desired thresholds for both posterior risks. The overall probability of passing 
the test defined in Eq. 12 can also be calculated using the posterior predictive samples 
generated in steps 1 and 2. The probability of passing is simply the proportion of 
sampled failures that are less than or equal to the allowable number of failures. This 
value should be considered along with the posterior risks, as it is possible to design 
assurance tests that meet desired risk thresholds while having little chance of passing.  

3.2 Assurance Test Development Examples 

This section presents two example assurance test plans using two different Bayesian 
models for combining the RDT and assurance test results. The first is a straightforward 
Gamma–Poisson model, and the second is a hierarchical extension of the Gamma–
Poisson. 

3.2.1 Gamma–Poisson Model 

The MTBF requirement for the example is assumed to be 1000 h, and the RDT is 
assumed to be 4,000 h. The model for combining the RDT and assurance test results 
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first assumes a constant rate of occurrence of failure defined by λ.  The likelihood for n 
observed failures in RDT test length T is then assumed to be Poisson(λ), defined as 

 
𝑙𝑙(𝑛𝑛|𝜆𝜆,𝑇𝑇) =  

(𝜆𝜆𝜆𝜆)𝑛𝑛

𝑛𝑛!
𝑒𝑒𝑒𝑒𝑒𝑒(−𝜆𝜆𝜆𝜆). 

(13) 

For the prior distribution on λ, assume λ is Gamma(α,τ) such that 

 
𝑝𝑝(𝜆𝜆) =  

𝜆𝜆𝛼𝛼−1𝜏𝜏𝛼𝛼

Γ(𝛼𝛼) 𝑒𝑒𝑒𝑒𝑒𝑒(−𝜏𝜏𝜏𝜏). (14) 

The prior and likelihood defined by Eqs. 13 and 14 yield a Gamma posterior given by 

 
𝑝𝑝(𝜆𝜆|𝑛𝑛) =  

𝜆𝜆𝑛𝑛+𝛼𝛼−1(𝜏𝜏 + 𝑇𝑇)𝛼𝛼+𝑛𝑛

Γ(𝛼𝛼 + 𝑛𝑛) 𝑒𝑒𝑒𝑒𝑒𝑒[−(𝜏𝜏 + 𝑇𝑇)𝜆𝜆]. (15) 

Examining the distribution in Eq. 15 shows that small values for the α and τ parameters 
(i.e., 0.001 or smaller) will provide a weak prior distribution, allowing the posterior to be 
defined mainly by the observed failures and test length.  

Defining 𝑛𝑛𝑠𝑠 as the number of system failures observed in the assurance test of length 
𝑇𝑇𝑠𝑠, samples from the distribution in Eq. 15 can then be used to calculate the posterior 
risks associated with the reliability assurance test. The posterior risks can also be 
expressed analytically for this case, allowing for more efficient calculation. The posterior 
consumer risk will be defined as  

 

𝑝𝑝(𝜆𝜆 > 𝜆𝜆𝑅𝑅 | 𝑛𝑛𝑠𝑠 ≤ 𝑐𝑐) =  
∑ 𝑇𝑇𝑠𝑠𝑖𝑖(𝜏𝜏 + 𝑇𝑇)𝛼𝛼+𝑛𝑛Γ(𝛼𝛼 + 𝑛𝑛 + 𝑖𝑖, (𝜏𝜏 + 𝑇𝑇 + 𝑇𝑇𝑠𝑠)𝜆𝜆𝑅𝑅)

𝑖𝑖! Γ(𝛼𝛼 + 𝑛𝑛)(𝜏𝜏 + 𝑇𝑇 + 𝑇𝑇𝑠𝑠)𝛼𝛼+𝑛𝑛+𝑖𝑖
𝑐𝑐
𝑖𝑖=0

∑ 𝑇𝑇𝑠𝑠𝑖𝑖(𝜏𝜏 + 𝑇𝑇)𝛼𝛼+𝑛𝑛Γ(𝛼𝛼 + 𝑛𝑛 + 𝑖𝑖)
𝑖𝑖! Γ(𝛼𝛼 + 𝑛𝑛)(𝜏𝜏 + 𝑇𝑇 + 𝑇𝑇𝑠𝑠)𝛼𝛼+𝑛𝑛+𝑖𝑖

𝑐𝑐
𝑖𝑖=0

. (16) 

