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We investigate the presence of spin- and planar-squeezing in generalized superpositions of atomic (or spin) coher-
ent states. Spin-squeezing has been shown to be a useful tool in determining the presence of entanglement in
multipartite systems, such as collections of two-level atoms, as well as being an indication of reduced projection
noise and sub-shot-noise-limited phase uncertainty in Ramsey spectroscopy, suitable for measuring phases ¢ ~ 0.
On the other hand, planar-squeezed states display reduced projection noise in two directions simultaneously and
have been shown to lead to enhanced metrological precision in measuring phases without the need for explicit prior
knowledge of the phase value. In this paper, we show that the generalized superposition state can be parametrized
to display both spin-squeezing along all orthogonal axes and planar-squeezing along all orthogonal planes for all
values of J > 1/2. We close with an application of the maximally spin- and planar-squeezed states to quantum

metrology. © 2021 Optical Society of America

https://doi.org/10.1364/JOSAB.433743

1. INTRODUCTION

Spin-squeezing is a non-classical effect that can be made to
occur in ensembles of spin-1/2 particles, or in ensembles of
two-level atoms, and corresponds to a reduction of quantum
noise in a chosen spin direction. Entanglement between the
spins is responsible for the spin-squeezing effect, serving as a
means of determining entanglement-enhanced sensitivities
in quantum sensing [1,2], though not all entangled states dis-
play spin-squeezing. The practical use of spin-squeezing as an
entanglement witness in large ensembles of atoms is of par-
ticular interest, as the detection of multipartite entanglement
in large systems is still at the forefront of quantum technology
development [3]. In the context of atomic systems, states that
are spin-squeezed may be used for the quantum enhancement
of measurements of transition frequencies between atomic
states [4,5]. On the other hand, states that are highly entangled
but contain no spin-squeezing are also suitable for this pur-
pose. For example, consider the maximally entangled states
(MES) of the form [ymEs) = %(U, J)+1J.=7)), where
the states |/, /) are the Dicke states [6], and N =2/ is the
total number of atoms in the ensemble. With these states,
the uncertainty in the atomic frequency measurement dwy
scales according to $wy =1/NT, where T is the free evolu-
tion time in the Ramsey spectroscopy procedure. Such a state,
which yields Heisenberg-limited (HL) frequency sensitivity,

0740-3224/21/113448-09 Journal © 2021 Optica Publishing Group

an improvement over the standard quantum limit (SQL) by
a factor of v/ N, raises an important distinction in how spin-
squeezing is defined. While the MES display no spin-squeezing
according to definitions put forth by Serenson ez al. [7], who
were interested in constructing a separability criterion for multi-
partite systems, it does exhibit spin-squeezing as it is defined
in the context of noise reduction in Ramsey spectroscopy by
Wineland ez al. [4]. For the case of trapped ions, however, the
MES are hard to make [8], especially for larger ensembles of
atoms in a gas. Despite this, the MES serve as an idealized exam-
ple of a state capable of reaching the HL and can be considered
the atomic analog to the optical NOON state [9,10] of the form
| NOON) o (| N, 0) + ¢710, N)), in which the uncertainty in
average photon number is equal to the total number of photons
AN = N, and the phase uncertainty is defined in regard to the
heuristic uncertainty relation A¢An ~ 1, leading to the HL:
A¢p ~ 1/N. On the other hand, recent work has been done
in deriving a protocol for reaching the HL using a collective-
state-detection scheme and utilizing a critically tuned one-axis
twist Hamiltonian, leading to the generation of Schédinger-cat
states [11]. The authors of [11] go on to show that narrowing of
interference fringes was critically dependent on the parity of the
atomic ensemble, with a narrowing up to a factor of N. For large
atomic ensembles, such as what one can generate via magneto-
optical traps for neutral atoms, which can yield densities as high
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as 10'? atoms [12], it is not possible to determine the atomic
parity with certainty; however, when averaged over many runsin
which the parity probabilities were equalized, they found a phase
uncertainty nearing the HL up to a factor of /2. Work done by
the same authors also demonstrated a means of reaching HL sen-
sitivities in an atom interferometer with a Schrodinger-cat state
using increased quantum noise [13], effectively suppressing by a
factor of »/ N the effect of excess noise.

