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RESEARCH

Port-Reduced Reduced-Basis Component Method
for Steady State Navier-Stokes and Passive
Scalar Equations
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) We develop a Port-Reduced Reduced-Basis Component approach (PR-RBC) to solve partial
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Engineering, Massachusetts differential equations (PDEs) that govern incompressible fluid flows in riverine geometries. The
'C”Stitg‘t_z of BeSCX"O'Ong PR-RBC method was initially introduced in the literature for linear problems. In this paper, we

ambridge, . . . .

Full list of author information is extend it toa nor.1I|near context. Our met.hod is presenteq for the steady state Nawer.—Stokes
available at the end of the article problem with an incompressibility constraint. The model is supplemented with a passive scalar

equation. We introduce a new method for the treatment of nonlinearity, incompressibility, and
convective effects.

Keywords: Nonlinear model reduction; Port-reduced reduced-basis component approach;
Navier-Stokes equation; Passive scalar equation; Reduced basis

1 Introduction

Riverine and nearshore hydrodynamic conditions are important for a wide variety of engineering
applications. In these applications, model accuracy can be critical for cost and human safety con-
siderations, but the timeliness of predictions is just as crucial: the time required to set up, run,
and post-process high-fidelity models of riverine hydraulic processes continues to be a major barrier
to their application in various contexts. Indeed, as a result of the large time-to-solution associ-
ated with high-fidelity models, low-fidelity models with automated workflows are necessary in most
cases. Moreover, hydraulic systems usually have repeating geometric patterns that form the global
structure. Thus, a framework for the construction of low-fidelity models of large riverine systems
from sub-components is very appealing, particularly when the resulting models are characterized
by significant improvements in computational and human efficiency relative to the time-intensive
high-fidelity components from which the system models are synthesized.

One popular approach for component-based model reduction is the Port-Reduced Reduced Basis
Component (PR-RBC) method [1]. The PR-RBC method incorporates aspects of the Component
Mode Synthesis (CMS) technique [2, 3, 4] and the Reduced Basis (RB) method [5, 6, 7]. The former
contributes components and associated port-bubble approximation; the latter introduces the frame-

work for systematic parametric analysis. The Reduced Basis Element (RBE) method [8] represents
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the first synthesis of the CMS and RB approaches. The PR-RBC method may thus be viewed as
an RBE method for a particular (Static Condensation [9]) choice for the interface treatment and
particular strategies for port [10, 11, 12, 13] and bubble [14, 15] approximation spaces. The PR-RBC
method comprises several principal ingredients: component-to-system model construction; under-
lying ‘truth’ Finite Element (FE) PDE discretization; (Petrov)-Galerkin projection parametrized
model-order reduction for both the inter-component (port) and intra-component (bubble) degrees
of freedom; offline-online computational decompositions; and parallel implementations. Introduced
in the linear case, the PR-RBC method can be applied in two frameworks: (i) the analysis of a new
(e.g., hydraulic) system synthesized from a library of archetype parametrized components associ-
ated with some large family of problems (e.g., riverine flows), and (ii) the analysis of a particular
monitored, deployed, or existing system represented as a slowly evolving digital twin. In the context
of elliptic PDEs, the PR-RBC approach can yield computational savings of one or two orders of
magnitude in both the ‘library’ [16] and ‘digital twin’ frameworks.

In this paper we expand the capabilities of the PR-RBC approach in three directions. First, we
consider an incompressibility constraint which introduces additional (and global) coupling between
components. Second, we consider nonlinearity, in particular the (incompressible) Navier-Stokes
equations. We shall pursue standard Galerkin approximation, not the EIM approach [17], in order
to focus on the essential innovation: the standard PR-RBC approach of static condensation can not
be applied since superposition is no longer valid. Third, we consider convectively-dominated flows:
the evanescence property — which reduces coupling between components — is now quite weak,
and different training procedures must be considered. We shall study the effect of strong convection
in the context of a passive scalar: the Reynolds number for Navier-Stokes shall remain smaller to
avoid (here) extraneous issues related to outflow stability; the Peclet number for the passive scalar
equation shall be increased to represent the dominant convective effects.

Model reduction has been addressed for convection dominated problems, e.g., in [18] and [19],
and in the absence of components for the Navier-Stokes equation, e.g., in [20] and [21]. It has also
been addressed using domain decomposition as in [22] and [23]. Unlike domain decomposition based
techniques, the major advantage of the PR-RBC approach is exploiting repeating patterns to define
a library of components. This idea factorizes the offline stage and allows for the reconstruction of
a large set of geometries using the library components online.

The remainder of this paper is organized as follows. Section 2 introduces the notation that will be
used and the model problem that will be addressed in this paper. In Section 3, we extend the PR-
RBC to the steady Navier-Stokes problem supplemented with a passive scalar equation. Section 4
presents numerical results illustrating the performance of the nonlinear PR-RBC for two cases of
two-dimensional non-forked riverine (or channel) geometries, including a Seine-like configuration.

2 Preliminaries
In this section, we set the notation that will be used throughout the paper. Then, we present

our model problem and the Finite Element (FE) [24, 25] solution strategy in a component-based
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framework and in a two-dimensional setting. The methodology we propose can be extended to three-
dimensional problems. We highlight that our method is only applicable to the case of non-forked

riverine geometries; forked geometries will need additional development.

We consider a spatial open bounded domain Q < R? with boundary 01, and a partition of the
boundary 0Q := 0Q" AN LAV LNV We further define the Hilbert spaces X' := [H*(Q2)]?,
Y:i=H' (Q), Z:={0eY|vpam =0}, and Q := {g € L*(Q) | {,q = 0}, where L*(Q) is the
space of square integrable functions over Q and v € H!(Q) means that v and its partial derivatives
are all in L%(Q). For further use, H}(Q) is the subspace of H'(Q) with vanishing values at the
boundaries of Q. The elements of X are vectors that will be denoted v := (v1,v2). We endow X
with the inner product (v, w)y = SQ CxVv-Vuw + SQ vw and we endow ) with the inner product
(0,7)y :=§o, CyVO-V7+{, 07, where Cx and C'y are dimensionality homogenization constants. The
induced norms are |[v|x := A/(v,v)x and ||0]ly := 1/(0,0)y, respectively. We consider a compact
parameter set P = Pre X Ppr C (R*)Q, where the superscript * indicates the exclusion of the zero
element; the elements in P will be denoted (u,n). In our setting, u € Pgre is a Reynolds number

and 7 € Pp, is a Prandtl number.

For given parameter values 1 € Pre and 1 € Pp;, we introduce the parametrized continuous
bilinear forms a;(p;+,-) : X x X — R and d(p,7n;+,-) : Y x Y — R, a continuous bilinear form
b:Q x X — R and a trilinear form a,; : X x X x X — R defined by

1 1
ar(piv,w) = © f Vo Vu, d(u,n;m):—f VY0, blg,v) = f Va-u, (1)
HJa K11 Jo Q

ant(u,v,w) = L(u - Vo)w. (2)

Finally, for v € X', we introduce the parametrized continuous bilinear form ¢(v) : Y x ¥ —» R

c(w)(T,0) = f (VT -v)6. (3)

Q

2.1 Model Problem

We address an incompressible steady state Navier—Stokes equation that governs a fluid flow in
a riverine geometry. We supplement the Navier—Stokes equation with a passive scalar equation
for (say) temperature. Under the hypotheses of a fixed geometry and a non convection-dominated
problem (i.e., for a relatively small Reynolds number 1), we search for the solution field (u(u), p(p)) €
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X x Q satisfying the system
al(,u; ’u’(/’é)7 1}) + a’nl(u(:u)v u(/’é)7 1}) - b(p(/’(’)a U) = 07 Vv e [H(% (Q)]Qa (4&)
b(g,u(p) =0,  VgeQ, (4b)
u(p) = a, on oQ™ U 9N, (4c)
u(p) =0, on oQ™all | pQeavity, (4d)

By virtue of nondimensionalisation, we take u to be a unity-flowrate parabola applied at both the
inflow and outflow boundaries of the system, i.e., Smin U= Smout 4 = 1; note that the unity-flowrate
boundary conditions are compatible with the incompressibility condition (4b). In the present set-
ting, we set the velocity field u(u) to be the variable of interest. The pressure field p(u) can be re-
trieved using pressure recovery techniques [26]. We also search for the temperature field T'(u,n) € Y

satisfying the system

c(u(w)(T,0) +d(p,n;T,0) =0,  VOeZ, (5a)
T(u,m) =1, on 0™, (5b)
T(u,m) =0, on QY (5¢)
ai (T'(u,m)) =0, on 00 U oAl (5d)
n

Note that we use homogeneous Neumann boundary conditions at system outflow given our interest
in dominant convective effects (large un = Peclet number). We refer the reader to [27, 28] for the
wellposedness of (4) and to [29] for the wellposedness of (5).

2.2 Component-Based System

Consider a decomposition of the domain € into M subdomains, with M € N*. In other words,
Q:=uUM Q. Fori#je{l,..., M}, the non-empty intersections of Q; and Qj shall be referred to
as ports, and they will be denoted I';, with j € {2,..., M}. The inflow and outflow boundaries of
the system will be denoted I'y and I'j;41 respectively, i.e., '] = oO™ and Carg1 = 0Q°4. We make
the following assumptions:

(a) The subdomains can only be chosen from a library of archetype components defined on the

reference domains 1, .. ., ,, where n, € N* is the cardinality of the library of archetype
components. The occurrences of these archetype components in a new system are referred to
as instantiations.

