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ABSTRACT 

Transformation equations for obtaining the 

elastic and piezoelectric coefficients of a 
crystal in a rectangular coordinate system ro­
tated with respect to the crystallographic 
axes are given. The case of a general rotation 
about the three principal axes, and the special 
case of a rotation about a single axis, are 

treated. 

PROBLEM STATUS 

This is a final report on a small portion 
of the larger problem; work on the lar ger prob• 

lem still continues. 

AUTHORIZATION 

NRL Problem No. S01-09R. 
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TRANSFORMATION OF CRYSTALLOGRAPHIC ELASTIC AND 

PIEZOELECTRIC COEFFICIENTS 

INTRODUCTION 

For most applications, crystal plates and bars assume orientations that 
are rotated with respect to the crystallographic axes. Hence it becomes 
expedient to derive formulae by which the elastic and pie%oelectric coeffi­
cients in the transformed system are related to those in the original one. 

. 1 2 
Voigt and Cady have given expressions for several elastic and pie%o-

electric coefficients for various rotations . The relationships presented in 
this article comprise a complete list of expressions for general rotations 
and for particular rotations about each of three principal crystallographic 
axes. 

We shall consider our original crystallographic system as a right-handed 
system specified by the axes X, Y, and Z. The transformed system after a 
rotation about any or all of the axes will be the new system X1

, Y1
, and 2

1
• 

Direction cosines relating the two are given by the following table . 

X 
I v' z' 

X a /31 'Y 1 1 
y a /3 2 'Y 2 2 

z a 
/33 'Y 3 s 

The angle of rotation is taken as positive wh~n it appears counter­
clockwise to an observer looking back toward the origin from the positive 
end of the axis of rotation. 

1
W. Voigt, Lehrbuch ~ Kristallphy1ik, Teubner, Leip%ig, pp. 590-596, 838, 
and 840 ( 1910) . 

2 
W. G. Cady, Piesoelectricity, McGraw-Hill, pp. 70-79 end 194-196 (1946). 

1 

<,r 
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ELASTIC RELATIONS 

The stress matrix Twill be written as 

X I y I 

X y 
z I 

2' 
Y, 

2' 
Z I X} 

X y 

The first three terms of the column matrix denote the normal stress com-
ponents; the latter three, the shearing stress components. 
the strain matrix Sis 

In like manner, 

where the first three are normal strains and the latter shear strains. 

Since the strain in an elastic body is proportional to the stress, 

S= s T 

wheres, the matrix of elastic compliance coefficients i s written as 

s s s s s s 
11 12 13 14 115 18 

s s s s s s 
21 22 23 24 2 5 28 

s s s s s s 
31 32 33 34 35 36 

s= [ shj] 
s s s s s s 

41 42 43 44 45 46 

s s -S s s s 
51 15 2 153 154 515 58 

s s s s s s 
81 62 63 84 815 66 

Here s = s yielding a total o·f 21 comp! iance co e f f i c i en t s . Also 
hj jh 

T= C s (1) 

where C is the matrix of elastic stiffness co efficients, and can be written 
as 

C C C C C C 
11 12 13 14 115 U! 

C C C C C C 
21 22 23 24 2 15 26 

C C C C C C 
31 32 33 34 36 36 

c= [ C ] C C C C C C 
hj 41 42 43 44 45 48 

C C C C C C 
51 152 53 54 155 66 

C C C C C C 
81 82 63 64 615 68 
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3 
Analogously, C ; C giving 21 stiffness coefficients . 

h j jh 

Relating T a nd s in the n e w axial system to t h e old o ne , we have 

T' AT or T A-1 T' ( 2a) 

and s ' A- 1 S A s1 or s ( 2b) 
t t 

- 1 follows: where A and A are given as 

2 2 2 2a a 2a a 2a. a a a a. 
1 2 3 2 3 3 1 1 2 

/32 
1 

/32 
2 

/32 
3 

2/3 /3 
2 3 

2/3 /3 
3 1 

2/3 /3 
1 2. 

