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Major Goals:  Our first goal is to understand how compatible parameterizations (tensor-product splines and 
triangular splines) in structure and fluid domains enable new spatial and temporal strategies for coupling 
isogeometric structure solver and isogeometric fluid solver to obtain more accurate and efficient coupled multi-
physics analysis.



Our second goal is to further develop compatible parameterizations based analysis and optimization algorithms and 
apply them in optimal design of shape and material distribution in 3D deformable plate structures under blast load.

Accomplishments:  Please see the uploaded document on research accomplishments.
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Research contributions in this project so far include

• Developed an approach for constructing Cr-smooth basis through triangulations over complex
domain;

• Applied this approach in the solution of a set of higher-order PDEs including Cahn-Hilliard
phase field models and Kirchhoff-Love shell formulation;

• Applied this approach in the solution of coupled fourth-order PDEs, von Karmon equations
which demonstrated high accuracy and optimal convergence rates;

• Developed an approach for automatically generating high-quality high-order parameterization
for isogeometric analysis on triangulations;

• Developed a Bézier triangle based isogeometric shape optimization method.

The research results have been applied in two application contexts with publications currently
under preparation. One is on fourth-order PDE based meta-material design and the other is on
Toupin’s gradient elasticity theory at finite strains formulation.

Technical details pf the above contributions are presented below.

C1 Triangular Isogeometric Analysis of the von Karman Equations

In this paper [1], we report the use of rational Triangular Bézier Splines (rTBS) to numerically
solve the von Karman equations, a system of fourth order PDEs. C1 smoothness of the mesh,
generated by triangular Bézier elements, enables us to directly solve the von Karman systems of
equations without using mixed formulation. Numerical results of benchmark problems show high
accuracy and optimal convergence rate in L1, H1 and H2 norm for quadratic and cubic triangular
Bézier elements. Results of this study show that triangular isogeometric analysis can efficiently
and accurately solve systems of high order PDEs.

Triangulation-based isogeometric analysis of the Cahn–Hilliard phase-field model

This paper [2, 3] presents triangulation-based Isogeometric Analysis of the Cahn–Hilliard phase-field
model. The Cahn–Hilliard phase-field model is governed by a time-dependent fourth-order partial
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differential equation. The corresponding primal variational form involves second-order operators,
making it difficult to be directly analyzed with traditional C0 finite element analysis. In this paper,
we construct C1 Bernstein–Bézier simplicial elements through macro-element techniques, including
various triangle-split based macro-elements in both 2D and 3D space. We extend triangulation-
based isogeometric analysis to solving the primal variational form of the Cahn–Hilliard equation.
We validate our method by convergence analysis, showing the nodal and degree-of-freedom ad-
vantages over C0 Finite Element Analysis. We then demonstrate detailed system evolution from
randomly perturbed initial conditions in periodic two-dimensional squares and three-dimensional
cubes. We incorporate an adaptive time-stepping scheme in these numerical experiments. Our
numerical study demonstrates that triangulation-based isogeometric analysis offers optimal conver-
gence and time step stability, is applicable to complex geometry and allows local refinement.

Kirchhoff–Love shell formulation based on triangular isogeometric analysis

This article [4, 5] presents application of rational triangular Bézier splines (rTBS) for developing
Kirchhoff–Love shell elements in the context of isogeometric analysis. Kirchhoff–Love shell formu-
lation requires high continuity between elements because of higher order PDEs in the description
of the problem. Non-uniform rational B-spline (NURBS)-based IGA has been extensively used
for developing Kirchhoff–Love shell elements, as NURBS-based IGA can provide high continuity
between and within elements. However, NURBS-based IGA has some limitations; such as, analysis
of a complex geometry might need multiple NURBS patches and imposing higher continuity con-
straints over interfaces of patches is a challenging issue. Addressing these limitations, isogeometric
analysis based on rTBS can provide C1 continuity over the mesh including element interfaces, a
necessary condition in finite elements formulation of Kirchhoff–Love shell theory. Based on this
technology, we use Cr smooth rational triangular Bézier spline as the basis functions for represent-
ing both geometry and solution field. In addition to providing higher continuity for Kirchhoff–Love
formulation, using rTBS elements we can achieve three significant challenging goals: optimal con-
vergence rate, efficient local mesh refinement and analysis of geometric models of complex topology.
The proposed method is applied on several examples; first, this technique is verified against multiple
plate and shell benchmark problems; investigating the convergence rate on the benchmark prob-
lems demonstrates that the optimal convergence rate can be obtained by the proposed technique.
We also apply our method on geometric models of complex topology or geometric models in which
efficient local refinement is required. Moreover, a car hood is modeled with rTBS and structurally
analyzed by using the proposed framework.

Generating high-quality high-order parameterization for isogeometric analysis
on triangulations

This paper [6] presents an approach for automatically generating high-quality high-order parame-
terizations for isogeometric analysis on triangulations. A B-spline represented boundary geometry
is parameterized into a collection of high-order Bézier triangles or tetrahedra in 2D and 3D spaces,
respectively. Triangular Bézier splines are used to represent both the geometry and physical fields
over the triangulation. By imposing continuity constraints on the Bézier ordinates of the elements, a
set of global Cr smooth basis is constructed and used as the basis for analysis. To ensure high qual-
ity of the parameterization, both the parametric and physical meshes are optimized to reduce the
shape distortion of the high-order elements relative to well-defined reference elements. The shape
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distortion is defined based on the Jacobian of the triangular Bézier splines, and its sensitivity with
respect to the location of control points is derived analytically and evaluated efficiently. Moreover,
a sufficient condition is derived to guarantee the generated mesh is free of local self-intersection,
thanks to the convex hull property of triangular Bézier splines. By using a Heaviside projection
function, the non-negative Jacobian determinant constraints are formulated efficiently as a single
optimization constraint. Several 2D and 3D numerical examples are presented to demonstrate that
high-quality high-order elements are generated using our approach.

Isogeometric shape optimization on triangulations

The paper [7] presents a Bézier triangle based isogeometric shape optimization method. Bézier
triangles are used to represent both the geometry and physical fields. For a given physical domain
defined by B-spline boundary, a coarse Bézier triangular parameterization is automatically gener-
ated. This coarse mesh is used to maintain parameterization quality and move mesh by solving a
pseudo linear elasticity problem. Then a fine mesh for isogeometric analysis is generated from the
coarse mesh through degree elevation and refinement. As the fine mesh retains the same geometric
map as the coarse mesh, we can guarantee mesh validity with the coarse mesh only. This bi-level
mesh allows us to achieve high numerical accuracy of isogeometric analysis and lower computa-
tional cost on mesh validity control and mesh movement. Due to the use of B-spline boundary,
the optimized shape can be compactly represented with a relatively small number of optimization
variables. Due to the use Bézier triangles, this shape optimization method is applicable to struc-
tures of complex topology and allows for local refinement for analysis. By representing the squared
distance between two Bézier curves as a Bézier form, a distance check scheme is also introduced to
prevent intersections of design boundaries and control the thickness of structural connections. Nu-
merical examples on minimal compliance design and design of negative Poisson ratios are presented
to demonstrate the efficacy of the proposed method.
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