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1. Introduction

1.1 Background

The lung parenchyma consists of alveolar air sacs ranging from 100 to 330 µm in
diameter1 and connective tissues consisting of a complex network of collagen and
elastin fibers.2 The composition and physical dimensions of the fibers play a great
role in determining the stiffness of these networks. Mechanical forces that act upon
the extra-cellular matrix (ECM), in which the collagen and elastin fibers reside, can
induce the secretion of growth factors that accelerate ECM remodeling and alter the
microstructural composition of the fiber networks.2

At high rates of strain, such as those induced by a shock wave, elastin fibers are
prone to rupture3 and the remaining stress response percolates through the collagen
fibril networks as the collagen fibers start to extend to their uncoiled lengths. This
increases the stress response of the entire lung parenchyma.4 The complex roles
that collagen and elastin fibers play in the dynamics of the lung parenchyma are
discussed by Freed et al.3 Dynamic influences of the bronchiole tubes, which are
stiffer than the parenchyma, on the response of the impacted lung are observed
in experiments by Brannen et al.5 The present focus is on the role that 1-D poro-
elasto-dynamics plays at the mesoscopic level. Outcomes of the current program of
research are intended to be used to inform macroscopic, single-phase models of the
lung for 3-D modeling of much larger domains.6–11

Mixture theory was first established at finite strain by Truesdell and Toupin.12 Sub-
sequent works by Bowen13–15 and others16–18 applied this rich continuum theory
to porous media. Shock waves in mixtures were studied using analytical meth-
ods by Bowen, Chen, and Wright19–23 and more recently, by Clayton.24 The theory
of porous media (TPM) is an approximation to a more computationally expensive
fluid-structure interaction (FSI) model at the pore length scale. In TPM, interactions
are smeared across a continuum material point, simplifying not just the governing
mathematical equations but the discretization of the geometry itself.

Lung parenchyma is a complex heterogeneous material.25 Resolution would require
representation by a detailed 3-D finite-element (FE) mesh to model the explicit

FSI. Resolution could be possible via computational fluid dynamics-computational
solid mechanics with arbitrary Lagrangian-Eulerian (ALE) modeling. However,
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such frameworks would involve costly simulations and mesh generation and bias
regarding the structure of the FE mesh.

Shock waves induce large pressure gradients that are thought to directly cause mi-
crostructural tearing of the lung parenchyma leading to hemorrhaging.25–27 Injury
propagations through the lung parenchyma at the ultrastructural (tissue fibers) and
microstructural (air sac) levels are not well understood and constitute active ar-
eas of research.3,8 The fine-scale approach initiated by Freed et al.3 to model the
microstructure necessitates a multiscale model of the whole lung tissue, which in-
cludes the highly heterogeneous structure of the lung parenchyma. Work is needed
to first accurately simulate the deformation of lung parenchyma using a multi-
physics approach, before addressing damage and injury pathology at the microscale
(i.e., alveolar regime) and linking that to the mesoscale (i.e., parenchymal regime).
In the current program,28,29 we incorporate TPM to take into account the different
response times of the two constituents in the lung parenchyma subjected to shock
loading: solid skeleton (s) (lung parenchyma) and the pore fluid (f) (air) that occu-
pies the pore space. Various choices of different explicit time integration schemes
are presented and compared in this report.

This report derives the variational equations for balances of mass and linear momen-
tum for a biphasic mixture at large deformations, as well as the FE implementation
with various stabilization parameters and time integration schemes. See Irwin et
al.28 for notation that is consistently used here and in a follow-up study.29 From the
previous report,28 the biphasic model is subject to the following assumptions30:

• saturated solid-fluid mixture:
ns + nf = 1,

• materially incompressible solid:
ρsR = const.,

• materially compressible pore
fluid,

• no mass production:
γ̂α := 0,

• non-polar materials:
σα = (σα)T ,

• uniform gravitational body force:
bα = b = g,

• mixed constituent temperatures:
θs = θf = θ,

• no thermo-mechanical coupling:
γs := 0, γf := 0,

• nearly-inviscid pore fluid:
σf

E ≈ 0,

• neo-Hookean constitutive model
for the solid (s) constituent

2



Fig. 1 Schematic for a cylindrical mesh used in the 1-D uniaxial strain simplification, where
the Q2-Q2-P1 element is highlighted. Here, d corresponds to the interpolated solid skeleton
(s) displacement solution, df corresponds to the interpolated pore fluid (f) displacement so-
lution, and θ corresponds to the interpolated pore fluid pressure solution at their respective
nodes in the FE model.

1.2 Geometric Model

As first discussed in the previous report,28 we model an excised section of lung
parenchyma as either a uniform cylinder, Fig. 1, or uniform rectangular column,
Fig. 2. The choice between these two geometries is somewhat arbitrary as long as
the motion is 1-D: if we assume uniaxial strain with unidirectional flow (i.e., no
permeation of air through the sides of the cylinder), the overall geometry of the
lung parenchyma becomes irrelevant besides the (finite) length H . This assumption
is appropriate for immediate motions resulting from shock loading in which the
magnitude of transverse motions (i.e., perpendicular to the direction of the shock
front) are small compared to the motions aligned with the shock velocity. When
making comparisons to computational results from other software, such as those
obtained using the LS-DYNA code,31 we typically assume a rectangular column for
ease of meshing. For dimensions shown in Figs. 1 and 2, the rectangular choice has
the sole effect of reducing the cross-sectional area (i.e., area of L2 = 1 cm2) when
compared to the cylindrical column (i.e., area of πD2/4 ≈ 12.6 cm2).

3



Fig. 2 Schematic for a rectangular mesh used in the 1-D uniaxial strain simplification, where
the Q2-Q2-P1 element is highlighted. Here, d corresponds to the interpolated solid skeleton
(s) displacement solution, df corresponds to the interpolated pore fluid (f) displacement so-
lution, and θ corresponds to the interpolated pore fluid pressure solution at their respective
nodes in the FE model.

4



1.3 Organization

The remainder of this report is organized in the following manner. Section 2 reports
the kinematic simplifications for 1-D motion. Section 3 presents the variational
forms of the balance equations, wherein we apply the standard Bubnov-Galerkin
spatial-discretization procedure for the FE model to solve for the variables of in-
terest: lung parenchyma displacement (and velocity and acceleration), pore fluid
pressure and pore fluid displacement (and velocity and acceleration). Section 4
documents the 1-D spatial discretization using the FE method. Section 5 presents a
range of time-discretization schemes of the FE equations, including the well-known
Newmark-beta (NB) family of time integrators and a fifth-order accurate Runge-
Kutta time integrator. Each have their own advantages depending on the magni-
tude and frequency of the strain-rate loading that is applied. Section 6 discusses
numerical dissipation techniques for shock loading. Conclusions summarizing the
numerical developments and mentioning past and subsequent applications28–30 fol-
low in Section 7. Detailed derivations of the FE equations for the various time-
discretization schemes are presented in Appendices of a follow-up report.29

The term “elasticity” is used to refer to a quasi-static setting (i.e., inertial terms and
stress waves absent) with linear or nonlinear elastic constitutive behavior. The term
“elastodynamics” refers to a fully dynamic setting (i.e., inertial terms retained in the
momentum balance, leading to stress waves), again with linear or nonlinear elastic
behavior.

2. 1-D Kinematics

One-dimensional uniaxial solid skeleton strain and unidirectional pore fluid flow
simplifications are implemented for (s) and (f) phases, respectively. If we assume
that the soft porous material only undergoes compression or expansion in one di-
mension, specifically the vertical directionX , then both the solid skeleton displace-
ments in the transverse directions as well as all shear terms in the deformation
gradient go to zero. The solid skeleton deformation gradient becomes

F s =

1 +
∂u

∂X
0 0

0 1 0

0 0 1

 , Js = detF s = F11(s) = 1 +
∂u

∂X
(1)
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where u(X, t) is the axial displacement in the X direction. Similarly, if we assume
that pore fluid flow is confined in direction X (i.e., surrounded by an impermeable
sleeve, drained or undrained at its ends), then

vf =

vf0
0

 , af =

af0
0

 , uf =

uf0
0

 (2)

where in the X direction, vf is the pore fluid velocity, af is the pore fluid acceler-
ation, and uf is the pore fluid displacement. Variational forms that follow are first
presented in a general 3-D regime before simplifications to the 1-D regime.

3. Variational Formulation

In this section, we formulate a total Lagrangian implementation such that con-
stituents move relative to the solid skeleton, that is, the reference configuration
follows the motion of the solid skeleton; see the prior report by Irwin et al.28 for
details. For this reason, we choose to drop (·)s and (·)s designations for notational
simplicity for variables and parameters associated with the solid phase and solid
skeleton.

3.1 Balance of Mass of the Mixture

The strong form of the balance of mass for the biphasic mixture under the assump-
tion of mixed temperatures and barotropic constituents as presented by Irwin et al.28

is written as

Jnf

Kη
f

Dtpf +DtJ+
J

Kη
f

GRAD(pf) ·F−1 · (nf ṽf)+J GRAD(nf ṽf)
..F−T = 0 (3)

pf(X, t) = gp(X, t) ∀X ∈ Γp
0 (4)

−[JF−1 · (nf ṽf)] ·N = Qf(X, t) ∀X ∈ ΓQf
0 (5)

where gp is the prescribed pore fluid pressure on Γp
0 typically set for the “drained”

boundary condition, andQf is the prescribed fluid flux (positive inward) on ΓQf
0 . We

have assumed that the mass supply of the pore fluid (f) constituent γ̂f is negligible.

Let H(u,uf , pf , r) be the variational form of Eq. 3, and let r be a set of scalar
valued weighting functions associated with pore fluid pressure pf . We may then

6



rewrite Eq. 3 in indicial notation as

H(ui, ui(f), pf , r) =
∫
B0

r

(
Jnf

Kη
f

ṗf + J̇

)
dV

+

∫
B0

r
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

+

∫
B0

rJ
∂
(
nf ṽi(f)

)
∂XI

F−1
Ii dV = 0 (6)

Using chain rule, the last term in Eq. 6 can be rewritten as follows:∫
B0

rJ
∂
(
nf ṽi(f)

)
∂XI

F−1
Ii dV =

∫
B0

∂
(
rJ
(
nf ṽi(f)

)
F−1
Ii

)
∂XI

dV

−
∫
B0

∂r

∂XI

J
(
nf ṽi(f)

)
F−1
Ii dV

−
∫
B0

r
(
nf ṽi(f)

) ∂(JF−1
Ii )

∂XI

dV (7)

wherein the last term in Eq. 7 goes to zero because of the Piola identity shown by
Holzapfel32 (p. 146) or in general curvilinear coordinates by Clayton33,34(p. 42 in
the latter). Substitution of Eq. 7 into Eq. 6 gives us

H(ui, ui(f), pf , r) =
∫
B0

r

(
Jnf

Kη
f

ṗf + J̇

)
dV

+

∫
B0

r
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

+

∫
B0

∂
(
rJ
(
nf ṽi(f)

)
F−1
Ii

)
∂XI

dV

−
∫
B0

∂r

∂XI

J
(
nf ṽi(f)

)
F−1
Ii dV = 0 (8)

Applying the divergence theorem to the third term in Eq. 8, using the boundary
conditions in Eq. 4 (where r → 0 on Γp

0) and Eq. 5, the variational form for the

7



balance of mass of the biphasic mixture becomes

H(ui, ui(f), pf , r) =
∫
B0

r

(
Jnf

Kη
f

ṗf + J̇

)
dV

+

∫
B0

r
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV

−
∫
B0

∂r

∂XI

J
(
nf ṽi(f)

)
F−1
Ii dV −

∫
Γ
Qf
0

rQf dA = 0 (9)

Given Darcy’s law (see Irwin et al.28,30), for notational simplicity we denote the
separate terms as

H = HINT
1 +HINT

2 +HINT
3 +HINT

4 −HEXT = 0 (10)

where

HINT
1 =

∫
B0

r

(
Jnf

Kη
f

ṗf + J̇

)
dV (11)

HINT
2 =

∫
B0

r
J

Kη
f

∂pf
∂XI

F−1
Ii

(
nf ṽi(f)

)
dV (12)

HINT
3 =

∫
B0

∂r

∂XI

JF−1
Ii k̂

∂pf
∂XK

F−1
Ki dV (13)

HINT
4 =

∫
B0

∂r

∂XI

JF−1
Ii k̂ρ

fR (ai(f) − gi) dV (14)

HEXT =

∫
Γ
Qf
0

rQf dA (15)

In the (u-pf) formulation, where af ≈ as = a, the variational form of Eq. 3 is
H(ui, pf , r) and Eq. 14 becomes

HINT
4 =

∫
B0

∂r

∂XI

JF−1
Ii k̂ρ

fR (ai − gi) dV (16)

8



For poroelasticity, inertia terms are ignored and Eq. 14 becomes

HINT
4 =

∫
B0

∂r

∂XI

JF−1
Ii k̂ρ

fR (−gi) dV (17)

Also note that for poroelasticity, Eq. 12 does not include the inertia term when the
Darcy velocity is expanded via Eq. 60 of Irwin et al.28 In the case of 1-D uniaxial
strain and unidirectional pore fluid flow (i.e., our underlying assumptions for the
FE model presented in Section 2), the above terms simplify to the following:

HINT
1 =

X=H∫
0

r

(
Jnf

Kη
f

ṗf + J̇

)
AdX (18)

HINT
2 =

X=H∫
0

r
1

Kη
f

∂pf
∂X

nf ṽfAdX (19)

HINT
3 =

X=H∫
0

∂r

∂X
k̂
∂pf
∂X

F−1
11 AdX (20)

HINT
4 =

X=H∫
0

∂r

∂X
k̂ρfR (af + g)AdX (21)

HEXT =

∫
Γ
Qf
0

rQf dA = Qf |X=HA (22)

In the (u-pf) formulation, where af ≈ as = a, Eq. 21 becomes

HINT
4 =

X=H∫
0

∂r

∂X
k̂ρfR (a+ g)AdX (23)

For poroelasticity, inertia terms are ignored and Eq. 21 becomes

HINT
4 =

X=H∫
0

∂r

∂X
k̂ρfRgA dX (24)

and again for poroelasticity, Eq. 19 does not include the inertia term when the Darcy
velocity is expanded via Eq. 60 of Irwin et al.28

9



3.2 Balance of Linear Momentum of the Mixture

The strong form of the balance of linear momentum using the (u-uf-pf) formulation
for the biphasic mixture following the motion of the solid skeleton as presented in
Section 2 of Irwin et al.28 in the mixed-temperature regime is given as

DIVP + ρ0g −
(
ρs0a+ ρf0af

)
= 0 (25)

u(X, t) = gu(X, t) ∀X ∈ Γu
0 (26)

P (X, t) ·N (X) = tσ(X, t) ∀X ∈ Γt
0 (27)

Note that in the (u-pf) formulation, we make the assumption that af ≈ as = a.
Thus, Eq. 25 simplifies to

DIVP + ρ0g − ρ0a = 0 (28)

Note that for poroelasticity and for elasticity, inertial terms are ignored, and so
Eq. 25 simplifies to

DIVP + ρ0g = 0 (29)

Returning our focus back to the (u-uf-pf) formulation, let G(ui, ui(f), pf , wi) be the
variational form of Eq. 25 and let wi be a set of vector-valued weighting functions
associated with solid skeleton displacement ui. We may then rewrite Eq. 25 as

G(ui, ui(f), pf , wi) =

∫
B0

wi
∂PiI

∂XI

dV +

∫
B0

wiρ0gi dV

−
∫
B0

wi

(
ρs0ai + ρf0ai(f)

)
dV = 0 (30)

