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1 INTRODUCTION 

The original contract set out three sets of tasks to be accomplished: application tasks focused on 
developing a suite of video-processing applications that would run with high efficiency on a 
coarse-grained reconfigurable architecture (CGRA)-based SoC; tool tasks for generating 
compilers and generators capable of moving Halide-coded applications down to efficient 
hardware; and hardware tasks in the form of a CGRA-based SoC capable of efficiently running 
the applications. In addition, we made progress in related test and validation tasks to support 
the project. The rest of this report summarizes progress we made in each of those four areas. 
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2 PROGRESS AGAINST PLANNED OBJECTIVES: APPLICATIONS 

2.1 Summary of Halide applications ported to CGRA 

The table below summarizes some of the Halide applications that we built and/or adopted to test 
the CGRA system. Of these, the working regression test currently includes gaussian, pointwise, 
unsharp, 2x2 camera pipeline, harris, cascade, and resnet (individual ResNet layers only, not 
end-to-end flow (yet)). 
 

Table 1: Halide Apps Ported to CGRA/SoC. 
Application Functionality 
Gaussian 3x3 convolution using normalized values. 
Cascade Two back-to-back convolutions. 
Harris Corner detector. 
Fast corner Corner detector using FAST algorithm (sixteen comparisons). 
Unsharp Mask to sharpen the image. 
Demosaic Applies demosaic to input to create rgb image. 
Demosaic + harris Demosaic followed by harris corner detector. 
Demosaic + flow Demosaic followed by optical flow, pixel frame movement. 
Stereo Creates depth map from images from two viewpoints. 
Camera pipeline Camera pipeline with hot pixel suppression, deinterleave,  

demosaic, color  correct, gamma correction. 
Canny Edge detection. 
Bilateral filter Perform edge-preserving blur. 
Optical flow Pixel movement between two frames. 
Seedark Algin, warp, and blend underexposed images for low light. 
Resnet layer gen Create a resnet layer with generator parameters. 

2.2 Aetherling 

The applications group produced Aetherling, a library for creating statically scheduled, data-
parallel pipelines in hardware. Aetherling has been presented at several external events, 
including PLDI, and supports backends for both Chisel and Magma. For more information, see 
our list of issues and milestones in the github repo [AetherlingRepo]. 
 
Aetherling was only one of many accomplishments in the applications area. Working with 
industry partners such as Adobe, we modeled realistic workloads on reconfigurable accelerators. 
We explored beyond traditional image processing and AI apps, where applications of interest 
included sparse tensor and relational algebra, and various cryptographic functions. Eventually, 
the work concentrated on four general areas -- sparsity, video processing, security, and 
extended reality.  

2.3 Sparsity 

For sparse space-time database research, we identified benchmarks for investigating sparse 
space-time databases and worked on general support for sparse applications. For in-depth 
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exploration of real-world sparse data, we looked at basketball and moved on to video-game 
queries, which are more interesting in several dimensions. As an example, we did a deep dive on 
support for sparsity in the form of manipulating space-time databases for a challenging video-
game application, namely the interactive multiplayer first-person shooter game Counter Strike: 
Global Offensive. This research led to advanced work in tools such as video game cheat 
detection algorithms to explore efficient sparse database access.  
 
We developed sparse dataflow hardware and submitted a paper to ASPLOS related to work 
building a backend for the TACO Tensor Algebra Compiler, targeting Spatial/Capstan DSL for 
describing sparse dataflow accelerators [Liu2022]. 

2.4 Video Processing 

Support for applications based on image processing technology included a simple audio pipeline 
and RNN layers. In addition, we were able to create schedules for large multi-rate applications; 
neural networks, where we looked at the boundaries of our support for ResNet. We created a 
more efficient camera pipeline and looked at histograms for bilateral filters and such. We added 
new video processing benchmarks to our existing stable, including synthetic exposure fusion, 
jitnet, and an ER pipeline.  

2.5 Security/cryptography 

We started a concerted effort to explore more efficient cryptographic algorithms for security, 
looking closely at efficient GCD / XGCD algorithms and hardware.  This culminated in the 
construction of an actual XGCD hardware acceleration unit as a separately testable IP block on 
the Onyx chip. 