(b) The ports are mutually disjoint.

(c) Each instantiated archetype component has two ports.

Thus, each instantiated archetype component defined on a subdomain §; is linked to the rest of the

geometry through the ports I'; and I';4 1. It follows from assumption (a) that the ports can all be

mapped to a set of archetype ports I ,I'n,, where n, € N* is the number of archetype ports.
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Figure 1: Port/bubble decomposition of €2 in a simplified two-dimensional setting. The inner bound-
ary of Qg is 0QCVity,

r I, Mm v+
0 90 Qm

We highlight that these assumptions are well justified in riverine contexts. Our method focuses on
non-forked riverine geometries, i.e., geometries without diverging branches; any branches will be
handled within the same component. Figure 1 illustrates the introduced component-based domain
decomposition in a simplified two-dimensional setting. Note we shall discuss later the translation-

rotation mappings which will serve to instantiate archetype components.

For future developments, we define unity-flowrate parabolas {#; }1<j<a+1 on the ports {I'; }1<j<amrt1-

We also introduce the linear ‘bubble spaces’

X! = {ve X| v, =0, vr, =0, vp,,, =0, div(v) = 0}, (6)
VP :={0€d| baq, =0, O, =0, Op,,, =0}, (7)

and the linear ‘port spaces’

7= e TP, [ o =1} ®

i

VP = {0e Hz(I;)}) (9)

The idea of the PR-RBC initially introduced in [10] is to search for solution fields that are the sum
of port and bubble contributions. In order to account for the incompressibility condition in (4b),
for every i € {1,..., M}, we introduce a constant local contribution @; defined on €2; as the solution

of the following Stokes problem

a;(1;u;,v) — b(p,v) =0, Yv e A&, (10a)
b(q,u;) = 0, Vg € Q;, (10b)

u; = U, on I';, (10c¢)

Uip1 = Uig1, on I';4q, (10d)

u; =0, on 0\ wTiy1,), (10e)
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where X; and Q; are defined on the subdomain €; in the same fashion as X and Q are defined on
Q. We can then define the global constant contribution @ € X’ such that

]
I

’I:Li, in Qi; ViE{l,...,M}, (11)
= u;, on Fi, Vl€{2,,M} (12)

N

Using velocity lifting operators Eﬁu : XY — X and Ef’u : X — X, we search for a solution to (4)
under the form

ﬁ+Z£W +2£W (13)

where u?(u) € XF is a velocity port contribution and u?(u) € X} is a velocity bubble contribution.
Note that the system inflow port I'y, the system outflow port I'j;.1, and the incompressibility
condition are all handled by 4. Thus, u(u) — @ is a divergence-free field.

Similarly, we account for the temperature Dirichlet boundary condition (5b) by introducing a
lifting T4ir,1 € V1 that satisfies

f VTdir,l -Vo = 0, VO e Zl, (14&)
Q
Tair, = 1, on I'y, (14b)
Tairn =0, on I'y U 0O, (14c)
0Taqir 1 wa
P 0, on oQyall (14d)

where Y1, Z1, 095, and 0Q}*! are defined on the subdomain Q; in the same fashion as ), Z,
o0ty “and 0QVa!l are defined on Q. Thus, the global Dirichlet lifting Ty;, € ) is defined as

Tir Q7
Ty = {00 20 (15)
0 on Q\Q;.

We search for a solution to (5) under the form

M+1
T(u,n) = Taw + Y, LE TP (p,m) + Z L T7 (1), (16)
=2 =1

where TF(u,m) € VP is a temperature port contribution, Tib(,u,n) € yib is a temperature bubble
contribution and L, : Y/ — ) and Ei?,u : V! — Y are temperature lifting operators. Here, only
the system inflow port I'y is handled by Ty;,. We highlight that the constant contribution % and the
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Dirichlet lifting Ty; are parameter-independent. In the PR-RBC context, it is crucial to assemble
u and Ty;, using their restrictions to instantiated components of the global system. By doing so, we

only need to compute u; and Tqi,1 for the elements of the library of archetype components.

3 The Port-Reduced Reduced-Basis Component Method

In this section, we extend the PR-RBC method to a nonlinear framework. We will also describe the
treatment of the convective effects arising in the passive scalar equation. Here, we assume that we
have an on-the-shelf FE solver that computes high-fidelity solution approximations (u (), 7" (1, 1))
such that (u”(u), T"(u,n)) ~ (u(w), T(p,n)). In the remainder of this paper, the FE solution will
also be denoted (u(w), T(1,n)) to lighten the notation.

3.1 Offline/Online Strategy

As in standard Reduced Basis (RB) frameworks, the overall computational procedure for the PR-
RBC is split into two stages. The first is an offline stage where the PR-RBC model learns about
future systems by training general components. During the offline phase, costly computations are
performed once. The second is an online stage to be performed each time one wishes to compute a
new solution for a given parameter pair (u,7) and/or each time one builds a new system. We recall
that the latter case is a specific feature of the PR-RBC methodology. Standard RB methods do not
allow system, topology, and geometry changes online.

3.1.1 PR-RBC for the Steady State Navier-Stokes Equation

Let us first describe our method to solve the nonlinear PDE (4) in a PR-RBC context. Consider
a FE space X < X of dimension N, FE port spaces X = X7 and FE bubble spaces X! < X?.
Additionally, consider a low-dimensional reduced space X < X of dimension Ny, reduced port
spaces X P < X!, and reduced bubble spaces Xf < X?. The construction of such spaces is addressed
in Section 3.3 below. For offline FE solving, we also use a FE space Q < Q of dimension N,. In order
to ensure the solvability of (4), including the divergence-free requirement (4b) and a unity-flowrate
at the interfaces, we choose the velocity space to be the P2-bubble space and the pressure space to
be the P1-discontinuous space. As is customary in RB contexts, the cardinality of X is such that
N, « N,. In the PR-RBC context, X also satisfies

Mo (e Mob b
X = @Q‘CZ,U(XZ ) ® _@1Ei,u(Xi ) = Span{Clv e 7CNu}, (17)

where {C1,...,(n,} © X is the set of port and bubble modes. For i € Pge, we search for a good

approximation at convergence 4(u) ~ u(p) under the form

i
=
I
il
+
=

~
Il
N

M
Ll () + > LY il (), (18)
i=1
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with @ () € X? and a%(p) € X?. We introduce the PR-RBC velocity contribution

M M Ny,
a(p) = > L2l () + 1LY il () = ) i (1) (19)
=2 1=1 n=1

where {u, (1)} 1<n<n, are the PR-RBC velocity coefficients. Thus, the PR-RBC approximation of
the velocity field (18) can be written

N

a(p) = u+ ulp). (20)

We use a Newton algorithm to retrieve @(p). At each new iteration r, the PR-RBC velocity contri-

bution @ (y) is improved using the current increment 6" (1)

@ (n) = @ () + 8 (), (21)

where @"~!(p) is the PR-RBC velocity contribution at the previous iteration 7 — 1. The Newton
algorithm terminates once a user-specified tolerance € has been reached. If based on the relative
error, the stopping criterion reads |@"(u) — @' (u)|x/|@" (1)|x < €. For p € Pre, each Newton

iteration consists in solving the linear problem: find 4" (u) such that, for all m € {1,..., N},

ay(p A" (1), Gn) + @ (A" (1), @1 (1), Gm) + @t (@7 (1), @7 (1), ) = @t (@7~ (1), @~ (1), G-

(22)
Using a Galerkin projection, a direct expansion of (22) leads to
N, N, Nu
( )al 5 Cns Cm Z )anl(Cna C’ﬂ 7Cm) a:fl(ﬂ) :7,’( )a’nl(cn’ G 7Cm)
n=1 n= n=1
N, N,
Z anl <n7 u Cm Z 71 anl (ﬁa Cn’a Cm)
n=1 n'=1
Ny
= _al(,u§ ’[i, Cm) - anl(ﬁﬂi Cm) + Z a;_l(u)azjl(ﬂ)anl(Cn7 Cn’a Cm)a Vi<m< Nu~
n=1
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We can now derive the algebraic formulation of (23). We introduce the parameter-independent

matrices in RN«*Nu

K" = (Cll(]-§ Cns Cm))lgm,nsNu = (JQ V- va) ) (24)

1<m,n<N,,

Ag, :(anl(Can’aCm))lgm n<N, (J (Cn . VCn’)Cm> s VTL/ € {1,...,Nu}, (25)
Q 1<m,n<N,

5 u
IMNX Ny

B?y, = (anl(C’HJ Cn’v Cm))lgm,n/gNu = (J‘ (C’n : vé‘n’)é‘m) ) vn € {1) M) Nu}7 (26)
Q 1<m,n'<N,
and

AL = (066D, = ([ (@0 TG ) , (27)

1<m,n<N,

Sl

Ver)n) . (28)

1<Sm,n’<N,

54 _
B = (a/nl(u,gn/,Cm))lgm’n/gNu = (JQ(
We also introduce the parameter-independent vectors in RN«

g' = (a0, Cm))1cmen, = (JQ Vi - vgm) , (29)

8 = (@8 GDrcar, = ( [ (3906 , (30)

and the parameter-dependent vector in RN«

Ny

g™ (n) = iy ()i, (1) ant (Gns Gurs Gm) 7
n=1
n'=1 1<m<N, (31)
Ny

- | Yt o ([ @ ve)
o 1<m<N,
For all m € {1,..., N, }, we introduce the matrices
Cm = (anl(Cna Cn’a Cm))lSn,’ngNu = (J‘ (Cn . VCn’)CM) ’ € RNUXNu' (32>
Q 1<n,/n<N,