The first term in Eq. 30 can be rewritten as follows:∫
B0

wi
∂PiI

∂XI

dV =

∫
B0

∂ (wiPiI)

∂XI

dV −
∫
B0

∂wi

∂XI

PiI dV (31)

10



Substitution of Eq. 31 into Eq. 30 gives us

G(ui, ui(f), pf , wi) =

∫
B0

∂ (wiPiI)

∂XI

dV −
∫
B0

∂wi

∂XI

PiI dV

+

∫
B0

wiρ0gi dV −
∫
B0

wi

(
ρs0ai + ρf0ai(f)

)
dV = 0 (32)

Applying divergence theorem to the first term in Eq. 32, using the boundary condi-
tions in Eq. 26 (where wi → 0 on Γu

0) and Eq. 27, and applying Eqs. 57 and 58 of
Irwin et al.28 with the constitutive form for the first Piola-Kirchhoff effective stress
given by Eq. 156 of Irwin et al.,28 the variational form for the balance of linear
momentum for the biphasic mixture becomes

G(ui, ui(f), pf , wi) =

∫
B0

wi

(
ρs0ai + ρf0ai(f)

)
dV +

∫
B0

∂wi

∂XI

P s
iI(E) dV

−
∫
B0

∂wi

∂XI

JF−1
Ii pf dV −

∫
B0

wiρ0gi dV

−

∫
Γt
0

wit
σs
E

i dA−
∫
Γt
0

wipfJF
−1
Ii NI dA

 = 0 (33)

For notational simplicity, we denote the separate terms as

G = GINT
1 + GINT

2 + GINT
3 + GINT

4 − (GEXT
1 + GEXT

2 ) = 0 (34)
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where

GINT
1 =

∫
B0

wi

(
ρs0ai + ρf0ai(f)

)
dV (35)

GINT
2 =

∫
B0

∂wi

∂XI

P s
iI(E) dV (36)

GINT
3 = −

∫
B0

∂wi

∂XI

JF−1
Ii pf dV (37)

GINT
4 = −

∫
B0

wiρ0gi dV (38)

GEXT
1 =

∫
Γt
0

wit
σs
E

i dA (39)

GEXT
2 = −

∫
Γt
0

wipfJF
−1
Ii NI dA (40)

In the (u-pf) formulation, where af ≈ as = a, the variational form of Eq. 28 is
G(ui, pf , wi), and Eq. 35 becomes

GINT
1 =

∫
B0

wiρ0ai dV (41)

For poroelasticity or elasticity, inertial terms are ignored and thus

GINT
1 = 0 (42)

For elastodynamics or elasticity, the variational form of Eq. 28 is G(ui, wi), and
for elastodynamics Eq. 35 becomes identical to that of Eq. 41. In the case of 1-D
uniaxial strain and unidirectional pore fluid flow (i.e., our underlying assumptions
for the FE model), the above terms simplify to the following using the equations
presented in Section 2 as well as assuming that the gravitational vector gi is pointing

12



in the downward X direction:

GINT
1 =

X=H∫
0

w
(
ρs0as + ρf0af

)
AdX (43)

GINT
2 =

X=H∫
0

∂w

∂X
P s
11(E)AdX (44)

GINT
3 = −

X=H∫
0

∂w

∂X
pfAdX (45)

GINT
4 =

X=H∫
0

wρ0gA dX (46)

GEXT
1 =

∫
Γt
0

wtσ
s
E dA = tσ

s
EA (47)

GEXT
2 = −

∫
Γt
0

wpfN dA = −pfA (48)

If we combine Eqs. 47 and 48 we see that

GEXT
1 + GEXT

2 = A
(
tσ

s
E − pf

)
= Atσ (49)

In the (u-pf) formulation, where af ≈ as = a, Eq. 43 becomes

GINT
1 =

X=H∫
0

wρ0aAdX (50)

For elastodynamics, Eq. 43 becomes identical to Eq. 50.

3.3 Balance of Linear Momentum of the Pore Fluid

The strong formulation of the balance of linear momentum for a nearly inviscid
pore fluid as presented in Section 2 of Irwin et al.28 is given as

ρf0af + Jnf GRAD(pf) · F−1 + J

(
nf
)2
k̂

(vf − v)− ρf0g = 0 (51)

uf(X, t) = guf
(X, t) ∀X ∈ Γuf

0 (52)

13



Let I(ui, ui(f), pf , qi) be the variational form of Eq. 51, and let qi be a set of vector-
valued weighting functions associated with pore fluid displacement ui(f). We may
then rewrite Eq. 51 as follows:

I(ui, ui(f), pf , qi) =
∫
B0

qiρ
f
0ai(f) dV +

∫
B0

qiJn
f ∂pf
∂XI

F−1
Ii dV

+

∫
B0

qiJ

(
nf
)2
k̂

(vi(f) − vi) dV −
∫
B0

qiρ
f
0gi dV = 0 (53)

For notational simplicity, we denote the separate terms in Eq. 53 as

I = I INT
1 + I INT

2 + I INT
3 + I INT

4 = 0 (54)

where

I INT
1 =

∫
B0

qiρ
f
0ai(f) dV (55)

I INT
2 =

∫
B0

qiJn
f ∂pf
∂XI

F−1
Ii dV (56)

I INT
3 =

∫
B0

qiJ
(nf)2

k̂
(vi(f) − vi) dV (57)

I INT
4 = −

∫
B0

qiρ
f
0gi dV (58)

In the case of 1-D uniaxial strain and unidirectional pore fluid flow, the above terms
simplify to the following using the equations presented in Section 2, as well as
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assuming that the gravitational vector gi is pointing in the downward X direction:

I INT
1 =

X=H∫
0

qρf0afAdX (59)

I INT
2 =

X=H∫
0

qnf ∂pf
∂X

AdX (60)

I INT
3 =

X=H∫
0

qJ
(nf)2

k̂
(vf − v)AdX (61)

I INT
4 =

X=H∫
0

qρf0gA dX (62)

4. FE Implementation

As stated in previous sections, for uniaxial strain and unidirectional flow with axial
symmetry, our geometry of a column of porous lung parenchyma is reduced to 1-D.
Therefore, we employ a 1-D FE mesh to solve the variational equations of Section 3.
For interpolating our solution variables, we use standard Lagrange polynomials up
to quadratic order. Displacements of both solid and fluid can either be interpolated
using quadratic Lagrange polynomials or linear Lagrange polynomials. Often we
choose linear Lagrange polynomials for improved performance and stability, at the
cost of reduced accuracy compared to quadratic Lagrange polynomials. For pore
fluid pressure, we stick to linear Lagrange polynomials.

Consider then a generic solution variable y(X(ξ)) interpolated across the local ele-
ment coordinate system ξ. For quadratic interpolation, we have

yh(ξ, t) =
3∑

a=1

Ny
a (ξ)y

e
a(t) =

{
N e,y

}
︸ ︷︷ ︸

1×3

·
{
ye
}

︸ ︷︷ ︸
3×1

(63)

where the shape function matrix is

N e,y :=

{
1

2
ξ(ξ − 1) ,

1

2
ξ(ξ + 1) , 1− ξ2

}
(64)

Here “e” refers to local finite element, “a” to node number, he is the element length,
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and ye are the nodal values of y. For linear interpolation, we have

yh(ξ, t) =
2∑

a=1

Ny
a (ξ)y

e
a(t) =

{
N e,y

}
︸ ︷︷ ︸

1×2

·
{
ye
}

︸ ︷︷ ︸
2×1

(65)

where

N e,y :=

{
1− ξ
2

,
1 + ξ

2

}
(66)

Next, consider the gradient of the generic solution variable y(X), such that by the
chain rule ∂y(X(ξ))/∂X = (∂y(ξ)/∂ξ)(∂ξ/∂X), interpolated across the local co-
ordinate system ξ. For quadratic interpolation, we have

∂yh(ξ, t)

∂X
=

3∑
a=1

By
a(ξ)y

e
a(t) =

{
Be,y

}
︸ ︷︷ ︸

1×3

·
{
ye
}

︸ ︷︷ ︸
3×1

(67)

where

Be,y :=
2

he0

{
ξ − 1

2
, ξ +

1

2
, −2ξ

}
(68)

where the jacobian of coordinate transformation je = (∂Xhe
/∂ξ)−1 = 2/he0 for the

initial finite element length he0. For linear interpolation, we have,

∂yh(ξ, t)

∂X
=

2∑
a=1

By
a(ξ)y

e
a(t) =

{
Be,y

}
︸ ︷︷ ︸

1×2

·
{
ye
}

︸ ︷︷ ︸
2×1

(69)

where

Be,y :=
2

he0

{
−1

2
,

1

2

}
(70)

Hereafter, the lengths of the vectors N and B will be determined by the number
of degrees of freedom (DOF), or ny,e

dof, of the solution variable of interest. Pressure
we assume to be evaluated at the endpoints of the element: np,e

dof = 2. However, we
allow the local element degrees of freedom of the solid skeleton and pore fluid to
vary. We may have ns,e

dof = 3 and nf,e
dof = 2 (i.e., three degrees of freedom, which will
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be interpolated using quadratic shape functions) for the solid skeleton displacement
and two degrees of freedom, which will be interpolated using linear shape functions,
for the pore fluid displacement. A list of element types with their corresponding
degrees of freedom can be found in Table 1.

Table 1. Acronyms for different element types.

Element type ns,e
dof nf,e

dof np,e
dof

Q1-P1 2 N/A 2
Q2-P1 3 N/A 2

Q2-Q2-P1 3 3 2
Q2-Q1-P1 3 2 2
Q1-Q1-P1 2 2 2

For our solution variables of interest (i.e., u, uf and pf) we introduce the correspond-
ing discretizations d, df and θ, respectively. For solid skeleton displacement d, we
have

uh
e

(ξ, t) =

ns,e
dof∑

a=1

Nu
a (ξ)d

e
a(t) =

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
de
}

︸ ︷︷ ︸
ns,e

dof ×1

(71)

The solid skeleton velocity and acceleration are defined similarly:

vh
e

(ξ, t) =

ns,e
dof∑

a=1

Nu
a (ξ)ḋ

e
a(t) =

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
ḋ
e
}

︸ ︷︷ ︸
ns,e

dof ×1

(72)

ah
e

(ξ, t) =

ns,e
dof∑

a=1

Nu
a (ξ)d̈

e
a(t) =

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
d̈
e
}

︸ ︷︷ ︸
ns,e

dof ×1

(73)

Solid skeleton displacement gradient, velocity gradient, and acceleration gradient

17



are defined as follows, respectively:

∂uh
e
(ξ, t)

∂X
=

ns,e
dof∑

a=1

Bu
a (ξ)d

e
a(t) =

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
de
}

︸ ︷︷ ︸
ns,e

dof ×1

(74)

∂vh
e
(ξ, t)

∂X
=

ns,e
dof∑

a=1

Bu
a (ξ)ḋ

e
a(t) =

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
ḋ
e
}

︸ ︷︷ ︸
ns,e

dof ×1

(75)

∂ah
e
(ξ, t)

∂X
=

ns,e
dof∑

a=1

Bu
a (ξ)d̈

e
a(t) =

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
d̈
e
}

︸ ︷︷ ︸
ns,e

dof ×1

(76)

The same procedure also applies to pore fluid displacement df :

uh
e

f (ξ, t) =

nf,e
dof∑

a=1

Nuf
a (ξ)dea,f(t) =

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

·
{
de
f

}
︸ ︷︷ ︸
nf,e

dof ×1

(77)

vh
e

f (ξ, t) =

nf,e
dof∑

a=1

Nuf
a (ξ)ḋea,f(t) =

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

·
{
ḋ
e

f

}
︸ ︷︷ ︸
ns,e

dof ×1

(78)

ah
e

f (ξ, t) =

nf,e
dof∑

a=1

Nuf
a (ξ)d̈ea,f(t) =

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

·
{
d̈
e

f

}
︸ ︷︷ ︸
nf,e

dof ×1

(79)

∂uh
e

f (ξ, t)

∂X
=

nf,e
dof∑

a=1

Buf
a (ξ)dea,f(t) =

{
Be,uf

}
︸ ︷︷ ︸
1×nf,e

dof

·
{
de
f

}
︸ ︷︷ ︸
nf,e

dof ×1

(80)

∂vh
e

f (ξ, t)

∂X
=

nf,e
dof∑

a=1

Buf
a (ξ)ḋea,f(t) =

{
Be,uf

}
︸ ︷︷ ︸
1×nf,e

dof

·
{
ḋ
e

f

}
︸ ︷︷ ︸
nf,e

dof ×1

(81)

∂ah
e

f (ξ, t)

∂X
=

nf,e
dof∑

a=1

Buf
a (ξ)d̈ea,f(t) =

{
Be,uf

}
︸ ︷︷ ︸
1×nf,e

dof

·
{
d̈
e

f

}
︸ ︷︷ ︸
nf,e

dof ×1

(82)
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Similarly for the pore fluid pressure,

ph
e

f (ξ, t) =

np,e
dof∑

a=1

Np
b (ξ)θ

e
a(t) =

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

·
{
θe
}

︸ ︷︷ ︸
np,e

dof ×1

(83)

ṗh
e

f (ξ, t) =

np,e
dof∑

a=1

Np
a (ξ)θ̇

e
a(t) =

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

·
{
θ̇
e
}

︸ ︷︷ ︸
np,e

dof ×1

(84)

p̈h
e

f (ξ, t) =

np,e
dof∑

a=1

Np
a (ξ)θ̈

e
a(t) =

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

·
{
θ̈
e
}

︸ ︷︷ ︸
np,e

dof ×1

(85)

∂ph
e

f (ξ, t)

∂X
=

np,e
dof∑

a=1

Bp
a(ξ)θ

e
a(t) =

{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

·
{
θe
}

︸ ︷︷ ︸
np,e

dof ×1

(86)

∂ṗh
e

f (ξ, t)

∂X
=

np,e
dof∑

a=1

Bp
a(ξ)θ̇

e
a(t) =

{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

·
{
θ̇
e
}

︸ ︷︷ ︸
np,e

dof ×1

(87)

∂p̈h
e

f (ξ, t)

∂X
=

np,e
dof∑

a=1

Bp
a(ξ)θ̈

e
a(t) =

{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

·
{
θ̈
e
}

︸ ︷︷ ︸
np,e

dof ×1

(88)

The weighting functions for solid skeleton displacement d and their interpolations
including gradients are given as follows:

whe

(ξ) =
{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
ce
}

︸ ︷︷ ︸
ns,e

dof ×1

=
{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

(89)

∂whe
(ξ, t)

∂X
=
{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

·
{
ce
}

︸ ︷︷ ︸
ns,e

dof ×1

=
{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

(90)

The weighting functions for the pore fluid displacement df and their interpolations
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including gradients are given as follows:

qh
e

(ξ) =
{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

·
{
ωe
}

︸ ︷︷ ︸
nf,e

dof ×1

=
{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

(91)

∂qh
e
(ξ, t)

∂X
=
{
Be,uf

}
︸ ︷︷ ︸
1×nf,e

dof

·
{
ωe
}

︸ ︷︷ ︸
nf,e

dof ×1

=
{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
Be,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

(92)

The weighting functions for pore fluid pressure θ and their interpolations including
gradients are given as follows:

rh
e

(ξ) =
{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

·
{
αe
}

︸ ︷︷ ︸
np,e

dof ×1

=
{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

(93)

∂rh
e
(ξ, t)

∂X
=
{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

·
{
αe
}

︸ ︷︷ ︸
np,e

dof ×1

=
{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

(94)

5. Time Integration

After applying the Galerkin approximation35 to the coupled variational equations
in Section 3, substituting interpolations and their derivatives in Section 4, applying
boundary conditions at the nodes, and assembling the FE equations, the general
coupled system of matrix-vector equations resembles the following nonlinear form:

Mẍ+Cẋ+ F INT (ẍ,x) = F EXT (95)

where M is the mass matrix, C is the viscous matrix, F INT is the nonlinear in-
ternal “force” vector, and F EXT is the vector of applied external forces and fluxes
for the full coupled variational form. Similarly, the accelerations, velocities, and
displacements are given by the global DOF vectors ẍ, ẋ, and x, respectively, as

x =


d

df

θ

 , ẋ =


ḋ

ḋf

θ̇

 , ẍ =


d̈

d̈f

θ̈

 (96)

where d, df , and θ are the global nodal DOFs of solid skeleton displacement, pore
fluid displacement (part of the time integration procedure, not used in any of the
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balance equations), and pore fluid pressure, respectively.