Conversely, spin-squeezed states have been produced in
various contexts such as cold atoms [14,15], trapped ions [16],
magnetic systems [17], and photons [18], as well as discussed
in the context of multi-atom atomic clocks [13,19] and room-
temperature light—atom interactions in an optical cavity [20]
with a helium-3 gas. Furthermore, schemes for generating
entangled atomic ensembles in cavities have been proposed
using a one- and two-axis twisting Hamiltonian [5,21,22].
More recently, spin-squeezing has been experimentally demon-
strated in an ensemble of 10!'! atoms, wherein the quantum
state is generated via prediction and retrodiction quantum
non-demolition measurements [23]. They report a squeezing of
4.5 dB relative to a spin-coherent state and go on to demonstrate
the practical use of their protocol with an application in atomic
magnetometry.

One can also consider a form of squeezing in which one has
a reduction in projection noise simultaneously in two orthogo-
nal spin directions below the SQL |(ﬁ|) |/2, where |(f||)| is
the in-plane polarization, while increasing the noise in the
third direction, known as planar-quantum squeezing [24].
Planar-quantum squeezed states have been demonstrated to
yield enhanced phase sensitivity below the SQL for all phase
angles, eliminating the need for « priori knowledge of the phase.
Such states have proven useful for interferometric measure-
ments involving tracking a moving phase and simultaneous
phase-amplitude estimation below the SQL [25,26]. Planar-
squeezed states have been experimentally demonstrated through
quantum non-demolition measures in cold atoms for spin-1
ensembles [27].

Some years ago, the non-classical properties of superpositions
of atomic coherent states were explored [28,29] in detail. The
atomic coherent states are given by [30]

_ 2~/ / 2] 12 J+M
& =41 3 ;) L, ()

M=—J

where ¢ = ¢’ tan %, and 0 <0 <m, 0 <¢ <27 parametrize

the Bloch sphere. The superposition states considered by Gerry
and Grobe [28] are given by

W) =Na(lg, [y e ™ [ =¢. ), ()

where the normalization factor NV is

e\ 2TV2
Ni=L|:l+cos(8i—n])(l |§|> :| , (3)

V2 1+ [¢]?

with 8, =0 and 6_ = . States for which J € {2k : k € Z°*}
are analogous to the even coherent states of the usual har-
monic oscillator based states, while J € {2k +1: ke 7%}
are the analogs of the odd coherent states, and finally, the
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case where J € {(2k+ 1)/2: k € Z°*} are the analogs of the
Yurke-Stoler (Y-S) states [31,32]. The states of Eq. (2) are
entangled and shown to exhibit spin-squeezing as defined by
Wineland ez al. [4].

In this paper, we consider the more general class of superposi-
tion states, having the form

W) =N (Ig1. ) + e 16, ), (4)

where

Re (1 4 £56:)2/ oi® —1/2
I
V2 (1+1012) (1 +1612)

and & = ¢'% tan %. The spin state given in Eq. (4) is a gen-
eral linear superposition of atomic coherent states localized
around two (potentially widely separated) positions on the
Bloch sphere. This choice is motivated, in part, by the work of
Schlaufler ez al. [33], who studied, in the context of a single-
mode quantized field, what they called a phase-cat state, that
is, a superposition of two Glauber coherent states [34] of dif-
ferent phases but with identical amplitudes. This work is also
motivated by the works of Prakash and Kumar [35,36], who
studied similar superpositions of Glauber states but where the
amplitudesand phases were allowed to vary.