2.6 Extended Reality 

Finally, in the AR/VR space, we used HLS tools to build a complete SLAM pipeline and started 
analyzing the performance of specific kernels. 
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3 PROGRESS AGAINST PLANNED OBJECTIVES: TOOLS / HALIDE 
AND CLOCKWORK 

A major objective for this project included the ability to compile image-processing benchmarks 
from their Halide source code all the way down to the bare hardware, mapping efficiently to 
multiple targets including our CGRA accelerator. 
 
Along with existing various CPU/FPGA targets, the compiler group’s Halide-to-Hardware 
system eventually generated code not only for our CGRA accelerator, but also for the machine 
hosting the accelerator. To accomplish this, we looked at developing and working with a new 
abstraction for hardware-software interfacing between, e.g., a hardware accelerator and a host 
processor. This Reconfigurable Device Access Interface, or RDAI, lets us use all three levels of 
available memory when mapping applications---host buffer, global buffer, and memory tiles. 
 
We implemented new Halide IR transformations that yield efficient hardware for processing 
Gaussian pyramids. We also created a set of commands to run memory mapping from Halide, 
which lets us easily check the status of all applications from a single repository.  
 
Our memory compiler also properly uses Lake collateral (see Magma-tools section below), so 
that it can map to different memory tiles as our design decisions change. This lets us look at 
more applications and debug their issues. One such issue was solved when we improved the 
banking algorithm for CGRA mapping, by relaxing previously enforced banking assumptions. 
We can also map applications with memory hierarchies, like register files (ponds) and large SoC 
SRAM buffer (global buffer). 
 
Also, the compiler was expanded to handle cases where multiple accelerators exist in a single 
application, e.g., to support multiple layers in a deep neural network.  In addition, the compiler 
group has made significant efforts to support testing the physical chip and board with bug 
workarounds and such. 
 
We made progress on pipelining applications for higher-frequency performance, with significant 
progress in implementing and analyzing ResNet on the CGRA, and we investigated ways that the 
memory hierarchy and the compiler could be modified to suit new application domains such as 
sparse-matrix and crypto. 
 
We tuned the tool chain for ResNet and looked at a potential method for sharing kernels to 
minimize the number of required processing elements (PE tiles). Plus, we worked on support for 
new applications that use e.g. histograms and bilateral grids. Meanwhile, pipelining efforts 
yielded 3x clock frequency improvements, with the promise of even more improvement to come. 

3.1 Clockwork 

The Halide-to-Hardware team fully integrated new support for polyhedral analysis in the form of 
a new framework we called Clockwork.  Clockwork gives us a new way to optimize memories 
before mapping them to hardware. Adding Clockwork to the application flow lets us seamlessly 
run from Halide application to memory mapping, hardware testing, and evaluation all using a 
single script. 
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We completed a codegen code generator connecting our front-end language, Halide, to this new 
framework. The Halide codegen generates separate files for the application’s computation and 
memories. A couple of optimization passes were added to Halide to simplify the analysis needed 
by Clockwork. These changes let Clockwork function efficiently in our existing stencil 
applications (convolution, Harris corner detector, camera pipeline), as well as DNN applications 
(ResNet layers).  
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4 PROGRESS AGAINST PLANNED OBJECTIVES: TOOLS / MAGMA 

At the beginning of the contract period, we had an existing simple Perl-based in-house Verilog 
generation platform called Genesis2. As the project progressed, we transitioned wholesale to a 
much more sophisticated Python-based generator Magma. These “generators” allow us to write 
high-level extremely parameterizable code that then gets transformed into the SystemVerilog 
that describes our chip. 
 
As the chip evolved, we added support for multiple new ALU operations, including 
transcendental functions and such, to map target applications more efficiently. To that end, we 
developed a domain-specific language and compiler, Peak, to describe and build PEs. At the 
same time, we enhanced the Halide compiler to use these functions when building target 
applications from source code. 
 
The Peak PE-generator team eventually completed work for, and submitted a paper on, 
automatic rewrite rule generation for mapping IR code to actual hardware, including both RISC-
V and our own CGRA [Noetzli2022]. Also, we used Peak for PE design space exploration. 
 
Along with the Peak PE language and generator, we eventually added an interconnect generator 
Canal and a memory generator Lake, all operating within the aegis of the larger Magma 
generator platform. 
 
