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NO INITIAL GUESS REQUIRED: RAPIDLY COMPUTING THE
FEASIBLE SET OF FUEL-OPTIMAL ELECTRIC PROPULSION

TRAJECTORIES

Prashant R. Patel*, and Daniel J. Scheeres†

We discuss our automated algorithm (no initial guess) that can map out the fuel-
optimal feasible set including the reachable/controllable set for electric propulsion
missions. We provide a detailed discussion of why an indirect multi-stage formu-
lation is well suited to solving this problem over direct and indirect continuous
approaches and present an in depth discussion of the theoretical and mathematical
underpinnings of our formulation. Our approach also generates the fuel-optimal
control law to points in the feasible set. Reachable sets for electric propulsion
spacecraft are important to many problems including: dynamic re-planning, ro-
bust mission design, space situational awareness, advanced concept development,
and threat assessments. Feasible solutions are important for trajectory design and
maneuver. Our automated and fast algorithm has applications to many different
space maneuver problems.

INTRODUCTION

In this paper we develop an automated algorithm for estimating the feasible set, including the
reachable (controllable) boundary, and the associated near-optimal fuel-minimum control laws for
electric propulsion spacecraft. The algorithm is fast and requires only one first order integration to
generate the control law for all feasible points, allowing us to map out the full maneuver envelop
of the spacecraft without a user supplied initial guess. This feature makes our algorithm useful for
many space domain awareness and path planning algorithms. This paper is focused on discussing
the theoretical and formulation choices we make in developing our algorithm.

Electric propulsion is now widely used for civil, military, and commercial space missions. There
are currently over 2000 spacecraft using Hall effect thrusters, a form of electric propulsion. Electric
propulsion is or will soon be the dominant form of propulsion for spacecraft. Estimating the full ma-
neuver envelope for electric propulsion spacecraft remains a difficult problem. Solving this problem
can help with automated path planning/maneuver and space domain awareness applications, which
will become increasingly important as space becomes contested and economically significant.

Our contribution is that we use a fuel-optimal formulation and extract reachable set through the
switching structure, which allows us to recover the reachable set and fuel-optimal feasible trajecto-
ries. In addition, our approach is fully automated. We also employ an indirect multi-stage formula-
tion, which is not widely used in astrodynamics. Finally, we derive various boundary conditions so
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the algorithm can be used with space domain awareness applications and for chemical and electric
propulsion path planning problems.

We define the maneuver envelope to be the full range of orbits a spacecraft can achieve. The
reachable set is the outer envelope of states that are achievable. The feasible set consists of the
states in the maneuver envelope but not in the reachable set. In practice, the reachable set is a subset
of the feasible set, and the feasible set should be equal to the maneuver envelope. We treat the
feasible and reachable set as distinct to help with communication and clarity.

We will begin our paper by reviewing prior work and discussing our goals. Next, we will review
and discuss the indirect multi-state formulation for solving optimal control problems. This review
will include a comparison with indirect continuous formulations. We will then derive our formula-
tion and provide a discussion about the specific equations we use and how alternative formulations
complicate the development of a fast and efficient algorithm.

DESIGN OBJECTIVES AND LITERATURE REVIEW

Automation in space operations is becoming commonplace and will continue to be required in
the future. The large number of current and future satellites using electric propulsion in orbit is
driving the need for algorithmic speed and scalability. Accordingly, we set our goal to develop a
fast, automated (no initial guess), and parallelizable algorithm that can estimate the fuel-optimal
maneuver envelope of electric propulsion spacecraft.

Fundamentally, estimating the maneuver envelope of spacecraft is a challenge because location
independent range curves for spacecraft do not exist, requiring us to rely on numerical methods
to estimate the maneuver envelope of electric propulsion spacecraft. The most common ways to
estimate the reachable set of electric propulsion spacecraft is to write the problem as an optimal
control problem. There are many ways to write and solve optimal control problems[1, 2] with direct
and continuous indirect methods being the most common. Both these methods are widely used
throughout the astrodynamics community to solve a variety of problems.

An indirect continuous approach uses calculus of variations[1], which results in the control being
eliminated and parameterized in terms of the co-states and the states. With the control eliminated
the problem is solved when the co-states are found such that the various boundary conditions are
satisfied. This situation results in a low dimensional problem, but one that is highly sensitive. A
variety of numerical techniques attempt to solve these problems[2]. Clever formulation or insights
can also be used to solve these problems. Thorne[3] leveraged insight to create accurate estimates
of the initial co-states, thus enabling a good initial guess.

Indirect continuous approaches are used to solve reachable problems. They have been widely
applied to space domain awareness (SDA) applications[4, 5]. Holzinger[4] derived the continuous
indirect equations for the electric propulsion reachability problem with ellipsoid uncertainty and
bounded acceleration. These methods were then shown to work on SDA applications[5]. This
results in a two point boundary value problem (TPBVP) that requires an initial guess. They also use
a distance based cost function which limits the ability to apply these methods to feasible trajectories.

Generating functions[6] can also be used to map out the reachable set. Bando[7] used a power
series expansion of the generating function to identify low thrust transfers in the Hill frame. Gen-
erating functions provide the solution flow; however, current techniques work only on dynamical
systems with polynomial forms, such as the Hill problem[6].
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Direct formulations are a common alternative to indirect continuous formulations. Direct for-
mulations parameterize the control then attempt to directly minimize the cost function, eliminating
the need for guessing the Lagrange multipliers and reducing the sensitivity of the problem. Direct
methods have been combined with stochastic solvers [8, 9] to generate optimal trajectories. These
approaches use the reachability problem as an input into their trajectory optimization solver, but
they require the switching structure has to be specified.

