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Major Goals:  Aim 1: Build a statistical framework for globally-adaptive Markov chain sampling



Sub-aim 1.1: 

Using techniques from Markov chains, characterize the “effective sample size” of a Markov chain sample and relate 
this to the spectral characteristics of the graph. Use these results to estimate standard errors (for confidence 
intervals and hypothesis testing). Theoretically validate the consistency of these standard error estimates.



Sub-aim1.2: 

Develop globally-adaptive Markov chains, prove that they are globally-adaptive, and extend the results from the 
previous sub-aim to these novel chains.



Sub-aim1.3: 

Extend the results from the previous two sub-aims to more general tasks of statistical inference on node/edge 
contextualizing measures (e.g. two sample tests, linear regression, princi- pal components analysis) and their 
relationships to network topology (e.g. degree and clustering coefficient).





Aim 2: Characterize the spectral sensitivity to sampling-induced edge dependence for two broad classes of 
sampling mechanisms.



Sub-aim 2.1: 

Characterize the types of link-tracing sampling that produce adjacency matrices that converge in spectral norm. 
Then, characterize (i) how the limiting object is useful for para- metric tasks and (ii) how sampling-induced 
dependence manifests in downstream analyses. For example, suppose that the population graph comes from a 
Stochastic Blockmodel. We will study the performance of the standard standard spectral clustering estimator. More 
broadly, the techni- cal tools developed in this section will be used to study estimators for networks that result from 
a dynamic sampling process.



Sub-aim 2.2: 

Characterize the types of motifs in motif sampling that create spectral sensitivities. Study the performance of 
spectral clustering under the motif Stochastic Blockmodel to understand how these spectral sensitivities manifests 
in down stream analysis.




Report Date:  30-Jun-2021

INVESTIGATOR(S):
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Aim 3: Develop a class of locally-adaptive sampling mechanisms to test for local structure in massive networks.



Sub-aim 3.1: Develop and study locally-adaptive chains.

Sub-aim 3.2: Develop test statistics and rejection regions.

Sub-aim 3.3: Study the previous steps under a “degree corrected” null model.

Sub-aim 3.4: Detect dense subgraphs with an enriched proportion of high risk nodes/edges.





ADD ON



Add-on Aim 1:  Build a data science tool that identifies trustworthy social media accounts and disseminate this tool 
to information analysts, journalists, and media watchers.









Add-on Aim 2: Study the section of inclusion terms as a problem of statistical estimation under Latent Dirichlet 
Allocation. Develop fast estimators based upon the word co-occurance graph. Provide R software.
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Accomplishments:  Aim 1.1:  This is accomplished in these papers:

- Rohe 2019: "A critical threshold for design effects in network sampling"

Annals of Statistics 



- Li and Rohe 2017: "Central limit theorems for network driven sampling" 

Electronic Journal of Statistics





Aim 1.2:  This is accomplished in this paper:

- Khabbazian et al 2017: "Novel sampling design for respondent-driven sampling"

Electronic Journal of Statistics



Aim 1.3:  Our first efforts show that there is much more work to be done than initially proposed.  In particular, 
previous estimators are not \sqrt{n}-consistent.  Their standard errors converge much more slowly.  We have 
started to address Aim 1.3 in this paper:

- Roch and Rohe 2018: "Generalized least squares can overcome the critical threshold in respondent-driven 
sampling"

Proceedings of the National Academy of Sciences



- Zhang, Rohe, Roch 2018:  "Reducing Seed Bias in Respondent-Driven Sampling by Estimating Block Transition 
Probabilities"

arXiv:1812.01188 (in revision)



- Yan, Hanlon, Roch, Rohe 2020: "Asymptotic Seed Bias in Respondent-driven Sampling"

Electron. Journal of Statististics



Aim 2:  

This aim led to unexpected results.  The first provides a surprisingly simple understanding of regularized spectral 
clustering and was at NeurIPS.  The second provides a simple and fast way to sample from a broad class of 
random graph models. It was published at JMLR. 

- Zhang, Rohe 2018: "Understanding regularized spectral clustering via graph conductance"

Advances in Neural Information Processing Systems (NeurIPS)



-K Rohe, J Tao, X Han, N Binkiewicz 2018: "A note on quickly sampling a sparse matrix with low rank expectation"

The Journal of Machine Learning Research (JMLR)





Aim 3:  This aim has been accomplished in two very different ways.  The first is theoretical/methodological and is 
represented in a paper that has been resubmitted with minor revisions to JRSS-B.