5.1 Newmark-beta Integrators

For the dynamic equations that retain inertia terms, we apply the NB method35,36

and a nonlinear solver (Newton-Raphson method, refer to Fig. 3 and comments
below) for solving Eq. 95 wherein

Mẍn+1 +Cẋn+1 + F INT(ẍn+1,xn+1) = F EXT
n+1 (97)

xn+1 = xn +∆tẋn +
(∆t)2

2
[(1− 2β) ẍn + 2βẍn+1] (98)

ẋn+1 = ẋn +∆t [(1− γ) ẍn + γẍn+1] (99)

Here (•)n+1 implies a quantity to be solved or updated at current time tn+1, (•)n
implies a quantity known at previous time tn, β and γ are integration parameters,
and the time increment ∆t = tn+1− tn may be variable or held constant during the
time marching solution.

The predictors are written as

x̃n+1 = xn +∆tẋn +
(∆t)2

2
(1− 2β) ẍn (100)

˙̃xn+1 = ẋn +∆t (1− γ) ẍn (101)

such that the correctors are

xn+1 = x̃n+1 + β(∆t)2ẍn+1 (102)

ẋn+1 = ˙̃xn+1 + γ∆tẍn+1 (103)

Writing in residual form for solution via the Newton-Raphson method, this allows
us to solve for the accelerations ẍn+1 at the next time step tn+1 as follows:

R(ẍn+1) = Mẍn+1 +Cẋn+1 + F INT(ẍn+1,xn+1)− F EXT
n+1 = 0 (104)

In Eq. 104, the internal forces are nonlinear, therefore requiring us to employ a
nonlinear solver.

For simplicity, we use the Newton-Raphson method to find the “exact” solution
ẍ∗
n+1 such that R(ẍ∗

n+1) = 0 given the applied external force F EXT
n+1. Consider the
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Fig. 3 Illustration of Newton-Raphson method for solution of ẍ, where we show iteration k =
0, 1, 2, and convergence likely at iteration k = 3. The black curve is a plot of R(ẍ).

Taylor-series expansion about the past iterate ẍk:

ẍ∗ = ẍk + δẍk (105)

R(ẍ∗
n+1) = R(ẍk

n+1) +
∂R(ẍk

n+1)

∂ẍ
δẍk

n+1 +
1

2

∂2R(ẍk
n+1)

∂ẍ2 (δẍk
n+1)

2 + h.o.t. = 0

(106)

Then we “linearize”: let ∂R(ẍk
n+1)/∂ẍ be the consistent tangent at iteration k, drop

the quadratic and higher order terms (h.o.t.s), and thus ẍ∗
n+1 ≈ ẍk+1

n+1:

R(ẍk
n+1) +

∂R(ẍk
n+1)

∂ẍ
δẍk

n+1 ≈ 0; ẍ∗
n+1 ≈ ẍk+1

n+1 = ẍk
n+1 + δẍk

n+1 (107)
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Then, to find the solution to Eq. 104, rearrange Eq. 1071 as

δẍk = −R(ẍk
n+1)

(
∂R(ẍk

n+1)

∂ẍ

)−1

(108)

and use Eq. 1072 to solve for the updated displacement, until convergence is achieved:

IF
|R(ẍk+1

n+1)|
|R(ẍ0

n+1)|
< tol THEN ẍ∗

n+1 = ẍk+1
n+1

ELSE iterate

where tol is a residual tolerance relative to the initial residual R(ẍ0
n+1). The fol-

lowing section is concerned with how to find δẍk
n+1.

The increments of our solution variables within a Newton-Raphson iteration loop
are given by 

δd

δdf

δθ

 = β∆t2


δd̈

δd̈f

δθ̈

 ,


δḋ

δḋf

δθ̇

 = γ∆t


δd̈

δd̈f

δθ̈

 (109)

which then allows us to formulate the linearized forms of the matrix-vector equa-
tions, or to directly cast them within the variational form, not presented here (note
that in Eq. 1091, the squaring operation is being applied to the time step ∆t; this
notation will be used for convenience in the proceeding equations). For example,
for current iteration k + 1, the update for solid skeleton acceleration is d̈

k+1

n+1 =

d̈
k

n+1+δd̈. With the linearized equations, we can construct the coupled linear equa-
tions to solve at each current iteration k + 1 asKu,u Ku,uf

Ku,pf

Kuf ,u Kuf ,uf
Kuf ,pf

Kpf ,u Kpf ,uf
Kpf ,pf


k

︸ ︷︷ ︸
(ns

dof+nf
dof+np

dof)×(ns
dof+nf

dof+np
dof)

·


δd̈

δd̈f

δθ̈

︸ ︷︷ ︸
(ns

dof+nf
dof+np

dof)×1

=


−Ru

−Ruf

−Rpf


k

︸ ︷︷ ︸
(ns

dof+nf
dof+np

dof)×1

(110)

Prior to showing the linearized equations, it behooves us to show the linearized
variables, the derivations for which are supplied in Appendix A of a complemen-
tary report by Irwin et al.29 Starting with the Gateaux derivative of the deformation
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gradient, we have

δ(F11) = β∆t2
∂(δa)

∂X
= γ∆t

∂(δv)

∂X
(111)

For the deformation gradient raised to any power n, Eq. 111 becomes

δ(F n
11) = nF n−1

11 β∆t2
∂(δa)

∂X
= nF n−1

11 γ∆t
∂(δv)

∂X
(112)

In the 1-D approximation, it was shown in Section 2 that the Jacobian J is equiva-
lent to F11 and thus,

δ(J) = δ(F11) = β∆t2
∂(δa)

∂X
= γ∆t

∂(δv)

∂X
(113)

δ(Jn) = δ (F n
11) = nJn−1β∆t2

∂(δa)

∂X
= nJn−1γ∆t

∂(δv)

∂X
(114)

Given the constitutive relation for the second Piola-Kirchhoff stress shown in Sec-
tion 3 of Irwin et al.,28 we will also require the Gateaux derivative on the ln(J)

terms, namely,

δ(ln(J)) =
1

J
β∆t2

∂(δa)

∂X
=

1

J
γ∆t

∂(δv)

∂X
(115)

as well as the Gateaux derivative on the inverse Cauchy green tensor component
C−1

11 ,

δ(C−1
11 ) = −2F−3

11 β∆t
2∂(δa)

∂X
= −2F−3

11 γ∆t
∂(δv)

∂X
(116)

Now that we have both Eqs. 115 and 116, we can apply the Gateaux derivative to the
solid skeleton second Piola-Kirchhoff extra stress component δ(Ss

11(E)) as follows:

δ(Ss
11(E)) = (λ− 2 [λ ln(J)− µ])F−3

11 β∆t
2∂(δa)

∂X

= (λ− 2 [λ ln(J)− µ])F−3
11 γ∆t

∂(δv)

∂X
(117)

Then the Gateaux derivative applied to the solid skeleton first Piola-Kirchhoff extra
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stress component δ(P s
11(E)) is

δ(P s
11(E)) =

(
µ+ [λ− λ ln(J) + µ]F−2

11

)
β∆t2

∂(δa)

∂X

=
(
µ+ [λ− λ ln(J) + µ]F−2

11

)
γ∆t

∂(δv)

∂X
(118)

The real mass density of the pore fluid ρfR is dependent on the pore fluid pressure
as defined by Irwin et al.28; therefore,

δ(ρfR) =
ρfR

Kη
f

β∆t2δp̈f =
ρfR

Kη
f

γ∆tδṗf (119)

The volume fraction of pore fluid is dependent on the volume fraction of the solid
skeleton which is dependent on the deformation of the solid skeleton; therefore,

δ(nf) =
ns

J
β∆t2

∂(δa)

∂X
=
ns

J
γ∆t

∂(δv)

∂X
(120)

The mass density of the pore fluid is likewise dependent on both the volume fraction
of the pore fluid as well as the real mass density of the pore fluid; therefore,

δ(ρf0) = β∆t2
(
ρfR∂(δa)

∂X
+
JnfρfR

Kη
f

δp̈f

)
= γ∆t

(
ρfR∂(δv)

∂X
+
JnfρfR

Kη
f

δṗf

)
(121)

To express the hydraulic conductivity as a function of the porosity we employ the
Kozeny-Carman relation as shown in Eq. 150 of Irwin et al.28 such that

δ(k̂) =
k̂ns

J

[
3

nf
+

2nf

1− (nf)2

]
β∆t2

∂(δa)

∂X

=
k̂ns

J

[
3

nf
+

2nf

1− (nf)2

]
γ∆t

∂(δv)

∂X
(122)

Some derivations and equations in the remainder of Section 5 consider aspects of
shock viscosity and pressure stabilization, topics that are more formally discussed
in this report in respective Sections 6.1 and 6.2. The reader is referred to these
sections for background context and further details. Linearization of the referential
shock viscosity Q of Eq. 449, δ(Q), is derived in Eqs. B-7 and B-9 of Appendix B
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in Irwin et al.29

5.1.1 Linearization of Variational Equations for the (u) Theory

For elastodynamics, we solve one variational equation, namely, the balance of mo-
mentum of the solid, given by Eq. 28. For elasticity, we solve Eq. 29. The lineariza-
tions of these equations are given as follows, with additional details being covered
in Appendix B of Irwin et al.29 The linearization of Eq. 50 is given by

δGINT
1 =

X=H∫
0

wρ0δaA dX (123)

For static elasticity, Eq. 123 is zero. The linearization of Eq. 44 is given by

δGINT
2 =

X=H∫
0

∂w

∂X

(
µ+

[
λ− λ ln(J) + µ

]
F−2
11

)(
β∆t2

)∂(δa)
∂X

AdX (124)

For linearizations of GINT
2 with elasticity and viscous damping, refer to Eqs. B-3–B-

5 of Irwin et al.29 For linearization of GINT
2 when shock viscosity is enabled, refer to

Eq. B-10 of Irwin et al.29

The linearization of Eq. 45 is zero because pore fluid pressure is not considered
for elastodynamics nor for elasticity (i.e., TPM is not applied; a bulk continuum is
assumed). The linearization of Eq. 46 is zero under the assumption that the variation
of the reference mass density of the material is constant. In addition, the variation
of the external force vector given by Eq. 49 is of course unnecessary as this term is
simply subtracted from the residual at every Newton-Raphson iteration.

5.1.2 FE Formulation of the (u) Theory

The FE formulation for the elastodynamics variational equation is presented as fol-
lows, with additional details covered in Appendix B of Irwin et al.29 The FE formu-
lation for the elastodynamics variational equation is written in block-matrix form
as [

Ku,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

·
{
δd̈
}

︸ ︷︷ ︸
ns

dof×1

=
{
−Ru

}
︸ ︷︷ ︸

ns
dof×1

(125)
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The FE formulation for the elasticity variational equation is written in block-matrix
form as [

Ku,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

·
{
δḋ
}

︸ ︷︷ ︸
ns

dof×1

=
{
−Ru

}
︸ ︷︷ ︸

ns
dof×1

(126)

The global residual for the solid displacement is given as

cT ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
4 − GEXT,h = 0 (127)

where

GINT,h
1 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

( 1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρh
e

0 a
he

Aje dξ

)
(128)

GINT,h
2 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

( 1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

P he

11Aj
e dξ

)
(129)

GINT,h
4 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

( 1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρh
e

0 gAj
e dξ

)
(130)

GEXT,h =
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·


{
N e,u(X = H)

}T

︸ ︷︷ ︸
ns,e

dof ×1

tσA X = H

0 0 ≤ X < H

(131)

For quasi-static elasticity, Eq. 128 is zero.

Recall from Eqs. 125 and 126 that the tangent matrix for each iteration must be of
the form

0 = −Rk
u =

[
Ku,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

·
{
δd̈
}

︸ ︷︷ ︸
ns

dof×1

(132)

27



or

0 = Rk
u =

[
Ku,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

·
{
δḋ
}

︸ ︷︷ ︸
ns

dof×1

(133)

where

[
Ku,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

=
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
2∑

i=1

[
kGINT

i ,e
u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

(134)

and where

[
kGINT

1 ,e
u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (135)

[
kGINT

2 ,e
u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

=

1∫
−1

(
µ+

[
λ− λ ln

(
Jhe)

+ µ
](
F he

11

)−2(
β∆t2

))
×

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (136)

For quasi-static elasticity, Eq. 135 is zero. For the formulations of kGINT
2 ,e

u,u with elas-
ticity and viscous damping refer to Appendix C of Irwin et al.29 Eqs. C-10, C-13,
and C-16. For the formulation of kGINT

2 ,e
u,u when shock viscosity is enabled, refer to

Eq. C-19.

5.1.3 Linearization of Variational Equations for the (u-pf) Theory

For poroelastodynamics (u-pf) formulation, we solve two variational equations,
namely, the balance of momentum of the mixture and the balance of mass of the
mixture given by Eqs. 28 and 3, respectively. The linearizations of these equations
are given as follows, with additional details being covered in Appendix B of Irwin
et al.29; references of the form Eq. B-number refer to equations in that document.

The linearizations of Eqs. 50 and 44 remain unchanged from the elastodynam-
ics/elasticity formulations, the former under the assumption that the Gateaux deriva-
tive of the mass density of the biphasic mixture is negligible. Refer to Eq. 123 and
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Eq. 124 for δGINT
1 and δGINT

2 , respectively. In the context of a multiphase formula-
tion, the single-phase denotion of the first entry of the first Piola-Kirchhoff stress
P11 in Eq. 124 becomes P s

11(E); refer to Section 2 of Irwin et al.28 for details.

The linearization of Eq. 45 is given by

δGINT
3 = −

X=H∫
0

∂w

∂X

(
β∆t2

)
δp̈fAdX (137)

For poroelasticity, refer to Eq. B-12. The linearization of Eq. 46 is zero under the
assumption the Gateaux derivative of the mass density of the biphasic mixture is
very small. In addition, the external force vector given by Eq. 49 is unnecessary as
this term is simply subtracted from the residual at every Newton-Raphson iteration.

