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ABSTRACT

A method is describedfor the calculation of double curvature
surfaces to produce from a point source a shaped beam of arbitrary
shape in one plane and uniformly narrow in the other. It is shown
that the surface so calculated is the envelope of a family of para-
boloids with varying focal lengths, A sample calculation is pre-
sented, where the beam shape is that required for an airborne
navigational or bombing antenna given by G(8) = k csc? 6 cosé .
A test for the single-valuedness of a computed surface is described.
Patterns are shown for experimental antennas whose reflector
shapes were computed by this method. It is demonstrated that
some control of the antenna pattern of such an antenna can be
achieved by proper motion of the antenna feed. A discussion of
errors is included in an appendix.

PROBLEM STATUS

The work described in this reportwas done in connection with
Problem No. 34R09-16, but is of such a general character that it
was felt that the method of calculation of double curvature surfaces
should be published as a separate report. A termination report
on Problem No. 34R09-16 will be published in the near future.
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CALCULATION OF DOUBLY CURVED.
REFLECTORS FOR SHAPED BEAMS

INTRODUCTION

Microwave antennas for certain specialized uses are required to radiate energy in
particular patterns, which in general are narrow in one plane and shaped for some special
distribution of energy in the other plane. An example of such an energy distribution is the
so-called csc26 pattern so widely known in connection with antennas for airborne navi-
gation and bombing systems.

An antenna to radiate such a specially shaped beam requires a reflector or lens which,
together with its primary source, produces a beam having the necessary shape in the one
plane and narrow in the planes transverse thereto. The required reflector surface, there-
fore, is one which reflects all rays falling onto it from its source parallel to a given plane,
Consequently for a point source* the surfate must be formed by the envelope of a system
of paraboloids whose axes lie all in the same plane but at varying angles of inclination to
each other and to a fixed line. The curve of intersection of the reflector with its plane of
symmetry, which we shall call the “central section curve,” must be adjusted to give the
necessary distribution of energy for the particular shaped beam.

BEAM SHAPES FOR SPECIAL USES

The shape of the antenna pattern is determined by the special use for which the par-
ticular antenna is designed. The following cases will be considered:

Case I—Isolated Targets at Constant Altitude. Antennas designed for the detection
of isolated targets, such as for a system to search out and track high-flying aircraft
or for an airborne system to search out isolated ships at sea, are required to radiate
energy in a csc“f distribution. Consider an aircraft at altitude h above the earth,
as depicted in Figure 1. The power P, received at a point Q on the earth from the
antenna in the airplane is

P,G(6)

2

R

P, o

where P; is the transmitted power, G(6) is the antenna gain in the direction ¢, and

* For a line source the reflector is a cylinder of such curvature as to produce the required
beam shape. The method of calculation of the cylindrical reflector has been discussed by
Spencer, Sichak, and others: e. g., (a) MIT Rad. Lab. Report 54-24, June 1943, Spencer,

R. C. Synthesis of microwave diffraction patterns with application to csc“6 patterns;

(b) MIT Rad. Lab. Report 624, Nov. 1944, Sichak, W. and Purcell, E. Antennas with a line
source and shaped cylindrical reflector; (¢) MIT Research Lab. of Electronics, Tech.
Report 40, June 1947, Chu, L. J. Microwave beam-shaping antennas; (d) Silver, S. and
James, H. M. Microwave antenna theory and design, McGraw-Hill, (in process).
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R is the range to point Q. Suppose an object at Q
reflects some power back to the antenna, the power re-
ceived by the antenna is

> 2
a . PtG4(6)A
Fig. 1. Condition for Equal .R
Energy Pattern
where A is the fraction of power reflected by the object.
Now the range R is given by

h
R= =h cscé@
sing

/4
ey it
AP,

If it is further required that P be constant, then

and therefore

csc26.,

G(6) = K csc26 (1)

Case II—Airborne Navigation or Bombing Systems. For an extended target such as
the ground must be, the power distribution of Equation (1) does not yield uniform re-
turn to the airborne antenna. Experiment shows that G(6) should fall off more rapidly
than csc26 for increasing 6. It has been shownt that for a model ground composed
of a deep layer of conducting spheres of random spacing between spheres,

G(6) =K csc26 Ycosé
and particularly for equal brightness on a PPI scope
G(8) = K csc20 Vctn6.