Lake focuses on how exactly we create our CGRA memories, and then how mapping will occur. 
The general architecture includes an SRAM, address generator, ingress reorder buffer, and egress 
reorder buffer. This design space uses a DSL to describe the space that the memory can be used, 
and then rewrite rules help create the mappings to the generated CGRA memory tile. Eventually, 
Lake was refined to support smaller memory structures such as register files, which, in the Lake 
context, we call ponds. 
 
We improved the tool chain by providing CoreIR MLIR compatibility, repo safety, and linking 
improvements, as well as symbol tables for translating CoreIR to Verilog and Magma. Similarly, 
we added SSA symbol table logic to Magma for better debugging. Plus, we added support for 
ready-valid channels in our FPGA compilation backend. Eventually, improvements to the new 
MLIR backend for Magma yielded 2-10x runtime improvement on our benchmark suite. And we 
now have support for arrays in Magma. 
 
Finally, we started an effort that we call Smart Components, as a way of using session types in 
Magma to describe and then check the correctness of protocol-based hardware interactions. A 
prominent example includes memory-controller features such as power-on sequencing and Built-
In-Self-Test. Smart Components describes such interactions as high-level abstract types, then 
lowers the type description to actual hardware. 
 
The Smart Components methodology can help avoid logical bugs late in the design process, 
providing designing a system for correct composition of SoC components combining static 
verification and unit testing techniques. We were excited to be able to engage Facebook and 
observe how this research could be practically useful in an industrial chip design flow. 
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5 PROGRESS AGAINST PLANNED OBJECTIVES: HARDWARE 

Early on, we aimed for the goal of having a one-button flow that could build a domain-specific 
coarse-grain-reconfigurable-array (CGRA) and, at the same time, compile and run real 
applications on that CGRA. We originally targeted the domain to include a narrower group of 
video and image processing applications, later expanding that to include more general machine-
learning algorithms. In the end, we taped out four chips, Jade, Garnet1, Amber, and Onyx. 
 

Table 2: We Produced Four Chips with Successively more Advanced Complexity and 
Capabilities 

Jade’s PE tile supported only basic integer operations and simple line buffer access patterns, 
and so could efficiently run only the most basic of image processing applications. The final chip, 

Onyx, had a hardware support for integer, floating point and transcendental functions, plus 
single-cycle tertiary adds and multiply-accumulate operations, plus a 24 KB register file. 

 Jade Garnet Amber Onyx 

Process, Size TSMC16 
5mm x 5mm 

TSMC16 
5mm x 5mm 

TSMC16 
5mm x 5mm 

GF12 
5mm x 5mm 

Tapeout Date Summer 2018 June 2020 
(virtual) December 2020 December 2022 

RTL 
Generator Genesis2 (Perl) Magma (Python) Magma (Python) Magma (Python) 

Physical 
Design Custom/manual mflowgen mflowgen mflowgen 

SoC? No M3-based SoC M3-based SoC M3-based SoC 

CGRA 16x16 32x16 32x16 32x16 

PE Tile Integer only FP + complex 
arith 

Local register 
file TADD, MAC 

Mem Tile 
SRAM 2K 4K 4K 4K 

Global Buffer No Yes Yes Yes 

Mem Access  Line buffer only General affine 
access pattern 

General affine 
access pattern 

Sparse memory 
access patterns 

Applications Image 
Processing IP + ML (dense) IP + ML (dense) IP + ML (sparse) 

 
 

 
1 We produced a tape for Garnet, but it was not sent to the manufacturer and no actual silicon got built. 
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5.1 Jade

The first chip to tape out, early in the project, consisted of just a standalone CGRA constructed as 
a largely custom effort, thus motivating the later push toward one-button configurable tapeout 
scripts. We called this first chip Jade, and it taped out in December of 2018.

Continuing from this first, more primitive CGRA, we added support for multiple new operations, 
e.g. transcendental functions, to map target applications more efficiently. To that end, we 
developed a domain-specific language and compiler, Peak, to describe and build PEs. At the same 
time, we enhanced the Halide compiler to use these functions when building target applications 
from source code. The new CGRA was targeted to be part of a complete SoC called Garnet.

5.2 Garnet

We used the custom physical design scripts from Jade as a basic starting point to create a 
functioning physical design flow for Garnet. In addition to incorporating components that did not 
exist in Jade (global buffer and ARM processor) we made several changes to the existing flow 
aimed at improving both the PPA of the resulting chip and robustness of the flow itself to small 
design changes. To that end, we updated the flow to make a fully abutted array of CGRA tiles. 