- Chen, Zhang, Rohe 2019: "Targeted sampling from massive Blockmodel graphs with personalized PageRank" 

JRSS-B



To ensure that this aim did not become a simply theoretical exercise, it was paired with empirical research joint with 
colleagues in the School of Journalism.  



- Zhang, Poux-Berthe, Wells, Koc-Michalska, Rohe 2018: "Discovering political topics in Facebook discussion 
threads with graph contextualization"

Annals of Applied Statistics



This resulted in the initial work on murmuration.wisc.edu, which was included in a recent ARO grant.  





Add-on Aim 1:  This aim has been accomplished and dissemination is ongoing.  Our website https://murmuration.
wisc.edu describes daily features of the elite layer of twitter discourse on current events.



The manuscript that describes this website: 



“Social Media Public Opinion as Flocks in a Murmuration: Conceptualizing and Measuring Opinion Expression on 
Social Media” 



Is accepted at the highest impact factor journal in Communication, called the Journal of Computer Mediated 
Communication.  



This applied work builds on three pieces of “fundamental science” that were developed with ARO funding.  First, 
the article "Targeted sampling from massive Blockmodel graphs with personalized PageRank" published in the 
highest impact factor journal in Statistics, JRSS-B.  Second, the twittercache software developed in our lab (https:
//github.com/alexpghayes/twittercache) which enables sampling billions of edges in the Twitter graph.  Third, the PI’
s work has enabled a theoretical justification for the use of Varimax.



Data is still being collected and analyzed by the PIs colleagues (former students) that are now tenure track faculty 
in the departments of Journalism at University Buffalo and UT Austin.  





Add-on Aim 2: 



This aim has been accomplished by PhD student Fan Chen in his dissertation.  This work shows how to find 
additional “inclusion keywords” for targeted document assembling. We study a network-based method to prioritize 
words. In the network of words, two words are connected if and only if they co- occur in at least one document. On 
the network of words, we propose to rank words using personalized PageRank (PPR). We prove that WordPPR is 
accurate and demonstrate it is computationally efficient.
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Training Opportunities:  A description of Opportunities for training during the reporting period.





This award has provided a bridge from assistant, to associate, to full professor for PI Rohe.  He relied upon this 
award to support various types of research expenses that were fundamental to his success. He remains very 
thankful for the continued support of the Army Research Office.  



Since 2015, the Rohe lab has graduated 9 PhD students, both domestic and international, including three women.  



Since 2015, the Rohe lab has included 23 undergraduates in research (ranging from published research, to data 
collection, to simulations).  These students have gone on to Statistics PhD programs at Berkeley, Princeton, U 
Chicago, NYU, U Michigan, Carnegie Mellon, Yale, Harvard, and Penn State.
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Results Dissemination:  

For members of our community, the papers and the technical results have all been posted on arXiv.  Any code is 
published on github.  https://github.com/karlrohe



For the broader Statistics audience, we have papers published in Annals of Statistics, Electronic Journal of 
Statistics, Proceedings of the National Academy of Sciences, Neural Information Processing Systems (top Machine 
learning conference), Journal of Machine Learning Research, Journal of Computational and Graphical Statistics, 
Annals of Applied Statistics, Statistica Sinica, and the Journal of the Royal Statistical Society (methodology series)

Honors and Awards:  The PI was promoted to Full Professor in Spring 2021

Protocol Activity Status: 