In terms of the Dicke states, the state | W) of Eq. (4) can be
expanded accordingly as

J
W)= " Ci 01,6, 0, D)1, M), (6)

M=—]

where the expansion coefficients are given by

) 27 \"
CM (011 927 ¢7 q)r) :/\/}<] +M>
X (8] TM 4 (NOr+U+M001 ] ).
(7)

. . . 9
and the designations S; =sin6; and 7; =tan 5 have been
made. The normalization factor \; is given by

J
Ny = [ > (] 1]M> (S M+ 83/ 1M

M=—]

—1/2
+ 255 ()Y cos [@, + (] + M)qb])} :

8

In what follows, and without loss of generality, we set ¢p; = 0
and ¢, = ¢ so that {; =tan %‘ and &, = ¢’ tan 972. Our goal
is to treat the parameters ¢, 61, 6, and @, as variables over
which we optimize to show maximal spin-squeezing and planar-
squeezing for a particular value of collective spin value /. As
will be shown below, optimal spin-squeezing generally does not
occur for spin states analogous to the even, odd, or Y-S states of
the quantized field, though phase-cat states [37] often optimize
spin-squeezing. Further, we show that for the correct choice
of state parameters, significant planar-squeezing exists in this
system.
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This paper is organized as follows: in Section 2, we provide a
brief review on the different forms of spin-squeezing used in the
literature, most notably the definitions put forth by Wineland
et al. [4] and Serenson et al. [7] with respect to metrological
precision and entanglement, respectively. We also introduce
planar-squeezing as defined by He ez 4/. [24] and the connection
between planar-squeezing and the depth of entanglement of
the ensemble. In all cases, we include plots of the optimized
spin- and planar-squeezing along with a table of parameters
optimizing the squeezing. In Section 3, we apply the optimally
spin- and planar- squeezed states to atom interferometry in
which we show the optimally spin-squeezed state, correspond-
ing to an even-cat state, yielding greater phase sensitivity for
small phases while the optimally planar-squeezed state, closely
related to a phase-cat state, yields sub-SQL phase uncertainty
foraslightly broader range of phase. We close in Section 4 with a
discussion summarizing our findings.

2. OPTIMIZED SPIN- AND PLANAR-SQUEEZING
A. Spin-Squeezing

Spin-squeezing does not have a unique definition. It has been
defined and used by many different authors within several
contexts. Some of the early definitions of spin-squeezing
were derived directly from the Robertson uncertainty rela-

tion governing spin-operators Afl- Ajj > %|(]A/€)|, where
[ﬁ, jj] = isi]-kf/e, and 7, j, k represent orthogonal directions.
If the mean spin direction (MSD) lies within the 7- j plane, then
the consequence of the uncertainty relation is that A ]A,-( 5> 0.
The variances can be made arbitrarily small with the uncer-
tainty being absorbed in the orthogonal direction. Definitions
of spin-squeezing with respect to this uncertainty relation
are undesirable because they are not defined with respect to a
classical limit to overcome. Consequently, states that do not
display any quantum properties, such as the spin- (or atomic-)
coherent states, can display a form of “spin-squeezing’: spe-
cifically, spin-squeezing defined with respect to the angular
momentum uncertainty relations. We refer the reader to a paper
by Ma et al. [38], which provides a comprehensive history of the
different forms of spin-squeezing. For our purposes, however,
we consider two closely related definitions of spin-squeezing
put forth by Serenson et a/. [7] and by Wineland ez a/. [4]. The
former constructed a parameter for detecting spin-squeezing
along a particular axis, defined arbitrarily along the 7; axis

by &2 = N((AJi))/({J3,)?
general orthogonal directions, and /; W= = J - 7;. For the k axis,
k=x, y, z, thisiswritten compactly as

]n3>2) where 7; represent

A2
N((A
(LY} o)

(Jep)

where N=27, and ( f 14) represents the mean spin in the
plane perpendicular to the 4 axis. The motivation for this
came about by finding a condition of separability for spin-
1/2 ensembles. That is, assuming a separable density matrix
of the form py=73)", P ®f\i ) p;k) necessitates the condi-
tion &} > 1. Therefore, spin-squeezing implies some degree

of entanglement; however, states can be entangled withour
being spin-squeezed. A “one-way” means of detecting entan-
glement is indicative of an entanglement witness. This form
of spin-squeezing is closely related to the definition of spin-
squeezing defined by Wineland ez 4/. [4] with regard to Ramsey
spectroscopy:

g2 (Ag)® N((A]u) )
v (Apsqr)’ ()P

where 7 ny is the unit vector perpendicular to the MSD,

: (10)