An empirical relation, however, which appears most nearly to fit the physical con-
ditions observed in flight is

G(6) = K csc26 cos®. (2)

Case III—Arbitrary Beam Shapes. For very specialized uses
other beam shapes may be required. Anantennafor a missile
guidance system, for example, may require a pattern of the
shape shown in Figure 2. An expression approximating such
a pattern is as follows:

2
G(8) = e‘k ¥ :|

6, +o # max

+ kK csceo ] Fig. 2. Antenna Pattern

of Special Shape

6, - 6, +a

t MIT Rad. Lab. Report 1024, April 1946, Clapp, R. E., A theoretical and experimental
study of radar ground return.
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THE REFLECTOR SURFACE

The condition for the sections of the reflector surface transverse to the central section
curve may be most easily formulated by considering the reflector from the point of view
of receptioni. Let a sheet of rays, 21l parallel to the central plane (i. e., the plane of the
central section curve) and lying in the plane OANP, impinge on the reflector, shown in
Figure 3. We require that all rays in this plane OANP, which is perpendicular to the
central plane, be brought to focus at F. Let @ be the radius vector from F to the central
section curve, ¢ its angle of depression, and 8 the angle between the incident and re-
flected rays in the central plane. Then for the optical path we have

AN + NF = 0P + p

or, if { is the ordinate of N in the plane OANP with P as origin,

1/2
(pcosB-t)+ [ pzsinzﬁ +x2 4+ (pcosp -£)2 ] = p(1 + cosg).

After some reduction we obtain 2
X“=2p¢ (1 + cosB) 3)
which, upon substituting a trigonometric identity, becomes
x2 = 4¢ (pcos?g/2). (32)

The section of the surface in the plane OANP is, therefore, a parabola. Thus given the
central section curve P (¢), and the associated function B(®), the entire reflector surface
is determined.

The calculation of the central section curve is based upon geometrical optics. Re-
ferring to Figure 4, we have for the central section the differential equation

%:;_d)z tan.8/2. (4)

Measuring ¢ positive downwards from the horizontal, we have
B=9¢+8. (5)

Integrating Equation (4) we obtain an expression for pl¢), namely

¢
(6)
loge P/ =L,1 tani-(6+6) dé

where P, is an arbitrary constant chosen for a convenient reflector size. Equation
(6) requires that we know the correspondence between ¢ and 6 in order to evaluate
the integral. This is obtained by consideration of the energy relations in the primary
and secondary patterns. Thus, the energy is a small cone of rays from F, defined

i MIT Rad. Lab. Report 691, June 1945, Silver, S., Double curvature surfaces for beam
shaping with point-source feeds.
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Fig. 3. Conditions for the Transverse Fig. 4. Condition for the Central Section Curve
Section of the Reflector

by ¢ and ¢ +d¢ in elevation and of width dy in azimuth (Figure 5a), is given by
I(¢)dopdy

where I(¢) is the power radiated per unit solid angle in the direction (¢, 0). Onre-
flection, this energy appears in a wedge (Figure 5b), defined by 6 and 6 + df, assuming
the rays to be essentially parallel in the transverse planes. The energy in this wedge is

G(6)pdydd.
Equating this to the incident energy we have

G(6)as =1l ay 0

which, upon integration§, will yield 6 as a function of ¢ as required for solution of
Equation (6). The expressions on either side of Equation (7) are normalized to their re-
lative maxima for convenience in computation. ;

§ Taking logarithmic derivatives withrespect to ¢ of (7) and substituting from (4) we get

QE_QJ,E;anl(me) - dl(9) I(r.b):[ 4o, [ aG(6) G(G)] (2 )2 -0
d¢? 2 d¢ dé de aé

which may be solved for 6= f(¢) by a method of successive approximations; re. MIT
Rad. Lab. Report 1069, April 1946, Certaine, J., Beam shaping.
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(a) (b)

Fig. 5. On the Energy Relations in
Primary and Secondary Patterns

——COMPUTED CENTRAL SECTION CURVE

Thus 6p ¢
G(8)as J; I_(gl dé
6 s (8)
g{B x J‘ ¢A ¢ : . CIRGLE WITH CENTER AT F
0)d I(¢
b S e

The limits of integration are determined by (1) the
angular extent 6, to 6g of the idealized beam
shape, and(2) the angle qS]i to ¢ subtendedat the
feed by the reflector’s central section curve (See
Figure 6).