Technology Transfer:  Nothing to Report
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and/or marginalized populations. As such, even under the ideal sampling assumptions, the performance of RDS is 
restricted by the underlying social network: if the network is divided into weakly connected communities, then RDS 
is likely to oversample one of these communities. In order to diminish the “referral bottle- necks” between 
communities, we propose anti-cluster RDS (AC-RDS), an adjustment to the standard RDS implementation. Using 
a standard model in the RDS literature, namely, a Markov process on the social network that is indexed by a tree, 
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account for the sparse and highly heterogeneous nature of directed networks, DI-SIM uses the regularized graph 
Laplacian and projects the rows of the eigenvector matrix onto the sphere. A node-wise ASYMMETRY SCORE 
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Abstract:  Over the past decade, various matrix completion algorithms have been developed. Thresholded 
singular value decomposition (SVD) is a popular technique in implementing many of them. A sizable number of 
studies have shown its theoretical and empirical excellence, but choosing the right threshold level still remains as 
a key empirical difficulty. This paper proposes a novel matrix completion algorithm which iterates thresholded SVD 
with theoretically-justified and data-dependent values of thresholding parameters. The estimate of the proposed 
algorithm enjoys the minimax error rate and shows outstanding empirical performances. The thresholding scheme 
that we use can be viewed as a solution to a non-convex optimization problem, understanding of whose 
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algorithm, generalized-softImpute, analyzing its convergence behavior, and connecting it to the proposed 
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Abstract:  Matrix completion algorithms recover a low rank matrix from a small fraction of the entries, each entry 
contaminated with additive errors. In practice, the singular vectors and singular values of the low rank matrix play 
a pivotal role for statistical analyses and inferences. This paper proposes estimators of these quantities and 
studies their asymptotic behavior. Under the setting where the di- mensions of the matrix increase to infinity and 
the probability of observing each entry is identical, Theorem 1 gives the rate of convergence for the estimated 
singu- lar vectors; Theorem 3 gives a multivariate central limit theorem for the estimated singular values. Even 
though the estimators use only a partially observed matrix, they achieve the same rates of convergence as the 
fully observed case. These esti- mators combine to form a consistent estimator of the full low rank matrix that is 
computed with a non-iterative algorithm. In the cases studied in this paper, this estimator achieves...
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interaction network. To study the broad structure of these values, we propose using Interaction Factor Analysis 
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Abstract:  ... Under a Markov model for Respondent-Driven Sampling (RDS), previous research has shown that if 
the typical participant refers too many contacts, then the variance of common estimators does not decay like $O
(n^{-1})$, where $n$ is the sample size. This implies that confidence intervals will be far wider than under a typical 
sampling design.  Here we show that generalized least squares (GLS) can effectively reduce the variance of RDS 
estimates.  In particular, a theoretical analysis indicates that the variance of the GLS estimator is $O(n^{-1})$.  We 
then derive two classes of feasible GLS estimators.  The first class is based upon a Degree Corrected Stochastic 
Blockmodel for the underlying social network. The second class is based upon a rank-two model.  It might be of 
independent interest that in both model classes, the theoretical results show that it is possible to estimate the 
spectral properties of the population network from the sampled observations.  ....
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Abstract:  Web crawling, snowball sampling, and respondent-driven sampling (RDS) are three types of network 
sampling techniques used to contact individuals in hard-to-reach populations. This paper studies these 
procedures as a Markov process on the social network that is indexed by a tree. Each node in this tree 
corresponds to an observation and each edge in the tree corresponds to a referral. Indexing with a tree (instead of 
a chain) allows for the sampled units to refer multiple future units into the sample.  In survey sampling, the design 
effect characterizes the additional variance induced by a novel sampling strategy. If the design effect is some 
value $DE$, then constructing an estimator from the novel design makes the variance of the estimator $DE$ 
times greater than it would be under a simple random sample with the same sample size $n$. Under certain 
assumptions on the referral tree, the design effect of network sampling has a critical threshold that is a function of 
the referral rate ...
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Abstract:  We propose a new technique, Spectral Contextualization, to study political engagement on Facebook 
during the 2012 French presidential election. In particular, we examine the Facebook posts of the eight leading 
candidates and the comments beneath these posts. We find evidence of both (i) candidate-centered structure, 
where citizens pri- marily comment on the wall of one candidate and (ii) issue-centered structure (i.e. on political 
topics), where citizens’ attention and ex- pression is primarily directed towards a specific set of issues (e.g. 
economics, immigration, etc). To discover issue-centered structure, we develop Spectral Contextualization, a 
novel approach to analyze a network with high-dimensional node covariates. This technique scales to hundreds of 
thousands of nodes and thousands of covariates. In the Facebook data, spectral clustering without any 
contextualizing infor- mation finds a mixture of (i) candidate and (ii) issue clusters. The contextualizing text ...
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elements, this paper proposes an algorithm \texttt{fastRG} to sample a sparse matrix $A$ with low rank 
expectation $E(A) = XSY^T$ and independent Poisson elements.  This allows for quickly sampling from a broad 
class of stochastic blockmodel graphs (degree-corrected, mixed membership, overlapping) all of which are 
specific parameterizations of the generalized random product graph model defined in Section \ref{gRPG}. The 
basic idea of \texttt{fastRG} is to first sample the number of edges $m$ and then sample each edge. The key 
insight is that because of the the low rank expectation, it is easy to sample individual edges.  The naive ``element-
wise'' algorithm requires $O(n^2)$ operations to generate the $n\times n$ adjacency matrix $A$.  In sparse 
graphs, where $m = O(n)$, ignoring log terms, \texttt{fastRG} runs in time $O(n)$.  An implementation in \texttt{R} 
is available on github.  ...
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and/or marginalized populations. As such, even under the ideal sampling assumptions, the performance of RDS is 
restricted by the underlying social network: if the network is divided into communities that are weakly connected to 
each other, then RDS is likely to oversample one of these communities. In order to diminish the “referral 
bottlenecks” between communities, we propose anti-cluster RDS (AC- RDS), an adjustment to the standard RDS 
implementation. Using a standard model in the RDS literature, namely, a Markov process on the social network 
that is indexed by a tree, we construct and study the Markov transition matrix for AC-RDS. We show that if the 
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The first wave of work published in this grant studied the process of obtaining representative 
samples of “nodes in a graph” by “tree sampling,” as illustrated in this diagram:


We want to estimate the proportion of grey nodes in the entire network.  We sample the 
network with a tree and we only get to see the tree and the color of the nodes sampled.  We 
show that the variance of standard estimators has two regimes (good and bad).  Then, we 
showed that non-standard estimators, using the same data as previously, could obtain faster 
rates of convergence. These numerous results were published in Annals of Statistics, PNAS, 
and the Electronic Journal of Statistics.  They are summarized in this table:




1 Introduction

Network sampling techniques, including web crawling, snowball sampling, and respondent-
driven sampling (RDS), contact individuals in hard-to-reach populations by following edges
in a social network. This paper uses RDS as a motivating example (Heckathorn, 1997). It is
used by the Centers for Disease Control (CDC) and the Joint United Nations Programme on
HIV/AIDS (UN-AIDS) to sample populations most at risk for HIV (injection drug users, sex
workers, and men who have sex with men) (CDC, 2017; Johnston, 2013). In the most recent
survey of the literature (White et al., 2015), RDS had been applied in over 460 di↵erent
studies, in 69 di↵erent countries.

An RDS sample is initialized with one or more “seed individuals” selected by convenience
from the population. These individuals participate in the survey and are incentivized to
refer additional participants (often up to 3 or 5 participants) into the sample. This process
iterates until reaching the target sample size or there are no referrals. All participants are
incentivized to take a survey and an HIV test. With this sample, we wish to estimate the
proportion of individuals in the population that are HIV+.

The Markov model for the RDS process has provided fundamental insight into RDS
sampling (Salganik and Heckathorn, 2004; Goel and Salganik, 2009; Rohe, 2019). For exam-
ple, nodes with more connections are more likely to be sampled (Levin et al., 2009). This
creates bias and there are ways to adjust for it (Salganik and Heckathorn, 2004; Volz and
Heckathorn, 2008). While the inverse probability weighted (IPW) estimator requires a nor-
malizing constant that is unknown in practice, the Volz-Heckathorn (VH) estimator provides
a way to estimate this normalizing constant (Volz and Heckathorn, 2008). More recently,
Rohe (2019) studied the variability of the IPW estimators and showed that there are two
regimes (low variance and high variance). This regime is determined by two parameters of
the Markov process that is described in Section 2.1. In brief, let �2 be the second eigenvalue
of the Markov transition matrix on the social network and let m be the average number
of referrals provided by each node. When m < ��2

2 , the variance of the IPW estimator
decays at rate n�1, where n is the sample size. However, when m > ��2

2 , the variance of
IPW decays at a slower rate. Later, Li and Rohe (2017) showed that the VH and IPW

Table 1: Summary of properties of IPW and GLS estimators. In the columns, m refers to
the number of participants that the typical participant refers into the study and �2 is the
second eigenvalue of the Markov transition matrix.