]n L= ] n1, and Agsqr represents the SQL of phase

!m{
=5
=L
£y
=%
E<
£y
0.2¢
0.0 ‘
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J
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0.0 ‘
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J
(©
Fig. 1. Minimum spin-squeeze parameter & for the (a) x-spin

direction, (b) y-spin direction, and (c) z-spin direction. For each, a
corresponding approximate curve-fit (red solid line) is included.
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Table 1. Minimum Values of g,f, k =x,y, z along with Corresponding State Parameters for Increasing Values of Total
Spin J
J & & & 2 0, ¢ P,
1/2 1 — — 1.4784 1.47775 6.20295 0.634272
— 1 — 0.0514062 0.0675389 1.37728 0.08810551
— — 1 3.05204 3.1233 0.0913789 6.24518
1 0.5 — — 1.55444 1.57172 0.0163226 3.12513
0.5 — 1.12713 2.01633 3.14159 6.28319
— — 0.5 1.48475 1.48475 3.14272 3.14057
3/2 0.428602 — — 1.56079 1.57234 0.0099 3.12666
— 0.5802 — 1.748 0.001 6.20574 0.01
— — 0.428612 0.0145656 0.0145655 2.06606 3.14173
2 0.400095 — — 1.55125 1.57999 0.017252 3.10659
— 0.550874 — 3.14159 1.63663 6.28144 0.01
— — 0.400024 0.01 0.01 2.11057 3.15168
5 0.357216 — — 1.55977 1.57551 0.00997 3.09137
— 0.489156 — 3.14159 2.16809 6.28228 0.01
— — 0.357208 0.01 0.01 1.93091 3.14183
10 0.345018 — — 1.5583 1.57549 0.01158 3.02478
— 0.466658 — 3.14159 2.44198 6.2827 0.01
— — 0.344977 0.01052 0.01052 1.86283 3.14212

sensitivity obtained for the atomic coherent states of Eq. (1).
The forms of spin-squeezing given in Egs. (9) and (10) are
closely related, given that if 7, is chosen to minimize the
variance A ]A;I while the MSD lies along the 7, axis, these
expressions are equivalent. In this respect, Eq. (9) can be con-
sidered a generalization of Eq. (10) [38]. Spin-squeezing along
a particular direction exists whenever one has £, < 1. As these
definitions of spin-squeezing are related to a classical limit
(i.e., the SQL of phase uncertainty for the case of the Wineland
etal. [4], spin-squeeze parameter, and a condition of separability
for the case of the Serenson et al. [7] spin-squeeze parameter),
the spin- (or atomic-) coherent state will not be spin-squeezed.
For the Serenson et al. [7] definition of spin-squeezing, the spin-
squeeze parameter is £/ = 1V # when calculated for the ACS,
while for the Wineland ez a/. [4] definition of spin-squeezing,
the spin-squeeze parameter yields &%, > 1 in the same case,
dependent on the choice of phase being measured. Thatis, when
defining spin-squeezing with respect to a classical bound, the
ACS does not exhibit spin-squeezing: the state itselfis not entan-
gled, by definition, and cannot yield sub-SQL phase sensitivity.
It should be noted that it is not possible for a state to exhibit
spin-squeezing in three orthogonal directions simultaneously as
a result of the uncertainty relation governing angular momen-
tum; however, it is possible for a state to be spin-squeezed in two
directions simultaneously.

In Fig. 1, we plot the minimum spin-squeeze parameter
in the x, y, z directions as a function of collective spin / and
provide a table of parameters minimizing these spin-squeeze
parameters in Table 1 for up to N=2/ =10 atoms. The
spin-squeeze parameters are optimized across state param-
eters 0y, 05, ®@,, and ¢ defined in terms of the generalized
superposition state above. For each data set, we include an
approximate estimation of the curve. In the x, z directions,
the state minimizing the spin-squeeze parameter closely corre-
sponds to a phase-cat state with some relative phase of the form
(V) —cac) X IT, J) +¢|te’®, ). For both cases, the curve

fit [red solid line in Figs. 1(a) and 1(c)] is of the form a + bx?,
where x=1//, 2 ~0.35 and &~ 0.16. The state minimiz-
ing & ; does not correspond to a cat nor a phase-cat state (see