Fig. 6. Relation Between First Guess Curve
and Computed Central Section Curve,
Indicating Limiting Angles in ¢ and 6

LPARJ&BOLA WITH FOCUS AT F

INTEGRATION FOR THE VARIOUS BEAM SHAPES

The integration of Equation (8) must, in general, be performed by graphical methods.
If the indefinite integral of the expression for the secondary pattern, G(#), exists, then
values of 6 corresponding to values of ¢ may be computed directly from the graphical
integration of I(¢)/p. If, however, the indefinite integral of G(f) does not exist, then both
quantities must be integrated by graphical methods. The integrations for the three cases
previously discussed are as follows:

DECLASSIFIED
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Case I—-G(9) = k csc26. Here G(g) is an elementary function whose integral may be
substituted in Equation (8) with the following result:

@
ctn ¢ -ctn 6 I(¢
ctng =ctn 6_ + 0 an-——)fi’
B ¢A b P (8a)
19) g9 B
d’B ?

Case II—G(8) = k csc26 cosf, As above, resulting in

esc 90 - CSC BB fﬁl(gb)
csc 8 = csc 9}3 + T 5 - do (8b)
[
¢B

Case II—Arbitrary function. In order to obtain 6= F(¢) for any function whose in-
definite integral does not exist, the quantities on either side of Equation (8) are in-
tegrated graphically and plotted as shown in Figure 7. Then values of 6 corresponding
to values of ¢ may be read directly from the graph. Where it is desirable to expand
any portion of the graph for more accurate reading, smaller increments in ¢ and/or

¢ may be taken for plotting on the expanded scale. The curve ABC in Figure 6 is
obtained from the integration of G(6); while the curve DEF is obtained from the in-
tegration of I(@)/p. The line ¢; EB6; represents the method of reading corresponding
values of ¢ and 6 .

s;',’B ¢-—’ ¢1 ¢A

A D
o ¢l(¢)d
= : J¢B? ¢
w P
> E 0P 4
2 kBt
Q@ B,
£ fe %(G)de
j eaeteﬂde
eﬂ
g2 c
0, 8, )

e —

Fig. 7. Graph for Determination of 6 = F(¢)
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Note on graphical integrations: The integrations perforined in these computations
may be accomplished either by use of a planimeter or by one of the usual rules for
graphical integration. It was found in most cases that the trapezoid rule provided as
much accuracy and greater speed than the planimeter.

SAMPLE COMPUTATION

In the integration of I(¢)/P it is required that we know the function P(¢). It is there-
fore necessary that a guess be made as to the shape of the central section curve. Thus,
having measured the primary pattern I(¢), we perform the integration of Equation (8) for
the desired beam shape and obtain the correspondence between ¢ and 6 . Then Equation
(6) may be integrated graphically to obtain a solution for the central section curve. The
process may be repeated by substituting the computed values of P(¢) into the quantity
I(¢)/P and performing the integrations as before. In practice, no more than two such -
calculations are required for satisfactory accuracy in the central section curve.

In order to illustrate this method of calculation, we present the following sample

calculation. Suppose that a beam shape of the form G(6) = k csc26 cos6 is required for

" the range in 6 of 5° to 55°. The vertical dimension of the reflector is chosen to be 15
inches, the focal length 14.5 inches, the horizontal width of the reflector 36 inches. A
horn feed of the proper dimensions is chosen, its primary pattern in the plane of the
vertical section of the reflector is carefully measured, and a guess is made as to the
shape of the central section curve. This first guess curve is the so-called “barrel dish”
curve, i, e., parabolic below axis, circular above, as shown in Figure 7. The computations
are then performed as follows:

1. The quantity of I(¢)/e is plotted and graphically integrated.

2. Using Equation (8b) values of 6 are computed for corresponding values of ¢.
These computations are tabulated in Table I,

3. The quantity tan % (¢ +6) is plotted and graphically integrated.

4, Using Equation (6) values of p(¢), the central section curve, a.re-computed. These
computations are tabulated in Table II. The relation between the first guess curve
and the computed central section curve is shown in Figure 7.