A= 

2 

,,1 

2 
y 2 y: 2y y 

2 3 'l:y3y1 'l:y1 ,,2 

/3 y {32y2 /3 y /32 o/3 /33 % /31 Y2 
1 1 3 3 +/3 y +p y + /3 y 

3 2 1 3 2 1 

'Y CL y 2a 2 ,'Sa3 'Y2 0.3 ,'30.1 Y1. a.2 
1 1 

Ty a. +Ya. +Y a. 
S 2 1 3 2 1 

a.J31 a /3 
2 2 

a /3 
3 3 

a. /3 
2 3 a 3/31 a. /3 

1 2 

+a. /3 
3 2 

+a /3 
1 s 

+a. /3 
2 1 

2 
/32 

2 
2131 ,' 1 

2y a. 2CL /3 a yl 1 1 1 1 1 1 

2 /32 2 2/3 y 2y a. 2a. /3 a y2 2 2 2 2 2 2 2 2 

2 /32 2 
2 /33'Y3 2a /3 a 'Y 3 

2 -y a. 
3 3 3 3 3 3 

· 1 a a /3 2 /3 3 'Y/Y3 /3 2'Y3 
y a. a. 2/3 3 A = 2 :l 2 3 

+/3 'Y 
3 2 

ry a. 
3 2 

+a /3 
3 2 

a. a /3 3 /31 'Y3 ')'1 /33y1 -y:la.1 a. /3 
3 1 3 1 

+/31 y 3 +yl a.3 +a /3 
1 3 

a a 131/32 'Y/Y 3 /31 ,,2 ')'1 a. 2 a /3 
1 2 1 2 

+/32 ,,1 +y2a.1 +a /3 
2 1 

At 
-1 

and At are written by transposing A and A- 1 respecti v el y. A matri x is 

transposed b y interchanging the rows and columns . 

3 
The term "elastic compliance coefficient" used to designate the s y mbol 

'hj and the term •• elastic stiffness coefficient" used to de s i g nat e the t erra 

chj follow the terminology used by Cady, op. cit . , p . 49 . 

<:-

~ 
r-
:, 
<,,< 
,., 

--r 
... 
t·. 
c::. 
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From (1) and ( 2) 

Tl 1 
= Ac Ats (3) 

I I SI but T C (4) 

I 
whence C Ac At (S) 

In like manner, the matrix of compliance coefficients in the transformed 
system will be related to s by 

PIEZOELECTRIC RELATIONS 

I 
s (6) 

When a crystal is subjected to a mechanical stress in the absence of an 
electric field, a polarization is set up according to the equation 

P = d T (7) 

where Pis the polarization matrix, T the stress matrix, and d the matrix of 
the piezoelectric strain coefficients. (See footnote 4, p . S.) More explicitly 

p {p x' 
p 

' Pz} y 

and 

d d d d d d 
11 12 1 3 14 15 16 

d = [dhk]= d d d d d d 
21 22 23 24 26 26 

d d d d d d 
31 32 33 34 36 36 

where d yJ d 
hk kh' 

A rotation of axes will yield a transformed polarization P
1
related to P 

by 

p' = a P (8) 

where 

=~a: 

a 

;:] 2 

a /32 , 

o/1 ')'2 y3 

a, ~. and y denoting the direction cosines as before. The stress components 
of the original unprimed system will be related to those of the transformed 
or primed system by (2a). 



s 

Combining ( 7 ) . (8), and ( 2a) we h ave 

p t a d A·1 Tl (9) 

But 
p ' d ' T ' (10) 

I A-1 (11) whence d = a d 

In like manner, we may obtain an expression for e, the matrix o f p iezo• 
electric stress coefficients.

4 
Polarization and strain are r e l a ted ac­

cording to 

We write 

where 

lated 

e 
hk 

to 

1 e 

those 
( 12), we have 

The 
kh 
of the 

p e S. 

e e 
1 1 12 

e 
= thk] 

= e e 
21 22 

e e 
91 32 

strain components o f 

transformed system by 

a e A S
1 

t 

But 

so that 

ELASTIC TRANSFORMATION 

I 
e 

Rotation About All Three Axes 

(12) 

e 0 e e 
1 3 1 4 15 16 

e e e e 
28 2 4 26 26 

e e e e 
s s 34 35 36 

the orip;inal system wi 11 be re-

( 2b ). Combining ( 2b ) , ( 8) a nd 

(13) 