Let 6" (u) = (4% (1)) 1<n<n, € RM* be the component vector at iteration r for j € Pre. The vector

g%7 (1) in (31) can be computed as g0 (1) = (ﬁ’“‘l(u)Tcmﬁ’"_l(u)) . Hence, the algebraic

1<m<N,
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counterpart of the right hand side in (23) is

“HwBY + Al + B (34)

M"(p)a" (1) = &" (). (35)

Once the stopping criterion for the Newton algorithm has been reached, we set t(p) = a"(p). The
final PR-RBC velocity field is assembled as

+ Xa(p), (36)

[

u(p) =

where @(p), u and u(u) are respectively the algebraic counterparts of 4(u), @ and @(w). Similarly,
X is the algebraic form of the PR-RBC velocity basis X . The elements of X are given by XZ-]— = Xij,
where Xij is the j-th coordinate of the i-th finite element basis vector. As opposed to the linear
context, static condensation doesn’t apply and port and bubble degrees of freedom are coupled in
the same system (35). During the offline stage, we identify the quantities to be computed once and
for all. We perform the following steps for every single reference port/bubble. We first compute the
port and bubble sub-blocks of X (cf. Sections 3.3.2 and 3.3.3 below). Then, we compute the port
and bubble sub-blocks of the matrices K A', B!, {A%}, cven,, {B% }1i<n<n,, and {Cp }1<m<n, -
We also compute the port and bubble sub-blocks of the vectors g', g2 and u. All that remains to
be performed during the online stage is the following. For every new system, we form the global
parameter-independent matrices and vectors using their port and bubble sub-blocks computed
offline (cf. Section 3.3.4 below). Then, for every new parameter value 1 € Pre and at each Newton
iteration, we compute the vectors g%" (1) and g” (), the matrix M (x), and we solve the linear
N, -dimensional problem (35). Once the Newton algorithm converges, we evaluate the final PR-RBC
velocity field using (36).

It is readily verified that a nonlinear FE solution is more costly than a linear FE solution. We high-
light that this comparison still holds in the PR-RBC context. In particular, the nonlinear PR-RBC
solution comes at a higher offline cost compared to a standard linear PR-RBC solution. The offline
cost is mainly increased due to the computation of the matrices {A%;}lgnlgNu, {]ABQL}KHSNu and

{Cm}1<m< N, used to accommodate the quadratic nonlinearity within the online stage. However,
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we recall that this cost is amortized over a large number of potential online computations for a par-
ticular model, and over all models which we can and may synthesize from the library of archetype
components. Finally, the visualization of the solution field is often pursued as a post-processing
step. In this case, we must appeal to the full FE degrees of freedom. However, the reconstruction is
performed only once for a given system and its cost is negligible compared to a single FE solution.

8.1.2 PR-RBC for the Passive Scalar Equation

Let us describe our method to solve the nonlinear PDE (5) in a PR-RBC context. Consider a
FE space Y < Y of dimension Nr, FE port spaces Y7 < V¥ and FE bubble spaces Yh < )b
Additionally, consider a low-dimensional reduced space Y < Y of dimension Nr, reduced port
spaces Yip c Y”, and reduced bubble spaces Yib c Yib. We address the construction of such spaces
in Section 3.3 below. The cardinality of Y is such that N7 « Np. The linear space Y also satisfies

LMt Mo
=807 @ & Lle(7) = spantri, 7 (37)
i= =
where {71,...,7n,} € Y is the set of temperature port and bubble functions. For (i, n) € Pre X Ppr,

we search for a good approximation at convergence T(,u, n) ~ T(p,n) under the form

M+1 M
T(p,n) = Taw + Y LLpTE(mom) + D L2717 (1), (38)
=2 i=1

with TP (u,n) € Y and T?(u,n) € Y. The PR-RBC approximation of the temperature field (38)
can also be written

Nt
T(ptm) = Taie + Y, T, ). (39)
n=1

Using a Galerkin projection, the PR-RBC formulation of the passive scalar equation (5) reads:
for all je{1,..., Nr},

2

T

Ti (/u'a 77) (C(ﬁ(ﬂ))(,rl7 Tj) + d(;“'v 5 Tis Tj)) = 7c(ﬂ(u))(Tdir7 Tj) - d(ﬂ’a s Tdira Tj)7 (40)
1

-
Il

where, for all ¢,j € {1,..., Np},

c(t(p))(ri, 75) = c(@)(7i,75) + ) Un(p) c(Ca) (73, 75),
n=1 (41)

1
d(p,m; 75, 75) = —J V7 - V1.
( )= ), j
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Let us introduce the component vector t(u,n) = (T (1£,7))1<n<n,, and the matrices in RNT*Nt

A:L:c( )T, 75) = (J Vi uq) ,
1<j,i<N

15

An (C’ﬂ)(T’L?TJ = <J Vi - Cn Tj) v 5 Vn e {17'~~7Nu}7 (42)
1<j,i<Nr

KT = d(1,1;7,15) = (J VT, - VTJ>
1<

We also introduce the matrix

Atdir = C(Cn)(TdiraTg = (J VTair - Cn 7‘]> c RNTXN“’ (43)
1<

<j<Nr,1<n<N,

and the vectors in RVT

az = c(u)(Tair, 75) = <J VT -t 7‘]> ,
1<

<j<Nr

k' =d(1,1; Ty, 75) = < f VT - VTJ>
1<

<j<Nr

The algebraic form of (40) reads

<A + Z U (1) A, + MKT> t(u,n) = (au + A, u(p) + ulnf{T) . (45)

Finally, we assemble the final temperature field as

E(N? 77) = tair + YE(:“‘? n)a (46)

where t(u, ), tqi and Y are respectively the algebraic counterparts of T(u, 1), Tair and Y.
During the offline stage, the first step is to compute the sub-blocks corresponding to each reference
port/bubble that will eventually appear in Y. Then, we compute the port and bubble sub-blocks of
the matrices K7, Az, {An}lgngNu,Atdir and the port and bubble sub-blocks of the vectors az, kT
and tg;r. All that remains to be performed during the online stage is to assemble the global matrices
and vectors for every new system and solve the Np-dimensional linear problem (45). Finally, we
evaluate the final PR-RBC temperature field using (46). The only cost difference with the standard

linear case is the additional computation of the matrices {An}1<n< N, -
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3.2 Caloz-Raviart a priori Theory
We introduce the divergence-free space

Xdiv = {’U eX ‘ diV('U) = 0}, (47)

where X := [H'(Q)]? as defined in Section 2. For u € P, F is a C' mapping such that F(u) =
ar(pu(p), ) +an (u(p),u(w), ), for all u € Xg;y. Here, p is omitted as an argument of F' for simplicity
of the presentation. We also introduce a linear form b : Xg;y X Xéiv — R such that

Vo € Xaiy, Yw e Xy, : b(v,w) := (DF(u)v,w)xr  xy, (48)

where DF refers to the Fréchet derivative of F', and X}, is the dual space of Xg;,. We recall from
Section 3.1.1 that dim(f() = N, € N* and we make the following assumptions:
o X — Xgiv when N,, — 0.

e There exists a constant 8y, > 0 such that

. b(v, w)
Bn, = inf  sup ’ : (49)
veX\{0} weX\{0} HUHXdiv wHXdiv
and
lim  inf ﬁg,f v —un,|lxy =0. (50)
w00 uNuEX

Note that (49) is a standard stability condition for linear problems and (50) is a standard approxi-
mation property of Xy, by X. We also introduce

DF(u)v|
o= sup ” ( ) ||Xdiv. (51)
’UGXdiV\{O} ”vHXdiv

As proven in Caloz-Raviart [30], there exists Ny such that, for all N,, = N,

[ — i, s, < (1 " V) inf -y, | (52)
BNU ’U.NHEX

The best-fit solution in X is defined as

] = arginf Ju—u, |, (53)

uNuEX

Remark 1 In order to verify (53) numerically, v is replaced by its discrete estimate vy, .
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3.3 Offline Approximation Spaces

In this section, we address the construction of the PR-RBC spaces introduced and used in Sec-
tion 3, namely the instantiated velocity spaces {Xf’ Yocicn, U {XP}<i<n, and temperature spaces
(Y }ocicnrs1 U {Y?} i<icn,. We present a training procedure that accommodates nonlinearities.
Both the velocity and temperature basis constructions consist of two tasks: port training and bubble
training. These two tasks are performed sequentially. We refer to every pair of archetype compo-
nents that can share the same archetype port as ‘port-compatible pairs’. The training of every
port-compatible pair will be performed for both the velocity and the temperature fields jointly
when searching for port modes. The same applies for every archetype component when searching
for bubble modes. The idea of the port training is as follows. For every archetype port in the library
{fl, e ,fnp }, we train all port-compatible pairs associated with this port using randomized input
boundary conditions at the non-shared ports. For the bubble training, the main idea is to train all
the (individual) components in the library of archetype components {Ql, . ,an} using the previ-
ously computed port modes. For every archetype port or component, the resulting PR-RBC spaces
will be referred to as ‘reference’ spaces. For simplicity of the presentation, we drop the archetype
port and component indices in absence of ambiguity. We thus present the port and bubble trainings
for an archetype port I and an archetype component Q). The corresponding reference velocity spaces
will be denoted Xfef and Xfcf and the corresponding reference temperature spaces will be denoted
Vi and Yl