Table 1). The curve fitin Fig. 1(b) is of the form Z?:o a;x', with
X = 1/] andao,1,2,3 ~ 04, 061, 084, 034

B. Planar-Quantum Squeezing

As we have discussed above, spin-squeezing as defined by
Serenson et al. [7] and given by Eq. (9) can serve as a suit-
able means of detecting multipartite entanglement in atomic
ensembles. More specifically, the condition & ,f < 1 necessitates
the corresponding NV two-level atomic ensemble (j =1/2)
and cannot be written as a separable state. Serenson ez al. [39]
generalize their findings for spin-;j > 1/2 and introduce a
“depth” of entanglement corresponding to the number of atoms
comprising the largest separable subset of the system.

However, one can investigate the entanglement properties
of an ensemble of atoms using a different metric for which one
can quantify a depth of entanglement: planar-quantum squeez-
ing (PQS). PQS was first introduced by He er al. [24], who
discussed a lower bound on a sum of spin variances in a plane,
ie., AZ]-)” = AZ]A,' + AZ]A,-J_ > Cy, where C; are tabulated
lower bounds with a fractional exponent scaling C; ~ J2/3.
They went on to show that states for which this inequality
is saturated display the same fractional exponential scaling
A? ]] ~] 21 3, while the spin perpendicular to the plane has
scaling A2J| ~ J4/3. From this, entanglement among N = 2]
sites of a spin- j ensemble can be determined from the criterion
A? ﬂf"”' < NCj, where ]-]lc"”' represents the collective N-atom
spin operator. As stated previously, states that are planar-
squeezed display reduced spin variances in two perpendicular
directions in a plane; however, thisleads to the uncertainty being
absorbed by the third spin component as per the uncertainty
relation governing spin angular momentum.
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Choosing, for example, the x-y plane such that we
have the wuncertainty relation A];A];,z%“];)l, one
can form a functional definition of PQS by defining the
planar variance as A? ]] =A%], + A? fy having large

in-plane mean spin |(]])| = (]Ax)2 + (fy)z. The SQL gov-
erning the spin variances forming the plane are taken to be

A], = AZ]A] =1 (ﬁ\ )|, while the SQL for the planar variance

is given by A? /jH =|{ ]_]| )| These limits form a pseudo-“classical
bound” for which we characterize a planar-squeezed state. A
planar-squeezing parameter [25] can be defined as

52 — Azjh _ Azjx + Azf)/
xy 7 - N N
Ul ™+,

in which a planar-squeezed state satisfies “;“”2 < 1. With
this operational definition of planar-squeezing, it is pos-
sible to parameterize an atomic coherent state to display
planar-squeezing, a state that is not entangled. In this sense,
planar-squeezing is easier to achieve than entanglement [27].
Consequently, unlike the definitions of spin-squeezing dis-
cussed in the previous section (as per Serenson ez al. [7] and
Wineland ez al. [4]), planar-squeezing does not necessitate entan-
glement. A “depth of entanglement” was defined by Vitagliano
etal. [26], based on the condition

=¢7, (11)

&> Dy, (12)

where D; is the minimum value of the planar-squeeze param-
eter over single particle states of spin-/, tabulated by previous
authors [26]. It was shown that for spin-; ensembles, the con-
dition in Eq. (12) implies the ensemble contains £-entangled
particles [40] ar most, where | = kj. Likewise the condition
£ Hz < D; implies a depth of entanglement of at least (£ + 1). For
example, consider once again the atomic coherent state. For this
state, the smallest value that §”2 can take is 0.5, indicating the
presence of planar-squeezing. However, the largest value tab-
ulated by Vitagliano ez al. [26] for Dy is 0.45, confirming that
entanglement cannot be discerned through planar-squeezing,.
This is sensible, as the atomic coherent state is a separable state
by definition. This raises a general distinction between spin-
squeezing (SS) and PQS states: SS is a sufficient criteron to show
the possibility of sub-SQL sensitivity in interferometric mea-
surements as the presence of SS requires entanglement within
the system. However, the same is not true of PQS: PQS does not
necessitate entanglement within the ensemble. Entanglement
remains a crucial element in achieving sensitivity below the
shot-noise limit.