(14) 

(15) 

, 

The generalized expressions for the transformed elastic compliance s are 

given as follows: 

( : 

:.--.. 
(" 

r· 
:, ... , ... , 
~·, 
r·r' 
q 

4 The term "piezoelectric stress coefficient" for the symbol ehk and the t e rm 
• •}>iezoelectric strain coefficient" for the symbol dhk follow the terminology 

suggested by Cady , op. cit., p. 183. 
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I 
s 

I 
s 

= a.4 s +••+a.2 a.2 (2s + s ) + 
11 1 11 1 2 12 66 

+ 2a. 2 a. 
1 2 

a. 
s 

ti ) +·. 
15 e 

+ 2a. s ( a. 
1 2 

s +a. s )+·· 
18 3 15 

4/r 2 = ~ s +··+ (/3 ~ + 44 
1 / 1 11 2 / 3 s 

44 

+ 4/3 'Y [ ( /3 ~ + /3 ~ ) + ( R ~ + 
1 1 2 /s 3 1 2 

5
14 ~1 /3 

/3 ,, ) s ] +·. 
2 1 18 

I 
s 

12 

a. /3 ) 
3 1 

s + (a. /3 + 
15 1 2 

s' = 2a.21 Rt o/1 s +·· + a. a. (/3 Y + /33 o/ )s +·• 
14 ~ 11 2 3 2 3 2 44 

2 /3 + 2(a. ,, + 
1 2 _2 

a. /3 'Y ]• +·· 
3 1 1 14 

a. /3 y ]s +·· 
3 1 1 15 

+ ra.21 (/3 Y + I.: 1 2 
a. /3 'Y ]• +·· 

2 1 1 18 

s 
1 5 

2a.
3 

'Y s +••+ a. a. (a. ,' + a. o/ )s +•• 
1 1 11 2 3 2 3 3 2 44 

s 
16 
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+ 2a. a. ( a. 'Y2 + a. 'Y1) 9 12 
+· 

1 2 1 2 

+ [ a.2(a. + y )+2a 'Y1]•14 
+ •. 

'Y3 
a a CL 

1 2 3 2 1 2 3 

+ 
2 + + ( a. + 'Y ) s ~+ •• a. [< a. 'Y 3 

3a. 'Y1) 9 1e; 'Y 2 3a. 
1 1 3 1 2 1 1 

s 
1 6 

I 

S55 

+ 
ra. 1 

a. ( a. 'Y 3 
+ a. 'Y )+a. a. ( a. 'Y 2 

+ a. 'Y 1 ) ] s +·. 
2 1 3 1 1 3 1 2 66 

3 
/31 S 1 1 +··+a. 2 

a (a /3 + a. /3 )s +·· 2 a. 1 3 2 3 3 2 4 4 

+ 2a. a. ( a. /3 + a. /3 )s +· 
1 2 1 2 2 1 1 2 

+ [ a.2( a. /3 + a. /3 ) + 2a. a. a. /3 ]s +·· 
1 2 3 3 2 1 2 3 1 1 4 

+ 
2 

[< a.1 /3'J + /3 ) s + (a /3 + 3a. /3l)su,] +·. a. 3a. 
1 3 1 16 1 2 2 

+ [ a. 1 a. (a. /3 + a. /3 )+ a. a. (a. /3 + a /31) ] s +·. 
3 1 2 2 1 1 2 1 3 3 156 

= 4 a. 
2 /3 y s + • •+(a. 'Y + a. Y )( a. /3 + a /3 ) s + • • 
1 1 1 1 1 2 3 3 2 2 3 :l 2 44 

s +. 
1 2 

+2 [ C. 1 /31(0.2 y + a. y )+ a. y (a /3 + a B )Js +· • 3 3 2 1 1 2 3 3 2 14 

+2 [a /31 (a. y + a y ) + a. 'Y ( a /3 + a /31)] s +·. 
1 1 3 3 1 1 1 1 3 3 15 

+2 [ a. l /31 (a.l 'Y + a. 'Y1) + a. 'Y1 (a.1 /3 + a. ,81) J s +·. 
2 2 1 2 2 18 

+ [< °i 'Y + a. y )(a. ,8 + a /3 )+(a. 'Y + a y ) 
3 3 1 1 2 2 1 1 2 2 1 

( a. 
1 

,8 + 
3 

a. ,8 )]s +·. 
3 1 156 

Each missing term denoted by a dot is obtained from the term just pre• 
ceding by raising the subscripts of the compliance coefficients and of the 
direction cosines by one step, i.e, 2, 3, 1, 5, 6, 4 are written in place 
of 1, 2, 3, 4, 5, 6, 