The linearization of Eq. 18 is given by

δHINT
1 =

X=H∫
0

r

([
ṗf
Kη

f

(
β∆t2

)
+
(
γ∆t

)]∂(δa)
∂X

+
Jnf

Kη
f

(
γ∆t

)
δp̈f

)
AdX (138)

For poroelasticity, refer to Eq. B-14. The linearization of Eq. 19 is given by

δHINT
2 =

X=H∫
0

r

([(
nf ṽf

)
− k̂ ∂pf

∂X

(
F11

)−1

](
β∆t2

)∂(δp̈f)
∂X

−k̂ ∂pf
∂X

(a+ g)
ρfR

Kη
f

(
β∆t2

)
δp̈f

+
∂pf
∂X

[
ns

J

(
3

nf
− 2nf

1− (nf)2

)(
nf ṽf

)
+
∂pf
∂X

k̂F−2
11

](
β∆t2

)∂(δa)
∂X

−∂pf
∂X

k̂ρfRδa

)
A

Kη
f

dX (139)
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For poroelasticity, refer to Eq. B-18. The linearization of Eq. 20 is given by

δHINT
3 =

X=H∫
0

∂r

∂X

([
ns

(
3

nf
− 2nf

1− (nf)2

)
− 1

]
k̂
∂pf
∂X

F−2
11 ×

(
β∆t2

)∂(δa)
∂X

+ k̂F−1
11

(
β∆t2

)∂(δp̈f)
∂X

)
AdX (140)

For poroelasticity, refer to Eq. B-21. The linearization of Eq. 23 is given by

δHINT
4 =

X=H∫
0

∂r

∂X
k̂ρfR

(
(a+ g)

ns

J

[
3

nf
− 2nf

1− (nf)2

](
β∆t2

)∂(δa)
∂X

+(a+ g)
1

Kη
f

(
β∆t2

)
δp̈f + δa

)
AdX (141)

For poroelasticity, refer to Eq. B-23. The linearization of the external force vector
given by Eq. 22 is unnecessary as this term is simply subtracted from the residual
at every Newton-Raphson iteration. For pressure stabilization, the linearization of
Eq. 453 is given by

δHstab =

X=H∫
0

∂r

∂X
αstabF−1

11

((
γ∆t

)∂(δp̈f)
∂X

− ∂ṗf
∂X

F−1
11

(
β∆t2

)∂(δa)
∂X

)
AdX

(142)

For poroelasticity, which often does not require the employment of pressure stabi-
lization, refer to Eq. B-25.

5.1.4 FE formulation of the (u-pf) Theory

The FE formulation for the (u-pf) poroelastodynamics variational equations is writ-
ten in block-matrix form as[

Ku,u Kpf ,u

Ku,pf Kpf ,pf

]
︸ ︷︷ ︸
(ns

dof+np
dof)×(ns

dof+np
dof)

·

{
δd̈

δθ̈

}
︸ ︷︷ ︸

(ns
dof+np

dof)×1

=

{
−Ru

−Rpf

}
︸ ︷︷ ︸
(ns

dof+np
dof)×1

(143)
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The FE formulation for the poroelasticity variational equations is written in block-
matrix form as [

Ku,u Kpf ,u

Ku,pf Kpf ,pf

]
︸ ︷︷ ︸
(ns

dof+np
dof)×(ns

dof+np
dof)

·

{
δḋ

δθ̇

}
︸ ︷︷ ︸

(ns
dof+np

dof)×1

=

{
−Ru

−Rpf

}
︸ ︷︷ ︸
(ns

dof+np
dof)×1

(144)

The global residual for the solid skeleton displacement is given as

cT ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 − GEXT,h = 0 (145)

where

GINT,h
1 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

( 1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρh
e

0 a
he

Aje dξ

)
(146)

GINT,h
2 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

( 1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

P s,he

11(E)Aj
e dξ

)
(147)

GINT,h
3 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

(
−

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ph
e

f Aj
e dξ

)
(148)

GINT,h
4 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

( 1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρh
e

0 gAj
e dξ

)
(149)

GEXT,h =
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·


{
N e,u(X = H)

}T

︸ ︷︷ ︸
ns,e

dof ×1

tσA X = H

0 0 ≤ X < H

(150)

For poroelasticity, Eq. 146 is zero.

The global residual for the pore fluid pressure is given as

αT ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 −HEXT,h
1 = 0 (151)

31



where

HINT,h
1 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

[
Jhe

nf,he

Kη
f

ṗh
e

f + J̇he

]
Aje dξ

)
(152)

HINT,h
2 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

1

Kη
f

∂ph
e

f

∂X

(
nf,he

ṽh
e

f

)
Aje dξ

)
(153)

HINT,h
3 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

k̂h
e ∂ph

e

f

∂X

(
F he

11

)−1
Aje dξ

)
(154)

HINT,h
4 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

k̂h
e

ρfR,he(
ah

e

+ g
)
Aje dξ

)
(155)

HEXT,h =
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·


{
N e,p(X = H,X = 0)

}T

︸ ︷︷ ︸
np,e

dof ×1

QfA X = 0, X = H

0 0 < X < H

(156)

For poroelasticity, Eq. 155 becomes

HINT,h
4 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

k̂h
e

ρfR,he

gAje dξ

)
(157)

When pressure stabilization is enabled, an additional termHstab is added to the left-
hand side (LHS) of Eq. 151 and is defined as

Hstab =
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

αstab∂ṗ
he

f

∂X

(
F he

11

)−1
Aje dξ

)
(158)

Recall from Eqs. 143 and 144 that the tangent matrix for poroelastodynamics for
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each iteration must be of the form

0 = −Rk =

[
Ku,u Ku,pf

Kpf ,u Kpf ,pf

]
︸ ︷︷ ︸
(ns

dof+np
dof)×(ns

dof+np
dof)

·

{
δd̈

δθ̈

}
︸ ︷︷ ︸

(ns
dof+np

dof)×1

(159)

or, for poroelasticity,

0 = −Rk =

[
Ku,u Ku,pf

Kpf ,u Kpf ,pf

]
︸ ︷︷ ︸
(ns

dof+np
dof)×(ns

dof+np
dof)

·

{
δḋ

δθ̇

}
︸ ︷︷ ︸

(ns
dof+np

dof)×1

(160)

where

[
Ku,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

=
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
2∑

i=1

[
kGINT

i ,e
u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

(161)

[
Ku,pf

]
︸ ︷︷ ︸
ns

dof×np
dof

=
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
kGINT

3 ,e
u,pf

]
︸ ︷︷ ︸
ns,e

dof ×np,e
dof

(162)

[
Kpf ,u

]
︸ ︷︷ ︸
np

dof×ns
dof

=
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
4∑

i=1

[
kHINT

i ,e
pf ,u

]
︸ ︷︷ ︸
np,e

dof ×ns,e
dof

(163)

[
Kpf ,pf

]
︸ ︷︷ ︸
np

dof×np
dof

=
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
4∑

i=1

[
kHINT

i ,e
pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

(164)

The definitions for Ku,u remain unchanged from Section 5.1.2; refer to Eqs. 135
and 136. The skeleton displacement and pore fluid pressure coupling tangent are
given as follows:

[
kGINT

3 ,e
u,pf

]
︸ ︷︷ ︸
ns,e

dof ×np,e
dof

= −
1∫

−1

(
β∆t2

){
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (165)
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The pore fluid pressure and solid skeleton coupling tangents are given as follows:

[
kHINT

1 ,e
pf ,u

]
︸ ︷︷ ︸
np,e

dof ×ns,e
dof

=

1∫
−1

(
ṗh

e

f

Kη
f

(
β∆t2

)
+
(
γ∆t

)){
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (166)

[
kHINT

2 ,e
pf ,u

]
︸ ︷︷ ︸
np,e

dof ×ns,e
dof

=

1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

([
ns,he

Jhe

(
3

nf,he −
2nf,he

1−
(
nf,he

)2
)(
nf ṽf

)he

+ k̂h
e ∂ph

e

f

∂X

(
F he

11

)−2

](
β∆t2

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

− k̂he

ρfR,he
{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

)
∂ph

e

f

∂X

1

Kη
f

Aje dξ (167)

[
kHINT

3 ,e
pf ,u

]
︸ ︷︷ ︸
np,e

dof ×ns,e
dof

=

1∫
−1

k̂h
e ∂ph

e

f

∂X

(
F he

11

)−2

(
ns,he

[
3

nf,he −
2nf,he

1−
(
nf,he

)2
]
− 1

)
×

(
β∆t2

){
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (168)

[
kHINT

4 ,e
pf ,u

]
︸ ︷︷ ︸
np,e

dof ×ns,e
dof

=

1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

([
3

nf,he −
2nf,he

1−
(
nf,he

)2
](
ah

e

+ g
)ns,he

Jhe ×

(
β∆t2

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

+
{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

)
k̂h

e

ρfR,he

Aje dξ (169)

For poroelasticity, Eqs. 166–169 are given by Eqs. C-32, C-40, C-48, and C-56 in
Appendix C of Irwin et al.29

When pressure stabilization is enabled, we must add one more pore fluid pressure
and solid skeleton coupling tangent to Eq. 163:

[
kHstab,e

pf ,u

]
︸ ︷︷ ︸
np,e

dof ×ns,e
dof

= −
1∫

−1

αstab(F he

11

)−2∂ṗh
e

f

∂X

(
β∆t2

){
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (170)
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For poroelasticity, Eq. 170 is given by Eq. C-64 of Irwin et al.29 Lastly, the pore
fluid pressure tangents are given as follows:

[
kHINT

1 ,e
pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

Jhe
nf,he

Kη
f

(
γ∆t

){
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (171)

[
kHINT

2 ,e
pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

([(
nf ṽf

)he

− k̂he ∂ph
e

f

∂X

(
F h
11

)−1

]{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

−k̂he ∂ph
e

f

∂X

(
ah

e

+ g
)ρfR,he

Kη
f

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

)
1

Kη
f

(
β∆t2

)
Aje dξ (172)

[
kHINT

3 ,e
pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

k̂h
e(
F he

11

)−1(
β∆t2

){
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (173)

[
kHINT

4 ,e
pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

k̂h
e(
ah

e

+ g
)ρfR,he

Kη
f

(
β∆t2

){
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (174)

For poroelasticity, Eqs. 171–174 are given by Eqs. C-33, C-41, C-49, and C-57 in
Appendix C of Irwin et al.29 When pressure stabilization is enabled, we must add
one more pore fluid pressure tangent to Eq. 164:

[
kHstab,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

αstab(F he

11

)−1(
γ∆t

){
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (175)

For poroelasticity, Eq. 175 is given by Eq. C-65 of Irwin et al.29

5.1.5 Linearization of Variational Equations for the (u-uf -pf) Theory

For poroelastodynamics (u-uf-pf) formulation, we solve three variational equa-
tions, namely, the balance of momentum of the mixture, the balance of momentum
of the pore fluid, and the balance of mass of the mixture, given by Eqs. 25, 51,
and 3, respectively. The linearization of these equations are given as follows, with
additional details covered in Appendix B of Irwin et al.29

The linearization of Eq. 43 is given as follows under the assumption that the Gateaux
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derivative of the real mass density of the solid phase is negligible owing to the in-
compressibility assumption in Section 2 of Irwin et al.28:

δGINT
1 =

X=H∫
0

w

(
ρs0δa+ af

(
β∆t2

)[
ρfR∂(δa)

∂X
+
JnfρfR

Kη
f

δp̈f

]

+ρf0δaf

)
AdX (176)

The linearizations of Eqs. 44 and 45 remain unchanged from the (u-pf) formulation;
refer to Eqs. 124 and 137 for δGINT

2 and δGINT
3 , respectively. As before, δGINT

4 ≈ 0

under the assumption that the variation of mass density of the mixture is negligible.

The linearization of Eq. 59 is given as follows:

δI INT
1 =

X=H∫
0

q

(
af
(
β∆t2

)[
ρfR∂(δa)

∂X
+
JnfρfR

Kη
f

δp̈f

]
+ ρf0δaf

)
AdX (177)

The linearization of Eq. 60 is given as follows:

δI INT
2 =

X=H∫
0

q

(
ns

J

∂pf
∂X

∂(δa)

∂X
+ nf ∂(δp̈f)

∂X

)(
β∆t2

)
AdX (178)

The linearization of Eq. 61 is given as follows:

δI INT
3 =

X=H∫
0

q

((
1 +

2ns

nf
− ns

[
3

nf
− 2nf

1− (nf)2

])(
nf
)2
ṽf

k̂
×

(
β∆t2

)∂δa
∂X

+
J
(
nf
)2

k̂

(
γ∆t

)
(δaf − δa)

)
AdX (179)

The linearization of Eq. 62 is given as follows:

δI INT
4 =

X=H∫
0

q

([
ρfR∂(δa)

∂X
+
JnfρfR

Kf

δp̈f

](
β∆t2

))
gA dX (180)

The linearizations of Eqs. 18, 20, and 453 remain unchanged from the (u-pf) for-
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mulation; refer to Eqs. 138, 140, and 142, respectively.

The linearizations of Eqs. 19 and 21 are different from the (u-pf) formulation.
However, given that the pore fluid acceleration is used in place of the mixture’s
acceleration (i.e., the solid skeleton acceleration in the (u-uf-pf) formulation) in
the constitutive model for Darcy’s law, the following changes to the linearizations
of terms that use Darcy’s law are given as follows:

δHINT
2 =

X=H∫
0

r

([(
nf ṽf

)
− k̂ ∂pf

∂X
F−1
11

](
β∆t2

)∂(δp̈f)
∂X

−k̂ ∂pf
∂X

(af + g)
ρfR

Kf

(
β∆t2

)
δp̈f

+
∂pf
∂X

[
ns

J

(
3

nf
− 2nf

1− (nf)2

)(
nf ṽf

)
+ k̂

∂pf
∂X

F−2
11

](
β∆t2

)∂(δa)
∂X

−∂pf
∂X

k̂ρfRδaf

)
A

Kη
f

dX (181)

δHINT
4 =

X=H∫
0

∂r

∂X
ρfRk̂

(
(af + g)

ns

J

[
3

nf
− 2nf

1− (nf)2

](
β∆t2

)∂(δa)
∂X

+(af + g)
1

Kη
f

(
β∆t2

)
δp̈f + δaf

)
AdX (182)

5.1.6 FE Formulation of the (u-uf -pf) Theory

The FE formulation for the (u-uf-pf) theory is written in block-matrix form asKu,u Kuf ,u Kpf ,u

Kuf ,u Kuf ,uf
Kuf ,pf

Kpf ,u Kpf ,uf
Kpf ,pf


︸ ︷︷ ︸
(ns

dof+nf
dof+np

dof)×(ns
dof+nf

dof+np
dof)

·


δd̈

δd̈f

δθ̈

︸ ︷︷ ︸
(ns

dof+nf
dof+np

dof)×1

=


−Ru

−Ruf

−Rpf

︸ ︷︷ ︸
(ns

dof+nf
dof+np

dof)×1

(183)

The global residual for the solid skeleton displacement is given as

cT ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 − GEXT,h = 0 (184)
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where

GINT,h
1 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

( 1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

(
ρs,h

e

0 ah
e

+ ρf,h
e

0 ah
e

f

)
Aje dξ

)
(185)

GINT,h
2 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

( 1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

P s,he

11(E)Aj
e dξ

)
(186)

GINT,h
3 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

(
−

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ph
e

f Aj
e dξ

)
(187)

GINT,h
4 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

( 1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρh
e

0 gAj
e dξ

)
(188)

GEXT,h =
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·


{
N e,u(X = H)

}T

︸ ︷︷ ︸
ns,e

dof ×1

tσA X = H

0 0 ≤ X < H

(189)

The global residual for the pore fluid displacement is given as

ωT ·Ruf
= Ih = I INT,h

1 + I INT,h
2 + I INT,h

3 + I INT,h
4 = 0 (190)
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where

I INT,h
1 =

ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·

( 1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

ρf,h
e

0 ah
e

f Aj
e dξ

)
(191)

I INT,h
2 =

ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·

( 1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

nf,he ∂ph
e

f

∂X
Aje dξ

)
(192)

I INT,h
3 =

ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·

( 1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

Jhe(
nf,he)2

ṽh
e

f

k̂he
Aje dξ

)
(193)

I INT,h
4 =

ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·

( 1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

ρf,h
e

0 gAje dξ

)
(194)

The global residual for the pore fluid pressure is given as

αT ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 −HEXT,h
1 = 0 (195)

where

HINT,h
1 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

[
Jhe

nf,he

Kη
f

ṗh
e

f + J̇he

]
Aje dξ

)
(196)