One gap in the current literature is connecting fuel-optimal trajectory design and reachability
analysis. Prior methods[4, 5, 8, 9] use a distance measure as their objective function. Reachability
and fuel-optimal problems are closely related; when the switching structure is fully activated for
fuel-optimal trajectories, they are also on the reachable set. Our approach will close this gap and
show how we can use the switching structure to estimate the reachable and feasible trajectories.

Both indirect continuous and direct formulations are widely used to solve fuel-optimal trajec-
tories. Indirect continuous methods are used in reachability problems. However, for our goal of
developing automated approaches, both methods have significant downsides, which led us to use an
indirect multi-stage formulation.

We will show that setting up the reachable problem as a fuel-minimum problem allows us to
rapidly solve for the reachable set and the feasible fuel-optimal set. We will exploit an indirect
multi-stage formulation to generate an automated algorithm. This method allows us to estimate
both the reachable set and fuel-optimal trajectories using a single, fast, automated algorithm.

INDIRECT MULTI-STAGE FORMULATION

To create our automated, fast, and scalable algorithm we begin by formulating the trajectory
optimization problem as an indirect multi-stage problem[1]. An indirect multi-stage formulation
breaks the trajectory into a sequence of segments or stages. The inputs into a stage are the states and
the control. The output is the updated states (see Figure 1 for a graphical example). In the multi-

Figure 1. The multi-stage formulation.

stage problem, each stage can be considered a black box where the dynamics inside the box can
change so long as certain conditions are met. We consider a controlled dynamical system defined
by

ẋ = f(x, t,u,p) (1)

Where a bold indicates a vector or matrix while a normal font indicates a scalar quantity. x
represents the state vector; u is the control vector, which is in general a function of time; t is time,
and p are a set of parameters that are constant in the system.

This continuous dynamical system can be transformed into a set of indirect multi-stage formula-
tion equations [1]. A trajectory segment ‘i’ is governed by

xi+1 = F i(xi, ti,ui,p) (2)
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where

F i = xi +

∫ ti+1

ti

ẋdt = xi +

∫ ti+1

ti

f(x, t,u,p)dt (3)

A trajectory is then composed of a series of N trajectory segments, governed by Equation 2 and
Equation 3, where N ≥ 1. For a multi-segment trajectory, we can integrate Equation 2 from i to
i+1, then use i+1 to obtain i+2, and so on. The dynamics here represent a finite time interval. If
N is very large, then in the limit we can think of a stage as a single integration step. For the indirect
continuous formulation, the dynamics are the terms under the integral.

In the indirect multi-stage formulation, the control parameters ui are fixed on each segment,
which is also how direct formulations are generally written. The fixed nature ofui is not a significant
limitation as time varying inputs can be modeled by having ui be the coefficients to a time varying
function. The indirect multi-stage formulation’s dynamical and control structure are similar to the
direct formulation as both use fixed controls over each stage and parameterize the trajectory in
stages.

The cost function for a multi-stage formulation is given by

J = ϕ(xN ,x0, N) +
∑

L(i,xi,ui) (4)

where ϕ is the initial and terminal cost function and L(i,x,u) = Li is the integral cost function
evaluated at the ith stage. Once again, the cost function is analogous to the indirect continuous and
direct formulations. If the summation of the Lagrangian is replaced by an integral then it would
reflect the indirect continuous formulation. As written the cost function can also be used in direct
formulations.

The Hamiltonian is then

H =
∑

H i (5)

H i = λi+1 · F i + Li +
∑
k

νkCk (6)

For notational convenience later, we specify the co-states, λ, with an index i + 1, with C repre-
senting the per stage constraints. The Hamiltonian structure is analogous to the indirect continuous
formulation.

Taking the partial with respect to x yields the dynamics equations for the co-states.

H i
x = λi = F iT

x λ
i+1 + Li

x +
∑
k

νkCk
x (7)

The control law is then given by Pontryagin’s minimum principle. Taking the partial of the Hamil-
tonian with respect to the control and solving for when Equation 8 is zero (and hence an extremal)
yields

H i
u = 0 = F iT

u λ
i+1 + Li

u +
∑
k

νkCk
u (8)

We notice several interesting features of Equation 7 and Equation 8. One interesting observation is
that Equation 7 is set up to be computed backwards in the stages, where i + 1 is on the right hand
side and the prior co-state multipliers i are on the left hand side. In general, we have no guarantee
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that u is analytically separable in Equation 2, Equation 7, or Equation 8. Thus, we have to assume
that Fx and Fu are functions of u.

The indirect multi-stage initial and terminal conditions are given as

C0(x) = 0 CN (x) = 0 (9)

which result in the initial and terminal co-states being

λ0 = ϕx0 + ν0 ·C0
x λN = ϕxN + νN ·CN

x (10)

These boundary conditions mirror the indirect continuous case*. These equations share a similar
structure to the indirect continuous approach; taken together, they represent the general equations
for the multi-stage optimization problem. We will now explore the differences between the two
indirect formulations.

DIFFERENCES BETWEEN CONTINUOUS AND MULTI-STAGE FORMULATION

We will now explore the differences between the indirect multi-stage and the indirect continuous
formulation, by deriving the multi-stage formulation from first principles. The results will mirror
those in Bryson and Ho[1], although the derivation is not found in Bryson and Ho.

Indirect Continuous Co-state Derivation

In order to highlight why the indirect multi-stage method is different. Much of the formulation
will follow from Bryson and Ho[1]. We will begin by defining the augmented cost function and
then defining the terms we use. Next, we will take the partials and solve for the conditions. Finally,
we will make some observations.

We begin by defining the augmented cost function as

J̄ = ϕf +ψf,Tνf + ϕ0 +ψ0,Tν0 +

∫ tf

t0

(
L(t) + (f(t)− ẋ(t))T λ(t)

)
dt (11)

The costs are given as J = ϕf + ϕ0 +
∫ tf

t0 Ldt, where ϕf is the terminal cost, ϕ0 is the initial cost,
and L represents the change in costs over the trajectory. For brevity we simplify notation and omit
the dependencies on states and controls. ψ is the initial and terminal constraints. f represents they
dynamics that returns the change in the states, given by ẋ. The states are given by x. The dynamic
co-states are given by λ, and ν represents the Lagrange multipliers at initial and terminal time. All
terms under the integral are computed at the same point in time.