Plots of the minimum planar-squeeze parameter El-zj, where
ij =xy,y3, zx,are provided in Fig. 2 along with corresponding
state parameters in Table 2 up to N=2] =10. The states
corresponding to maximal planar-squeezing in the y-z and
z-x planes are approximately phase-cat states, while the state
corresponding to maximal planar-squeezing in the x-y planeare
neither cat states nor phase-cat states. Once again we include an
approximate curve fit where for the x-y and y-z planes has the
form a + bx + cx?, with 2 ~0.257, b~ 0.089, and ¢ ~ 0.3,
where x = 1/ . For the z-x plane, the curve fit in Fig. 2(c) is of
theform Y°7_ #;x",withag 15,5 ~ 0.37, 0.12, —0.06, 0.015.
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Fig. 2. Minimum planar-squeeze parameter 5,'2]- for the (a) x-y

plane, (b) y-z plane, and (c) z-x plane. For each, a corresponding
approximate curve-fit (red solid line) is included.

3. COMPARISON OF QUANTUM-ENHANCED
METROLOGICAL PRECISION BETWEEN
OPTIMALLY SPIN- AND PLANAR-SQUEEZED
STATES

Here we provide a briefidealized comparison of the performance
between the maximally spin-squeezed state and the maximally
planar-squeezed state in multi-atom spectroscopy where the
7/2-pulses in the Ramsey procedure can be characterized by
rotations about the %y axis, while the free evolution between
pulses during which a phase ¢ is acquired can be described by
a rotation about the z axis. We take a projection on the y axis
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Table 2. Minimum Values of gu, ij =xy, yz, zx along with Corresponding State Parameters for Increasing Values of

Total Spin J

J £, &, £, 0y 0, ¢ o,

1/2 0.5 — — 3.07749 0.393397 4.62433 3.57279
— 0.5 — 0.175436 0.198689 3.75173 —0.160262
— — 0.5 0.653902 0.767073 6.27056 0.156313

1 0.44906 — 2.09702 1.04457 6.28319 1.2433
— 0.44906 — 0.589433 0.589433 3.14159 —0.719954
— — 0.449065 0.671033 0.671092 6.27062 3.13338

3/2 0.414836 — — 2.14272 0.998877 6.28318 0.0001
— 0.414836 — 0.571919 0.571919 3.14159 5.669¢-6
— — 0.427156 0.631818 0.631852 0.01 3.14838

2 0.389929 — — 2.10559 1.03601 6.28318 0.0001
— 0.389929 — 0.534789 0.534789 3.14159 4.319¢-8
— — 0.415149 0.682875 0.68289 0.01 3.12543

5 0.317381 — — 1.97969 1.1619 6.28318 0.0001
— 0.317381 — 0.408897 0.408897 3.14159 —6.8344e-8
— — 0.391766 0.628319 0.628348 0.01 3.14856

10 0.277618 — — 1.8875 1.2541 6.28318 0.0001
— 0.277618 — 0.316701 0.316701 3.14159 5.8783e-7
— - 0.370164 0.628443 0.784857 0.756098 4.60592

as our means of detection. We note that the optimization per-
formed in this section is with respect to the initial superposition
state, not the phase uncertainty itself. For a given estimator,
the optimized (minimum) phase uncertainty is known as the
Cramér—Rao bound (CRB), or lower bound on phase esti-
mation, defined in terms of the classical Fisher information
A¢crp =1/ F(¢), where the Fisher information is given by
F(¢)=>", P (el$) (84 P(€|¢))?, the sum extends over all
measurement outcomes €, and P (€|¢) is the probability of a
particular measurement outcome. Optimization of the Fisher
information over all possible postive-operator valued measures
(POVMy) yields the quantum Fisher information, most often
expressed for purestatesas Fo = 4{(84 1/ |84%) — [(Sp ¥ V) 12},
where |{) represents the initial state of the system. The corre-
sponding quantum Cramér—Rao upper bound (qCRB) on
phase estimation is then A¢qcrs = 1/Fq, representing the
smallest phase uncertainty for a given initial state and transfor-
mation, independent of estimation method. Furthermore, for a
given detection observable, optimization of the spin-squeezed
parameter as defined by Wineland eza/. [4] and given in Eq. (10)
would yield a phase uncertainty that, by definition, would
necessarily coincide with a result obtained through direct opti-
mization of the phase uncertainty. This result, however, does
not generally coincide with the qCRB. For a more thorough
discussion on the bounds of phase estimation, see Pezzé ez 4.
[41] and references therein.