3.8.1 Zero-Flowrate Random Functions

The unity-flowrate property of the PR-RBC velocity solution (18) is ensured through the constant
contribution @. Since @ is a unity-flowrate and divergence-free velocity field, we infer from (18)
that @(u) — u is a divergence-free field and its flowrate through the ports of the system vanishes.
Thus, port basis functions need to satisfy a zero-flowrate requirement. Furthermore, these functions
need to satisfy the parabolic boundary condition (4c) that we rewrite in a simplified context and
a reference coordinate system as u(p)(y = —1) = u(u)(y = 1) = 0 (see Figure 2). Indeed, this
requirement is adjusted using rotation and translation operators whenever needed. Here, our goal
is to build a set of zero-flowrate basis functions {hi,...,hgr}, with R € N*. These functions will
be used in the port training algorithm. Let {Lg, L1, ...} be the Legendre polynomials [31], where
the subscript is the degree of the polynomial. The Legendre polynomials satisfy the orthogonality

property
1

J Li(y) Ly (y)dy = 0, Vk # k'with k, k" € N. (54)
-1

Moreover, there exist vy, 71,72 € R such that

1—y® =yLo(y) + 71 L1(y) + v2L2(y). (55)
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The orthogonality property (54) then yields

fl(l — )L (y)dy =0, YV k=3, (56)

Furthermore, it holds that
1 1
f (1-y*)ydy =0,  and J (1 =9 (5y* — 1)dy = 0. (57)
-1 -1

Thus, we choose the set of weighted polynomials

(1—-y%)y, it k=1,
1 2 2 .
Pr(y) = Z(l—y )(by” — 1), if k =2, (58)
1
=1 =)L), if3<k<R

as zero-flowrate functions for the port training algorithm.

Proposition 1 We denote by Pr([—1,1]) the space of polynomials of degree R with real-valued
coefficients. We introduce A = {Q1 € Pria([-1,1]) | @1(1) = Q1(—1) =0, Sl_l Q1 = 0}. The fol-
lowing properties hold true

(i) (Qi1€ A and Q1 # Op,, ,(—1,1)) ) = deg(Q1) = 3;

(i) A =span(Py,..., Pgr).

Proof (i) For Q; € A such that Q; # 0, we have Q;(1) = Q1(—1) = 0. Hence, (1 — y?) divides
Q1. Furthermore, Sl_l(l —y?) # 0. Consequently, deg(Q1) = 3;

(ii) (P1,...,Pr) < A by construction. For @1 € A, 3 < deg(Q1) < R + 2. Hence, dim(A) <
R. Furthermore, the elements in (Py,..., Pg) all have different polynomial degrees. Thus,
(P1,...,Pg) is a linearly independent family of maximal dimension, whereof the result.

O

The chosen set satisfies the boundary conditions, but the zero-flowrate requirement is verified
only at the continuous level. To ensure the requirement remains valid in a discrete setting with a
FE space X < [H'(Q)]? and an exact quadrature on the interface ports, we search for discrete
functions {h1,...,hgr} such that, for each k € {1,..., R}, hy satisfies

hi = argmin|g — P/ x,
geX

1
J hye = 0.
-1

(59)
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(xy)=(0,1)
I Fi M
Q, Q,
(xy)=(0,-1)
Figure 2: A pair of components used for the port training. The boundaries in black represent 0Q2%?}.

3.3.2 Port Training

The first step of the offline stage is the port training. A crucial requirement is the zero-flowrate
condition at the ports for the velocity field. For the temperature field, we introduce a specific
treatment to allow for an efficient representation of the convective effects. In order to accurately
represent the solution field at the ports, we train every port-compatible pair and evaluate how the
so-called ‘receiving port’ responds to forcing at the so-called ‘sending ports’. In the linear context,
optimal port spaces can be retrieved by calculating the transfer operator [13]. We cannot invoke
the transfer eigenproblem in nonlinear contexts. Thus, we pursue a probabilistic approach based
on random forcing [32]. The approach was originally applied to a linear problem in [10], and more
recently rigorously related to the transfer eigenproblem for linear problems [33].

For i,k € {1,...,n.}, we denote by £2; , = ; U Qy the physical domain of a port-compatible pair
of interest, by I'; the sending port on ;, by I';, the sending port on {2, and by I'; j, the receiving
port. Figure 2 illustrates a pair of components to be trained in a simplified setting. We also denote
by (’)R Te (145 w;, wy) the discrete solution to the steady state Navier—Stokes problem for a parameter
1t € PRe, in a domain D, for the boundary conditions w; on I'; and wy on 'y, and for homogeneous
Dirichlet boundary conditions on dQ"?! and Q%Y. Let PY, = {u1, .. ., pntr} © Pre be a discrete
training set and let ny € N*. The idea is to use a set of input forcing functions {w},...,w;”} and
{w},... ,wa } as Dirichlet boundary conditions at the sending ports and collect the set of solutions
at the receiving port

~ Q; r
Mo = {0k, (s bl | e Pl 1< <), (60)

In order to account for the constant flowrate of the velocity field in the flow direction (i.e., normal
direction with regard to the interface ports), the input forcing functions are chosen under the form

77 R i — R 1
wh = <U1 " Zr=l1 KZWhT) , and wj, = (w ’ ZTT f%,ﬁh) ., V1<i<ny. (61)

2 2y,
The random coefficients !, and /fﬁw are generated using a normal distribution of mean 0 and
variance 1 and the functions {h, }1<,<r are the set of zero-flowrate polynomials introduced in 3.3.1.

Here, zf and z,ﬁ are random functions in the tangential direction which can be generated using
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a user-defined basis of functions. In our numerical test cases, 2! and z! are linear combinations
of {h,}1<r<r with coefficients generated using a normal distribution of mean 0 and variance 1.
Indeed, (61) is expressed in an orthonormal coordinate system where the first axis is in the flow
direction. The input functions w! and wé are rotated and translated using appropriate operators
whenever needed. The flowrate conservation imposed at the sending ports (61) ensures the existence
of Or Ty (3w, wh)in (60) . For a given port I', we introduce a zero-flowrate H%—projection operator
on I' denoted II. We can then compute the set

M, = {H%M (v—1ix) |ve Mu} : (62)

which collects the projections of the solutions on the interface port I'; ;, after subtracting the unity-
flowrate contribution u; j, thereby yielding zero-flowrate port functions. The velocity port modes are
obtained via a compression of M,, by means of the Proper Orthogonal Decomposition (POD) [34, 35]

{x1,-- - xwp} = POD (My, &7) , (63)

where €? is the relative truncation threshold of the POD. Finally, the reference velocity port space
is defined as

XP, = span{xi,...,xnr}- (64)

Note that the zero-flowrate condition is satisfied for the port modes resulting from the POD in (63).
In fact, X?

¢ C span{M,}, and the elements in M,, satisfy the zero-flowrate criterion by construc-

tion.

Let us now describe the construction of the temperature PR-RBC port spaces. We denote by
7—[1? Tk (1, m; Wi, Wi, A;) the discrete solution of the passive scalar equation in a domain D. Given the
velocity field Or 1, (15 wi, wg), the discrete temperature field Hﬁfk (1, m; Wi, Wi, A;) is computed for
a parameter 1 € Ppy, the Dirichlet boundary condition A; on I';, a homogeneous Neumann bound-
ary condition on I';y and Q"2 and a homogeneous Dirichlet boundary condition on 0Q°#Vity,

Let PE = {n1,... ,nntTr} < Pp; be a discrete training set. The idea is to use a set of input func-
tions {\},..., A"t} as inflow Dirichlet boundary conditions and collect the set of solutions at the

receiving port

Ma = {4, (o mswhwk Ml | i€ Pane Pl 1 <1 <nyf. (65)

We highlight that, unlike for the velocity training, the temperature training is performed with
natural boundary conditions at outflow for a good representation of the convective effects, and

also to avoid resolution requirements of artificial boundary layers (see Figure 3). The reference
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Figure 3: Forcing boundary conditions with forcing ports in red and receiving ports in blue. Lef
For the velocity. Right: For the temperature.

Wi

wW; Qi Qk Wi N Qi Qk Wi

temperature port modes result from a compression of Mt by means of the POD

{¢17"'7¢N;} = POD (MTaEg“)7 (66>

where !, is the relative truncation threshold of the POD. Finally, the reference temperature port

space is defined as

Y2 = span{on,...,onz ). (67)

The port training is detailed in Algorithm 1. We recall that Algorithm 1 has to be run for every
single archetype port in the library {fl, U }, i.e., for every port-compatible pair of components

for this port.
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Algorithm 1 PORT_TRAINING

Input: P, x PE: training set
Q; 1 pair of components
ke receiving port
z—:u,sT POD truncation thresholds
ny: number of forcing functions

1: for 1 <l<njydo

2: for 1€ P, do

3: Compute OF1 llik (u;wﬁ,wfqﬂpi,k

4: for n € P, do

5: Compute HI‘:,?‘k (p, mywl, wfc, Ab)

6: end for

7 end for

8: end fgr Q

9: Set My = Fl;k(ﬂlwz’wk)|Fi,k |“€P}t{c’1<l<nf}
10: Set M, = {H%i,k (v — Uzk) |ve ./\;lu}

11: Compute {x1,..., XNE} = POD (./\/lu7 85)

12: Set Xf)ef = span{x1, ... 7XNp}

2%
13: Set Mp = { r, {Zk(u,n,wl,wk,kl)\pl ol mePE, mePE,1<I< nf}
14: Compute {¢1,..., qu;} = POD (/\/lT7 ET)
15: Set erf = span{¢1, ... 7¢N§'ﬁ}
Output: Xp ={x1,---, XNE}: velocity port space
ref ={o1,..., ¢N§ }: temperature port space