The Hamiltonian is defined as

H(t) = L(t) + fT (t)λ(t) (12)

Rewriting and expanding the augmented cost function we get

J̄ = ϕf +ψf,Tνf + ϕ0 +ψ0,Tν0 +

∫ tf

t0

(
H(t)− ẋT (t)λ(t)

)
dt (13)

J̄ = ϕf +ψf,Tνf + ϕ0 +ψ0,Tν0 +

∫ tf

t0
H(t)dt−

∫ tf

t0
ẋT (t)λ(t)dt (14)

*The terminal conditions can be found in Bryson and Ho, but the initial conditions are not
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Next, we apply integration by parts to expand the term under the second integral and then collect
similar terms.

J̄ = ϕf +ψf,Tνf + ϕ0 +ψ0,Tν0 +

∫ tf

t0
H(t)dt− xf,Tλf + x0,Tλ0 +

∫ tf

t0
xT (t)λ̇(t)dt (15)

J̄ = (ϕf +ψf,Tνf − xf,Tλf ) + (ϕ0 +ψ0,Tν0 + x0,Tλ0) +

∫ tf

t0
H(t) + xT (t)λ̇(t)dt (16)

We now consider the variation in J̄ due to a variation in the control vector, u for fixed time, giving

δJ̄ = (ϕfx +ψx
f,Tνf − λf )δxt=tf + (ϕ0x +ψx

0,Tν0 + λ0)δxt=t0

+

∫ tf

t0

((
Hx + λ̇

)
δx+Huδu

)
dt (17)

We then choose the co-state values and dynamics such that the variations in δx vanish, which re-
moves the need to create a dependency between δx and δu. Doing so, we obtain the classical
co-states values as

λf = ϕfx +ψf,T
x νf (18)

λ0 = −ϕ0x +ψ0,T
x ν0 (19)

λ̇ = −Hx = −Lx(t)− fT
x (t)λ(t) (20)

The optimal control is then given when Hu = 0 which is

0 = Hu = Lu(t) + f
T
u (t)λ(t) (21)

Interestingly, the optimal control and the co-state dynamics, in these equations, depend only on the
current state, dynamics, and their partials. Stated another way, for the continuous indirect case no
future or past information is needed!

Indirect Multi-Stage Co-State Derivation

In this subsection we will derive the indirect multi-stage case. This formulation is less widely
used in the astrodynamics community. This derivation will deviate from Bryson and Ho[1], as we
use finite differences for our derivation and include initial costs and constraints, which are not in
Bryson and Ho.

We begin our derivation with finite differences and include initial costs and constraints in our
derivation. In our formulation, ∆xi+1 = f i = xi+1 − xi. We will mirror the steps for the indirect
continuous case to allow for comparisons later. The purpose of using the finite difference approach
is to gain insights.

We begin by defining the augmented cost function as

J̄ = ϕN +ψN,TνN + ϕ0 +ψ0,Tν0 +

N−1∑
i=0

(
Li +

(
f i −∆xi+1

)T
λi+1

)
(22)

The costs are given as J = ϕN + ϕ0 +
∑N−1

i=0 Li, where ϕN is the terminal cost, ϕ0 is the initial
cost, and Li represents the change in cost when moving from state i to i+1. Once again, for brevity
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we simplify notation and omit the dependencies on states and controls. ψ is the initial and terminal
constraints. f represents the dynamics that return the finite difference in the states, given by ∆x.
The states are given by x. The co-states are given by λ, and ν represents the Lagrange multipliers at
initial and terminal stage. The i+ 1 associated with the co-states under the summation is to follow
the convention used by Bryson and Ho.

We begin by defining the Hamiltonian as

H i = Li + f i,Tλi+1 (23)

Rewriting and expanding the augmented cost function, we get

J̄ = ϕN +ψN,TνN + ϕ0 +ψ0,Tν0 +
N−1∑
i=0

(
Li +

(
f i −∆xi+1

)T
λi+1

)
(24)

J̄ = ϕN +ψN,TνN + ϕ0 +ψ0,Tν0 +

N−1∑
i=0

H i −∆xi+1,Tλi+1 (25)

J̄ = ϕN +ψN,TνN + ϕ0 +ψ0,Tν0 +
N−1∑
i=0

H i −
N−1∑
i=0

∆xi+1,Tλi+1 (26)

Reordering the indices on the second summation, we get

J̄ = ϕN +ψN,TνN + ϕ0 +ψ0,Tν0 +
N−1∑
i=0

H i −
N∑
i=1

∆xi,Tλi (27)

Next, we apply summation by parts to expand the term under the second summation and then collect
similar terms. The summation by parts rule is

n∑
i=j+1

ai∆bi = anbn − ajbj −
n∑

i=j+1

bi−1∆ai (28)

where ∆ai = ai − ai−1. Applying summation by parts to the augmented cost function, we obtain

J̄ = ϕN +ψN,TνN + ϕ0 +ψ0,Tν0 +

N−1∑
i=0

H i − λNxN + λ0x0 +

N∑
i=1

∆λixi−1 (29)

Reordering the indices and collecting terms, we obtain

J̄ = (ϕN +ψN,TνN − λNxN ) + (ϕ0 +ψ0,Tν0 + λ0x0) +

N−1∑
i=0

H i +
N∑
i=1

∆λixi−1 (30)

J̄ = (ϕN +ψN,TνN − λNxN ) + (ϕ0 +ψ0,Tν0 + λ0x0) +

N−1∑
i=0

H i +

N−1∑
i=0

∆λi+1xi (31)