HINT,h
2 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

1

Kη
f

∂ph
e

f

∂X

(
nf,he

ṽh
e

f

)
Aje dξ

)
(197)

HINT,h
3 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

k̂h
e ∂ph

e

f

∂X

(
F he

11

)−1
Aje dξ

)
(198)
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HINT,h
4 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

k̂h
e

ρfR,he(
ah

e

f + g
)
Aje dξ

)
(199)

HEXT,h =
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·


{
N e,p(X = H,X = 0)

}T

︸ ︷︷ ︸
np,e

dof ×1

QfA X = H,X = 0

0 0 ≤ X ≤ H

(200)

When pressure stabilization is enabled, an additional termHstab is added to the LHS
of Eq. 195 and is defined as

Hstab =
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

( 1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

αstab∂p
he

f

∂X

(
F he

11

)−1
Aje dξ

)
(201)

Recall from Eq. 183 that the tangent matrix for each iteration must be of the form

0 = −Rk =

Ku,u Ku,uf
Ku,pf

Kuf ,u Kpuf ,uf
Kuf ,pf

Kpf ,u Kpf ,uf
Kpf ,pf


︸ ︷︷ ︸
(ns

dof+nf
dof+np

dof)×(ns
dof+nf

dof+np
dof)

·


δd̈

δd̈f

δθ̈

︸ ︷︷ ︸
(ns

dof+nf
dof+np

dof)×1

(202)
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where

[
Ku,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

=
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
2∑

i=1

[
kGINT

i ,e
u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

(203)

[
Ku,uf

]
︸ ︷︷ ︸
ns

dof×nf
dof

=
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
kGINT

1 ,e
u,uf

]
︸ ︷︷ ︸
ns,e

dof ×nf,e
dof

(204)

[
Ku,pf

]
︸ ︷︷ ︸
ns

dof×np
dof

=
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
∑
i=1,3

[
kGINT

i ,e
u,pf

]
︸ ︷︷ ︸
ns,e

dof ×np,e
dof

(205)

[
Kuf ,u

]
︸ ︷︷ ︸
nf

dof×ns
dof

=
ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
4∑

i=1

[
kIINT

i ,e
uf ,u

]
︸ ︷︷ ︸
nf,e

dof ×ns,e
dof

(206)

[
Kuf ,uf

]
︸ ︷︷ ︸
nf

dof×nf
dof

=
ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
∑
i=1,3

[
kIINT

i ,e
uf ,uf

]
︸ ︷︷ ︸
nf,e

dof ×nf,e
dof

(207)

[
Kuf ,pf

]
︸ ︷︷ ︸
nf

dof×np
dof

=
ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
∑

i=1,2,4

[
kIINT

i ,e
uf ,pf

]
︸ ︷︷ ︸
nf,e

dof ×np,e
dof

(208)

[
Kpf ,u

]
︸ ︷︷ ︸
np

dof×ns
dof

=
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
4∑

i=1

[
kHINT

i ,e
pf ,u

]
︸ ︷︷ ︸
np,e

dof ×ns,e
dof

(209)

[
Kpf ,uf

]
︸ ︷︷ ︸
np

dof×nf
dof

=
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
∑
i=2,4

[
kHINT

i ,e
pf ,uf

]
︸ ︷︷ ︸
np,e

dof ×nf,e
dof

(210)

[
Kpf ,pf

]
︸ ︷︷ ︸
np

dof×np
dof

=
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
4∑

i=1

[
kHINT

i ,e
pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×nf,e
dof

(211)

The solid skeleton displacement tangents are given as follows, where the defini-
tion for kGINT

2 ,e
u,u remains unchanged from the (u) and (u-pf) formulations given by

Eq. 136:

[
kGINT

1 ,e
u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

(
ρs,h

e

0

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

+ah
e

f ρ
fR,he(

β∆t2
){

Be,u
}

︸ ︷︷ ︸
1×ns,e

dof

)
Aje dξ

(212)
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The solid skeleton displacement and pore fluid displacement coupling tangent is
given as follows:

[
kGINT

1 ,e
u,uf

]
︸ ︷︷ ︸
ns,e

dof ×nf,e
dof

=

1∫
−1

ρf,h
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ (213)

The solid skeleton displacement and pore fluid pressure coupling tangents are given
as follows, where kGINT

3 ,e
u,pf

remains unchanged from the (u-pf) formulation given by
Eq. 165:

[
kGINT

1 ,e
u,pf

]
︸ ︷︷ ︸
ns,e

dof ×np,e
dof

=

1∫
−1

ah
e

f J
he
nf,he

ρfR,he

Kη
f

(
β∆t2

){
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (214)

The pore fluid displacement and solid skeleton displacement coupling tangents are
given as follows:

[
kIINT

1 ,e
uf ,u

]
︸ ︷︷ ︸
nf,e

dof ×ns,e
dof

=

1∫
−1

ρfR,he

ah
e

f

(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (215)

[
kIINT

2 ,e
uf ,u

]
︸ ︷︷ ︸
nf,e

dof ×ns,e
dof

=

1∫
−1

ns,he

Jhe

∂ph
e

f

∂X

(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (216)

[
kIINT

3 ,e
uf ,u

]
︸ ︷︷ ︸
nf,e

dof ×ns,e
dof

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

([
1 +

2ns,he

nf,he − ns,he

(
3

nf,he −
2nf,he

1−
(
nf,he

)2
)]
×

(
nf,he)2

ṽh
e

f

k̂he

(
β∆t2

){
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

−
Jhe(

nf,he)2
k̂he

(
γ∆t

){
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

)
Aje dξ

(217)[
kIINT

4 ,e
uf ,u

]
︸ ︷︷ ︸
nf,e

dof ×ns,e
dof

=

1∫
−1

ρfR,he

g
(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (218)
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The pore fluid displacement tangents are given as follows:

[
kIINT

1 ,e
uf ,uf

]
︸ ︷︷ ︸
nf,e

dof ×nf,e
dof

=

1∫
−1

ρf,h
e

0

{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ (219)

[
kIINT

3 ,e
uf ,uf

]
︸ ︷︷ ︸
nf,e

dof ×nf,e
dof

=

1∫
−1

Jhe(
nf,he)2
k̂he

(
γ∆t

){
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ (220)

The pore fluid displacement and pore fluid pressure coupling tangents are given as
follows:

[
kIINT

1 ,e
uf ,pf

]
︸ ︷︷ ︸
nf,e

dof ×np,e
dof

=

1∫
−1

ah
e

f ρ
f,he

0

Kη
f

(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (221)

[
kIINT

2 ,e
uf ,pf

]
︸ ︷︷ ︸
nf,e

dof ×np,e
dof

=

1∫
−1

nf,he(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (222)

[
kIINT

4 ,e
uf ,pf

]
︸ ︷︷ ︸
nf,e

dof ×np,e
dof

=

1∫
−1

Jhe
nf,he

ρfR,he
g

Kη
f

(
β∆t2

){
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (223)

The pore fluid pressure and solid skeleton coupling tangents are given as follows,
where kHINT

1 ,e
pf ,u

and kHINT
3 ,e

pf ,u
(and kHstab,e

pf ,u
when pressure stabilization is enabled), re-

main unchanged from the (u-pf) formulation given by Eqs. 166 and 168, respec-
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tively, and by Eq. 170 when pressure stabilization is enabled:

[
kHINT

2 ,e
pf ,u

]
︸ ︷︷ ︸
np,e

dof ×ns,e
dof

=

1∫
−1

∂ph
e

f

∂X

(
ns,he

Jhe

[
3

nf,he −
2nf,he

1−
(
nf,he

)2
](
nf ṽf

)he

+k̂h
e ∂ph

e

f

∂X

(
F he

11

)−2

)(
β∆t2

){
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

1

Kη
f

Aje dξ (224)

[
kHINT

4 ,e
pf ,u

]
︸ ︷︷ ︸
np,e

dof ×ns,e
dof

=

1∫
−1

ns,he
k̂h

e
ρfR,he(

ah
e

f + g
)

Jhe

[
3

nf,he −
2nf,he

1−
(
nf,he

)2
]
×

(
β∆t2

){
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
Be,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (225)

The pore fluid pressure and pore fluid displacement coupling tangents are given as
follows:

[
kHINT

2 ,e
pf ,uf

]
︸ ︷︷ ︸
np,e

dof ×nf,e
dof

= −
1∫

−1

∂ph
e

f

∂X

k̂h
e
ρfR,he

Kη
f

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ (226)

[
kHINT

4 ,e
pf ,uf

]
︸ ︷︷ ︸
np,e

dof ×nf,e
dof

=

1∫
−1

k̂h
e

ρfR,he
{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ (227)

Lastly, the pore fluid pressure tangents are given as follows, where kHINT
1 ,e

pf ,pf
and

kHINT
3 ,e

pf ,pf
(and kHstab,e

pf ,pf
when pressure stabilization is enabled) remain unchanged from

the (u-pf) formulation given by Eqs. 171 and 173, respectively, and by Eq. 175
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when pressure stabilization is enabled:

[
kHINT

2 ,e
pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

([(
nf,he

ṽh
e

f

)
− k̂he ∂ph

e

f

∂X

(
F he

11 )
−1

]{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

−k̂he ∂ph
e

f

∂X

(
ah

e

f + g
)ρfR,he

Kη
f

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

)
1

Kη
f

(
β∆t2

)
Aje dξ (228)

[
kHINT

4 ,e
pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

k̂h
e(
ah

e

f + g
)ρfR,he

Kη
f

(
β∆t2

){
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (229)

5.2 Runge-Kutta Time Integrators

For explicit time integration of the matrix-vector equations, we apply a general-
ized adaptive time-stepping Runge-Kutta method for solving Eq. 95, which in-
volves transforming the second-order ordinary differential equations (ODEs) into
first-order ODEs by variable substitution:

z :=

{
zx

zẋ

}
=

{
x

ẋ

}
(230)

such that,

ż =

{
żx

żẋ

}
=

{
ẋ

ẍ

}
(231)

For a general nonlinear multi-degree-of-freedom ODE,

ż = f(t, z) (232)

where f(t, z) is in general a nonlinear equation in terms of time t and unknown
variable z. For a general Runge-Kutta method of mth order, the intermediate stages
ki are defined as follows using standard notation for a Butcher table:

ki = f

(
tn + ci∆t, z(tn) +

i−1∑
j=1

aijkj

)
(233)
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The higher order solution is given by

zm(tn+1) = z(tn) + ∆t
m+1∑
i=1

bmi ki (234)

and the lower order solution is given by

zm−1(tn+1) = z(tn) + ∆t
m∑
i=1

bm−1
i ki (235)

where the bmi coefficients are different from the bm−1
i coefficients; refer to the lit-

erature37,38 for specific values. The difference between the higher and lower order
solutions allows us to define a truncation error:

ϵTE :=
∣∣∣∣∣∣zm(tn+1)− zm−1(tn+1)

∣∣∣∣∣∣
∞

(236)

The adapted time step ∆t∗ is typically adjusted as follows:

∆t∗ = SF×
(
ϵa
ϵTE

)1/(m−1)

∆t (237)

where SF is a safety factor, typically set to 0.9, and ϵa is a user-defined absolute
tolerance, typically set to ϵa ∈ [10−8,10−2]. If the absolute error(

ϵTE

ϵa

)1/(m−1)

< 1 (238)

then the solution zm is accepted with ∆tn+1 ← ∆t∗. Otherwise, the stages ki are
recomputed at time tn with ∆tn ← ∆t∗, new solutions are computed, and a new
absolute error is computed until the condition defined by Eq. 238 is met. In the
event that the time step starts to approach zero, the simulation is terminated with an
error message.

For further reading on Runge-Kutta integrators with adaptive time-stepping schemes
based on truncation errors, refer to Cash and Karp,38 Bogacki and Shampine,37 and
Press et al.39 In numerical simulations described in a follow-up report,29 we typi-
cally employ the fixed-order, 5(4) Runge-Kutta Cash-Karp (RKFNC) scheme.38

Next, we show how the Runge-Kutta integrators are implemented for each branch
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of physics (i.e., each theoretical formulation).

5.2.1 Implementation of the (u) Theory

The Runge-Kutta integrator as applied to elastodynamics of Eq. 28 is

{
ż
}
:=

{
żu

żv

}
=
{
f(t, z)

}
=

{
f v(t, z)

fa(t, z)

}
(239)

such that

{
z
}
=

{
d

ḋ

}
, ż =

{
ḋ

d̈

}
(240)

The FE formulation for the balance of momentum variational equation is written in
block-matrix form as {

Ru

}
︸ ︷︷ ︸
ns

dof×1

= 0 (241)

where the global residual for the solid displacement is given as

cT ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
4 − GEXT,h = 0 (242)

where

GINT,h
1 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

·
{
d̈
e
}

︸ ︷︷ ︸
ns,e

dof ×1

(243)

GINT,h
2 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(244)

GINT,h
4 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(245)

GEXT,h =
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

(246)
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and

{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

P he

11Aj
e dξ (247)

{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρh
e

0 gAj
e dξ (248)

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

=


{
N e,u(X = H)

}T

︸ ︷︷ ︸
ns,e

dof ×1

tσA X = H

0 0 ≤ X < H

(249)

with the mass matrix associated with the solid acceleration given by

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (250)

Then, returning our attention to Eq. 239, we have

{
ż
}

︸︷︷︸
(2×ns

dof)×1

=



{
ḋ
}

︸︷︷︸
ns

dof×1[
MGINT

1
u,u

]−1

︸ ︷︷ ︸
ns

dof×ns
dof

·

(
−
{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

−
{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

+
{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

)


(251)
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where [
MGINT

1
u,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

=
ne

A
e

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

(252)

{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(253)

{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(254)

{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

(255)

As described in Section 5.1.6, Eq. 251 is solved for each stage increment i at time
tn + ∆tci (i.e., any variables that are explicit functions of time, such as a time-
dependent external traction, are to be evaluated at time tn +∆tci), with stage solu-
tion ki given by

{
ki

}
︸ ︷︷ ︸

(2×ns
dof)×1

:=



{
ki(v)

}
︸ ︷︷ ︸
ns

dof×1{
ki(a)

}
︸ ︷︷ ︸
ns

dof×1


=



{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+
∑i−1

j=1 aij

{
kj(v)

}
︸ ︷︷ ︸
ns

dof×1{
za(tn)

}
︸ ︷︷ ︸

ns
dof×1

+
∑i−1

j=1 aij

{
kj(a)

}
︸ ︷︷ ︸
ns

dof×1


(256)

Then, according to Eq. 234, the higher order solution to be accepted or rejected at
time tn+1 is given by

{
zm(tn+1)

}
︸ ︷︷ ︸

(2×ns
dof)×1

:=



{
zm
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1


=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m+1

i=1 bmi

{
ki(v)

}
︸ ︷︷ ︸
ns

dof×1{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m+1

i=1 bmi

{
ki(a)

}
︸ ︷︷ ︸
ns

dof×1


(257)
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According to Eq. 235, the lower order solution at time tn+1 is given by

{
zm−1(tn+1)

}
︸ ︷︷ ︸

(2×ns
dof)×1

:=



{
zm−1
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1



=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m

i=1 b
m−1
i

{
ki(v)

}
︸ ︷︷ ︸
ns

dof×1{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m

i=1 b
m−1
i

{
ki(a)

}
︸ ︷︷ ︸
ns

dof×1


(258)

Then, a truncation error is calculated for all values of the solutions z(tn+1) accord-
ing to Eq. 236, and the new time step ∆t∗ is adjusted according to Eq. 237. If the
absolute error does not meet the condition defined by Eq. 238, the solutions given
by Eqs. 257 and 258 are recomputed at time tn+1 using the smaller time step ∆t∗ in
place of ∆t in Eqs. 256–258.