Employing this rule, we may, 
as follows: 

for example, writes 
12 

in complete form, 

<:: 
~ 

{' 

r-
:i 
~ 

,., ... , 
..,, 
...,. 
n-
<t: 

I 
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I 
s 

12 

2 /32 = a s 
1 1 11 

+ a 
1 

/3 /3 + /32 
2 :; 1 

131 /32+ ~ 

s 
22 

a a)s 
2 :f 14 

+(a /3 + a /3 )s +(a /3 
1 2 2 1 16 2 S 

• 44 

ff a a )s 
2 1 3 25 

+ a /3 f(a /3 + a /3 ) s +( a /3 + a /3 ) s +( a /3 + a. /3 ) s ] 
2 2~ 2 1 1 2 26 2 3 3 2 24 3 1 1 3 46 

A cyclical permutation of the direction cosines and of the subscripts of 
the primed compliance coefficients according to the table below will yield 
equations for all 21 transformed constants. 

TABLE I 

SUBSCRIPTS OF PRIMED COEFFICIENTS :HRECTION COSINES 

11 44 12 14 15 16 56 a /3 

22 55 23 25 26 24 46 /3 y 

33 66 13 36 34 35 45 y a 

1 

As an illustration, the exp~ession for s is obtained by 
I 

13 

the 21 terms of the s equation, as was done above, end then 
12 

y for a end a for /3. Thus we have 

1 
s = 

13 
a2y2s + a2y2s + a.23Y23s33 + a a y Y s 

1 1 11 2 2 22 2 3 2 3 44 

2 2 2 2 + a a y y s + a a y y s +(a y + a y )s 
1 3 1 3 &6 1 2 1 2 66 2 1 1 2 12 

y 

a 

/3 

first writing 

substituting 
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+ a y [(a y + a y ) s +(a y + 
1 1 3 1 1 3 18 2 1 

a y )s +(a y + 
1 2 16 3 2 

a y )9 ] 
2 3' 5e 

+ O\Y2[(a1y2 + a. Y )s +(a y + a y )s +(a y + a y )s J 
2 1 26 3 2 2 3 24 1 3 3 1 48 

+ a3ys [(a2y3 + a y )s +(a y + a y )s +(a y + 
3 2 34 1 3 3 1 36 2 1 

a. 'Y )s ] 
1 2 4 !5 

' The rules following the s expre!l!lion are applied in similar manner to 
66 

the transformed equations for the elastic stiffness coefficients. These ex~ 

pressions are given, as follows: 