J̄ = (ϕN +ψN,TνN − λNxN ) + (ϕ0 +ψ0,Tν0 + λ0x0) +

N−1∑
i=0

(H i +∆λi+1xi) (32)
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We now consider the variation in J̄ due to a variation in the control vector u, for fixed stage, which
gives us

δJ̄ =
(
ϕNx +ψx

N,TνN − λN
)
δxN +

(
ϕ0x +ψ

0,T
x ν0 + λ0

)
δx0

+

N−1∑
i=0

(
(H i

x +∆λi+1)δxi +H i
uδu

i
)

(33)

We then choose the co-state values and dynamics such that the variations in δx vanish, removing
the need to create a dependency between δx and δu. We now solve for the boundary conditions and
λ. The boundary conditions are

λN = ϕNx +ψx
N,TνN (34)

λ0 = −ϕ0x −ψx
0,Tν0 (35)

As we see, the equations mimic the continuous case. We now solve for the evolution of λ. We begin
by writing out the finite difference equation

∆λi+1 = −H i
x (36)

This equation reduces the augmented variation cost function to

δJ̄ =
N−1∑
i=0

H i
uδu

i (37)

which gives us the optimal control law as

0 = H i
u = Li

ui + f
i,T
ui λ

i+1 (38)

0 = Li
ui + (F i,T

ui − 0)λi+1 (39)

0 = Li
ui + F

i,T
ui λ

i+1 (40)

The equations are similar to to the continuous condition. However, as we will see there are some
fundamentally differences between the continuous and multi-stage formulation. To see the differ-
ences, we need to expand the finite difference equation for ∆λi+1.

∆λi+1 = −H i
x (41)

−∆λi+1 = H i
x (42)

−λi+1 + λi = Li
x + f

i,T
x λi+1 (43)

−λi+1 + λi = Li
x + (F i,T

x − IT )λi+1 (44)

λi = Li
x + (F i,T

x − IT )λi+1 + λi+1 (45)

λi = Li
x + F

i,T
x λi+1 − ITλi+1 + λi+1 (46)

λi = Li
x + F

i,T
x λi+1 (47)

Our indirect multi-stage derivation recovers and extends the result from Bryson and Ho. As we
have seen, taking a finite difference approach mirrors the continuous formulation and recovers the
classical results. We now explore some insights gained from this derivation.
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Indirect Multi-Stage Formulation Observations

One major value of the indirect continuous formulation is that the control law and dynamics
depend on information only at the current time. This feature (normally) allows us to eliminate
the controls and write the problem as an initial value problem that is a function of the states and
co-states. We can then use various methods to solve the resulting TPBVP[2].

In this section we will explore to see if there is an analogous approach for the multi-stage case.
Specifically, we are exploring to see if we can compute the states and co-states in the same direction
and if this offers any advantages. To do this we attempt to solve Hu as a function of λi. We begin
by solving for λi+1

λi = Li
x + F i,T

x λi+1 (48)

λi − Li
x = F i,T

x λi+1 (49)

F i,−T
x (λi − Li

x) = λi+1 (50)

λi+1 = F i,−T
x λi − F i,−T

x Li
x (51)

Subsisting this result into the condition for the optimal control law, we obtain

0 = Li
ui + F i,T

ui λ
i+1 (52)

0 = Li
ui + F i,T

ui (F i,−T
x λi − F i,−T

x Li
x) (53)

0 = (Li
ui − F i,T

ui F
i,−T
x Li

x) + F i,T
ui F

i,−T
x λi (54)

0 = (Li
ui − (F i,−1

x F i
ui)

TLi
x) + (F i,−1

x F i
ui)

Tλi (55)

So, for computational purposes we can write the co-state equations similar to an initial value. In
general, we cannot isolate and eliminate the control using this form. Therefore, using this form
requires having the controls, initial states, and co-states, and computing a matrix inverse. In the
prior form, where the co-states are computed backwards, we require the controls, initial states, and
co-states. Thus both forms carry the same information, but it is computationally more efficient to
compute the co-states backwards in stages.

This difference between the continuous and multi-stage co-state equations make logical sense if
we interpret the co-states as the change in the cost to go with respect to the states. From dynamic
programming, we recognize that the cost-to-go is readily computed working from the end to the
beginning, and we can show this relationship by starting with the terminal boundary conditions for
the co-states (assuming no terminal state constraints). We have

λN =
∂ϕ

∂xN
=

∂J

∂xN
= JN

x (56)

λi = LN−1
x + FN−1,T

x λi+1 (57)

λN−1 = JN−1
x = Li

x + F i,T
x

∂J

∂xN
(58)

With this formulation we can more clearly see the relationship to the cost-to-go and why the co-
states are computed backwards in stages. With a deeper understanding of the indirect multi-stage
formulation, we now derive the specific equations we will use and develop an algorithm for estimat-
ing the reachable and feasible set.
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FUEL MINIMUM EQUATIONS

In this section we begin by deriving the fuel-minimum optimal control problem using a multi-
stage formulation. The objective of this section is to derive the specific equations we use, discuss
how they will be used, and highlight interesting features and comparisons with other possible ap-
proaches.

The equations of motion we use in this paper are stated in an inertial frame with an arbitrary
origin

ẋ =

ṙv̇
ṅ

 =

 v∑
j −

µj

|r−rj |3 (r − r
j) + nT

n2
Tmag

c

 (59)

where µj is the gravitational parameter of the attracting body located at rj , T is the thrust vector
(magnitude and direction), Tmag is the magnitude of thrust, r is the position vector, v is the velocity,
n is the inverse mass, and c is one Earth gravity times the specific impulse. In Equation 59 we use
the inverse of mass in order to make the equations more linear, which eliminates negative powers
on the mass and makes the derivation and computation of Fx and Fu easier. The control vector is

u =

[
T

Tmag

]
(60)

We also separate out the control, T , associated with the position and velocity dynamics from the
control, Tmag used to track the inverse mass of the spacecraft. There are many possible formulation
we can use here. One formulation commonly used is, simply to have the controls be T , (no Tmag)
and the dynamics associated with mass be ṁ = − |T |

c . This formulation is non-differentiable when
T = 0 which is a well known issue[6] and has several mitigations. One approach is to write the
mass equation as

ṁ = −|T + ϵ|
c

(61)

where ϵ is a small (but not too small) positive number, thereby reducing accuracy but gaining nu-
merical efficiency. Another approach is to separate the magnitude and direction of the thrust vector,
which results in the control being written as

[
T̂

T
Tmag

]
, where T̂ is the unit vector of thrust.