The full Ramsey sequence can be described in terms of SU(2)
rotations as

lout) = e~ 51 ¢=19201% )y |in) = ¢~ Jx |in), (13)

where we have used e_i%jyj o5l = T, [42]. \Workmg in the

Heisenberg picture, and using ]"“‘ = e""]"]‘" —ig)x , it can be
shown that

Uy = (/") cosp — (/") sin g, (14)

(J7o) = (™) cos’ @ + (J2) sin” ¢ — 1 sin 20([/1", /"),

(15)
where [121, Z§’]+ denotes the anti-commutator AB + B A. From
these, the variance in /; U can be found in terms of quantities
measured with respect to the input state as

Azjzj’“‘ = Azfyi“ cos®> ¢ + AZ]A;“ sin’ ¢ + sin 2(pC0V(]Ai", ]Azi“),

(16)
where  Cov( j in, j In)y is the covariance Cov(4, B) =
%(([121, é]+) —2(A)(B)). The phase uncertainty can
be found through the usual error propagation calculus
Aw:A@/|8¢(@)|, where O denotes a general detection
observable, to yield

A AOUt Sma A ln
np= DT el /; A7)
10y (/5 |(/”‘)|

which can be computed numerically for arbitrary phase using
Egs. (15) and (16). As our goal in this exercise is to compare the
phase sensitivities obtained using an optimally spin-squeezed
state and an optimally planar-squeezed state, we need to be
mindful when choosing which spin direction and plane of
squeezing works best for the detection observable and Ramsey
procedure we have chosen. Since planar-squeezing has been
demonstrated to yield enhanced phase sensitivity due to rota-
tions about the axes perpendicular to the plane of squeezing
[24], we are interested in optimizing & yzz. For spin-squeezing,
we use the form defined by Wineland ez 4/. [4], and we are inter-
ested in optimizing with respect to the y direction: £, . For
N =2] =20 atoms, the state optimizing both of these param-
eters correspond to a cat state with nearly similar angle values
(for the SS state, 8; ~ —0.35 and ¢ ~ ®, ~0) and a MSD
almost entirely along the z axis such that I(]” Y~ I(]z) | ~ N,
where j = 1/2 is the spin value of a single atom in the ensem-
ble. We note here that the emphasis of this idealized example
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Fig. 3. (a) Scaled phase uncertainty Ag/A@acs plotted against

phase ¢ with j = 10. From highest to lowest curve at the origin: atomic
coherent state (red, solid), minimum Syz spin-squeezed state (blue,
dashed), minimum }/ZZ planar-squeezed state (purple, dashed), and
minimum E\%M spin-squeezed state (blue, dotted). (b) Same as (a),
but for ¢ ~ 0. The minimum &, , spin-squeezed state yields greater
sensitivity over the minimum & ;z planar-squeezed state for small phase,
but is slightly less broad.

is in comparing the relative phase sensitivity obtained for the
optimized spin- and planar-quantum squeezed states without
the effects of decoherence or dissipation, which represents a
substantial hurdle to the experimental implementation of such
states. The state statistics and properties of the cat states have
been studied from a theoretical perspective [28,29] as well as in
the context of metrology [43], wherein the cat state perform-
ance was studied under the effects of dissipation. The authors
of [43] also discuss experiments in which spin-cat states have
been generated through the use of nonlinear Kerr effects due to
atomic collisions in Bose—Josephson systems through dynamical
evolution [44—46] or ground-state preparation [47,48]. They go
on to point out that in the case of no detuning, the self-trapped
ground states for Bose—Josephson systems with negative non-
linearity are similar to spin-cat states (or more specifically, a
macroscopic superposition of spin coherent states of the form
|W)a 16, @) + | — 6, @), where [0, ¢) < 1¢, j), with
¢ =¢" tan %) We also include the case in which we optimize
spin-squeezing along the y direction as per Eq. (9) with state
parameters taken from Table 1; this corresponds to a state that

Research Article

is neither a cat nor phase-cat state. Interestingly, optimization
with respect to this particular form of spin-squeeze parameter
does not perform as well for small phases as the state obtained
through optimization of the Wineland ez a/. [4] spin-squeeze
parameter.