5. Using Equation (3a) the values of f(¢) are computed, and using Equation (3) the
coordinates of the parabolic sections are computed. These figures are tabulated in
Table III. (Cf. the coordinate system shown in Figure 3,) The entire reflector sur-
face is now determined,

ch
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TABLE 1
cse -cscé
Computation of 6 from cscg = cscp + 3 % B J I(qb)
A
[T1006 b8
og °
s escé, - esebp i @M
P
primay st Sosis orimary | [ los [Mspe % Sraii P

@ ﬂ?l Square Inches B P
-30° 5.7 0 0 122078 55° 01
205 7.0 .1594 .05996 1,2807) 519201
25 i .3656 L3752 1.35830 L9251
23,5 131 L6531 24566 1. L66LL 53°
20 19,0 1.059% .3984L9 1.61927 382 8!
7.5 27,0 1,634 L61L78 1,83556 23" 11
15 37.6 2.1406 . 91803 2,13881 27053 1
125 51,2 3.4281 1,28947 2.51025 23%9
10 67. 4 L.7906 1.80198 3.02276 19191

T 82,5 6.6656 2.50725 3.72803 159341

5 92,5 8.8531 3.33008 k. 55086 1292!

2.5 98.3 11,2375 1,22696 545774 109351

0 100, 13,7156 5.15910 6.37988 9% I

2.5 97.6 16,1906 6,09006 7.31084 7o521

5 91,2 18,5593 6,98104 8.20182 73 o1

7.5 80,8 20,7093 7.78976 9,0105), 67221
10 65.5 22,5343 8,1,7623 9.69710 50551
2.5 L9.2 23,9656 9.01461 10.23539 59361
15 e 25,0218 9,41190 10,63268 50,1
125 25,5 25,7843 9,69871 10.91949 50151
20 17.6 26,3218 9,90089 11,12167 59101
22.5 12,0 26,6906 10, 03961 11,26039 50 61
25 8.3 26,9437 10.13482 11.35560 59 31
205 6.2 27.1218 10,20182 11,42260 2Ol
300 4.9 27.2562 10, 25237 11,4735 50 o1

DECLASSIFIED
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TABLE I
COMPUTATION OF CENTRAL SECTION CURVE
2 @
| 1
R I B L Fi Ll ‘
o 2 Square Inches Inches
—302 550 731 12° 301 .22169 0 0 13.195
27.5 519 261 11° 571 ,21164, 1, 3500 .00L09 13,321
25 472 281 110 1,1 .19861 2,62¢1 00797 13,441
22,5 L3> 30 10° 161 .18113 3.6156 01157 13,55,
20 38° 111 50 51 . 15988 b 881, 01,81 13.656
17.5 332 ks L 13668 5,609, .01761 13,745
15 28° 31 6° 311 L1123 6.5906 .01998 13,819
12,5 239 251 50 o7 L095,1 T.2437 .02196 13.881
10 199 1t 42 371 . 08075 7.7906 .02362 13.934
7.5 159 31 LY o .07051 8,2593 .02501, 13.979
5 s e e 39 5 .06730 8.6906 .02635 14.020
25 10° 351+ £E9C oy 07051 9.1218 . 02766 1.,062
0 9% 3t 42 30t . 07870 9. 5643 . 02906 L,.109
2.5 7° 521 52 110 .09071 10,1093 .03065 1,162
5 79 Ot 82 o .10510 10,7156 03249 14,223
7.5 6° 221 6° 561 .12160 11,4156 03461 14,.293
10 50 551 7° 571 .13965 12,2218 .03706 .37,
12,5 5° 361 9% 3t .15928 13,1531 .03988 . 467
15 5% 21 100 121 .17993 14,2156 04310 1,573
17.5 59 151 11° 221 .20103 15,4031 .01,670 14,695
20 59 101 12° 351 .22322 16,7156 .05068 14,832
22.5 50 41 13° a1 .24,562 18,1687 . 05509 1,985
25 59 3 159 e .26826 19,7718 .05995 15,155
27.5 5% 11 16° 151 29147 21,5218 .06525 15,341,
30 5 o 17° 30¢ .31530 23.L186 . 07100 15,547
¢
* lr:ng10 = j tan% (® + 6)do x area factor x .43429
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TABLE III