NE: number of velocity port modes
N;ﬁ: number of temperature port modes

To increase computational efficiency, we suggest an improvement of the procedure described above
by using a simplified version of the hierarchical POD [36]. In practice, for each parameter value
w € PR, we first form the parameter-dependent set

Ma(p) = {04, ek whln,, | 1<l <ns}. (68)

Then, we compute its zero-flowrate counterpart
Mu(p) = {10, (v =) | ve Mu()}. (69)

At this stage, we compute the parameter-dependent vectors

{Xl(/‘L)a v 7)21\75(”) ('u’)} = POD(MU(M)’ 62)3 (70)

and the corresponding singular values

{s1(w);-- .. sxp( (1)} = singular_values({X1(n), ..., Xz, (W)}, €0)- (71)
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We use the singular values {s1(u), ..., Synr(,) (1)} to scale the modes {X1(1), ..., Xnz(u (1)} before
performing a final POD

o) =00 (o 1080 0Kz (012 ) (72)

HEPE,

Consequently, the reference velocity port space using a hierarchical POD is given by

Xfef = span{x1,..., Xn?}- (73)

In terms of computational effort, the POD in (66) requires the solution of an eigenproblem of
dimension ny x Card(Pf,), whereas (72) requires the solution of ny eigenproblems of dimension
Card(Pg,). It is readily verified that the latter strategy is computationally more efficient than the
former. The computational efficiency of the temperature port training is improved in the same
fashion. The port training using the hierarchical POD for both the velocity and the temperature is
described in Algorithm 2.

Remark 2 For the temperature port training, we perform some additional steps for components
likely to appear at system inflow or system outflow ends of the potential online geometries. We recall
that ‘system’ refers to the geometry that will be built online. For single components (not a pair of
components), we train with the inflow port being the sending port and the outflow port being the
receiving port. Training single components is mainly considered to accommodate the specific case
of a single-component online geometry. For pairs of components, we train with the target Dirichlet
boundary condition at inflow and a Neumann boundary condition at outflow. We amend the port
space with the resulting port modes. In riverine contexts, these steps are performed for channel
components (either as a single component or as a component appearing at inflow or outflow of a

pair of components) and is usually skipped for bends.

3.3.3 Bubble Training

We also use the idea of random forcing to train the bubbles. Unlike for port training, the bubble
training is performed for a single component at a time. We present a basis construction that satisfies
the incompressibility condition for the velocity bubbles, thereby ensuring the incompressibility
condition for the final velocity field to be computed during the online stage. We define ¢ ¢ :
XP — X? as the left port Stokes lifting operator into Q,, ie., Yr, La, (&) is the solution to

ar(1;¢p, g, (€u),v) —b(p,v) =0,  Vve X}, (T4a)
b(a:¥p, ,0,(&)) =0,  Vge @y, (74b)

Ur,a, (&) =&, only, (T4c)

Ur o (&) =0,  on o™ L oQY LTy, (74d)
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Algorithm 2 DISTRIBUTED PORT_TRAINING

Input: P, x PE: training set
Q; 1 pair of components
I'; i receiving port
eh, ef.: POD truncation thresholds
ny: number of forcing functions

1: for p e Pf{e do
2 for 1<l <nysdo
Q;
3 Compute Ori:Fk (3wl wi)lr,
4 for ne P do
5: Compute ’H?:{ik (p, mswl, wh AL
6 end for
7 end fgr o
8 Set Mu(p) = {OFf, (mwhwh)lr, , | 1<l <ng}
9 Compute My, (u) = {H(lli.k (v—1;k) |vE Mu(#)}

10:  Compute {X1(1),- -, Xy, (1)} := POD(Mu (1), €h)
1 Set {510,557 ()} = singular-vatues({R1(h) - Kip ) ()} <h)
12: Set My (n) = {H?:,Ik‘k (m,mwhwh A | 1<li<ng, ne Plt:,rr}
13 Compute {G1(1), -, G5z, (1)} = POD(Mr (1), £5)
14 Set {o1(n), ., 05 (1)} = singular values({G1(n), ., Bz () (M), <)
15: end for

. = c ~ o »
16: Compute {x1,...,Xy»} = POD (“E;He{a(u)m(u), S e DX P (0 (u)}7€u>

17: Set XP . = span{x1,..., XNE}

18: Compute {¢1’ tee d)N%l} = POD (ne%“ {Ul (77)(2)1 (77)7 s )Gﬁg(n) (ﬁ)&ﬁg(u)(n)}ﬁ’%)

19: Set Y, = span{¢1,~-~,¢Ng}

ref

Output: Xfef ={X1,--- XNS}: velocity port space
Yr;;f ={d1,..., qSN;}: temperature port space

NZE: dimension of the velocity port space
N;l: dimension of the temperature port space

. — X! is the right port

where Q; < Q; is a FE discretization space. Similarly, z/JFHI_)Q s XP +

Stokes lifting operator into €2, i.e., wriﬁ—l"ﬁi (&) is the solution to

ar(1;¢p,, q,()v) —b(p,v) =0, Voe X, (75a)
b(g, ¥r,,, a,) (&) =0,  Vge@, (75b)

Ur, o0, (&) =& on Digy, (75¢)

Ur, o0, (E) =0, on Q™ U AQ T, (75d)

Since the port training has already been performed, an efficient and goal-oriented bubble training

should not use fully random functions at the ports of a component for forcing, but rather linear
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combinations of the previously computed port modes. In fact, only port mode-like profiles are likely
to arise at the ports. Hence, we define random input boundary conditions at the ports of component

1 as follows

Ny Ny
l_ - 1 1 - l
w; =U; + Z KinXn, and wj q =Uiy1+ E Kit1.nXns V1<1<ny, (76)
n=1 n=1

l
where £,

and k! +1.n are random coefficients generated using a normal distribution of mean 0
and variance 1. Then, we compute the corresponding solutions to the steady state Navier—Stokes

problem

Ru = {001, (whwlyn) | ne Pl (77)

In order to account for the incompressibility condition (4b), and to form the set of divergence-free

bubble functions, we create

NP
Q AN
Ry = Ori,ri+1 (15 wj, Wiy 1) — Ui — Z K:z n¥r, L0, (Xn) Z Hz-&-l nlprlﬂ_,g (Xn) | HEPR,1<I< ny

n=1

Applying the POD to the set R, with a truncation threshold €% , we obtain the divergence-free
bubble modes

(o1,...,any) = POD(Ry, eb). (78)

Finally, the reference PR-RBC velocity bubble space is given by

X =span(aq,...,ays). (79)

u

It is readily verified that the resulting bubble modes are incompressible.
Let us now describe the construction of the temperature PR-RBC bubble spaces. We define

Pr. ., Y? — Y as the left port lifting operator into Q,, ie., ¢r. ., (Er) is the solution to
f Ver o (ér) VO=0,  VeY?, (80a)
O
SOFi—AA),i (ST) = §T7 on Fia (80b)
¢r,a,r) =0, on oQ%Y U Ty, (80c)
0 8 .
Fre60) o g (80d)
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In the same fashion, we define ¢ o Y7, — Y! as the right port lifting operator into Qi ie.,

L1 0, (&7) is the solution to

JA VSDFiﬁQi (fT) -Vl = 0, Vo e }/;bv (81&)
o
er, o, (&r) =&, on iy, (81b)
Pr,m0,(Er) =0, on o0 U Ty, (81c)
0 S .
Goroalr) o agen (81d)
on

We highlight that the boundary conditions (80c) and (81c) are chosen to better capture the con-
vective effects. We also define random input boundary conditions at the left port of component 4

as follows
N7,
A= >kl 6, V1<i<ny, (82)
n=1

where ! = are random coefficients generated using a normal distribution of mean 0 and variance 1.

i,

We compute the corresponding solutions to the passive scalar equation

(3 hswhyn, A | e Ploym e PEL 1< <. (83)

i+1

R = {Hi
At this stage, we subtract the left port contribution and the lifting of the solution at the right port

S0 as to retain functions that represent the behavior of the temperature field only in the interior of
the component

Rr = {9 — Pr, -0, (0

r.) —¢r,,,—a,0lr.,) [0 € 7~3T} : (84)

Note that for 0 = H%’Fi“(u,n;wﬁ,wfﬂ,)\é), the left lifting is given by o ¢ (¢

Fi)

gi /@ﬁ’ngon_)ﬁi(qﬁn), where the liftings {¢r. o (¢n)}1<n<nz are computed only once. The tem-
perature bubble modes result from the compreésion of the set Ry by means of a POD with a
truncation threshold &4,

{Bla"wﬁN%} = POD (RT,E%) . (85>
Finally, the reference temperature PR-RBC bubble space is defined as

Yie =span{f,. .., By }- (86)
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As the procedure highlights it, the port training has to be performed prior to the bubble training.
Furthermore, the bubbles are trained with natural boundary conditions at the right (outflow) port
for a good representation of the convective effects. The bubble training strategy is detailed in
Algorithm 3. We recall that Algorithm 3 has to be run for every archetype component in the
library {Q,..., Q)

Algorithm 3 BUBBLE_TRAINING

Input: PE, x PE: training set

€2;: trained component
eb, a%: truncation thresholds

{X1,---,XNp}: port modes
ny: number of forcing functions

1: Compute u;