The posterior distribution for the exact outcome in the assurance test is also a Gamma 
distribution, where the upper posterior percentile for 𝜆𝜆𝑅𝑅 is given by 

 𝑝𝑝(𝜆𝜆 > 𝜆𝜆𝑅𝑅 | 𝑛𝑛𝑠𝑠) =
Γ(𝛼𝛼 + 𝑛𝑛 + 𝑛𝑛𝑠𝑠, (𝜏𝜏 + 𝑇𝑇 + 𝑇𝑇𝑠𝑠)𝜆𝜆𝑅𝑅)

Γ(𝛼𝛼 + 𝑛𝑛 + 𝑛𝑛𝑠𝑠) . (17) 

Though different from the formal definition for posterior consumer’s risk in Hamada et 
al.,2 the expression in Eq. 17 is an alternate form for the probability of not meeting the 
requirement, conditioned on the test being passed. This definition may be preferred in 
many settings, where the desire after the assurance test is to have a relatively small 
posterior probability that the system’s failure rate is higher than the actual requirement. 
As demonstrated in Table 1 and the example application in Section 5, the use of Eq. 17 
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will guarantee this outcome, while the form in Eq. 16 may result in posterior probabilities 
that are higher than desired.  

Table 1 shows a comparison of the results for the different Consumer Risk definitions 
discussed in Section 3.1.1. The RDT is held constant at 4,000 h with four failures, and 
the MTBF requirement is 1,000 h (i.e., 𝜆𝜆𝑅𝑅= 0.001). Aside from the zero-failure test 
where the two risk definitions are equal, the test length and allowable failures using the 
standard Posterior Consumer Risk will result in a posterior probability that is well above 
common thresholds for consumer risk (e.g., 0.20). This highlights the difference 
between the standard Posterior Consumer Risk definition and the actual posterior 
outcome for the test.  

Table 1. Assurance test results comparing standard posterior consumer risk definition with 
posterior probability  

RDT 
Hours 

RDT 
Failures 

Assurance 
Test 

Hours 

Assurance 
Test 

Failures 

Posterior 
Consumer 

Risk 

Posterior 
Probability 
𝝀𝝀 >  𝝀𝝀𝑹𝑹 

4000 4 1515 0 0.20 0.20 
4000 4 2272 1 0.20 0.25 
4000 4 3055 2 0.20 0.29 
4000 4 3834 3 0.20 0.33 
4000 4 4632 4 0.20 0.37 

 
It is desirable to have a small posterior probability of being above the requirement 
failure rate, so the consumer risk is defined for this example using the actual posterior 
distribution. This will ensure that the resulting posterior probability bound on the failure 
rate aligns with the chosen risk threshold. The desired thresholds are set to 0.20 for 
both consumer and producer risks, and the discrimination ratio is also set at 1.5. This 
discrimination ratio value implies that if the test is failed, there is a low probability of the 
system’s MTBF (reciprocal of the failure rate) being more than 50% above the MTBF 
requirement.  

The posterior producer risk for this model is given as 

 𝑝𝑝(𝜆𝜆 ≤ 𝜆𝜆𝑅𝑅 | 𝑛𝑛𝑠𝑠 > 𝑐𝑐) = 

1 − Γ(𝛼𝛼 + 𝑛𝑛, (𝜏𝜏 + 𝑇𝑇)𝜆𝜆𝑅𝑅)
Γ(𝛼𝛼 + 𝑛𝑛) −∑ 𝑇𝑇𝑠𝑠𝑖𝑖(𝜏𝜏 + 𝑇𝑇)𝛼𝛼+𝑛𝑛Γ(𝛼𝛼 + 𝑛𝑛 + 𝑖𝑖)

𝑖𝑖! Γ(𝛼𝛼 + 𝑛𝑛)(𝜏𝜏 + 𝑇𝑇 + 𝑇𝑇𝑠𝑠)𝛼𝛼+𝑛𝑛+𝑖𝑖 �1 − Γ(𝛼𝛼 + 𝑛𝑛 + 𝑖𝑖, (𝜏𝜏 + 𝑇𝑇 + 𝑇𝑇𝑠𝑠)𝜆𝜆𝑅𝑅)
Γ(𝛼𝛼 + 𝑛𝑛 + 𝑖𝑖) �𝑐𝑐