COORDINATES FOR REFLECTOR SURFACE

® B f(¢) X a0 3" 6" 97 127 157 18"
30° |25 1 12,576 | £>]| o .179 716 | L.610 | 2.863 |L.473 | 6.4
27.5 | 23° 54 12,749 0 176 .706 1.588 |=2.824 [L.412 |6.353
—25 229 28! 12,931 0 74 .696 1,566 |2.784 |[4.350 |6.264
oo 50 | o0% 29 13,121 0 A7 686 1,503 | 2.743 |hL.286 |6.172
-20 18° 11 13.316 0 169 676 1,521 | 2,706 |4.225 [6.083
17,5 | 352 35 13,493 0 167 667 1,501 | 2.668 |4.169 |6.003
-15 3% 2 13.641 0 .165 660 1,48, |2.639 |&.124 |5.938
-‘12.5 lOO 55' 13|756 O a16b- 065£l 1.£|.72 20617 lhOB‘) 5.888
-10 62 150 13.844 0 163 . 650 1463 | 2,600 |L.063 |5.851

-7.5 82 4 13,910 0 .162 LOLT 1.4,56 | 2.588 |h,Oh4 |5.823
-5 =0 .21 13,957 0 L161 LBL5 1451 | 2.579 |[A.030 | 5,804
~2,5 gy 5 13.992 0 161 643 147 | 2.573 |L.020 |5.789

0 g 1i 14,022 0 . 160 642 Toanh | 2,587 DhaOA2 | 5O
+2.5 10° 221 1,046 0 .160 L6n1 1,402 | 2.563 |h.o0h | 5.767

5 J.zg ot 14,068 0 .160 .60 1,439 | 2.559 |3.998 |5.758

a0 33 5 11,085 0 .160 .639 1,438 | 2.556 |3:99 | 5.75%

10 15° 551 1L.099 0 .160 638 1,436 | 2,553 |3.990 | 5.745
19,5 | 382 & 14,109 0 .159 638 1,435 | 2.552 |3.987 |5.74d
15 20° 24" 14,116 0 .159 .638 1,435 | 2.550 [3.985 |5.738
17.5 | 22° 45! 1,12 0 159 537 1,434 | 2.549 |3.983 | 5.735
20 25° 107 1,128 0 159 637 1,433 | =2.5.8 |3.981 |5.733
22,5 | 279 36! 1,132 0 .159 637 1032 | 2,507 | 3.980 || 50732
25 T 1,137 (0 .159 0637 1,432 | 2.546 |3.979 | 5.730
21.5 | 32 31 .12 0 .159 L636 A8 |2 5he | 3.978 || 5722
30 35° ot Uy, L2 0 .159 636 1,532 | 2.546 | 3.978 | 57128
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TEST FOR SINGLE VALUEDNESS OF THE SURFACE

It may happen that, after the central section
curve has beendetermined and an attemptis made
to develop the surface by plotting the parabolic
cross sections, the surface is found to be multiple-
valuedinacertainregion. Suchacondition makes
the reflector physically impossible of construc-
tion, and if it occurs a new design must be com-
menced. The region of multiple value is caused
by the various parabolic cross sections, which are
inclined at large angles to the axis, intersecting
one another with the result that the surface be-
comes folded upon itself. The intersection of the
parabolas is illustrated in Figure 8, The curve
SQs' is the central section curve, CPD isa typical
parabolic cross section. The parabolas passing
through Q, R, and §' are seen to intersect in
the regions E and F. The surface defined by
these curves is multiple-valued in the region to
the right of E and F. The immediate remedy
for this is toreducethe horizontal aperture of the
reflector until such intersection is no longer
‘possible, but such reduction in aperture is not
suitable from the point of view of preservation of
azimuthal beam-width; consequently the reflector

NAVAL RESEARCH LABORATORY 11

Fig. 8. Showing Intersection of

Parabolic Cross Sections

must be redesigned. Unfortunately there is no sure way to determine beforehand if the
particular set of design specifications will lead to a multi-valued surface, especially if the
total coverage angle, 6, to fg, is great. In general, space considerations impose the
condition that the focal length should be as short as possible, so that elimination of any
possibility of the surface becoming folded by simply using a long focal length is not par-
ticularly expedient. Having computed the central section curve, however, we may apply a
test for the single valuedness of the surface in the following manner. By Equation (3a) the
focal lengths of the transverse parabolas may be obtained, so that, knowing the horizontal
aperture of the reflector, we may calculate the depth ¢ of the respective parabolas from

Fig. 9. Typical Examples of Curves for Test
for Single-Valuedness of Surface

2

5 X
Ty ©
Then plotting these depths £ on
their respective ray lines drawn
in the directions 6, and con-
necting the points so determined,
a curve is obtained whichdefines
the contour of the extremity of
the reflector surface. If this
curve is single-valued (i. e., if
the curve has no cusp or is not
self-intersecting) the surface
will be single-valued. If, how-
ever, the curveis multi-valued,
the surface cannot be single-
valued. Typical examples of
these curves are drawn in
Figure 9.