2: Compute the velocity left port liftings {t). _ & (Xn)}1<ng1v5

3: Compute the velocity right port liftings {wriﬁ,lafzi(xn)}KnsNﬁ

4: Compute the temperature left port liftings {4 (¢n)}1$n§N§1

5: for 1<l <nydo

6: for ;1 € PE, do
Qs

7 Compute OFi,FiH (;L;wé,w§+1)

8: for n € P do

) S cl 1

9: Compute 6 := HFi,FiH (b M5 Wi, Wiy 15 AY)

10: end for

11: end for

12: end for R v v
Q; . I+1 = NG NG

13: Compute R, = {OFi’F’H»l (Mywﬁ,wlj )= Ui — Y,y ”i‘,ndjriﬂﬁi(xn) — D lifL-Jrl‘nwFHlHQi(Xn)}

1<l<ny

5 Q;
14: Set Ry = {HFZ,DH(“’n;wé’wéJrl’)‘é) | pe Plt{e,n ePE,1<I< nf}

15: Compute Ry — {9 — r, 50, 0l0) = Pr,, o, (Olr,,,) | 0€ ﬁT}
16: Compute X! . = POD(Ry, e,
17: Compute Yrbef = POD(Rr,¢&%)

Output: Xfef: velocity bubble space for component ¢

}A/f;f: temperature bubble space for component 1

NP: dimension of the velocity bubble space for component i
N7: dimension of the temperature bubble space for component 4

In actual practice, we use the hierarchical POD to minimize the computational effort of the bubble

training. The idea is similar to that in Algorithm 2.

Remark 3 For the temperature bubble training, an additional step is performed. We train with
the target Dirichlet boundary condition at inflow. This mandatory step is only needed for archetype
components that are likely to appear at the inflow end of online-assembled geometries. In riverine
contexts, this step is typically performed for channels but not for bends. In our test cases, we have
performed an optional step (that can be omitted) where we train outflow ends with a homogeneous

Neumann boundary condition at outflow and a linear combination of port modes at inflow.
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3.83.4 Global PR-RBC Spaces

For each new system, the PR-RBC global spaces and matrices are built using the archetype port
and bubble spaces. All instantiations of a given component are represented using the bubble space
of the corresponding archetype component, and all ports are represented using the port space of
the corresponding archetype port. For the geometry illustrated in Figure 1, we define the algebraic
forms of the intermediate velocity port spaces as X& e X’Z’W, and the algebraic forms of the velocity
bubble spaces as X'L . ,X’]M. For i € {2,..., M}, we introduce the algebraic forms of the liftings of
the port space Xf to the left and to the right components as ¥ 1 and v’ 2 respectively. The rows
of these matrices correspond to local velocity FE degrees of freedom, and their columns correspond

to PR-RBC velocity modes. Hence, the algebraic form of the global velocity PR-RBC basis is

. I
Xt \IJA’Q’ 0
0 X5 o

0o wh? X}
: e RNuxNu, (87)
0o X 0
o wh? Xt

5 1
Xl])\/[ 1 ‘Iﬂlj\/f 0

Note that the system inflow and outflow ports do not appear in the global velocity PR-RBC matrix
thanks to the use of the constant contribution u. We also define the algebraic forms of the non-system
inflow temperature port spaces as YS e ,Yﬁ\}, Yﬁ/f +1, and the algebraic forms of the temperature
bubble spaces as Yll’, e 7Y§’w. For i € {2,..., M + 1}, the algebraic forms of the liftings of the port
space Yf to the left and/or to the right components are denoted ®7 1 and ®7 2 respectively. The
rows of these matrices correspond to local temperature FE degrees of freedom, and their columns
correspond to PR-RBC temperature modes. Hence, the algebraic form of the global temperature
PR-RBC basis is

Y, @bt o
0 Y2 o
0 @ Y}
' e RN N7 (88)
Yi, ., ®% o '
M-1 ~M
0 ijg 0 1
0 Yin

Here, only the system inflow port does not appear in the global temperature PR-RBC matrix

thanks to the use of the lifting of the boundary condition tg;,. Were we to have a Dirichlet outflow



Benaceur and Patera Page 26 of 39

boundary condition for the system, the algebraic form of the global temperature PR-RBC basis
would have had the same form as for the velocity.

Let us now address the assembly of the matrices and vectors of the system. As an example, we
present the assembly of the velocity stiffness matrix K. All other quantities are derived similarly.
For each instantiated component §2;, with i € {1,..., M}, we introduce the local offline-computed
reduced stiffness matrix K% defined as

Ki= (X0 wy!) Ki(%) wpt)
1 1 2 1 1 2 ’

N X T N
K;‘:(\Ilf’Q X \Ilffl> K¢ (\I:f’2 X \I:ffl), Vie{2,...,M—1}, (89)

N T N
Ky = (wh? X4,) Ky (w57 XY,).

The global online-assembled PR-RBC stiffness matrix reads

K¢ 0 ... ... 0
0 K¢ 0
Ké=1|: . . - 1 |eRNxN (90)
: . 0
0o .- 0 Ky

The matrices and vectors of the global system consist of as many sub-blocks as the number of

instantiated components.

Matriz sparsity: The PR-RBC Newton update equation shares the block sparsity structure of the
original FE equations. In fact, port degrees of freedom associated with a component are coupled
only to bubble degrees of freedom associated with neighboring components; and bubble degrees of
freedom in any component are coupled only to port and bubble degrees of freedom associated with
that component. Most importantly, the PR-BRC Newton update matrix has many fewer degrees of
freedom compared to the FE Newton update matrix thanks to port reduction and bubble reduction.

The component-based method makes it possible to reduce offline learning to a few inexpensive
archetype components and ports which characterize the geometry of the system. The major interest
of the PR-RBC method in comparison with standard RB methods lies in the capacity of a single
offline reduction to analyze any new system synthesized from a library of generic components
initially determined. The archetype components are then instantiated as subdomains to form any
given model in a family of problems. Since the archetype components are typically parametrized,
the family of problems associated with a given library (i.e., the set of models which can be formed
from assemblies of instantiated components) can be very large. The component-to-model assembly
process is described in detail in the acoustics context in [16] and in the structural context in [37].
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We also note that a library can expand over time, with incremental port training and subsequent
bubble training to accommodate new components.

We summarize the important role of components. First, regarding parametrization, components
allow for the reduction a single large problem with many model parameters to many small prob-
lems with just a few local parameters. We thus address, by dividing and conquering, the curse of
dimensionality which often plagues reduced basis techniques. However, we do not address local pa-
rameterization in this paper. Second, components permit the development of local approximation
spaces over each archetype component, which offer flexibility and ultimately computational effi-
ciency. In particular, components facilitate models in which the topology may vary as a function of
the parameter. Third, in the offline stage, we solve FE problems only over pairs of components (port
training) or single components (bubble training); we never solve FE problems for entire systems. We
may thus consider large models, and in particular models which may be too large to admit global
FE solutions. Fourth, we may amortize our offline effort not over just a particular model — in the
real-time and multi-query limits per usual reduced basis justification — but over all models which
we can and may synthesize from the library of archetype components. We can thus tolerate higher
offline costs. In fact, a common impediment to model order reduction without components is the
relative inflexibility imposed by a priori specification of a particular problem and model parameter
domain. Fifth, and finally, we facilitate the development of new models in particular by engineers
without knowledge of the underlying numerical approaches.

4 Numerical Results

In this section, we illustrate the above developments for two-dimensional rivers. Consider a library
of 4 archetype components: a straight channel, an island, a bend, and a flipped bend, all illustrated
in Figure 4. Our goal is to apply the PR-RBC method to the steady state Navier-Stokes equation (4)
supplemented by the passive scalar equation (5). Regarding space discretization, we recall that we
use P2-bubble finite elements for the velocity field, P1-discontinuous finite elements for the pressure
field, and P2 finite elements for the temperature field. The number of degrees of freedom for the
velocity and the temperature on ports and bubbles is given in Table 1. The parametrization is

Archetype components ports island | bend | channel | flipped bend
Velocity degrees of freedom 62 5668 3750 4686 3726
Temperature degrees of freedom 31 1920 1272 1587 1264

Table 1: Test cases (a) and (b) - FE degrees of freedom.

similar for both test cases since they share the same archetype components. The Reynolds number
w varies in the interval Pre = [10, 15] and the Prandtl number 5 varies in the interval Pp, = [1, 6].
For parameter sampling, we will use the following discrete training sets: PE{eJ ={i] 10 < i < 15},
Pheo =1i/2 20 <i <30}, Pp,; = {i | 1 <i <6}, Ppy = {i/2 | 2 <i < 12}. We will also use
the verification sets Py = {i/4 | 40 < i < 60} and Ppe" = {i/4 | 4 < i < 24} for online assessment.

The verification sets have been derived by uniform sampling of the training set. They have proved
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Figure 4: Test cases (a) and (b) - Meshes of the archetype components. Top left: Straight channe
Top right: Island. Bottom left: Bend. Bottom right: Flipped bend.

useful during our tests to compare the performance of the PR-RBC model with the FE model.
For the velocity port training algorithm 2, we use R = 5, where R is the number of zero-flowrate
basis functions used in (61). For the temperature port training, we use forcing functions of the
form Z?=1 o;cos(imy), where o; are random coefficients generated using a normal distribution of
mean 0 and variance 1. Other sampling strategies can be used as long as they have sufficient data
points that are not part of the training sets. Regarding implementation, the FE computations use
FreeFem++ [38] and the PR-RBC algorithms have been developed in Python.