5.2.2 Implementation of the (u-pf) Theory

For the (u-pf) formulation, the Runge-Kutta integrators transform the general solu-
tion variables given by Eq. 232 to

{
ż
}
:=


żu

żv

żpf

 =
{
f(t, z)

}
=


f v(t, z)

fa(t, z)

f ṗf
(t, z)

 (259)

such that

{
z
}
=


d

ḋ

θ

 , ż =


ḋ

d̈

θ̇

 (260)

Thus, we require at least one governing equation to solve for the primary unknown
d̈, which when integrated once gives us ḋ, and when integrated twice gives us d;
and at least one governing equation to solve for the primary unknown θ̇, which
when integrated once gives us θ. Contrary to the central-difference (CD) scheme,
these equations are solved separately (i.e., not in a staggered manner).
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The FE formulation for the balance of momentum of the mixture, with variational
equation given by Eq. 28, is written in block-matrix form as{

Ru

}
︸ ︷︷ ︸
ns

dof×1

= 0 (261)

where the global residual for the solid skeleton displacement is given as

cT ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 − GEXT,h = 0 (262)

where

GINT,h
1 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

·
{
d̈
e
}

︸ ︷︷ ︸
ns,e

dof ×1

(263)

GINT,h
2 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(264)

GINT,h
3 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

3 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(265)

GINT,h
4 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(266)

GEXT,h =
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

(267)
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and

{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

P s,he

11(E)Aj
e dξ (268)

{
fGINT

3 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

= −
1∫

−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ph
e

f Aj
e dξ (269)

{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρh
e

0 gAj
e dξ (270)

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

=


{
N e,u(X = H)

}T

︸ ︷︷ ︸
ns,e

dof ×1

tσA X = H

0 0 ≤ X < H

(271)

The mass matrix associated with the solid skeleton acceleration is given by

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (272)

The FE formulation for the balance of mass, variational Eq. 3, is written in block-
matrix form as {

Rpf

}
︸ ︷︷ ︸
nf

dof×1

= 0 (273)

where the global residual for the pore fluid pressure is given as

αT ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 −HEXT,h
1 = 0 (274)
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with

HINT,h
1 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

([
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

·
{
θ̇
e
}

︸ ︷︷ ︸
np,e

dof ×1

+
{
fHINT

1 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

)
(275)

HINT,h
2 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
{
fHINT

2 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(276)

HINT,h
3 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
{
fHINT

3 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(277)

HINT,h
4 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
{
fHINT

4 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(278)

HEXT,h =
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
{
fHEXT,e

}
︸ ︷︷ ︸

np,e
dof ×1

(279)

and

{
fHINT

1 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=

1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

J̇he

Aje dξ (280)

{
fHINT

2 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=

1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

1

Kη
f

∂ph
e

f

∂X

(
nf,he

ṽh
e

f

)
Aje dξ (281)

{
fHINT

3 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=

1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

k̂h
e ∂ph

e

f

∂X

(
F he

11

)−1
Aje dξ (282)

{
fHINT

4 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=

1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

k̂h
e

ρfR,he(
ah

e

+ g
)
Aje dξ (283)

{
fHEXT,e

}
︸ ︷︷ ︸

np,e
dof ×1

=


{
N e,p(X = H,X = 0)

}T

︸ ︷︷ ︸
np,e

dof ×1

QfA X = H,X = 0

0 0 < X < H

(284)
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The mass matrix associated with the pore fluid pressure is given by

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

Jhe
nf,he

Kη
f

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (285)

When pressure stabilization is enabled, an additional termHstab is added to the LHS
of Eq. 274 and is defined as

Hstab =
ne

A
e

αe,T ·
[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

·
{
θ̇
e
}

︸ ︷︷ ︸
np,e

dof ×1

(286)

where

[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

αstab(F he

11

)−1
{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (287)

Then, returning our attention to Eq. 259, we have

{
ż
}

︸︷︷︸
(2×ns

dof+np
dof)×1

=



{
ḋ
}

︸︷︷︸
ns

dof×1[
MGINT

1
u,u

]−1

︸ ︷︷ ︸
ns

dof×ns
dof

·

(
−
{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

−
{
F GINT

3

}
︸ ︷︷ ︸

ns
dof×1

−
{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

+
{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

)
[
MHINT

1
pf ,pf

]−1

︸ ︷︷ ︸
np

dof×np
dof

·

(
−
{
FHINT

1

}
︸ ︷︷ ︸

np
dof×1

−
{
FHINT

2

}
︸ ︷︷ ︸

np
dof×1

−
{
FHINT

3

}
︸ ︷︷ ︸

np
dof×1

−
{
FHINT

4

}
︸ ︷︷ ︸

np
dof×1

+
{
FHEXT

}
︸ ︷︷ ︸

np
dof×1

)


(288)
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where [
MGINT

1
u,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

=
ne

A
e

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

(289)

{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(290)

{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

3 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(291)

{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(292)

{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

(293)

[
MHINT

1
pf ,pf

]
︸ ︷︷ ︸
np

dof×np
dof

=
ne

A
e

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

(294)

{
FHINT

1

}
︸ ︷︷ ︸

np
dof×1

=
ne

A
e

{
fHINT

1 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(295)

{
FHINT

2

}
︸ ︷︷ ︸

np
dof×1

=
ne

A
e

{
fHINT

2 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(296)

{
FHINT

3

}
︸ ︷︷ ︸

np
dof×1

=
ne

A
e

{
fHINT

3 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(297)

{
FHINT

4

}
︸ ︷︷ ︸

np
dof×1

=
ne

A
e

{
fHINT

4 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(298)

{
FHEXT

}
︸ ︷︷ ︸

np
dof×1

=
ne

A
e

{
fHEXT,e

}
︸ ︷︷ ︸

np,e
dof ×1

(299)

If pressure stabilization is enabled, then we must invert a summation of matrices in
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Eq. 288:

{
ż
}

︸︷︷︸
(2×ns

dof+np
dof)×1

=



{
ḋ
}

︸︷︷︸
ns

dof×1[
MGINT

1
u,u

]−1

︸ ︷︷ ︸
ns

dof×ns
dof

·

(
−
{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

−
{
F GINT

3

}
︸ ︷︷ ︸

ns
dof×1

−
{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

+
{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

)
([

MHINT
1

pf ,pf

]
︸ ︷︷ ︸
np

dof×np
dof

+
[
MHstab

pf ,pf

]
︸ ︷︷ ︸
np

dof×np
dof

)−1

·

(
−
{
FHINT

1

}
︸ ︷︷ ︸

np
dof×1

−
{
FHINT

2

}
︸ ︷︷ ︸

np
dof×1

−
{
FHINT

3

}
︸ ︷︷ ︸

np
dof×1

−
{
FHINT

4

}
︸ ︷︷ ︸

np
dof×1

+
{
FHEXT

}
︸ ︷︷ ︸

np
dof×1

)


(300)

where [
MHstab

pf ,pf

]
︸ ︷︷ ︸
np

dof×np
dof

=
ne

A
e

[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

(301)

As described in Section 5.1.6, Eq. 288 or Eq. 300 is solved for each stage increment
i at time tn + ∆tci (i.e., any variables that are explicit functions of time, such as a
time-dependent external traction, are to be evaluated at time tn +∆tci), with stage
solution ki given by

{
ki

}
︸ ︷︷ ︸

(2×ns
dof+np

dof)×1

:=



{
ki(v)

}
︸ ︷︷ ︸
ns

dof×1{
ki(a)

}
︸ ︷︷ ︸
ns

dof×1{
ki(ṗf)

}
︸ ︷︷ ︸

np
dof×1


=



{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+
∑i−1

j=1 aij

{
kj(v)

}
︸ ︷︷ ︸
ns

dof×1{
za(tn)

}
︸ ︷︷ ︸

ns
dof×1

+
∑i−1

j=1 aij

{
kj(a)

}
︸ ︷︷ ︸
ns

dof×1{
zṗf (tn)

}
︸ ︷︷ ︸

np
dof×1

+
∑i−1

j=1 aij

{
kj(ṗf)

}
︸ ︷︷ ︸

np
dof×1


(302)

Then, according to Eq. 234, the higher order solution to be accepted or rejected at
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time tn+1 is given by

{
zm(tn+1)

}
︸ ︷︷ ︸
(2×ns

dof+np
dof)×1

:=



{
zm
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm
pf
(tn+1)

}
︸ ︷︷ ︸

nf
dof×1


=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m+1

i=1 bmi

{
ki(v)

}
︸ ︷︷ ︸
ns

dof×1{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m+1

i=1 bmi

{
ki(a)

}
︸ ︷︷ ︸
ns

dof×1{
zpf (tn)

}
︸ ︷︷ ︸

np
dof×1

+∆t
∑m+1

i=1 bmi

{
ki(ṗf)

}
︸ ︷︷ ︸

np
dof×1


(303)

and, according to Eq. 235, the lower order solution at time tn+1 is given by

{
zm−1(tn+1)

}
︸ ︷︷ ︸
(2×ns

dof+np
dof)×1

:=



{
zm−1
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
pf

(tn+1)
}

︸ ︷︷ ︸
np

dof×1


=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m

i=1 b
m−1
i

{
ki(v)

}
︸ ︷︷ ︸
ns

dof×1{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m

i=1 b
m−1
i

{
ki(a)

}
︸ ︷︷ ︸
ns

dof×1{
zpf (tn)

}
︸ ︷︷ ︸

np
dof×1

+∆t
∑m

i=1 b
m−1
i

{
ki(ṗf)

}
︸ ︷︷ ︸

np
dof×1


(304)

Then, a truncation error is calculated for all values of the solutions z(tn+1) accord-
ing to Eq. 236, and the new time step ∆t∗ is adjusted according to Eq. 237. If the
absolute error does not meet the condition defined by Eq. 238, the solutions given
by Eqs. 303 and 304 are recomputed for time tn+1 using the smaller time step ∆t∗

in place of ∆t (i.e., ∆tn = ∆t← ∆t∗) in Eqs. 302–304.
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5.2.3 Implementation of the (u-uf -pf) Theory

For the (u-uf-pf) formulation, the Runge-Kutta integrators transform the general
solution variables given by Eq. 232 to

{
ż
}
:=



żu

żv

żuf

żvf

żpf


=
{
f(t, z)

}
=



f v(t, z)

fa(t, z)

f vf
(t, z)

faf
(t, z)

f ṗf
(t, z)


(305)

such that

{
z
}
=



d

ḋ

df

ḋf

θ


, ż =



ḋ

d̈

ḋf

d̈f

θ̇


(306)

Thus, we require at least one governing equation to solve for the primary unknown
d̈, which when integrated once gives us ḋ, and when integrated twice gives us d;
at least one governing equation to solve for the primary unknown d̈f , which when
integrated once gives us ḋf , and when integrated twice gives us df ; and at least one
governing equation to solve for the primary unknown θ̇, which when integrated
once gives us θ.

The FE formulation for the balance of momentum of the mixture, variational Eq. 25,
is written in block-matrix form as {

Ru

}
︸ ︷︷ ︸
ns

dof×1

= 0 (307)

where the global residual for the solid skeleton displacement is given as

cT ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 − GEXT,h = 0 (308)
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where

GINT,h
1 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·

([
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

·
{
d̈
e
}

︸ ︷︷ ︸
ns,e

dof ×1

+
{
fGINT

1 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

)
(309)

GINT,h
2 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(310)

GINT,h
3 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

3 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(311)

GINT,h
4 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(312)

GEXT,h =
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

(313)

with

{
fGINT

1 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρf,h
e

0 ah
e

f Aj
e dξ (314)

{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

P s,he

11(E)Aj
e dξ (315)

{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

= −
1∫

−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ph
e

f Aj
e dξ (316)

{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρh
e

0 gAj
e dξ (317)

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

=


{
N e,u(X = H)

}T

︸ ︷︷ ︸
ns,e

dof ×1

tσA X = H

0 0 ≤ X < H

(318)
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The mass matrix associated with the solid skeleton acceleration is given by

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

=

1∫
−1

ρs,h
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (319)

The FE formulation for the balance of mass variational Eq. 3 is written in block-
matrix form as {

Rpf

}
︸ ︷︷ ︸
nf

dof×1

= 0 (320)

where the global residual for the pore fluid pressure is given as

αT ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 −HEXT,h
1 = 0 (321)

where

HINT,h
1 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·

([
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

·
{
θ̇
e
}

︸ ︷︷ ︸
np,e

dof ×1

+
{
fHINT

1 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

)
(322)

HINT,h
2 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
{
fHINT

2 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(323)

HINT,h
3 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
{
fHINT

3 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(324)

HINT,h
4 =

ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
{
fHINT

4 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(325)

HEXT,h =
ne

A
e

{
αe
}T

︸ ︷︷ ︸
1×np,e

dof

·
{
fHEXT,e

}
︸ ︷︷ ︸

np,e
dof ×1

(326)
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with

{
fHINT

1 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=

1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

J̇he

Aje dξ (327)

{
fHINT

2 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=

1∫
−1

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

1

Kη
f

∂ph
e

f

∂X

(
nf,he

ṽh
e

f

)
Aje dξ (328)

{
fHINT

3 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=

1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

k̂h
e ∂ph

e

f

∂X

(
F he

11

)−1
Aje dξ (329)

{
fHINT

4 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=

1∫
−1

{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

k̂h
e

ρfR,he(
ah

e

f + g
)
Aje dξ (330)

{
fHEXT,e

}
︸ ︷︷ ︸

np,e
dof ×1

=


{
N e,p(X = H,X = 0)

}T

︸ ︷︷ ︸
np,e

dof ×1

QfA X = H,X = 0

0 0 < X < H

(331)

The mass matrix associated with the pore fluid pressure is given by

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

Jhe
nf,he

Kη
f

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
N e,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (332)

When pressure stabilization is enabled, an additional termHstab is added to the LHS
of Eq. 321 and is defined as

Hstab =
ne

A
e

αe,T ·
[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

·
{
θ̇
e
}

︸ ︷︷ ︸
np,e

dof ×1

(333)

where

[
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

=

1∫
−1

αstab(F he

11

)−1
{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
Be,p

}
︸ ︷︷ ︸
1×np,e

dof

Aje dξ (334)
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The FE formulation for the balance of momentum of the fluid variational Eq. 51 is
written in block-matrix form as {

Ruf

}
︸ ︷︷ ︸
nf

dof×1

= 0 (335)

where the global residual for the pore fluid displacement is given as

ωT ·Ruf
= Ih = I INT,h

1 + I INT,h
2 + I INT,h

3 + I INT,h
4 = 0 (336)

where

I INT,h
1 =

ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
[
m

IINT
1 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e

dof ×nf,e
dof

·
{
d̈
e

f

}
︸ ︷︷ ︸
nf,e

dof ×1

(337)

I INT,h
2 =

ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

2 ,e
}

︸ ︷︷ ︸
nf,e

dof ×1

(338)

I INT,h
3 =

ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

3 ,e
}

︸ ︷︷ ︸
nf,e

dof ×1

(339)

I INT,h
4 =

ne

A
e

{
ωe
}T

︸ ︷︷ ︸
1×nf,e

dof

·
{
fIINT

4 ,e
}

︸ ︷︷ ︸
nf,e

dof ×1

(340)

with

{
fIINT

2 ,e
}

︸ ︷︷ ︸
nf,e

dof ×1

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

nf,he ∂ph
e

f

∂X
Aje dξ (341)

{
fIINT

3 ,e
}

︸ ︷︷ ︸
nf,e

dof ×1

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

Jhe(
nf,he)2
Kη

f

(
vh

e

f − vh
e)
Aje dξ (342)