Substituting the above into the dynamics we get v̇ =
∑

j −
µj

|r−rj |3 (r− r
j)+nT̂Tmag, resulting in

a cubic term that is counter to our goal. Because we are trying to get Equation 59 to be as linear as
possible, we choose Equation 60[6]. We will then apply a constraint to ensure the magnitude of the
thrust vector, |T |, is equal to Tmag. Although we use these dynamics in our examples, we do not
exploit any special structure associated with them. Therefore, any dynamical coordinate system or
frame should work, using our approach.

Optimal control problems also require a cost function. One of our goals is to compute fuel
minimum trajectories. There are several ways to write a cost function. All of the following forms
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are valid, and theoretically equivalent:

J = n (62)

J =
∑
i

∫
n2
Tmag

c
(63)

J =
∑
i

Tmag

c
∆t (64)

The cost function we will use is

J =
∑
i

T i
mag

ci
∆t (65)

We will discuss why we chose this particular form in the algorithm section of this paper. The
constraints we apply are |T | = Tmag and 0 ≤ |T | ≤ Tmax. These conditions require the thrust
must be less than the maximum allowable thrust, Tmax, and that the total thrust and Tmag be equal.
The latter requirement simply enforces the constraint that the thrust used to generate acceleration
be equal to the thrust supplied by the engine.

The Hamiltonian is then

H i = F iTλi+1 +
T i
mag∆t

ci
+ ν1(|T | − Tmag) + ν2(

1

2
T 2
mag −

1

2
T 2
max) (66)

The co-state equation is
H i

x = λi = Fx
iTλi+1 (67)

and the control law is defined by

Hu = 0 = Fu
Tλi+1 + ν1

[
T
|T |
−1

]
+ ν2

[
0

Tmag

]
+

[
0
∆t
c

]
(68)

The term F i
x is the state transition matrix at the end of the segment and F i

u is similar to the impulse
response matrix for linear systems. Defining Φ = Fx and Ω = Fu we can solve for them by
recognizing that u̇ = 0 and treating u like a state. The equations for Φ̇ and Ω̇ are[

Φ̇ Ω̇
0 0

]
=

[
∂ẋ
∂x

∂ẋ
∂T

0 0

] [
Φ Ω
0 I

]
(69)

The identity matrix in Equation 69 comes from the fact that ∂u
∂u is constant (u̇ = 0) and equal to the

identify matrix, which also results in the zeros on the left hand side. The specific forms of Φ and Ω
are

F i
x =

∂xi+1

∂xi
= Φ(ti+1, ti) =

∫ ti+1

ti

 0 I 0
∂v̇
∂r 0 T

0 0 2n
Tmag

c

Φ(t, ti)dt (70)

and

F i
u =

∂xi+1

∂ui
= Ω(ti+1, ti) =

∫ ti+1

ti

 0 I 0
∂v̇
∂r 0 T

0 0 2n
Tmag

c

Ω(t, ti) +

0 0 0 0
− diag(n) − 0

0 0 0 n2

c

 dt
(71)
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The initial conditions are Φ(i, i) = I and Ω(i, i) = 0.

Returning to our derivation and solving for the control law, we first solve Equation 68 for T
|T | =

T̂ , the thrust unit vector. This part of Equation 68 is

0 = FT
Tλi+1 + ν1

T

|T |
(72)

We rearrange and isolate T̂ .

−FT
Tλi+1 = ν1

T

|T |
(73)

−FT
Tλi+1

ν1
=
T

|T |
= T̂ (74)

By inspection we can see that ν1 must equal |FT
i,Tλi+1| in order for the right hand side to be a unit

vector, which gives us

T̂ = − FT
i,Tλi+1

|FT
i,Tλi+1|

(75)

and
ν1 =

∣∣FT
Tλi+1

∣∣ (76)

FT represents the columns of Fu that are associated with the T . We now need to solve for Tmag.
The equation for this is

F T
Tmag

λi+1 +
∆t

c
− ν1 + ν2Tmag (77)

We have already solved for ν1 and still have two unknowns, ν2 and Tmag but only one equality
equation. The second condition is the inequality constraint, 1

2T
2
mag − 1

2T
2
max ≤ 0.

We begin by assuming that the inequality constraint is binding (Tmag = Tmax) and solving for
ν2. We will then check if ν2 has a valid value (ν2 ≥ 0). If ν2 < 0 then the inequality constraint
is not binding and we set Tmag = 0 since the solution structure is bang-bang. We begin by setting
Tmag = Tmax, which gives us

F T
Tmag

λi+1 +
∆t

c
− ν1 + ν2Tmax (78)

Rearranging and solving for ν2 we obtain

ν2 =
ν1 − F T

Tmag
λi+1 − ∆t

c

Tmax
≥ 0 (79)

Because the cost function is linear in Tmag it is bang-bang making the equation for ν2 our switching
function. For the switching function, we care about preserving its sign and where it crosses 0. Thus
we are free to scale it arbitrarily, as the aforementioned conditions are met. We now can simplify by
removing Tmax since being a positive scalar factor does not change the sign or zero crossing. We
now have

ν1 − F T
Tmag

λi+1 − ∆t

c
> 0 (80)

Substituting in our solution for ν1 we obtain

|FTλ
i+1| − F T

Tmag
λi+1 − ∆t

c
> 0 (81)
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We now define SF , the value of the switching function, as

SF i,λN

= |FTλ
i+1| − F T

Tmag
λi+1 − ∆t

c
(82)

The control law, when SF i,λN
> 0, is now given as:

T = −Tmax
FT

i,Tλi+1

|FT
i,Tλi+1|

Tmag = Tmax

(83)

In the case when SF i,λN
< 0 the constraint is not binding and we set ν2 = 0, resulting in Tmag = 0.