DECLASSIFIED
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The curves (2) and (b) are a loop and a cusp respectively, indicating that the surfaces
would be folded; curve (c) contains no singular point and is not multi-valued, showing that
the surface can be utilized as a reflector.

EXPERIMENTAL RESULTS

Several antennas, whose patterns approximate G(9) =k cscze, have been developed
using double curvature reflectors**, although none were computed by this method. However,
since G(6) =k csc26 cosf is considered more representative of the requirements of
airborne antennas, a design for Case I was not attempted. A reflector for Case II was
computed and built. The design details are those described in the sample calculation
above. The pattern of this antenna is shown in Figure 10. The dotted line represents
the best fitting csc26 cosé curve.

N O

A second reflector was computed
for Case III, in which the function At
G(8) was as follows: -

RRRFimREREARRRAREES s

60 +0 Bmax 10

K62 }

0

¥ kcsc29 cos#h ]

o ce - G+t

where 6, =3, a@ =3°, @,,,4 =66",
The pattern of the experimental an-
tenna for this case is shown in Figure
11, in which the dotted line is the
curve defined by the above function
Gl6).

It is notable that a considerable 30,
latitude inthe control of the shape of 2
the pattern is permissible by motion s
of thefeed away from the focus or by =
rotation of the feed about the focus.
It is therefore possible to obtain an
airborne navigational antenna, for “20°
example, whose pattern may be con- ANGLE ©
trolled for various altitudes and
maximum ranges. Such variation in Fig. 11. Pattern of Antenna Computed for
the pattern shape is illustrated in G+t 0
Figure 12, The reflector is the same 9
one whose pattern for normal feed G() = E'Ke ]
position is shown in Figure 10. The
requiredfeed motion can be realized
by simple mechanical linkages.

RELATIVE POWER - ONE WAY (db)
RELATIVE POWER - ONE WAY (db)

max

** MIT Rad. Lab. Report 411, Aug. 1943, Dunbar, A. S., Antenna for high altitude bombing
(H2X); Great Britain, Telecommunications Research Establishment Report T 1878, May
1945, Hill, J, F., Macfarlane, G. G., and Walkinshaw, W. Theoretical design of a reflector
to produce, from a given primary source, an arbitrary polar diagram in one plane with
experimental comparison; Certaine, op. cit.
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Fig. 10 - Pattern of Experimental Antenna Designed for G (8) = K ¢

TOB

0 DB 2|6

LH913H

35°

40°

45°

50°

60° 55°

EXPERIMENTAL ANTENNA FOR

WAVE LENGTH 3.2¢m.

G(@)=kcsc?Ocos ©

REFLECTOR:

Control of Antenna Pattern by Feed Motion

Fig. 12 -

SSIFIED

DECLA






13

20

4°

60

a.

10°

12°

14°

16°

~_/

.2'o

i 40
= 6°
g°
10°

|90
|

sl e

0° 25° 20

A-HORN LOWERED 3° BELOW FOCUS
FEED: B-HORN ON FOCUS
G- HORN RAISED 3° ABOVE FOCUS

18°

A-311 db
ABS. GAIN: B-304 db

C-29.7 db






“mgsRicTED U

APPENDIX I

DISCUSSION OF ERRORS

Suppose a certain ideal beam shape is required for a special microwave antenna
application. Any antenna designed to produce this ideal beam shape will, in fact, radiate
a pattern which differs from the ideal in some degree. We now define the causes of such
differences as errors.

Sources of Error

The errors associated with the double curvature reflector antenna are of two general
kinds: those which are mechanical, affecting the shape of the reflector surface; and those
which arise from diffraction, affecting the shape of the radiated beam. The mechanical
errors in the reflector surface will modify the geometrical distribution of energy and will
alter, to some extent, the shape of the realized antenna pattern. The mechanical errors
may be classified as (a) errors in measurement, (b) errors in computation, and (c) surface
tolerances. Entirely independent of the effect of mechanical errors are the effects of
diffraction. These are twofold: (a) to modify the beam shape from the ideal to an approx-
imation to the ideal which contains no discontinuities in intensity, and (b) to superimpose
diffraction lobes on the pattern.