For the memory tile, we went beyond the initial goal of adding support for double buffers. We 
instead implemented support for a unified buffer abstraction, enabling us to efficiently support 
many new memory-access patterns which were not possible with our previous memory tile.

We added a global buffer to provide a second level of memory hierarchy above the memory tiles 
and enable fast parallel reconfiguration of the CGRA tiles.

In pursuit of better energy efficiency, we added power domains such that, for a given application, 
CGRA tiles could be turned off when not in use, regardless of their position relative to active 
tiles in the array. Our SoC did not have a DRAM controller, so we created a TLX interface to 
support high-bandwidth communication with a DRAM controller on an external FPGA.
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Garnet was an ambitious ground-up redesign of the physical design flow. That, plus the added 
burden of putting the CGRA into the context of a larger SoC with on-board CPU controller and 
global memory, resulted in a rare schedule miss in terms of producing an actual chip.

Although Garnet missed the initial manufacturing deadline, we achieved DRC- and LVS-clean 
virtual tapeout in the spring of 2019. The design was shown to be functionally correct in 
simulation, with much more extensive testing than had been done with Jade. Applications ran 
end-to-end on the (simulated) Garnet SoC, exercising all components including the ARM Cortex 
M-3, DMA and ACI interfaces, and our global buffer, a large on-chip memory store. This global, 
or unified, buffer, itself marked a significant step forward as compared to the prior chip, allowing 
swift execution of apps with significantly lower I/O overhead.

Having completed virtual tapeout of Garnet, we moved on to the next iteration of the chip 
design, which we called Amber.

5.3 Amber

An early goal of this project was to have a one-button physical design flow that could take the 
place of custom-built scripts. To that end, we adopted and embarked upon a serious effort to 
support and enhance the mflowgen tool developed by Chris Torng, who later joined the project as 
a post-doc from Cornell University. Mflowgen is a lightweight modular flow specification and 
build-system generator for ASIC and FPGA design-space exploration. As part of this effort, the 
chip became more hierarchical, with all the major blocks laid out and assembled separately before 
integrating to build the final die.

The switch to mflowgen required a big change in methodology. 

Initially, we had looked at using UC Berkeley's HAMMER system. We were pleased not only 
with how HAMMER enabled technology-independent physical flows, but also the way it tried to 
provide tool-independence. HAMMER provides its own YAML interface, with corresponding 
plugins that turn the YAML into physical flows for either Synopsys or Cadence. But we felt that 
“hijacking” the TCL interface to the back-end tools would make things difficult when we 
inevitably needed to do something that was not entirely standard, or had unexpected hiccups.

Mflowgen (modular flow generator), on the other hand, does not try to provide independence 
over tools, i.e. PD scripts remain in TCL and not some intermediate representation like YAML. 
It does provide a standard interface to technology files, letting us write technology-independent 
modular flows, and it enables easy design space exploration through parameter sweeps. It lets us 
define the full physical flow as a graph of nodes, each with code to execute plus a set of inputs 
and a set of outputs. Overall, we felt that mflowgen was a more lightweight and easy-to-use 
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solution than HAMMER, and it still addressed our main physical design issue: generating 
reusable, technology-independent physical flows. In addition, Chris Torng, the primary 
developer and maintainer of mflowgen, joined the group, making it far easier for us to use and 
develop the tool, especially in support of May tapeout. 
 
The ensuing fully hierarchical physical design flow relied heavily on the mflowgen build system 
to encapsulate synthesis, place-and-route, LVS and DRC checks, culminating in a GDS tape.  
 
In May 2020, we finished a tapeout-ready DRC-and LVS-clean GDS for the Amber SoC in 
TSMC 16nm, using the full suite of AHA hardware design tools. The SoC consisted of a 
reconfigurable array of PE and memory tiles produced using Peak and Lake, respectively; a large 
4 MB memory called the global buffer; and an ARM Cortex M3 processor subsystem. The tile 
array and global buffer taped out at 750 MHz, while the processor subsystem ran at 500 MHz.  
 
Unfortunately, a miscommunication with the manufacturer resulted in us not having a spot on 
their shuttle, and so the tape did not get sent. 
 