4.1 Test Case (a): Straight River

Our first test case is a straight ‘river’ (or channel), formed using five instantiations of elements
from the library of archetype components. Using the notation in (4), 0Q% is the boundary of
the inner cavity in the island components. The assembled geometry is illustrated in Figure 5. The
final mesh has N, = 25146 velocity degrees of freedom and Nr = 8477 temperature degrees of
freedom. In Figure 6, we show the FE velocity and temperature profiles over the the straight river
for two different parameter pairs. Overall, the system outflow temperature increases as the Reynolds
number p and the Prandtl number 7 increase. Furthermore, the convective effects are more apparent
for larger values of 7.

We assess the performance of our method for the steady state Navier-Stokes equation and the
passive scalar equation. We first describe the offline stage (cf. algorithms 2 and the distributed
version of 3). In a first configuration, we use the training sets ”Pf{e’l and Pf)rr’l, and a number of
forcing functions ny = 4. We recall that ny is the number of random functions generated for training
ports and bubbles. It is the number of functions generated at the forcing ports of component pairs
or single components. The value of ny will be increased in Test case (b). For f, = &8, = 1073, we
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Figure 5: Test case (a) - Mesh of a 5-component straight river with N,, = 25146 and Np = 8477,

22773E-01 6.8318E-01 2 2745E-01 6.8235E-01

L |
0.0000E+00 4.5546E-01 9.1081E-01 0.0000E+00 45490E-01 9.0880E-01
2.5000E-01 7.5000E-01 2.5000E-01 7.5000E-01
]
2.8298E-33 5.0000E-01 1.0000E+00 9.2260E-34 5.0000E-01 1 D0D0E+00

Figure 6: Test case (a) - FE solutions. Left: For (u,n) = (10,1). Right: For (u,n) = (15,6). Top:
Velocity field. Bottom: Temperature field.

obtain a velocity port basis of cardinality N? = 10 and a temperature port basis of cardinality
NP = 5. The first port modes for the velocity training are illustrated in Figure 7. As can be
conjectured from visual inspection, the curves in the left panel of Figure 7 satisfy the zero-flowrate
criterion (i.e., a vanishing integral over [—1,1]). Using the collected port modes, we perform the
bubble training with €% = ¢} = 1073, We obtain N = 13, N’ = 15, N¢ = 16, and N/* = 15
velocity bubble modes, where the superscripts indicate the component initials, i.e., ¢ = island,
b = bend, ¢ = channel, and fb = flipped bend. Regarding the temperature training, we obtain
Ni =12, Né’w =17, Ny =1, and N%b = 18 temperature bubble modes. The first velocity bubble
modes are illustrated in Figure 8 and the first temperature bubble modes are illustrated in Figure 9.
We infer from visual inspection that zero-flowrate is satisfied for the velocity bubble modes, and
natural boundary conditions on the walls, and homogeneous Dirichlet on the cavity are satisfied
for the temperature bubble modes. Moreover, the cardinalities of the reduced basis spaces for the
velocity and for the temperature are shown in Tables 2 and 3 respectively. One can notice that
the channel archetype component only needs a single bubble mode to represent the temperature
PR-RBC solution field for eb = b = &% = &b = 1073, which corroborates the advantage of using
domain decomposition to represent solution fields for systems with recurring geometry patterns.
For the velocity training, the cardinalities of the port and bubble spaces all increase as tolerances
are tightened up to ef = SZ = 1075, Afterwards, the increase in the number of velocity port modes
continues, and a stagnation in the number of velocity bubble modes is observed. This phenomenon
is due to the fact that all the energy in the set of collected snapshots during the offline random
training is already included in the chosen POD modes. Note that the increase in the number of
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Figure 7: Test case (a) - First velocity port modes for &7, = 1073, ny = 4, and Pﬁr&l . Left: Modes in
the normal direction (with regard to the interface ports). Right: Modes in the tangential direction.

port modes beyond the stagnation threshold for the bubbles highlights the importance of the port

representation in rendering the behavior of the solution field through the port interfaces. A similar

trend is observed for the temperature with a stagnation threshold € = ¢ = &b = &b = 1077 for

the bubbles. The number of temperature port modes also stagnates at e = &% = &, = &), = 107°.

€ NE | N | N2 | NS N{jb N | vn, /BN, | PR-RBC error | best-fit error condition number

102 5 7 7 8 7 58 | 1.9 x 102 6.5 x 10~ 2 6.3 x 10~ 2 1.3 x 102 — 1.4 x 102

10=3 | 10 13 15 16 15 114 | 2.1 x 102 1.4 x 1072 1.3 x 1072 1.5 x 102 — 1.5 x 102

10711 14 22 23 24 24 172 | 2.2 x 102 5.4 % 10~3 5.2 x 10~3 1.6 x 102 — 1.6 x 102

107> | 28 | 24 | 24 | 24 24 232 | 2.3 x 102 36 x 103 34 x10°3 1.7 x 102 — 1.7 x 102

1006 ] 43 | 24 | 24 | 24 24 202 | 2.4 x 102 4.0 x 1073 2.8 x 1073 1.7 x 102 — 1.8 x 102

10-7 | 43 24 24 24 24 292 | 2.4 x 102 6.8 x 10~3 5.8 x 10~3 1.7 x 102 — 1.8 x 102

1079 | 44 | 24 | 24 | 24 24 206 | 2.4 x 102 4.7 %x 1073 2.7 x 1073 1.8 x 102 — 1.9 x 102

Table 2: Test case (a) - For ny = 4, P, |, and & = &b, = % Left: Offline cardinalities of the velocity
PR-RBC spaces (valid for test cases (a) and (b)). Right: Online quantities.

We next discuss the online stage, we first assemble the constant velocity contribution @ and the
Dirichlet temperature lifting Ty;, for the entire system as illustrated in the top panels of Figures (10)
and (11) respectively. We also assemble the global PR-RBC basis and the global PR-RBC matrices
and vectors of the reduced systems (35) and (45). The sparsity of the velocity stiffness matrix and
that of the PR-RBC basis are illustrated in Figure 12. The matrices are block py—diagonal and port
and bubble degrees of freedom are only coupled to port and bubble degrees of freedom of neighboring
components. Hence, the matrices of the PR-RBC system are sparse and the solution cost is cheaper
than for standard RB methods where online matrices are dense. We can then solve for the PR-RBC
velocity contribution @(u) — % and the PR-RBC temperature contribution 7'(p,7) — Tair. These
fields are illustrated in the bottom panels of Figures (10) and (11) for 4 = 15 and n = 6, with
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Figure 8: Test cases (a) and (b) - First velocity bubble modes (norm) for €% = 1073, ny = 4, an
Pf{e’l. Top: For the island archetype component. Bottom: For the channel archetype component.

e Nf,’. N;l Nél NS, Nﬁ,‘.b Nt | PR-RBC error | best-fit error condition number
102 3 4 6 1 6 26 6.1 x 1071 3.7 x 1071 2.7 x 102 — 7.8 x 10?
103 5 12 17 1 18 52 3.7x 1071 2.1 x 1071 3.7 x 102 — 1.4 x 103

10—4 9 30 29 4 30 117 6.8 x 1072 4.8 x 1072 | 4.7 x 10° — 8.6 x 102
10~° | 10 57 29 9 29 191 2.1 x 1072 14 %1072 | 5.0 x 102 — 7.9 x 102
10-% 1 10 94 28 24 29 310 8.0x 103 2.5 x 10~3 | 6.6 x 102 — 1.0 x 103
107 | 10 | 129 | 28 34 32 410 7.6 x 1073 1.2x 1073 [ 7.6 x 107 —1.2 x 10°

10—° 10 127 28 33 30 403 7.6 x 103 1.0 x 1073 7.6 x 102 — 1.3 x 103
Table 3: Test case (a) - For ny = 4, PR, |, Pi, and ¢ = ¢b, = &b = &) = &l Left: Offline

cardinalities of the temperature PR-RBC spaces (valid for test cases (a) and (b)). Right: Online
quantities.

ng =4, P, 1, Py, and e = &b, = &} = &}, = 1075, For each solution field, the sum of the
Dirichlet lifting Ty (15) and the PR-RBC contribution yields the final PR-RBC solution.

In order to investigate the performance of the method, we run the online stage for several values
of the POD truncation thresholds using the verification sets Pge and Ppe’. The condition numbers
of the online PR-RBC systems and the relative H'-errors for the velocity and the temperature are
shown in the convergence Tables 2 and 3 respectively. We recall that 8 and -y are respectively the
stability and continuity constants introduced in (49) and (51). Overall, the PR-RBC systems are not
ill-conditioned and the accuracy improves with richer velocity and temperature spaces. However, we
highlight that some non-monotonicity can be observed for close tolerances. In fact, the randomized
training procedures produce non-nested (or non-hierarchical) spaces. This is confirmed with the
non-monotonicity not only of the PR-RBC error, but also of the best-fit error (53) in the last rows

of Table 2. In particular, the tolerances €2, = €% = 1076 and 2 = % = 10~ in Table 2 produce the
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Figure 9: Test cases (a) and (b) - First temperature bubble modes for e} = 1073, n; = 4, an
Pf;.rr’l. Top: For the island archetype component. Bottom: For the channel archetype component.

same number of modes, for the ports and for every bubble archetype component. Yet, the errors are
slightly different due to the randomization of the offline training. Finally, along with the PR-RBC
errors and the best-fit errors, the value of vy, /By, in Table 2 shows that the Caloz-Raviart a priori
error estimate in (52) is satisfied for all tolerances.
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Figure 12: Test case (a) - Sparsity of the global velocity matrices for e2 = £ = 1075. Left: Velocit
stiffness matrix K*. Right: Global velocity PR-RBC basis X.
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4.2 Test Case (b): Seine-like River

A major advantage of the PR-RBC is that new systems and geometries can be considered in the
online stage. For this test case, we assemble 17 component instantiations to form the mesh of a river
illustrated in Figure 13. The geometry is inspired from the Parisian fragment of the Seine River,
starting from the south-eastern ‘Bois de Vincennes’ towards the south-western ‘Bois de Boulogne’.
The final mesh has A, = 77824 velocity degrees of freedom and Ny = 26206 temperature degrees
of freedom. In this test case, one can notice that some of the ports are rotated. Such rotations also
occur during the offline training for pairs of components whose right archetype component is either
a bend or a flipped bend. Thus, the training for the library of components in Figure 4 uses rotation
operators to adapt the input functions in (61) on the left ports of the bend and the flipped bend for
the velocity field. Additionally, rotations are used during the online stage for all online-built systems
featuring a bend or a flipped bend. These rotations are required to correctly represent the port and
bubble velocity modes, and to assemble the final PR-RBC velocity solution field. Conversely, the
temperature solution field is scalar and does not require such adjustments.