We plot in Fig. 3 the scaled phase uncertainty Ag/Agacs =
V2] Ag against phase ¢. For reference, we include a curve cor-
responding to the phase uncertainty for an atomic coherent state
[¢, /] = 10). Curves falling below one correspond to sub-SQL
phase sensitivity. Looking at the small phase values in Fig. 3(b),
the optimally &7, | spin-squeezed state yields greater phase sen-
sitivity over the pfanar—squeezed state, but the planar-squeezed
states yield sub-SQL sensitivity over a slightly larger domain of
phase values. The curve corresponding to 2}; spin-squeezing,
while providing enhanced sub-SQL uncertainty for small
phases, under-performs compared to the other forms of squeez-
ing in both maximal sensitivity achieved as well as the size of the
phase domain yielding sub-SQL sensitivity. The difference in
performance between the optimally spin- and planar-quantum
squeezed states is minor, in this case, as the corresponding states
are very similar. However, this demonstration is meant only to
show the characteristic difference between spin-squeezed and
planar-quantum squeezed states, that is, that SS states are better
suited for measuring small changes to phases that are more-or-
less known (that is, & priori knowledge is assumed; local phase
estimation) while planar-quantum squeezed states are better
suited for measuring phases wherein there is a complete lack of
knowledge about the phase (i.e. a “global” phase).

4. CONCLUSION

In this paper, we discussed the presence of spin- and planar-
squeezing in generalized superpositions of atomic coherent
states by optimizing over the state parameters that deter-
mine their individual locations on the Bloch sphere as well
as the relative phase between the constituent components in
the superposition state. We included a brief review describ-
ing the use of these forms of squeezing as a means of gauging
sub-SQL phase sensitivity in Ramsey spectroscopy as well as
a means of constructing an entanglement witness and deter-
mining the depth of entanglement. For the former point, the
presence of spin-squeezing necessitates entanglement within
the system and leads to sub-SQL sensitivities. The same is not
true of planar-quantum squeezed states, in which the system
may not be entangled (for example, the ACS); entanglement
is still required to yield sub-SQL sensitivities, which can be
confirmed through calculation of the “depth of entanglement,”
which requires computation of the planar-squeeze parameter
once for a given value of /. We have shown that the states that
maximize spin- (planar-) squeezing along a particular direction
(plane) are often closely related to the so-called phase-cat states,
in which the states comprising the superposed state have the
same displacement from the z axis but are oriented differently
in the x-y plane (i.e., 61 = 0,, ¢1 # ¢,). We included a brief
review on planar-squeezing as well as the different forms of
spin-squeezing discussed in the literature, most notably as it
is defined by Wineland ez a/. [4] as it pertains to metrological
precision and Serenson et al. [7] as it pertains to a multi-partite
separability criterion.
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Finally, we closed with an application to Ramsey spectroscopy
wherein we parameterize the superposition state of Eq. (4) in
different ways to optimize the presence of two different forms of
spin-squeezing (as defined by Wineland ez a/. [4] and Serenson
et al. [7]) as well as PQS. Due to the proportional relationship
between the phase uncertainty and the Wineland ez 4/. [4] spin-
squeeze parameter, optimization of spin-squeezing is equivalent
to directly optimizing the phase uncertainty. This is not gener-
ally true for the Serenson ez al. [7] definition of spin-squeezing
nor for PQS. We have shown, in an idealized comparison, that
the SS superposition state yields slightly greater sensitivity
over the PQS state for small phases; however, the PQS yields
sub-SQL sensitivty over a slightly larger phase domain. While
not a drastic demonstration, this supports the commonly held
notation that SS states are better suited for local parameter esti-
mation, while PQS are better suited for parameter estimation
when a priori knowledge exists.
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