We have now solved for the control law and the co-state equations and will use them to develop an
automated algorithm that can generate a feasible optimal trajectory to any reachable point.

REACHABLE, CONTROLLABLE, AND FEASIBLE TRAJECTORIES

In this section we derive an algorithm that can automatically generate near-optimal control laws
to the reachable (controllable) set and interior feasible points. In the previous section we derived
the equations for a fuel minimum optimal control using an indirect multi-stage formulation. We can
leverage these equations recognizing that a fuel minimum trajectory where the switching function is
> 0 over the entire trajectory is also on the reachable set. The fuel minimum formulation different
from distance based cost function[4, 8, 9] as it exploits the switching structure. Thus our use of
the switching function enables us to compute feasible fuel-optimal trajectories in addition to just
reachable trajectories.

Algorithm Overview

This subsection covers the formulation of our algorithm and expands on how we use the prior
equations to develop an algorithm to estimate the fuel-optimal control law along with the maneuver
envelope.

To start, we will integrate forward along a reference trajectory, then solve for the updated control
law backwards in stages. We can then apply this control law to estimate the reachable and feasible
states. This algorithm outline has two outstanding issues. First, how do we select the initial refer-
ence trajectory? Second, what co-state values should we select? We will address these questions in
order.

We begin by recognizing that there is a trivial solution to the optimal control problem we wrote.
That solution is λN = 0, T = 0, and Tmag = 0. We can see this simple solution by setting
λN = 0. From this we know the switching function, Equation 82 is equal to −∆t

c , meaning that
Tmag = 0 and T = 0. The last stage is unpowered or a natural trajectory. We can use Equation
67 to solve for the N − 1 stage. Equation 67 is linear in λ. Therefore, when λi+1 = 0, λi = 0.
From these results we deduce that when λN = 0, all λi = 0 resulting in Tmag = 0 and T = 0 for
all segments. Therefor, an unpowered or natural trajectory is a valid solution to the optimal control
problem we specified. The unpowered trajectory can act as our initial reference trajectory since it
is consistent and optimal. Our first issue of defining the reference trajectory is solved by setting
λN = 0, Tmag = 0, and T = 0 and integrating forward to obtain F x and Fu.
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The next challenge is to compute the updated control laws, which requires solving for the terminal
co-states. We will begin by explaining our solution, discuss why our particular cost function choice
makes it possible, and discuss how we can use this formulation to identify the maneuver envelope.

In order to determine what the terminal co-states should be, we begin by examining Equation 83,
which does not depend on the magnitude of the co-states just the unit direction. From a control law
perspective we can sweep over the unit ball of the co-states to identify all the thrust directions. This
procedure was used by Patel[10] to identify the reachable set. However, with our new formulation
we also have to check the switching function. We see that Equation 82 is affine in the co-states
meaning that as we scale up the magnitude of the co-states the switching function will become
positive until it is fully activated over all stages. A fully activated switching structure corresponds
with being on the reachable set. Trajectories where the switching function is < 0 for some stages
would correspond with solutions on the feasible set. Using this information, we can develop a
procedure for the co-states.

We first choose λN from a 6-dimensional unit ball, such that λn = 0 and |λN | = 1. λn is set
equal to 0 because we do not have a defined constraint for the state n. Rather, we allow n to be an
optimal value. Using λN we can then compute the thrust directions as defined by Equation 75.

The next step is to identify the magnitudes of |λN | that will cause a change in the switching
structure. To do this, we start solving and storing the switching values for a given λN on the unit
ball.

SF i,λN

= |FTλ
i+1| − F T

Tmag
λi+1 − ∆t

c
(84)

We can solve for the values of the co-states that make each segment of SF i,λN
= 0. We do this by

introducing a scaling factor, γi,λ
N

, on λ and setting each part of the switching function equal to 0.
Doing so gives us

0 = |FT (γ
i,λN

)λi+1| − F T
Tmag

(γi,λ
N

)λi+1 − ∆t

c
(85)

Collecting terms, we get

0 = γi,λ
N
(
|FTλ

i+1| − F T
Tmag

λi+1
)
− ∆t

c
(86)

Multiplying by c and rearranging we get

∆t = cγi,λ
N
(
|FTλ

i+1| − F T
Tmag

λi+1
)

(87)

Solving for γi,λ
N

we get

γi,λ
N

= ∆t
(
c
(
|FTλ

i+1| − F T
Tmag

λi+1
))−1

(88)

We can also write this equation in terms of the switching function as

γi,λ
N

= ∆t
(
cSF i,λN

+∆t
)−1

(89)

γi,λ
N

is the scaling factor that we can iterate over to obtain different switching structures and hence

different trajectories for a given λ̂
N

. In this formulation, λN = γi,λ̂
N

λ̂
N

. This equation addresses
our second question of how to select the terminal co-states, λN .