The manufacturer set a new target date for October 2020. This gave us a chance to further tweak 
the design, plus we volunteered to be guinea pigs for TSMC’s new, experimental cloud-based 
Virtual Development Environment (VDE) tool chain. The entire design was to be ported to this 
new flow, which provided a golden opportunity to stress-test our decision to use mflowgen.  
 
Meanwhile, progress on our memory-generator tools Lake and Pond resulted in more efficient 
memory tiles and new register-file functionality in the PE tiles. Plus, we added new features such 
as pipelined configuration buses, and a better clock distribution strategy. 
 
But then the target tapeout date shifted again, with a new shuttle deadline of December 1, 2020. 
Why? Because, as the original October deadline neared, TSMC began "to complete internal 
procedures" without first checking our reservation status. When they came to the end of that 
process, they found that October was full. They then offered us the December slot. We said yes. 
 
So in December, we finally taped out the Amber chip. Along the way, we had managed to 
overcome several challenges, notably including the complete last-minute port of our entire 
design to VDE. This port was helped immensely by reliance on generators such as Magma and 
mflowgen, and an overall agile flow including continuous integration. Our success provided 
solid proof of concept for using such an approach. 
 
Having successfully taped-out Amber, the chip design group refocused on tasks related to getting 
ready to have it powered up and tested. We were told to expect packaged die sometime in early 
May of 2021 (spoiler: actually got them in mid-April) So we busied ourselves building boards 
and test rigs in preparation.  
 
When the packaged Amber SoC chips finally arrived, the team set about working to test and 
approve them. After implementing workarounds for a couple of bugs including memory address 
problems, we were able successfully to run several applications on the board. 
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By Q4 2021, we had Amber SoC chips on working boards in the lab, with pipelined apps using 
all PEs at about 600MHz. But we wanted to improve the boards and quantify them with more 
and more applications and tests. To that end, we designed a new / better board and had it 
manufactured ASAP. Among other things, the new board had standalone power and clock. Using 
the board to demonstrate our technology, we won Best Demo award at the IEEE Symposium on 
VLSI Technology and Circuits in Hawaii.

To recap, Amber ended as a system-on-chip (SoC) with a coarse-grained reconfigurable array 
(CGRA) for acceleration of dense linear algebra applications such as machine learning (ML), 
image processing, and computer vision. So far, in the lab, we have seen a peak energy efficiency 
of 538.0 INT16 GOPS/W and 483.3 BFloat16 GFLOPS/W. We maximize CGRA utilization and 
minimize reconfigurability overhead through (1) dynamic partial reconfiguration of the CGRA 
that enables higher resource utilization by allowing multiple applications to run at once, (2) 
efficient streaming memory controllers supporting affine access patterns, and (3) low-overhead 
transcendental and complex arithmetic operations. Compared to a CPU, a GPU, and an FPGA, 
Amber has achieved up to 3902x, 152x, and 88x better energy-delay product (EDP). More 
details can be found in our paper at the 2022 IEEE Symposium on VLSI Technology and 
Circuits [Carsello2022a].

5.4 Onyx

In Q1 2022, we had a large ResNet application working on-chip using the new boards. With little 
pause, work began on a new follow-on chip, Onyx, to be manufactured in Global Foundries’ 
GF12 technology, a further test of the portability of our mflowgen-based physical design.

Onyx was targeted to have several improvements over Amber, including significant 
improvements in one of its more power-hungry components, the global buffer; an enhanced 
instruction set for faster and more efficient performance on target applications; a higher 
operating frequency by providing enhanced hardware support for pipelining applications; and 
significant hardware support for linear algebra operations on sparse data sets.

The Onyx chip taped out successfully early in Q1 2023, with the final completed physical design 
being submitted on October 24. And work has started on the next design Opal.