Result Estimator Low variance, i.e. m < ��2
2 High variance, i.e. m > ��2

2

Variance
IPW

O(n�1)
(Rohe, 2019)

O(n2 logm �2)
(Rohe, 2019)

GLS O(n�1) (Roch and Rohe, 2018)

Distribution
IPW&VH

Asymptotically normal
(Li and Rohe, 2017)

Non-trivial mixture
[Current paper]

GLS Asymptotically normal [Current paper]

3

A CRITICAL THRESHOLD FOR NETWORK SAMPLING 557

FIG. 1. Network sampling has two graphs: the underlying social network and the referral tree.
Each node in the social network has some feature (e.g., HIV status). In this diagram, the node feature
is denoted by color. When we sample a node, we observe (i) the node’s color and (ii) which node
referred the node into the sample. In the end, we want to estimate the proportion of nodes that are
grey.

Joint United Nations Programme on HIV/AIDS (UNAIDS) [World Health Orga-
nization and UNAIDS (2013)]. It has been applied in over 460 different studies, in
69 different countries [White et al. (2015)].

The RDS process starts with a convenience sample of “seeds” from the target
population. They form wave zero. These participants are incentivized to (1) par-
ticipate in the study and (2) pass three (or sometimes up to five) referral coupons
to their friends. The friends that return to the study site with a coupon form the
first wave of the RDS. The process iterates until the procedure reaches the target
sample size, or until the process dies because participants stop passing coupons.
Figure 1 gives an illustration of this process.

If we presume that each participant refers a random subset of their friends,2

then RDS is a stochastic process on the members of the social network. In the
RDS literature, it is common to assume a Markov model because it is analyt-
ically tractable. The Markovian assumption is knowingly incorrect in practice.
For example, it samples with-replacement; in practice, the sampling is performed
without-replacement. Simulation studies suggest that, when the sample size is
much smaller than the population size, the Markov model provides an approxi-
mation to more accurate simulation models [Lu et al. (2012)]. Under the Markov
model, Salganik and Heckathorn (2004) and Volz and Heckathorn (2008) construct
unbiased estimators. While they are unbiased, they often suffer from high vari-
ability [Goel and Salganik (2009, 2010)]. In particular, Goel and Salganik (2010)

2In current implementations of RDS, randomization is not produced by researchers. Rather, it is
presumed that people refer friends randomly. The validity of such assumptions has been studied in
several several ways in empirical and statistical papers. For example, Gile, Johnston and Salganik
(2015) proposed statistical diagnostics to examine the convergence properties, Arayasirikul, Cai and
Wilson (2015) performed qualitative follow-up interviews to ask participants about difficulties in
finding referrals and McCreesh et al. (2012) compared a respondent-driven sample in Uganda with a
total population survey on the same population.



In the above work, the target of the sampling is “a representative sample” of all nodes.  We 
studied two other problems of graph sampling; targeted sampling and fast sampling/simulation 
of graphs.


For targeted sampling, we studied Personalized Page Rank (PPR), i.e. the Google algorithm.  
Given a “seed node,” we want 
to find other nodes in the 
graph that are very similar; 
this is akin to web search and 
this algorithm is fundamental 
to the initial form of Google.  
We provided the first rigorous 
statistical results showing 
how PPR is biased under 
certain social network 
models; however, a simple 
adjustment makes it 
unbiased; this form of bias is 
particularly interesting (and 
not necessarily bad!). We 
deployed these algorithms to 
twitter following networks and 
were hugely motivated by the 
high quality results that this 
simple algorithm obtains in 
sampling massive graphs, 
even with a very limited API 
rate. 


Targeted Sampling from Massive Graphs 101

1.1. An illustrative example in social media
Local clustering using PPR is particularly well suited to studying current political events on
Twitter because

(a) the accounts that discuss politics or current events are a small part of the entire Twitter
graph,

(b) it is reasonable to believe that the accounts in our target population are well connected
to one another in the Twitter friendship graph and,

(c) although the entire Twitter graph is not publicly available, the way that PPR (algorithms
1 and 3 in Sections 2.1 and 3.2 respectively) queries the graph matches the Twitter
application programming interface protocol which is the primary mode of access for
researchers.