We can formally write out the algorithm, Algorithm 1, as

14



Algorithm 1: Feasible Set Algorithm

x0 ← initial conditions
t0 ← start time
dt← segment duration
Seg ← number of segments
T ← 0
i← 0
for (i = 0; i < Seg; i← i+ 1) do

xi+1,Fx
i,Fu

i ← F i(xi,T i, t0, t0 + dt)
t0 ← t0 + dt

end
N ← Number of sample points
for (j = 0; j < N ; j ← j + 1) do

i← Seg − 1

λSeg ← from unit ball
for (i = Seg − 1; i ≥ 0; i← i− 1) do

T i,j ← Equation 83
λi ← Equation 67
γλ

Seg ,i ← Equation 89
end

end
for ∀λ̂ ∈ λSeg do

for ∀γ ∈ γSeg,i do
λ← γλ̂
SFSeg,i ← Equation 82

end
xλ

Seg ,γSeg,i ← Trajectory using activated T profile and SFSeg,i

end

Revisiting the Cost Function

The algorithm and procedure we defined heavily depends on the linearity of many equations and
being able to scale the co-states by a positive factor for all stages. We now revisit the various cost
function options we had to highlight why the other options are not useful.

For Algorithm 1 to work, we require that Equation 67 be linear and not affine. We also require
that we can arbitrarily scale λN by a positive factor. If we had used Equation 63, then Equation 67
would become, H i

x = λi = Fx
iTλi+1 + Lx and no longer be linear because it contains an affine

term due to the state dependency. When we attempt to solve for an arbitrary λi, we get a solution
of the form

λi =
(∏

F Tj
x

)
λN +

∑(∏
F Tj−1
x Lj

x

)
(90)

When this equation is plugged into the switching structure it results in a form that is much more
complicated.

The Mayer form, Equation 62, results in a terminal boundary condition of λn = 1. Given our
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solution procedure, having a known condition would appear beneficial. However, Equation 67 then
becomes

λi =

(
i∏

N−1

F jT
x

)(
κ

[
I 0
0 0

]
+

[
0 0
0 1

])
λN (91)

This form is easier to handle, although it also makes solving for κ in the switching structure more
complicated. While all these forms are theoretically equivalent, we see that the Lagrangian with
the states and the Mayer form both result in a more complicated set of equations for the switching
function and the co-state dynamics. For these reasons, we used Equation 65 as our cost function.

INITIAL BOUNDARY CONDITIONS

Our approach can also accommodate various initial boundary conditions. In this section, we
derive various initial constraints to demonstrate that they can be analytically incorporated into the
algorithm. The initial constraints we consider are position and/or velocity uncertainty with ellipsoid
uncertainty[4] and ∆V maneuvers. In our previous work[10], we made simplifying assumptions
since we were only concerned with the reachable/controllable set. For this paper, we remove those
assumptions to account for interior points and the reachable/controllable boundary.

Earlier we derived how to account for initial constraints as well as initial costs. In this section,
we exploit another feature of indirect multi-stage formulations. While the states must be consistent
across the stages, the dynamics do not have to be, nor does the cost function.

Initial Hamiltonian For Additional Constraints

We begin by defining the dynamics, controls, and the Hamiltonian that converts the reference
trajectory (0) to the optimal initial states (0+) as

r0+v0+
n0+

 =

r0v0
n0

+

I 0 0 0
0 I I 0
0 0 0 1



δr
δv1
δv2
δn

 (92)

where [δrδv1δv2δn] are controls that represent the changes in position, change in velocity (∆V ),
and change in inverse mass. δr and δv1 are associated with the ellipsoid uncertainty constraints,
whereas δv2 and δn are associated with the ∆V inequality constraint. This approach is flexible and
can be used to handle a wide variety of constraints.

Next, we need a cost function that accounts for the mass consumed in order to be consistent
with the overall problem formulation. We write the cost function as the mass consumed rather than
simply ∆V because we want the proper weighting between all the segments.

L0+ = m0 −m0e
−∆V

c (93)

This leads to a Hamiltonian expressed as

H0+ = λT


r0v0
n0

+

I 0 0 0
0 I I 0
0 0 0 1



δr
δv1
δv2
δn


 +m0 −m0e

−∆V
c +

∑
i

νiCi (94)
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Ellipsoid Uncertainty

We write the constraints for the ellipsoid uncertainty for position and velocity as

1

2
δrTErδr −

1

2
r20 = 0 (95)

1

2
δvT1 Erδv1 −

1

2
v20 = 0 (96)

In Equation 95 and Equation 96, δr represents the change in the position and velocity, respectively,
from the initial conditions. Solving for δr we get

Hδr = 0 = λr + ν1Erδr (97)

δr = −ν1E−1
r λr (98)

0 =
1

2
r20 −

1

2

λTr E
−1
r λr
ν21

(99)

ν1 =
λTr E

−1
r λr
r20

(100)

δr = −r0
E−1

r λr√
λTr E

−1
r λr

(101)

If we follow the same steps, we get δv1

Hδv1 = 0 = λv + ν2Evδv1 (102)

δv1 = −v0
E−1

v λv√
λTv E

−1
v λv

(103)

Initial Instantaneous Maneuver Inequality Constraint

The equations for an initial ∆V maneuver are

1

2
δvT2 δv2 −∆V 2

max ≤ 0 (104)

δn− 1

m0e
−∆V

c

+
1

m0
= 0 (105)

In these equations, δv2 is the change in velocity associated with the ∆V maneuver, and δn is the
change in 1

m due to the ∆V maneuver. For the following equations, ∆V = |δv2|.