𝑖𝑖=0

1 −∑ 𝑇𝑇𝑠𝑠𝑖𝑖(𝜏𝜏 + 𝑇𝑇)𝛼𝛼+𝑛𝑛Γ(𝛼𝛼 + 𝑛𝑛 + 𝑖𝑖)
𝑖𝑖! Γ(𝛼𝛼 + 𝑛𝑛)(𝜏𝜏 + 𝑇𝑇 + 𝑇𝑇𝑠𝑠)𝛼𝛼+𝑛𝑛+𝑖𝑖

𝑐𝑐
𝑖𝑖=0

 . 
(18) 
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It is useful to examine a range of potential failure outcomes for the demonstration test 
and the corresponding impacts on the reliability assurance test. Table 2 contains the 
resulting assurance test lengths and allowable failures for five cases, which correspond 
to RDT outcomes ranging from one to four failures.  

Table 2 Example demonstration and assurance test results for Gamma–Poisson model 

Case 
# 

RDT 
Hours 

RDT 
Failures 

Assur. 
Test 
Hrs. 

Assur. 
Test 

Failures 

Posterior 
Prob. 𝝀𝝀 >

 𝝀𝝀𝑹𝑹 

Posterior 
Producer 

Risk 
Prob. of 
Passing 

1 4000 1 3905 5 0.20 0.20 0.99 
2 4000 2 3903 4 0.20 0.18 0.90 
3 4000 3 2723 2 0.20 0.19 0.67 
4 4000 4 2723 1 0.20 0.15 0.33 

 
The results in Table 2 show a range of feasible assurance test plans, each of which 
meet the desired risk thresholds. The probability of passing varies significantly though, 
and it should be considered in the selection of an assurance test plan.  

3.2.2 Hierarchical Gamma–Poisson Model 

The hierarchical extension of the Gamma–Poisson model uses the same prior and 
likelihood given in Eqs. 13 and 14, along with additional hierarchical prior distributions 
on the parameters of the prior Gamma distribution.  

The hyperparameters of the Gamma distribution are also assumed to follow a Gamma 
distribution. The hyperprior in Eq. 19 is assumed to be identical for both 𝛼𝛼 and 𝜏𝜏, with 
𝛼𝛼� = 𝜏̃𝜏 = 0.001. The small parameter values create a weak hyperprior, which reduces the 
impact on the overall resulting posterior distribution. Though not usually necessary, this 
restriction can also be relaxed via a straightforward extension if different prior 
distributions are desired. 

 𝑝𝑝(𝑥𝑥|𝛼𝛼� , 𝜏̃𝜏) =
𝑥𝑥𝛼𝛼�−1𝜏̃𝜏𝛼𝛼�

Γ(𝛼𝛼�) 𝑒𝑒𝑒𝑒𝑒𝑒(−𝜏̃𝜏𝑥𝑥) (19) 

The joint proportional posterior distribution for the individual failure rates, λi, and the 
Gamma parameters, α and τ, is then given as 

𝑝𝑝�𝜆𝜆,𝛼𝛼, 𝜏𝜏| 𝑛𝑛�⃑ ,𝑇𝑇�⃑ � ∝ 𝛼𝛼𝛼𝛼�−1𝑒𝑒𝑒𝑒𝑒𝑒(−𝜏̃𝜏𝛼𝛼)𝜏𝜏𝛼𝛼�−1𝑒𝑒𝑒𝑒𝑒𝑒(−𝜏̃𝜏𝜏𝜏)�
𝜆𝜆𝑖𝑖𝛼𝛼−1𝜏𝜏𝛼𝛼

Γ(𝛼𝛼) 𝑒𝑒𝑒𝑒𝑒𝑒(−𝜏𝜏𝜆𝜆𝑖𝑖)𝜆𝜆𝑖𝑖
𝑛𝑛𝑖𝑖𝑒𝑒𝑒𝑒𝑒𝑒(−𝜆𝜆𝑖𝑖𝑇𝑇𝑖𝑖)