Although we do not suppose that the Twitter friendship graph is sampled from a DCSBM,
Twitter does have all of the heterogeneities that our results identify as important. The Twitter
friendship graph is composed of users who can freely follow others but will not necessarily be
followed back, or friended. Such asymmetry between following and friending forms a directed
graph where follower count indicates status—some popular or high status nodes command
millions of followers whereas the majority of nodes are followed by far fewer.

The theoretical results in this paper suggest that such degree heterogeneities will make the PPR
vector biased for detecting block memberships (theorem 1 in Section 3.1). We propose a way to
adjust for this bias (algorithm 2 in Section 2.1) and show that it is a consistent estimator (corollary
1 in Section 4). Not surprisingly, this section demonstrates that PPRs with and without the bias
adjustment give fundamentally different results on the Twitter graph. However, depending on
the application, the biases in the PPR vector might be advantageous. In this way, PPRs with
and without the bias adjustment are complementary, not competing, approaches.

Table 1. Top 15 handles by PPR clustering†

Rank @CNN @BreitbartNews @dailykos

1 CNN Breaking News Alex Marlow Hillary Clinton
2 CNN International AndrewBreitbart Stephen Colbert
3 Wolf Blitzer Big Hollywood Rachel Maddow MSNBC
4 Anderson Cooper Big Government Jake Tapper
5 Christiane Amanpour James O’Keefe Joy Reid
6 Pope Francis Sean Hannity Chris Hayes
7 Dr Sanjay Gupta Raheem Emma Gonzlez
8 CNNMoney Joel B. Pollak Markos Moulitsas
9 Jake Tapper Ann Coulter Maggie Haberman

10 Brian Stelter Allum Bokhari Sarah Silverman
11 CNN Newsroom Ben Kew Lin-Manuel Miranda
12 Dana Bash Brandon Darby Elizabeth Warren
13 CNN Politics Noah Dulis Jon Favreau
14 BBC Breaking News Michelle Malkin Michelle Obama
15 Brooke Baldwin Nate Church Bill Clinton

†Column names represent seed nodes, and the sampled nodes are ranked by PPR
values, with teleportation constant α=0:15 uniformly. Through the PPR vector, the
top 15 handles returned to each of the three seed nodes fit well with the characteristics
of the seed nodes. They are popular or high status handles either directly related to
the seed nodes or align with their political leanings. This shows the effectiveness of
clustering via the PPR vector. It also shows the PPR vector’s preference for highly
connected nodes.



For sampling large graphs, our code fastRG is on CRAN (the Comprehensive R Archive 
Network) for simple installation in R.  fastRG has three advantages. First, it samples any sparse 
random matrix whose expectation can be expressed as a low rank product of three matrices 
ZBY’; this includes Stochastic Blockmodels and all variations, but also a much broader class of 
models.  Second, it is exceedingly fast.  Using a laptop and R, this code simulates graphs on a 
million nodes in under a second. Third, the code is easy to use. 
QUICKLY SAMPLING A SPARSE MATRIX WITH LOW RANK EXPECTATION

Running time of fastRG and f ast-k on Erdős-Rényi graph with expected degree 10
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Figure 2: As the number of nodes increases (horizontal axis), all of the running times increase in
parallel to the solid blue line which gives the rate O(n logn). The bottom three lines all
correspond to fastRG, outputting three different graph types (edge list, sparse adjacency
matrix, and igraph). For example, in roughly 8 seconds, f ast-k generates a graph with
20k nodes and fastRG generates an igraph with 1M nodes. To generate the random edge
list on 1M nodes with fastRG takes less than 1 second

approximately the crossover point in all simulations. For scale, r = .25 corresponds to expected
degrees 125, 250, 1250, and 2,500 respectively for n values 500,1000,5000, and 10000.
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Appendix A. Proofs

For an integer d, define 1d 2Rd as a vector of ones. The proof of Theorem 4 requires the following
lemma, which says that a vector (or matrix) of independent Poisson entries becomes multinomial
when you condition on the sum of the vector (or matrix).

Lemma 8 Let A 2Rn⇥n be the random matrix whose i, jth element Ai j
i.d.⇠ Pois(li j) i, j = 1, . . . , n.

Then conditioned on Âi, j Ai j = 1T
n A1n = m,

(A11, A12, . . . , Ann)⇠ Multinomial(m, l/Â
i j

li j)
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