Hδv2 = 0 = λv +
δv2
∆V

m0

c
e−

∆V
c + ν3δv2 + ν4

δv2
∆V

1

m0c
e

∆V
c (106)

Hδn = 0 = λn + ν4 (107)

This formulation gives us ν4 = −λn. Letting m+ = m0e
−∆V

c we can transform Equation 106 into

0 = λv −
δv2
∆V

m+

c
+ ν3δv2 + ν4

δv2
∆V

1

m+c
(108)
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A solution process with an inequality constraint will first assume the constraint is binding (treat the
inequality as an equality constraint) and then check to see if ν3 ≥ 0. If not, we then set ν3 = 0 and
solve. Applying this process and substituting in, ν4 = −λn and ∆V = ∆Vmax, we get

0 = λv +

(
m+

∆Vmaxc
+ ν3 − λn

1

∆Vmaxm+c

)
δv2 (109)

We can extract δv2 and by inspection see it must be parallel to λv and have a magnitude equal to
∆Vmax, which gives us

δv2 = −∆Vmax
λv
|λv|

(110)

Next, we need to solve for ν3. To do this, we see that the term inside the parenthesis from Equation
109 must be equal to |λv |

∆Vmax
. Using this fact, we obtain

|λv|
∆Vmax

=
m+

∆Vmaxc
+ ν3 − λn

1

∆Vmaxm+c
(111)

Solving for ν3 we get

ν3 =
|λv|

∆Vmax
+

λn
∆Vmaxm+c

− m+

∆Vmaxc
≥ 0 (112)

Since we care to know only if ν3 ≥ 0 rather than its actual value we can further reduce this condition.
We multiply the right hand side by ∆Vmaxm+c and get

−m2
+ + |λv|m+c+ λn ≥ 0 (113)

If this condition is true, then the constraint is binding and Equation 110 is the optimal solution. If
Equation 110 is not true then the constraint is not binding and we set ν3 = 0 and resolve getting

0 = λv +

(
m+

∆V c
− λn

1

∆V m+c

)
δv2 (114)

We then pull out ∆V and solve for ˆδv2

0 = λv +

(
m+

c
− λn
m+c

)
δv2
∆V

(115)

δv2
∆V

= − λv
|λv|

(116)

This equation means that the term inside the parenthesis must equal |λv|.

|λv| =
(
m+

c
− λn
m+c

)
(117)

We can now solve and get

0 =
m+

c
− λn
m+c

− |λv| (118)

0 = m2
+ − |λv|cm+ − λn (119)
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Applying the quadratic equation and solving for m+ we obtain

m+ =
|λv|c±

√
|λv|2c2 + 4λn

2
(120)

Because we are maximizing m+, thus minimizing fuel consumed, we take the positive sign and can
now solve for ∆V giving us

∆V = −c ln

 |λv|c+
√
|λv|2c2 + 4λn

2m0

 (121)

δv2 = c ln

 |λv|c+
√
|λv|2c2 + 4λn

2m0

 λv

|λv|
(122)

We show that our formulation remains analytic and avoids the need for iterative numerical meth-
ods under a variety of initial boundary conditions from uncertainty in position/velocity to potential
∆V maneuvers. This important result allows for the rapid and automatic estimation of all feasible
trajectories without risking numerical failures. Finally, we note that because our new (0) depends
only on the co-states at (0+) our prior algorithmic assumptions regarding linearity and the switching
function are valid. If we also had a stage before (0), our assumptions would be violated.

EQUATIONS FOR 2-NORM COST FUNCTION

In this section, we derive the equations using a ||.||2 and discuss the implications and value of this
formulation for automated spacecraft maneuvers.

We begin by defining the Hamiltonian with the 2-norm.

H i = F iTλi+1 +
1

2
T 2
mag + ν1(|T | − Tmag) + ν2(

1

2
T 2
mag −

1

2
T 2
max) (123)

Following the same procedure as before, we obtain the control. The control law has the same form
as that for the fuel-minimum formulation.

Hu = 0 = Fu
Tλi+1 + ν1

[
T
|T |
−1

]
+ ν2

[
0

Tmag

]
+

[
0

Tmag

]
(124)

T̂ = − FT
i,Tλi+1

|FT
i,Tλi+1|

(125)

where
ν1 =

∣∣FT
Tλi+1

∣∣ (126)

We now solve by first assuming the constraint is binding. We assume that Tmag = Tmax then solve
for ν2.

0 = F T
Tmag

λi+1 − ν1 + (ν2 + 1)Tmax (127)

ν2 =

∣∣FT
Tλi+1

∣∣− F T
Tmag

λi+1

Tmax
− 1 > 0 (128)
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If ν2 is greater than 0, then Tmag = Tmax. Otherwise,

0 = F T
Tmag

λi+1 − ν1 + Tmag (129)

0 = F T
Tmag

λi+1 −
∣∣FT

Tλi+1
∣∣+ Tmag (130)

Tmag =
∣∣FT

Tλi+1
∣∣− F T

Tmag
λi+1 (131)

This formulation results in a similar structure and we can employ the same technique to sweep over
a range of λN values to generate a map of the feasible set. A more practical and computationally
efficient approach is to begin by setting Tmag to Equation 131, and then if Tmag > Tmax let Tmag =
Tmax.

Applicability for Automated Spacecraft Maneuver

The ||.||2 norm has features that make it useful for automated spacecraft maneuver. Recall that for
the fuel-minimum formulation, we skipped over when the switching function would hit a 0. We did
this because we cannot easily solve for the control when it is 0, which would require taking addi-
tional partials. The implication is that the fuel-minimum formulation is useful for many applications
but not for rapid automated spacecraft maneuvers.

The ||.||2 ameliorates this issue, as we can cleanly recover the control law for any co-state value.
Since the ||.||2 uses the same algorithm it is fast and efficient and therefor a prime candidate for use
in automated spacecraft maneuver applications.

CONCLUSIONS

We developed a fast and efficient algorithm for computing the reachable set, including the fuel-
optimal control law, for electric propulsion missions. Our approach does not require an initial guess,
thus making it useful in automated applications. In our paper, we exploited the link between fuel-
optimal and time optimal trajectories and leveraged an indirect multi-stage formulation, which is
not commonly used in aerodynamics. This approach allows our single algorithm to compute the
reachable set and other feasible trajectories. We show that our approach can accommodate various
initial boundary including ∆V maneuvers and ellipsoid uncertainty, making it useful for many
other applications. We also derive the ||.||2 version, which is particularly well suited for automated
spacecraft maneuver.
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