Although this contract has ended, the project will continue independently, as we move along to 
the next design, Opal. The new design will have more/better support for sparse applications, to 
efficiently support AI/ML and a wide variety of other/similar domains. In addition, we are 
investigating what other features may or may not be profitably included on the chip.
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6 PROGRESS AGAINST PLANNED OBJECTIVES: TESTING AND 
VALIDATION 

6.1 Testing and Validation: Fault 

Leonard Truong’s Fault, a Python package for testing hardware, is part of the Magma ecosystem. 
It includes support for interactive debugging along with our in-house Kratos code generator. 
*Fault: https://github.com/leonardt/fault 
*Kratos: https://github.com/kuree/kratos 
 
Fault includes a Python interface to specify SVA (SystemVerilog assertions)-style properties 
referring to Magma circuit values.  This raises the level of abstraction in verification of Magma 
circuits by allowing design verification engineers to write properties at the Python/Magma 
generator level, rather than on the generated verilog.  Raising the level of abstraction lets 
engineers employ the same techniques used in the design process, including metaprogramming 
with introspection, and referring to generator parameters in their properties.  The current 
implementation generates SVA syntax that is compatible with commercial simulators. 
 
Fault includes support for SystemVerilog bind patterns that can inject verification code into the 
RTL without having to change the RTL.  This provides confidence that the synthesis and 
verification design are the same (rather than having two different versions for each task).  We 
also developed examples for writing synthesizable test benches, a practice that has proven useful 
in the Chisel community.  Many lower-level unit tests can be written using synthesizable 
constructs (Magma), so it doesn’t require the complexity added by many verification 
environments.  This is particularly useful for lowering the overhead of writing small unit tests 
quickly, which in turn promotes the construction of more tests.   
 
In addition, the Fault language was extended with preliminary support for the pono model 
checker and the assertion language was improved to support cover properties and immediate 
assertions. 

6.2 Testing and Validation: Bit-Vector Theory 

Significant progress in Clark Barrett's group concerned support for bit-vector theory, also see 
https://github.com/barrett-lab/AHA-goals/milestone/9 , https://github.com/barrett-lab/AHA-
goals/milestones 
 
We completed a basic design for a new bit-vector rewriting infrastructure for CVC4, an open-
source automatic theorem prover for satisfiability modulo theories (SMT) problems 
(https://github.com/barrett-lab/AHA-goals/milestone/6?closed=1). 
 
We developed and released CVC5, an exciting major version bump of the well-known CVC4 
solver and started the work to incorporate the SyGus synthesizer for formal configuration 
finding. 
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We developed a new model-based API fuzzing tool Murxla for rigorous testing of SMT solver 
APIs. We also developed and integrated a new local search library for solving quantifier free bit 
vector formulas, which implements our propagation-based local search approach (presented at 
FMCAD 2020) in our SMT solver Bitwuzla.   
 
And finally, we implemented a framework for synthesizing a configuration mapping function 
and worked on benchmarking its capabilities on complex applications.   

6.3 Testing and Validation: Other Efforts 

We additionally made progress in three key areas. We support interactive testing at the front end, 
using the Magma (Python) simulator and an interpreter for our CoreIR intermediate code. In 
addition, a synchronous tester was released to better handle synchronous test drivers that might 
use e.g. non-blocking assignments to drive input vectors.  Finally, there is now support for inline 
Verilog within Magma, as a quick and dirty way for users to write verification collateral such as 
assertions, covergroups, and logging/display statements. 
 
Major verification efforts for the CGRA focused on virtualization support for running multiple 
applications on the same fabric.  A novel approach for quantified formulas was added to our 
solver infrastructure, improving the capabilities of formal methods-based verification efforts.  
The team developed a library pysv that integrates python functional models into System Verilog 
simulation to facilitate simpler integration with our Python code base. 
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LIST OF ACRONYMS, ABBREVIATIONS, AND SYMBOLS 

 
ACRONYM DESCRIPTION 
AR/VR Augmented Reality / Virtual Reality 
ARM Advanced RISC Machine 
CGRA Coarse-Grained Reconfigurable Architecture 
CPU Central Processing Unit 
FPGA Field Programmable Gate Array 
DRAM Dynamic Random Access Memory 
DSL Domain Specific Languages 
EDP Energy-Delay Product 
GCD Greatest Common Divisor (Euclidean Algorithm) 
HLS High Level Synthesis 
I/O Input/Output 
IP Intellectual Property 
PLDI Programming Language Designed and Implementation (Conference) 
RISC Reduced Instruction Set Computer 
SLAM Simultaneous Localization And Mapping 
SMT Satisfiability Modulo Theories 
SoC System-on-Chip 
SVA System Verilog Assertions 
TACO Tensor Algebra Compiler 
VDE Virtual Development Environment 
XGCD Extended Greatest Common Divisor (Extended Euclidean Algorithm) 

 