𝑚𝑚

𝑖𝑖=1

, (20) 

where 𝑛𝑛�⃑ =  (𝑛𝑛1, … ,𝑛𝑛𝑚𝑚) and 𝑇𝑇�⃑ =  (𝑇𝑇1, … ,𝑇𝑇𝑚𝑚) are vectors containing the number of failures 
and total test times for each of the m test events. 
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The posterior in Eq. 20 can be solved using MCMC. A Slice-in-Gibb’s sampler can be 
easily applied, where each conditional distribution in the Gibb’s sampler is estimated 
using a slice sampling technique.3 The main benefit of the slice sampler is that it 
provides a straightforward method for sampling from the desired distributions without 
the need for the tuning involved in traditional Metropolis-in-Gibb’s approaches. Each of 
the distributions can also be shown to have a single mode, which greatly simplifies the 
slice sampling routine when estimating the full posterior. The conditional distributions for 
the algorithm are given in Eqs. 21–23. The distributions in Eqs. 21 and 23 are Gamma 
distributions, which greatly simplify the Gibb’s sampler. 

𝑝𝑝�𝜆𝜆𝑖𝑖|𝜆𝜆𝑗𝑗≠𝑖𝑖 ,𝛼𝛼, 𝜏𝜏,𝑛𝑛�⃑ ,𝑇𝑇�⃑ � ∝ 𝜆𝜆𝑖𝑖
𝛼𝛼+𝑛𝑛𝑖𝑖−1𝑒𝑒𝑒𝑒𝑒𝑒[−(𝜏𝜏 + 𝑇𝑇𝑖𝑖)𝜆𝜆𝑖𝑖] (21) 

𝑝𝑝�𝛼𝛼|𝜆𝜆, 𝜏𝜏,𝑛𝑛�⃑ ,𝑇𝑇�⃑ � ∝ 𝛼𝛼𝛼𝛼�−1𝑒𝑒𝑒𝑒𝑒𝑒(−𝜏̃𝜏𝛼𝛼)�
𝜆𝜆𝑖𝑖𝛼𝛼−1𝜏𝜏𝛼𝛼

𝛤𝛤(𝛼𝛼)

𝑚𝑚

𝑖𝑖=1

 (22) 

𝑝𝑝�𝜏𝜏|𝜆𝜆,𝛼𝛼,𝑛𝑛�⃑ ,𝑇𝑇�⃑ � ∝ 𝜏𝜏𝛼𝛼�+𝑚𝑚𝑚𝑚−1𝑒𝑒𝑒𝑒𝑒𝑒 �−�𝜏̃𝜏 + �𝜆𝜆𝑖𝑖

𝑚𝑚

𝑖𝑖=1

� 𝜏𝜏� (23) 

Table 3 shows the analogous results to those found in Table 2 for the hierarchical 
model. The same risk thresholds are used, and the discrimination ratio is again set to 
1.5. The hierarchical model yields shorter assurance test lengths, but the reduction 
comes at the expense of significantly lower probabilities of passing the test. Use of the 
hierarchical model in this setting should be carefully examined, and it may prove to be 
more desirable in scenarios where there are multiple phases of prior test data available.  

Table 3. Example demonstration and assurance test results for hierarchical Gamma–Poisson 
model 

Case 
# 

RDT 
Hours 

RDT 
Failures 

Assur. 
Test 
Hrs. 

Assur. 
Test 

Failures 

Posterior 
Prob. 𝝀𝝀 >

 𝝀𝝀𝑹𝑹 

Posterior 
Producer 

Risk 
Prob. of 
Passing 

1 4000 1 1839 1 0.20 0.02 0.50 
2 4000 2 1911 1 0.20 0.02 0.49 
3 4000 3 1994 1 0.20 0.02 0.47 
4 4000 4 2032 1 0.20 0.02 0.46 
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4. RELIABILITY GROWTH PLANNING AHEAD OF THE 
ASSURANCE TEST 
The reliability demonstration and assurance testing can be aligned with a reliability 
growth plan by choosing a goal reliability that provides a suitably high probability of 
achieving the desired results for the demonstration and assurance testing. The 
approach can be applied at the system or subsystem level, depending on the desired 
testing and resources available during the reliability growth program. The first step in 
the process is to define the probability of seeing the desired results in the demonstration 
test (i.e., the number of observed failures is less than or equal to the allowable failures). 
From Wayne and Modarres,4 the goal failure rate will follow a Gamma(𝛼𝛼, 𝜏𝜏) distribution. 
For an RDT of length 𝑇𝑇, the probability of seeing at most 𝑛𝑛 allowable failures is given as 