Errors in Measurement

If the measurement of the primary feed pattern, I(¢), is in error, the reflector shape,
of course, will be made incorrect for the desired secondary pattern, and consequently the
antenna pattern will not have the proper distribution of power. However, since the error
in measurement takes the form

g (1)

where A(¢) is the relative error as a function of ¢, it appears that errors in measure-
ment of + 1/2-db or less will not seriously affect the resultant antenna pattern.

Errors in Computation

Computational errors arise primarily from two sources: plotting and graphically
integrating the various functions, and rounding of decimals. It may be argued that the
method of calculation is not highly precise; however, precision of a sufficiently high de-
gree may be assured by carrying all computed decimals to the fourth place. The sig-
nificance of certain of these decimal places may be questioned, but assuming that in
graphical integration, the area may be read to an accuracy of +1.5 percent for any small
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increment, and to an accuracy of +0.5 percent in the total area, the maximum possible
error in the computation of  will be less than 5 minutes of arc. Similarly, the maximum
error in logyg plp o is about 0.8 percent, permitting the computation of the radius vector
within a maximum possible error of less than .010 inch.

Surface Tolerances

An estimate of the surface tolerances may be obtained upon consideration of Equation
(4), the differential equation for the surface:

4 - tan (4 +6) dé )
Consequently, if we know the function
8 = F(¢)

we can evaluate the allowed increment in the radius vector p for a given tolerance in the
direction ¢; thus
dé = F' (¢)d¢

Ap:ptan-—lz-—(¢+ 9) ﬁé% (iii)

It now remains to determine F'(¢), which may be approximated by plotting the curve
9= F(¢) and reading the slope for various values of 6. This curve for the values of @ and
¢ tabulated in Table I is shown in Figure 13.
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Fig. 13. Curve for 6= F(¢)
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Fig. 14. Ideal and Realized Patterns

We then have to a fair degree of approximation, taking A8= i 1/4°, the following:

é 6 Slope Ap/p Ap
-217.5° 51 20’ -1.60 .0006 .008"
-15° 2753 -1.88 .0003 .004"
+12°30° 5°36" -0.149 .005 .068"

Since the maximum probable error in the calculations of p will certainly be less
than the maximum possible error, the error in p will be of about the same order of
magnitude as (or less than) the permissable error obtained in the above calculations. It
should be noted further that diffraction will most probably permit some relaxation of the
surface tolerances, perhaps as much as 25 percent. The whole question of precision of
the method, however, may be submerged in the comparative excellence-of the experi-
mental results.

Effect of Diffraction

The primary effect of diffraction in modification of the beam shape is the removal of
sharp discontinuities in intensity. In addition small diffraction lobes are superimposed on
the pattern. A comparison of the ideal and realized diffraction patterns is shown in Figure
14, for the case G(8) =k csc26, The effect of diffraction is also illustrated in Figure 11.

The diffraction lobes in the pattern arise chiefly from the lower edge of the reflector
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(Cf. Figure 7). This is best illustrated by considering the spiralff that results from the
vector additions of amplitude from small elements of the surface in a given direction 6.
For 6 near @, the spiral is of the form shown in Figure 15(a), while for large #, the
spiral curls much more rapidly, as in Figure 15(b). In both spirals, the lower edge of the
reflector is at the origin. The spiral for large 6 shows that the phase of the amplitude
contributions from the lower part of the reflector is changing very rapidly, and con-
sequently the resultant amplitude pattern will contain small variations of a quasi-periodic
nature (Cf. Figure 14).
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Fig. 15. Spirals Resulting From Vector Addition of Amplitude, Contributions From
Elements of Reflector Surface

If an ideal pattern is assumed which is more nearly physically realizable, the agree-
ment between the ideal pattern and the diffraction pattern is quite good. Such a case is
illustrated in Figure 11, where the ideal pattern assumes a peak of the form e-k
which is in good agreement with the realized diffraction pattern.

1 MIT Rad. Lab. Report 750, Sept. 1945, Keary, T. J. Calculation of vertical polar
diagrams and power gains of antennas for airborne navigational radars. This report
contains computations of patterns for cylindrical reflector shaped beam antennas.
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