For ny = 4, Py, ;, and Pp, |, the offline stage has already been performed (cf. test case (a)).
Hence, the cardinalities of the PR-RBC velocity and temperature spaces are the same listed earlier
in Tables 2 and 3. We also perform a more extensive training with a number of forcing functions
ng = 8, and the training sets Py, , and Pp; ,. The cardinalities of the PR-RBC velocity and
temperature spaces are given in Tables 4 and 5 respectively. The trends are the same as described
for test case (a). Besides, we notice that the bubble spaces for all archetype components have more

€ NE | NG | Nb | N NP N YN, /BN, | PR-RBC error | best-fit error condition number
1073 [ 10 | 15 | 16 | 17 16 439 | 2.2 x 10? 6.6 x 1073 6.5 x 1073 | 1.6 x 102 — 1.6 x 102
10711 14 28 29 31 30 736 | 2.4 x 102 1.7 x 103 1.6 x 103 1.7 x 102 — 1.8 x 102
107° [ 29 | 48 | 54 | 56 52 1380 | 2.5 x 10?7 45 x 10~ % 33x107% | 1.8 x 102 — 1.9 x 10?
1076 [ 44 | 79 | 75 | 77 75 2011 | 2.6 x 102 2.7 x 1073 1.2x107% | 1.9 x 102 — 2.1 x 102
10°7 | 44 81 77 77 75 2021 | 2.6 x 10? 2.8 x 10~3 1.2 x 10~1 1.9 x 102 — 2.1 x 102
1079 | 45 82 | 75 | 77 74 2034 | 2.6 x 102 31x10°3 1.3x10~% [ 1.9 x 102 — 2.1 x 10?

Table 4: Test case (b) - For ny = 8, P, ,, and € = €?,
PR-RBC spaces (valid for test cases (a) and (b)). Right: Online quantities.

= eb. Left: Offline cardinalities of the velocity

e [ N2 [ Ni [ NL [ N | NP [ Ny [ PRRBC error | bestfit error | condition number
103 5 12 18 2 18 213 2.1 x 1071 1.0 x 10T 1.3 x 105 — 2.5 x 103
10—4 9 30 38 4 38 435 6.5 x 10~ 2 3.6 x 102 1.4 x 103 — 2.2 x 103
10=° [ 10 63 39 9 39 605 4.1 x 1072 93x1073 | 1.4x 103 —2.2x 103
10—6 10 | 105 | 39 24 38 879 4.0 x 1072 2.3 x 1073 1.5 x 105 — 2.5 x 103
10-7 | 10 | 170 | 39 44 38 1274 4.0 x 1072 9.1x 104 1.8 x 103 — 2.9 x 103
1079 [ 10 | 193 | 40 43 39 1337 4.0 x 1072 77 x10% | 1.7 x 105 — 2.9 x 103
Table 5: Test case (b) - For ny = 8, P, 5, Py, and ¢ = b = &b = & = &}, Left: Offline

cardinalities of the temperature PR-RBC spaces (valid for test cases (a) and (b)). Right: Online
quantities.

modes for both the velocity and the temperature. Tables 4 and 5 also list the number of final
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Figure 13: Test case (b) - Mesh of a 17-component Seine-like river with A, = 77824 and N = 26206.

PR-RBC velocity modes N, and temperature modes Np for the entire Seine-like river. We observe
that the number of final modes is far larger than for the straight river in test case (a) (cf. Tables 2
and 3). The more the components, the larger the PR-RBC spaces. However, the number of PR-RBC
modes remains negligible compared to the number of FE degrees of freedom. As POD tolerances
are tightened, one can notice a stagnation of the velocity best-fit error (cf. Table 4). Furthermore,
the comparison of the PR-RBC errors in Table 6 for different values of ny and different choices of
the training sets shows that the more extensive the training, the lower the error. Also, the non-
monotonicity previously observed in Test case (a) with ny = 4 at e = 1075 (cf. Table 2) for the
PR-RBC error also arises for this test case. This can be explained by the upper bound in (52),
which is corroborated by the values of vx,/Bn,. More importantly, comparing the PR-RBC and
the best-fit errors in Table 6 suggests that we get convergence for the POD. We can then infer that
the saturation in the best-fit error (and consequently in the PR-RBC error) with tighter tolerances
is because ny and PE, are the limiting factors. Once increased, one can expect the errors to decrease
further. Besides, we highlight that it is expected that the PR-RBC error ranges for the temperature
field can be higher than for the velocity field as can be observed in Table 7. In fact, the passive
scalar equation takes the velocity field as an input and any approximation error for the velocity
field propagates to the temperature field. This test case is more complex and the presence of bends
and islands leads to more inertial effects in the velocity field and more convective effects in the
temperature field. Nonetheless, the PR-RBC model still proves accurate as corroborated by the
convergence data in Tables 6 and 7. Finally, figures 14 and 15 display the online-computed PR-
RBC velocity and temperature solution fields for a Reynolds number p = 15 and a Prandtl number
n = 6, with a number of forcing functions ny = 4, training sets Pg&l and Plt:,rr,l, and tolerances
eb =eb =el =b =102,

Regarding online efficiency, the mean execution time is reported in Table 8. Note that small
execution times are upper bounds of the effective runtime due to other processes running on a
computer. In RB methods, a standard efficiency indicator is an RB execution time that is preferably
around or less than 5% of the FE computation time. We infer from Table 8 that it is the case for
both a loose and a tight POD truncation threshold.
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R PR-RBC error best-fit error
ny= 4, Plgire 1 ny= 8, /Pl%re,Z ng= 4, ,PE{re.l ng = 8, ,PE{re 2
10-3/103 1.3 x 1072 6.6 x 10°° 1.2 x 1072 6.5 x 1073
10~%/10~ % 51x 1073 1.7 x 1073 49 x 1073 1.6 x 1073
107°/107° 41x 1073 45 x 1072 3.9 x 1073 3.3 x 1072
10-5/10~° 41 x 1073 2.7x 1073 3.3x 1073 1.2 x 1074
10~ 7/10~7 6.6 x 103 2.8 x 10~° 5.7 x 103 1.2 x 107%
10-9/107° 43 x 1073 3.1x 1073 2.9 x 1073 1.3 x 1077

Table 6: Test case (b) - Comparison of velocity convergence quantities with ¢ = P, = ¢

b

w*

- PR-RBC error best-fit error
ny =4, Pf{e 1 Pha [ np =38 Plt{rez'PfDrlQ ny =4, ,Plc:{rel’Plt)rrl ny =38, Pltxrezvplgrrz
10—3 32x 1071 2.1 x 1071 1.7 x 1071 1.0 x 1071
10~4 6.9 x 10~ 2 6.5 x 10~ 2 4.0 x 1072 3.6 x 1072
10—° 4.3 x 102 4.1 x 1072 1.3x 102 9.3 x 103
106 4.0 x 1072 4.0 x 102 2.4 x 1073 2.3 x 1073
10~7 3.9 x 1072 4.0 x 1072 1.2 x 1073 9.1 x 1074
1077 3.9 x 1072 4.0 x 102 1.1 x 1073 77 x10 %
Table 7: Test case (b) - Comparison of temperature convergence quantities with ¢ = ef, = ¢
p _ b
Ep = Ep.

FEM

RB with ¢ = 10—3

RB with e = 10~ °

Execution time in s

280

1.0

7.5

Table 8: Test case (b) - Online execution times for ny = 4, Py, |, Pp, ;-

5 Conclusion

In this paper, we have devised a new PR-RBC method for nonlinear PDEs governing fluid flows

b
u

in non-forked riverine geometries and channels. The new method allows for an effective treatment

of incompressibility and nonlinearity in the Navier-Stokes equation. It also suggests a suitable
treatment for convective effects in the passive scalar equation. To accommodate nonlinearities, port
and bubble spaces are built sequentially in a randomized manner. Moreover, the static condensation
used in the linear PR-RBC method is replaced with an online stage where port and bubble degrees of
freedom are coupled for neighboring components. Furthermore, we have numerically shown that this
methodology builds a reliable low-dimensional model. A relevant future direction is the application
of the method in combination with the EIM to address non-polynomial nonlinearities. Finally, fluid

flows in forked riverine geometries are an interesting engineering application to explore.
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