 
𝑝𝑝(𝑥𝑥 ≤ 𝑛𝑛) =  �

𝑇𝑇𝑖𝑖𝜏𝜏𝛼𝛼Γ(𝛼𝛼 + 𝑖𝑖)
𝑖𝑖! Γ(𝛼𝛼)(𝜏𝜏 + 𝑇𝑇)(𝛼𝛼+𝑖𝑖)

𝑛𝑛

𝑖𝑖=0

 . (24) 

The 𝛼𝛼 and 𝜏𝜏 are both unknown Gamma parameters in Eq. 24, but the 𝜏𝜏 can be 
expressed completely in terms of common reliability growth planning parameters. 
Choosing a desired value for the probability on the left-hand side of Eq. 24 then 
determines the value of 𝛼𝛼. This step fully defines the distribution of the goal failure rate 
and completes the connection between the reliability growth plan and the combined 
demonstration and assurance testing.  

The expected value and variance of the goal failure rate at time 𝑡𝑡, 𝜆𝜆𝐺𝐺(𝑡𝑡), are expressed 
using reliability growth parameters5 and shown in Eqs. 25 and 26. 

 
𝐸𝐸[𝜆𝜆𝐺𝐺(𝑡𝑡)] =

𝜆𝜆𝐴𝐴𝛽𝛽𝛽𝛽
1 + 𝛽𝛽𝛽𝛽

+
(1 − 𝜇𝜇𝑑𝑑)𝜆𝜆𝐵𝐵𝛽𝛽𝛽𝛽

1 + 𝛽𝛽𝛽𝛽
+  

𝜆𝜆𝐼𝐼
1 + 𝛽𝛽𝛽𝛽

  (25) 

 
𝑉𝑉𝑉𝑉𝑉𝑉[𝜆𝜆𝐺𝐺(𝑡𝑡)] =

𝜆𝜆𝐴𝐴𝑡𝑡

�1
𝛽𝛽 + 𝑡𝑡�

2 +
(1 − 𝜇𝜇𝑑𝑑)2𝜆𝜆𝐵𝐵𝑡𝑡

�1
𝛽𝛽 + 𝑡𝑡�

2 +  
𝜆𝜆𝐼𝐼

𝛽𝛽 �1
𝛽𝛽 + 𝑡𝑡�

2 (26) 

For the expressions in Eqs. 25 and 26, 𝜆𝜆𝐼𝐼 is the total initial failure rate for the system at 
the start of testing, 𝜆𝜆𝐴𝐴 is the failure rate for failure modes that will not have corrective 
actions applied after discovery, 𝜆𝜆𝐵𝐵 is the failure rate for failure modes that will have 
corrective actions, 𝜇𝜇𝑑𝑑 is the average FEF for the corrective actions, and 𝛽𝛽 is an 
additional parameter associated with the underlying distribution of the failure rates for 
the failure modes in the system.4 
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Defining the expected value of the goal failure rate in Eq. 25 as 𝜆𝜆𝐺𝐺 and solving for the 𝛽𝛽 
parameter yield 

 𝛽𝛽 =
𝜆𝜆𝐼𝐼 − 𝜆𝜆𝐺𝐺

𝑡𝑡[𝜆𝜆𝐺𝐺 − 𝜆𝜆𝐼𝐼(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀)] , (27) 

 
which is identical to the form provided earlier in Eq. 9.  

Next, define the growth potential failure rate, 𝜆𝜆𝐺𝐺𝐺𝐺, which is the theoretical lower bound 
on the failure rate that can be achieved after all modes are observed and corrected with 
an assumed level of fix effectiveness. The growth potential failure rate can be 
expressed as  

 𝜆𝜆𝐺𝐺𝐺𝐺 =  𝜆𝜆𝐼𝐼(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀). (28) 

The reliability growth potential is often used to manage risk when planning a test 
program. It is not generally achievable in the limited testing associated with a reliability 
growth program, but the growth potential failure rate needs to be lower than the desired 
goal failure rate for the growth program. Combining Eq. 28 with the ratio of the goal 
MTBF to the growth potential MTBF defined in Eq. 5 then yields 

 
𝜆𝜆𝐺𝐺 =  

𝜆𝜆𝐼𝐼(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀)
𝑅𝑅

 . (29) 

Inserting the expression in Eq. 29 into Eq. 27 then provides an alternate expression for 
𝛽𝛽 in Eq. 30. 𝛽𝛽 can be expressed in terms of management metrics, the desired ratio of 
the MTBF goal to the MTBF growth potential, and the reliability growth test time.  