{
fIINT

4 ,e
}

︸ ︷︷ ︸
nf,e

dof ×1

=

1∫
−1

{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

ρf,h
e

0 gAje dξ (343)
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The mass matrix associated with the pore fluid acceleration is given by

[
m

IINT
1 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e

dof ×nf,e
dof

=

1∫
−1

ρf,h
e

0

{
N e,uf

}T

︸ ︷︷ ︸
nf,e

dof ×1

{
N e,uf

}
︸ ︷︷ ︸

1×nf,e
dof

Aje dξ (344)

Then, returning our attention to Eq. 305, we have

{
ż
}

︸︷︷︸
(2×ns

dof+2×nf
dof+np

dof)×1

=



{
ḋ
}

︸︷︷︸
ns

dof×1[
MGINT

1
u,u

]−1

︸ ︷︷ ︸
ns

dof×ns
dof

·

(
−
{
F GINT

1

}
︸ ︷︷ ︸

ns
dof×1

−
{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

−
{
F GINT

3

}
︸ ︷︷ ︸

ns
dof×1

−

{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

+
{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

)
{
ḋf

}
︸ ︷︷ ︸
nf

dof×1[
MIINT

1
uf ,uf

]−1

︸ ︷︷ ︸
nf

dof×nf
dof

·

(
−
{
F IINT

2

}
︸ ︷︷ ︸

nf
dof×1

−
{
F IINT

3

}
︸ ︷︷ ︸

nf
dof×1

−
{
F IINT

4

}
︸ ︷︷ ︸

nf
dof×1

)

[
MHINT

1
pf ,pf

]−1

︸ ︷︷ ︸
np

dof×np
dof

·

(
−
{
FHINT

1

}
︸ ︷︷ ︸

np
dof×1

−
{
FHINT

2

}
︸ ︷︷ ︸

np
dof×1

−
{
FHINT

3

}
︸ ︷︷ ︸

np
dof×1

−

{
FHINT

4

}
︸ ︷︷ ︸

np
dof×1

+
{
FHEXT

}
︸ ︷︷ ︸

np
dof×1

)


(345)
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where [
MGINT

1
u,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

=
ne

A
e

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

(346)

{
F GINT

1

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

1 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(347)

{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(348)

{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

3 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(349)

{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(350)

{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

(351)

[
MIINT

1
uf ,uf

]
︸ ︷︷ ︸
nf

dof×nf
dof

=
ne

A
e

[
m

IINT
1 ,e

uf ,uf

]
︸ ︷︷ ︸
nf,e

dof ×nf,e
dof

(352)

{
F IINT

2

}
︸ ︷︷ ︸

nf
dof×1

=
ne

A
e

{
fIINT

2 ,e
}

︸ ︷︷ ︸
nf,e

dof ×1

(353)

{
F IINT

2

}
︸ ︷︷ ︸

nf
dof×1

=
ne

A
e

{
fIINT

3 ,e
}

︸ ︷︷ ︸
nf,e

dof ×1

(354)

{
F IINT

4

}
︸ ︷︷ ︸

nf
dof×1

=
ne

A
e

{
fIINT

4 ,e
}

︸ ︷︷ ︸
nf,e

dof ×1

(355)
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[
MHINT

1
pf ,pf

]
︸ ︷︷ ︸
np

dof×np
dof

=
ne

A
e

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

(356)

{
FHINT

1

}
︸ ︷︷ ︸

np
dof×1

=
ne

A
e

{
fHINT

1 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(357)

{
FHINT

2

}
︸ ︷︷ ︸

np
dof×1

=
ne

A
e

{
fHINT

2 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(358)

{
FHINT

3

}
︸ ︷︷ ︸

np
dof×1

=
ne

A
e

{
fHINT

3 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(359)

{
FHINT

4

}
︸ ︷︷ ︸

np
dof×1

=
ne

A
e

{
fHINT

4 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(360)

{
FHEXT

}
︸ ︷︷ ︸

np
dof×1

=
ne

A
e

{
fHEXT,e

}
︸ ︷︷ ︸

np,e
dof ×1

(361)

If pressure stabilization is enabled, refer to the addition given by Eq. 301 and insert
into Eq. 345 as necessary. This was done in Eq. 300.

As described in Section 5.1.6, Eq. 345 is solved for each stage increment i at time
tn + ∆tci (i.e., any variables that are explicit functions of time, such as a time-
dependent external traction, are to be evaluated at time tn +∆tci), with stage solu-
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tion ki given by

{
ki

}
︸ ︷︷ ︸

(2×ns
dof+2×nf

dof+np
dof)×1

:=



{
ki(v)

}
︸ ︷︷ ︸
ns

dof×1{
ki(a)

}
︸ ︷︷ ︸
ns

dof×1{
ki(vf)

}
︸ ︷︷ ︸

nf
dof×1{
ki(af)

}
︸ ︷︷ ︸

nf
dof×1{
ki(ṗf)

}
︸ ︷︷ ︸

np
dof×1



=



{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+
∑i−1

j=1 aij

{
kj(v)

}
︸ ︷︷ ︸
ns

dof×1{
za(tn)

}
︸ ︷︷ ︸

ns
dof×1

+
∑i−1

j=1 aij

{
kj(a)

}
︸ ︷︷ ︸
ns

dof×1{
zvf (tn)

}
︸ ︷︷ ︸

nf
dof×1

+
∑i−1

j=1 aij

{
kj(vf)

}
︸ ︷︷ ︸

nf
dof×1{

zaf (tn)
}

︸ ︷︷ ︸
nf

dof×1

+
∑i−1

j=1 aij

{
kj(af)

}
︸ ︷︷ ︸

nf
dof×1{

zṗf (tn)
}

︸ ︷︷ ︸
np

dof×1

+
∑i−1

j=1 aij

{
kj(ṗf)

}
︸ ︷︷ ︸

np
dof×1


(362)

Then, according to Eq. 234, the higher order solution to be accepted or rejected at
time tn+1 is given by

{
zm(tn+1)

}
︸ ︷︷ ︸

(2×ns
dof+2×nf

dof+np
dof)×1

:=



{
zm
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm
uf
(tn+1)

}
︸ ︷︷ ︸

nf
dof×1{

zm
vf
(tn+1)

}
︸ ︷︷ ︸

nf
dof×1{

zm
pf
(tn+1)

}
︸ ︷︷ ︸

np
dof×1



=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m+1

i=1 bmi

{
ki(v)

}
︸ ︷︷ ︸
ns

dof×1{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m+1

i=1 bmi

{
ki(a)

}
︸ ︷︷ ︸
ns

dof×1{
zuf

(tn)
}

︸ ︷︷ ︸
nf

dof×1

+∆t
∑m+1

i=1 bmi

{
ki(vf)

}
︸ ︷︷ ︸

nf
dof×1{

zvf (tn)
}

︸ ︷︷ ︸
nf

dof×1

+∆t
∑m+1

i=1 bmi

{
ki(af)

}
︸ ︷︷ ︸

nf
dof×1{

zpf (tn)
}

︸ ︷︷ ︸
np

dof×1

+∆t
∑m+1

i=1 bmi

{
ki(ṗf)

}
︸ ︷︷ ︸

np
dof×1


(363)
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and, according to Eq. 235, the lower order solution at time tn+1 is given by

{
zm−1(tn+1)

}
︸ ︷︷ ︸

(2×ns
dof+2×nf

dof+np
dof)×1

:=



{
zm−1
u (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
v (tn+1)

}
︸ ︷︷ ︸

ns
dof×1{

zm−1
uf

(tn+1)
}

︸ ︷︷ ︸
nf

dof×1{
zm−1
vf

(tn+1)
}

︸ ︷︷ ︸
nf

dof×1{
zm−1
pf

(tn+1)
}

︸ ︷︷ ︸
np

dof×1



(364)

=



{
zu(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m

i=1 b
m−1
i

{
ki(v)

}
︸ ︷︷ ︸
ns

dof×1{
zv(tn)

}
︸ ︷︷ ︸

ns
dof×1

+∆t
∑m

i=1 b
m−1
i

{
ki(a)

}
︸ ︷︷ ︸
ns

dof×1{
zuf

(tn)
}

︸ ︷︷ ︸
nf

dof×1

+∆t
∑m

i=1 b
m−1
i

{
ki(vf)

}
︸ ︷︷ ︸

nf
dof×1{

zvf (tn)
}

︸ ︷︷ ︸
nf

dof×1

+∆t
∑m

i=1 b
m−1
i

{
ki(af)

}
︸ ︷︷ ︸

nf
dof×1{

zpf (tn)
}

︸ ︷︷ ︸
np

dof×1

+∆t
∑m

i=1 b
m−1
i

{
ki(ṗf)

}
︸ ︷︷ ︸

np
dof×1



(365)

Then, a truncation error is calculated for all values of the solutions z(tn+1) accord-
ing to Eq. 236, and the new time step ∆t∗ is adjusted according to Eq. 237. If the
absolute error does not meet the condition defined by Eq. 238, the solutions given
by Eqs. 363 and 304 are recomputed at time tn+1 using the smaller time step ∆t∗ in
place of ∆t in Eqs. 362–364.
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5.3 Central Difference Time Integrator

For the CD in time integrator, the discretized balance equations take the similar
general form as

Mẍn+1 +Cẋn+1 + F INT(ẍn+1,xn+1) = F EXT
n+1 (366)

where it is assumed that ẍn+1 is to be solved at time tn+1, and M , C, F INT and
F EXT are known at time tn+1 from values at tn. For a CD scheme,

xn+1 = xn +∆tẋn +
(∆t)2

2
ẍn (367)

ẋn+1 = ẋn +
∆t

2
(ẍn + ẍn+1) (368)

Next, we show how these are implemented for the (u) and (u-pf) formulations; as
we will show in a subsequent report,29 the CD integrator as applied to the (u-pf)
formulation is unstable for shock loading use; thus, we did not formulate the inte-
grator for the (u-uf-pf) formulation which only adds more complexity and potential
instability.

5.3.1 Implementation of the (u) Theory

The FE formulation for the balance of momentum of the solid, variational Eq. 28,
is written in block-matrix form as {

Ru

}
︸ ︷︷ ︸
ns

dof×1

= 0 (369)

where this global residual for the solid displacement is given as

cT ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
4 − GEXT,h = 0 (370)
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where

GINT,h
1 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

·
{
d̈
e
}

︸ ︷︷ ︸
ns,e

dof ×1

(371)

GINT,h
2 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(372)

GINT,h
4 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(373)

GEXT,h =
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

(374)

and

{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

P he

11Aj
e dξ (375)

{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρh
e

0 gAj
e dξ (376)

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

=


{
N e,u(X = H)

}T

︸ ︷︷ ︸
ns,e

dof ×1

tσA X = H

0 0 ≤ X < H

(377)

The mass matrix associated with the solid acceleration is given by

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (378)

Thus, the solution is given by

{
d̈n+1

}
︸ ︷︷ ︸
ns

dof×1

=
[
MGINT

1
u,u

]−1

︸ ︷︷ ︸
ns

dof×ns
dof

·

(
−
{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

−
{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

+
{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

)
(379)
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where [
MGINT

1
u,u

]
︸ ︷︷ ︸
ns

dof×ns
dof

=
ne

A
e

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

(380)

{
F GINT

2

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(381)

{
F GINT

4

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(382)

{
F GEXT

}
︸ ︷︷ ︸

ns
dof×1

=
ne

A
e

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

(383)

The solid velocity and solid displacement updates are recovered by

{
ḋn+1

}
︸ ︷︷ ︸
ns

dof×1

=
{
ḋn

}
︸ ︷︷ ︸
ns

dof×1

+
∆t

2

({
d̈n

}
︸ ︷︷ ︸
ns

dof×1

+
{
d̈n+1

}
︸ ︷︷ ︸
ns

dof×1

)
(384)

{
dn+1

}
︸ ︷︷ ︸
ns

dof×1

=
{
dn

}
︸ ︷︷ ︸
ns

dof×1

+∆t
{
ḋn

}
︸ ︷︷ ︸
ns

dof×1

+
∆t2

2

{
d̈n+1

}
︸ ︷︷ ︸
ns

dof×1

(385)

5.3.2 Implementation of the (u-pf) Theory

For the two-field poroelastodynamics (u-pf) formulation, we solve two variational
equations, namely, the balance of linear momentum of the mixture and the balance
of mass of the mixture. These variational equations are given by respective Eqs. 28
and 3.

The FE equations integrated in time using CD for the poroelastodynamic equations
are solved in a staggered manner. A solid skeleton displacement update is computed
first. There are no unknowns related to pressure in the balance of linear momentum
of the mixture. Then the solid displacements are substituted into the corresponding
equations to compute a pore fluid pressure update; see Algorithm 1. The advantage
of such a procedure is that there are no coupling matrices that would introduce
off-diagonal entries in a block matrix of the system when trying to solve the solid
skeleton acceleration and second time derivative on pore fluid pressure updates.
This reduces computational cost at the expense of accuracy when compared to the
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explicit Runge-Kutta methods and the implicit NB methods.

Algorithm 1 General concept of staggered solution process for (u-pf) formula-
tion with CD time integration for a given time tn

1: Update tn
2: Update external force vector(s)
3: Compute deformations and stresses at time tn+1 from values at tn
4: Assemble internal force vector and mass matrix associated with Gh from values

at tn
5: Compute ah at time tn+1

6: Assemble internal force vector and mass matrix associated withHh from values
at tn

7: Compute p̈hf at time tn+1

The FE formulation for the balance of momentum of the mixture variational equa-
tion is written in block-matrix form as{

Ru

}
︸ ︷︷ ︸
ns

dof×1

= 0 (386)

This global residual for the solid skeleton displacement is given as

cT ·Ru = Gh = GINT,h
1 + GINT,h

2 + GINT,h
3 + GINT,h

4 − GEXT,h = 0 (387)

where

GINT,h
1 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

·
{
d̈
e
}

︸ ︷︷ ︸
ns,e

dof ×1

(388)

GINT,h
2 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(389)

GINT,h
3 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

3 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(390)

GINT,h
4 =

ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

(391)

GEXT,h =
ne

A
e

{
ce
}T

︸ ︷︷ ︸
1×ns,e

dof

·
{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

(392)
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and

{
fGINT

2 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

P s,he

11(E)Aj
e dξ (393)

{
fGINT

3 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

= −
1∫

−1

{
Be,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

pf,nAj
e dξ (394)

{
fGINT

4 ,e
}

︸ ︷︷ ︸
ns,e

dof ×1

=

1∫
−1

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

ρh
e

0 gAj
e dξ (395)

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

=


{
N e,u(X = H)

}T

︸ ︷︷ ︸
ns,e

dof ×1

tσA X = H

0 0 ≤ X < H

(396)

The mass matrix associated with the solid skeleton acceleration is given by

[
m

GINT
1 ,e

u,u

]
︸ ︷︷ ︸
ns,e

dof ×ns,e
dof

=

1∫
−1

ρh
e

0

{
N e,u

}T

︸ ︷︷ ︸
ns,e

dof ×1

{
N e,u

}
︸ ︷︷ ︸
1×ns,e

dof

Aje dξ (397)

The FE formulation for the balance of mass variational equation is written in block-
matrix form as {

Rpf

}
︸ ︷︷ ︸
nf

dof×1

= 0 (398)

where the global residual for the pore fluid pressure is given as

αT ·Rpf = Hh = HINT,h
1 +HINT,h

2 +HINT,h
3 +HINT,h

4 −HEXT,h
1 = 0 (399)
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where

HINT,h
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ne

A
e

{
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}T
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·
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]
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]
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(400)

HINT,h
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]
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·
{
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e
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+
{
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)
(401)