 𝛽𝛽 =
𝑅𝑅 − 1 + 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀

𝑡𝑡(1 − 𝑅𝑅)(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀)  (30) 

The definition of the expected value of the Gamma distribution can then be used to 
define the expected value of the goal failure rate in Eq. 29 in terms of the Gamma 
parameters. This yields the expression for 𝛼𝛼 given in Eq. 31. 

 
𝛼𝛼 =

𝜏𝜏𝜆𝜆𝐼𝐼(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀)
𝑅𝑅

  (31) 

The variance of the goal failure rate can also be expressed using the Gamma 
parameters, and the variance definition along with the expression in Eq. 31 yields 
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𝑉𝑉𝑉𝑉𝑉𝑉[𝜆𝜆𝐺𝐺(𝑡𝑡)] =

𝛼𝛼
𝜏𝜏2

=  
𝜆𝜆𝐼𝐼(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀)

𝜏𝜏𝜏𝜏
. (32) 

An additional expression for the variance of the goal failure rate can be found by 
inserting Eq. 30 into Eq. 26, which yields 

 𝑉𝑉𝑉𝑉𝑉𝑉[𝜆𝜆𝐺𝐺(𝑡𝑡)] = �
𝜆𝜆𝐼𝐼
𝑡𝑡
� ��

𝑅𝑅 − 1 + 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀
(1 − 𝑅𝑅)(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀) + 𝑅𝑅 − 1 + 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀

�
2

𝑀𝑀𝑀𝑀[(1 − 𝜇𝜇𝑑𝑑)2 − 1]

+ �
𝑅𝑅 − 1 + 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀

(1 − 𝑅𝑅)(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀) + 𝑅𝑅 − 1 + 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀
�� . 

(33) 

Equating the right-hand sides in Eqs. 32 and 33 and solving for 𝜏𝜏 results in an 
expression in terms of management metrics, the desired ratio of the MTBF goal to the 
MTBF growth potential, and the reliability growth test time 𝑡𝑡.  

 𝜏𝜏 =
𝑡𝑡(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀)

𝑅𝑅 �� 𝑅𝑅 − 1 + 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀
(1 − 𝑅𝑅)(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀) + 𝑅𝑅 − 1 + 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀

�
2
𝑀𝑀𝑀𝑀[(1 − 𝜇𝜇𝑑𝑑)2 − 1] + � 𝑅𝑅 − 1 + 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀

(1 − 𝑅𝑅)(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀) + 𝑅𝑅 − 1 + 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀
��

 (34) 

The expression for 𝜏𝜏 can then be used directly in the desired probability defined in Eq. 
24, which can then be solved numerically for the necessary value of 𝛼𝛼. With both 𝛼𝛼 and 
𝜏𝜏 known, the expected value of the goal failure rate is known. The definition in Eq. 25 
can also be used to determine the initial failure rate for the start of the reliability growth 
planning curve, which is given as 

  
𝜆𝜆𝐼𝐼 =

𝛼𝛼(1 + 𝛽𝛽𝛽𝛽)
𝜏𝜏[𝛽𝛽𝛽𝛽(1 − 𝜇𝜇𝑑𝑑𝑀𝑀𝑀𝑀) + 1]  (35) 