HINT,h
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A
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{
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}T

︸ ︷︷ ︸
1×np,e

dof

·
{
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3 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

(402)

HINT,h
4 =

ne

A
e

{
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}T

︸ ︷︷ ︸
1×np,e

dof

·
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kHINT

4 ,e
pf ,u

]
︸ ︷︷ ︸
np,e

dof ×ns,e
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·
{
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e
}

︸ ︷︷ ︸
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+
{
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}
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np,e
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)
(403)

HEXT,h =
ne

A
e

{
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}T

︸ ︷︷ ︸
1×np,e

dof

·
{
fHEXT,e

}
︸ ︷︷ ︸

np,e
dof ×1

(404)
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with

{
fHINT

1 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=

1∫
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{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

[
Jhe

nf,he

Kη
f

(
ṗh

e
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∆t
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e

f,n

)
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(
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e

n

∂X
+

∆t
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∂ah
e
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∂X
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Aje dξ (405)

{
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2 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

= −
1∫
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{
N e,p

}T

︸ ︷︷ ︸
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(
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e

f,n
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(
F he
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)−1 − ρfR,he
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)
Aje dξ

(406){
fHINT

3 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=
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{
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}T

︸ ︷︷ ︸
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k̂h
e ∂ph

e

f,n

∂X

(
F he

11

)−1
Aje dξ (407)

{
fHINT

4 ,e
}

︸ ︷︷ ︸
np,e

dof ×1

=

1∫
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{
Be,p

}T

︸ ︷︷ ︸
np,e

dof ×1

k̂h
e

ρfR,he

gAje dξ (408)

{
fHEXT,e

}
︸ ︷︷ ︸

np,e
dof ×1

=
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N e,p(X = H,X = 0)

}T

︸ ︷︷ ︸
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dof ×1

QfA X = H,X = 0

0 0 < X < H

(409)

The coupling tangents that get multiplied by the updated solid skeleton acceleration
at tn+1 are given by

[
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]
︸ ︷︷ ︸
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[
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]
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74



and the mass matrix associated with the pore fluid pressure is given by

[
m

HINT
1 ,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
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nf,he

Kη
f

∆t

2

{
N e,p

}T

︸ ︷︷ ︸
np,e

dof ×1

{
N e,p

}
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When pressure stabilization is enabled, an additional termHstab is added to the LHS
of Eq. 399 and is defined as

Hstab =
ne

A
e

αe,T ·

([
mHstab,e

pf ,pf

]
︸ ︷︷ ︸
np,e

dof ×np,e
dof

·
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e
}
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+
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}
︸ ︷︷ ︸
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where

[
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]
︸ ︷︷ ︸
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dof ×np,e
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=
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}
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{
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︸ ︷︷ ︸
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∂X

)
Aje dξ (416)

Returning our attention to Eq. 366, we see now that we can write it without intro-
ducing nonlinearity if we solve the equations in a staggered manner as described in
Algorithm 1. Therefore,

{
d̈n+1

}
︸ ︷︷ ︸
ns

dof×1

=
[
MGINT

1
u,u

]−1
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−
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}
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−
{
F GINT

4

}
︸ ︷︷ ︸
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+
{
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}
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where [
MGINT

1
u,u

]
︸ ︷︷ ︸
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dof

=
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A
e

[
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]
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{
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︸ ︷︷ ︸
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=
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A
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{
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}
︸ ︷︷ ︸
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=
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A
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(420)

{
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︸ ︷︷ ︸
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=
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A
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{
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{
F GEXT

}
︸ ︷︷ ︸
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dof×1

=
ne

A
e

{
fGEXT,e

}
︸ ︷︷ ︸

ns,e
dof ×1

(422)

and the solid velocity and solid displacement updates are recovered by

{
ḋn+1

}
︸ ︷︷ ︸
ns

dof×1

=
{
ḋn

}
︸ ︷︷ ︸
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}
︸ ︷︷ ︸
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+
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︸ ︷︷ ︸
ns

dof×1

)
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{
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}
︸ ︷︷ ︸
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=
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(424)

Then, when solving for pore fluid pressure, we use the result given by Eq. 417 for
all values of d̈n+1 in Eqs. 400–403. Therefore,

{
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}
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where [
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]
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[
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2
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]
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[
KHINT

4
pf ,u

]
︸ ︷︷ ︸
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A
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{
FHINT

2

}
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=
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A
e
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{
FHEXT

}
︸ ︷︷ ︸
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=
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A
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︸ ︷︷ ︸

np,e
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(434)

The first time derivative on pore fluid pressure and the pore fluid pressure updates
are recovered by

{
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If pressure stabilization is enabled, then we invert a summation of matrices in
Eq. 425 and must subtract the force vector associated with pressure stabilization
along with the other force vectors:
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(437)

where [
MHstab

pf ,pf

]
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{
FHstab

}
︸ ︷︷ ︸

np
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=
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A
e
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fHstab,e

}
︸ ︷︷ ︸

np,e
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(439)

We also typically employ an adaptive time-stepping scheme for the CD time inte-
grator that is loosely based on a localized Courant-Fredrichs-Lewy (CFL) condition.
Recall for the critical time step,

∆tecr ≤
∆xe

ce
(440)

where ∆xe = he is the shortest element length in the current configuration. The
local P-wave speed ce for uniaxial strain, assuming linear isotropic elasticity as an
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approximation, is usually determined as

ce = max



√
Kskel + 4

3
Gskel

ρe

√
ns,eKs + nf,eKη

f + 4
3
Gskel

ρe

(441)

For single-phase materials, the current total mass density is ρ = Jρ0, and for mul-
tiphase materials ρ = (nsρsR + nfρfR). Then, the following time step is chosen:

∆tn+1 = min
e

∆tecr (442)

where we can either manually constrain the time step to not exceed some global
maximum should the CFL condition at time tn produce a time step too large for
calculations at time tn+1, resulting in a greater likelihood of error buildup, or, more
commonly, we multiply Eq. 440 by a safety factor, SF ∈ [0.2, 0.9].

6. Stabilization Techniques

Oftentimes for dynamical problems, particularly at high strain rates, the stability of
the numerical integration scheme is dependent on artificial damping introduced into
the time-discretized balance equations. Of the integrators introduced in Section 5,
only the NB integration scheme with added dissipation (i.e., NB method with the
parameters β = 0.3025 and γ = 0.6) has some algorithmic damping. Therefore,
whether or not the other numerical integration schemes remain stable is depen-
dent upon tolerances (relative and/or absolute) and the length of the time steps. We
found that for shock loading problems, tight tolerances and small time steps, ei-
ther fixed, or calculated through an adaptive time-stepping scheme with tight toler-
ance for truncation error (e.g., the Runge-Kutta methods discussed in Section 5.1.6)
are not enough to control spurious pressure oscillations or in some cases, negative
Jacobians of deformation (i.e., “inverted” elements) that make the simulation go
unstable. Furthermore, for consistent element types, at low-to-moderate permeabil-
ities, we require element-stabilization techniques to satisfy the well-known inf-sup

condition.

To address these issues, we have explored adding a canonical “shock viscosity”
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term to the solid skeleton stress, as well as a pressure stabilization term to the bal-
ance of mass of the mixture, both of which are discussed below. As will be shown in
examples of shock loadings in a subsequent report,29 we have found that a combi-
nation of both shock viscosity and pressure stabilization allows us to obtain results
for lung parenchyma deformations at greater overpressure loading amplitudes, and
with less computational expense given that we are able to take larger time-steps
which are comparable to those suggested by a CFL condition.

6.1 Shock Viscosity

The history of the artificial shock viscosity can be traced back to the seminal work
by von Neumann and Richtmyer40 who proposed that a viscous term q be added to
an otherwise inviscid fluid’s momentum equation for shocks propagating in 1-D:

q := c20ρ(∆x)
2
(∂ẋ
∂x

)2
(443)

where q = 0 for expanding motions (∂ẋ/∂x ≥ 0, i.e., rarefaction), x is the coordi-
nate in the direction of motion, ∆x is the grid spacing, ρ is the material density and
c0 is a constant ≈ 2. Landshoff41 introduced a q term that is linear in the velocity
gradient:

q := cLρ∆xc
∣∣∣∂ẋ
∂x

∣∣∣ (444)

Regarding notation, cL is a constant ≈ 1 and c is the local sound speed (i.e., the
square root of the local P-wave modulus divided by the local density). For further
information on the subject, we refer the interested reader to reviews by Benson42

and Margolin and Lloyd-Ronning.43

In this work, we use the artificial viscosity given by Wilkins,44 which is also used
in LS-DYNA.45 This approach combines linear and quadratic terms into one form:

q =


ρl
(
C0lε̇

2
kk − C1cε̇kk

)
if ε̇kk < 0

0 if ε̇kk ≥ 0

(445)

where l is a characteristic length scale (in 1-D this reduces to the local element
length), C0 and C1 are constants typically taken to be 1.5 and 0.06, respectively,
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and ε̇ij is the symmetric part of the strain-rate tensor:

ε̇ij :=
1

2
(lij + lji), lij :=

∂vi
∂xj

(446)

The extent to which the shock viscosity affects the solution depends on the magni-
tude of the constants C0 and C1. The latter is responsible for damping out oscilla-
tions behind the front, but large values of either constant tend to overly smooth out
the shock over multiple elements; examples of shock loadings with varying ranges
of the constants that demonstrate this phenomenon are shown in a future report.29

The shock viscosity is essentially an opposing pressure term added on to the solid
skeleton stress such that the augmented effective solid skeleton Cauchy stress is
written as

σ̃s
E = σs,dev

E − (P + q)1 (447)

which, using the common definitions for solid skeleton deviatoric stress σs,dev
E and

solid skeleton hydrostatic pressure P , we may also write as

σ̃s
ij(E) =


σs
ij(E) − ρ

sh[C0hl
2
kk − C1clkk]︸ ︷︷ ︸
:=q

δij if lkk < 0 (compression)

σs
ij(E) if lkk ≥ 0 (tension)

(448)

In the reference configuration,

P̃ s
iI(E) =



P s
iI(E) − J ρsh

[
C0h

( ∂vk
∂XK

F−1
Kk

)2
− C1c

∂vk
∂XK

F−1
Kk

]
︸ ︷︷ ︸

:=Q

F−1
Ii

if
∂vk
∂XK

< 0 (compression)

P s
iI(E) if

∂vk
∂XK

≥ 0 (tension)

(449)

where the F−1
Kk scaling of the velocity gradient is omitted from the conditions be-

cause it does not affect the sign of the velocity gradient, which is what determines
whether or not the shock viscosity is applied. In the 1-D uniaxial strain regime,
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Eq. 449 reduces to the following expressions along the direction of motion:

P̃ s
11(E) =


P s
11(E) − ρ0h0

(
C0Jh0F

−2
11

[ ∂v
∂X

]2
− C1cF

−1
11

∂v

∂X

)
︸ ︷︷ ︸

:=Q1-D

if
∂v

∂X
< 0

P s
11(E) if

∂v

∂X
≥ 0

(450)

where the F−1
11 scaling of the velocity gradient is omitted from the conditions for

aforementioned reasons. For explicit and semi-implicit integration methods, the
shock viscosity terms are simply added to the stress as a force residual since we
assume that solid skeleton stress is evaluated explicitly. For implicit integration
methods, we require additional terms be added to the consistent tangent when shock
viscosity is enabled. Consulting the follow-up report by Irwin et al.,29 refer to Ap-
pendix B for the formulation of the linearized term and Appendix C for the FE
formulation.

6.2 Pressure Stabilization

For stabilizing the linear Q2-Q1-P1, Q1-Q1-P1 and Q1-P1 elements, we follow the
approach of Truty and Zimmerman,46 which is based on the method of Brezzi and
Pitkaranta.47 The stabilization term acts like an opposing pore fluid pressure flux in
the variational equation of the balance of mass, wherein

H =

(
nINT∑

i

HINT
i

)
−HEXT +Hstab = 0 (451)

Hstab :=

∫
B0

αstab ∂r

∂XI

F−1
Ii

∂ṗf
∂XK

F−1
Ki J dV (452)

The value of nINT depends on the governing physics: in the present work, nINT = 4.
In the 1-D uniaxial strain regime, the stabilization term reduces to

Hstab =

X=H∫
0

αstab ∂r

∂X
F−1
11

∂ṗf
∂X

AdX (453)

While Truty and Zimmerman46 related the pressure stabilization parameter αstab to
material geometry and simulation time step, such an approach would be difficult to
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derive for compressible pore fluid, large deformations, and high strain-rate loadings.
Therefore, we have chosen αstab on an ad-hoc basis. Typically, the smaller the value
of αstab, the more stable the simulation and the closer the results become to those
from the already stable (for low-pressure amplitude loadings) Q2-Q2-P1 and Q2-P1
mixed elements. “Large” values of αstab ≥ 10−6 give rise to numerical instabilities
or otherwise inaccurate results; αstab = 10−10 m3s2/kg appears to give the best
results. A detailed discussion on the effect of pressure stabilization as it applies to
a numerical verification example is provided in a follow-up report.29

For both explicit and implicit integration methods, the inclusion of the stabilization
term requires an additional tangent matrix. For explicit methods, this is because of
the inclusion of the time derivative on the pore fluid pressure gradient, which is
unknown at solution time tn+1. This tangent also limits us to use consistent “mass”
matrices in the weak formulation of the balance of mass given that the gradient
shape functions for linear-order interpolations produce constant off-diagonal terms.
These terms do not lead to cancellation at the Gauss points as they otherwise would
for linear-order and quadratic-order interpolations (i.e., no gradients) using a row-
sum lumping technique. This tangent is derived, respectively, in Appendix B of
a follow-up report29 and formulated for finite elements in Appendix C of that re-
port.29

7. Conclusions

We derived the numerical implementation of a finite-strain framework of a bipha-
sic mixture (i.e., coupled pore fluid flow and solid skeleton deformation) of a soft
porous material for high strain-rate dynamic loading. The constitutive theory, dis-
cussed in detail in a prior report,28 is nonlinear elastic and accounts for the com-
pressibility of the pore air. The formulation herein did not make assumptions re-
garding the equivalency of acceleration of pore fluid to that of solid skeleton, but
rather allowed them to be different.

For shock loadings, the addition of both a bulk shock viscosity term40 in the con-
stitutive stress response of the solid skeleton and a pressure stabilization term46,47

in the balance of mass of the mixture are implemented for a linear, equal-order ele-
ment interpolation. This is expected to allow simulations of deformations for higher
magnitudes of peak overpressure loadings, to be verified in a subsequent report.29

The current work succeeds in deriving novel methodologies for computationally
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modest, 1-D space-time numerical simulations of smeared pore-scale FSI in soft
porous materials loaded to high strain-rates.
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List of Symbols, Abbreviations, and Acronyms

TERMS:

1-D one-dimensional

3-D three-dimensional

ARL Army Research Laboratory

CD central difference

CFD computational fluid dynamics

CFL Courant-Friedrichs-Lewy

DEVCOM US Army Combat Capabilities Development Command

DOF degree(s) of freedom

ECM extra-cellular matrix

f fluid

FE finite element

FSI fluid-structure interaction

LHS left-hand side

NB Newmark-beta

ODE ordinary differential equation

s solid

SF safety factor

TPM theory of porous media

MATHEMATICAL SYMBOLS:

e internal energy per unit mass

F, FiJ deformation gradient

p Cauchy pressure

t time

u, uk displacement
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V volume

x, xk Cartesian spatial coordinates

X, XK Cartesian reference coordinates

η entropy per unit mass

ψ free energy per unit mass

θ temperature

ρ mass density

σσσ, σij Cauchy stress

υυυ, υk velocity
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