This value, along with the management metrics and the previously defined 𝛽𝛽, uniquely 
determines the reliability growth planning curve. The goal failure rate for the curve will 
also have a distribution that yields the desired probability of seeing no more than the 
predefined number of failures for the RDT. Note that the expected value of the failure 
rate developed using the process defined here will provide a traditional idealized 
planning curve as defined in Wayne and Modarres.4 Additional steps can be added to 
the curve for individual test phases during reliability growth testing. The expected values 
of other useful metrics (e.g., number of failure modes observed, percent of initial failure 
rate observed) can also be calculated using the formulas for traditional planning curves 
defined in Wayne and Modarres.4  
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5. EXAMPLE APPLICATION 
The scenario for this example involves testing throughout the reliability growth, 
demonstration, and assurance events. The demonstration and assurance tests are 
combined using the simple Gamma–Poisson model from Section 3.2.1. The reliability 
growth testing is assumed to be 16,550 h. Table 4 contains the resulting initial MTBF, 
goal MTBF, and the expected number of failure modes for each of the cases in Table 2. 
The probability of seeing the RDT failures defined in Eq. 24 is set to 0.7 for each case. 
The MS and FEF are also assumed to be 0.95 and 0.75, respectively, and the ratio of 
the goal MTBF to the growth potential MTBF is also set to 0.7. 

Table 4. Reliability growth values for RDT and assurance test results 

Case 
# 

RDT 
Hours 

RDT 
Failures 

Assurance 
Test 

Hours 

Assurance 
Test 

Failures 
Goal MTBF Initial 

MTBF 

Expected 
Number of 

Failure 
Modes 

1 4000 1 3905 5 3621 1487 4.1 
2 4000 2 3903 4 2095 860 7.1 
3 4000 3 2723 2 1454 597 10.2 
4 4000 4 2723 1 1107 455 13.4 

 

Figure 2 shows the resulting reliability growth planning curve for Case 2 from Table 4. 
The reliability growth testing is divided into three equal phases labeled as RGT1, RGT2, 
and RGT3, with corrective action periods assumed between each of them. The 
Idealized Curve represented by the black line represents the reliability growth that would 
occur if testing was paused upon discovery of a failure mode and not resumed until a 
corrective action was implemented for the observed failure mode. The corrective action 
periods assumed between the phases instead imply that the corrective actions are 
implemented in bulk at predetermined points during the reliability growth testing. 
Implementation of corrective actions during these periods allows the MTBF to grow from 
the initial value of 860 h to the goal value of 2,095 h in three steps, which reduces the 
risk associated with delaying all corrective actions until prior to the RDT. As shown in 
Table 4, the plan implies that approximately seven failure modes are expected to be 
observed during the reliability growth testing. Other metrics associated with the 
reliability growth plan are also available, and they are identical to those defined by the 
PM2 Reliability Growth Planning Model.1 
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Figure 2. Sample reliability growth planning curve using assurance testing 

For comparison purposes, Figure 3 shows the analogous result using traditional 
demonstration testing with OC curves in the PM2 model.  The OC curve analysis 
assumes the consumer risk is 0.20 and the probability of acceptance is 0.90, which is 
analogous to the values used in the assurance testing example. The resulting IOT test 
length is 6,721 h for the same four-failure test. This value is significantly higher than the 
analogous assurance test length of 3,903 h from Table 2. The curve also requires 
significantly higher MTBF values to achieve the statistical risks assumed for the OC 
curve analysis. The MTBF goal increases from 2,095 to 2,763 h, and the initial MTBF 
increases from 860 to 1,135 h. These results clearly show the potential benefits 
associated with the assurance testing approach, which reduces the technical risk of 
achieving higher MTBF targets while also increasing the overall efficiency of the test 
program. 
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Figure 3. Sample reliability growth planning curve using demonstration testing with OC 
curves 
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6. CONCLUSIONS AND FUTURE WORK 
Extensions to the work presented here are possible. The most obvious is the application 
of the assurance testing results to subsystem testing, where the prior information from 
the RDT is obtained for subsystems and then combined with system-level results in the 
assurance test. An additional area for further examination is the application of prior 
distributions to the management metrics (i.e., MS and FEF) to allow for a fuller 
treatment of the uncertainty that may exist in the reliability growth plan. Both efforts will 
provide a more complete treatment of the subject and allow for broader application 
across Army and other defense systems.
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LIST OF ACRONYMS 

AMSAA U.S. Army Materiel Systems Analysis Activity 

DAC DEVCOM Analysis Center 

DEVCOM U.S. Army Combat Capabilities Development Command 

FEF Fix Effectiveness Factor 

MCMC Markov chain Monte Carlo 

MS Management Strategy 

MTBF Mean Time Between Failure 

OC Operating Characteristic 

PM2 Planning Model Based on Projection Methodology 

RDT Reliability Demonstration Test 
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