I 
C 

1 t 

I 
C 

44 

c' 
12 

I 
C 

14 
= 

4 2 2 )+·. a C +• • + 2a. a (c + 2c 
1 11 1 2 12 66 

+4a 3 
(a + +·. C a C 

1 3 15 2 16 

+4a 2 
a. (c + 2c 

66) 
+·. a 

1 2 3 14 

/32 2 
C +• •-f 2/3 /32 y1 

+·. 
yl 'Y 2 

C 
1 11 1 1 2 

+(/32 y + /3 7 2/ c44 +··+ 2/3 'Y [(/3 Y + /3 Y )c 
3 3 1 1 2 S 3 2 14 

a
2 /32 

c +•·+4a a /3 /3 
1 1 11 2 3 2 3 

C + • • 
44 

+(a.2 /32+ a.2 /32 + + 2 )c • • 2(a 
1 2 2 1 12 1 

/3 f3+a 
2 3 2 

+2(a. /3 + a /3 )c ]+• • 
2 3 3 2 68 

2 
a.3(/32 7 s + /33y2)c44 al /31 o/1 

C + • • +2a + •• 
11 2 

+(a.2 /3 2 
y + 

2 /3 y )c +· ·+ [a: (/32-ys+ /33y2) a 
1 2 2 1 1 12 

+2a a 13 1 'Y 1 ] C + •• 
2 3 14 

+(< (/31 
y + /3 3 

'Y )t 2a a. /31 Y1)
1\a + •• 

3 1 1 3 

+[0.: (/31 
y + 

/32 
y )+ 2a. a 

/31 y Jc + • • 
2 1 1 2 1 18 

+2 [ CL a (/3 )'2+ /32 )'1)+ a 
a.2(/31 Y/ /3 'Y ']c +•· 

1 3 1 1 3 1 58 

,c· 
~, 
< 
,.., 
:,. .. 
~ 

~-, 
r 
ic:: 



I 
C 

15 

I 
C 

16 

I 
C 

56 

= a 3 y c +··+ 2a a (a y + a Y )c +•• 
1 1 11 2 3 2 3 3 2 44 

+ a a (a y + a y )c +·· 
1 2 1 2 2 1 12 

+ r a 2 
( a -v + a y ) + 2a. a a y ] c + • • 

~ 1 2 /3 3 2 1 2 3 1 14 

+ a 2 r,( a 'V + Ja o/ ) C t ( a o/ + 3a, o/ ) C ] + • • 
1 ~ 1 /3 3 1 15 1 2 2 1 16 

; a 3 f3 ~ +· •+ 2a a (a /3 + a /3 )c +·· 
1 1 11 2 3 3 2 2 3 44 

+ a a (a /3 + a /3 )c +·· 
1 2 1 2 2 1 12 

+ [ a 2 
( a f3 + a /3 )+ 2a a a /3 ] c + • • 

1 3 2 2 3 1 2 3 1 14 

+ a
2 f( 3a /3 + a /3 ) C +( 3a /3 + a /3 ) C ]+ • • 
1 ~ s 1 1 s 1s 2 1 1 2 1e 

C + •• 
56 

+ • • 

2 
/31 

+ • • + (a y + a 'Y2) (a2 /33 + a /3 )c + .. a y1c11 3 2 44 1 2 3 3 

+a a (/3 y + /3 y)c +•• 
1 2 2 1 1 2 12 

+ 
[al /31 ( a 2 'Y + a o/2) + a Y1(a2 /3 + a /32)] C + •• 

3 3 1 3 3 14 

+ 
[al /31(as y + a o/3) 

+ a o/1 (a.3 /3 + a /3 3)] C + •• 

1 1 1 1 1 16 

+ [a.1 /31(a.1 y2+ a y ) + a o/1 (al /32 t a /31)] C 
+ •• 

2 1 1 2 16 

+ [( al y + a y1 ) (a.1 f3 + a /3 ) + (a. y2 + a y) 
3 3 2 2 1 1 2 l 

(a /3 + a /31)] C +• I 
1 3 3 66 

Rotation About a Single Axis 

All expressions for a rotation about a single axis are found from the 
general eQuations given above by assigning proper values to the direction 
cosines. 

For a rotetion through an angle 0 about the X axis, the direction cosines 

reduce to: 



a a 1 
1 

a = a /3 = y ~ o 
2 3 1 1 

/3 0 s C 2= y3= cos 

/3 = ·Y = s i n 0 = s 
3 2 

Thus, the elas t ic compli a nce coefficients will become:.. 

I 

s 
11 

s 
12 

s 
1 8 

s 
14 

s 
15 

s 
1e 

s 
22 

s 
23 

s 
24 

s 
25 

s 

s 

I 
s 

26 

33 

34 

s 
35 

s 
36 

= 

= 

= 

= 

= 

s 
1 1 

2 
+ 

2 
+ C s s s cs s 

12 13 14 

2 
+ 

2 
s s C s -cs 3 

12 13 14 

+ 
2 2 

2cs(s -s) (c - s )s 
19 12 14 

cs - J s 
1 5 1e 

s s + C s 
1 5 1e 

4 
+ 

2 2 
+ s ) + 

4 
+ 2cs 

3 
+ C s C S ( 2s s s s 

ll2 2S 44 33 34 

2 
C 

3 
C 

3 
C 

4 
s 

2 
s ( s + 

~2 
s 

33 

4 
S ) t ( C 
44 

2 2 
+ cs(c -s )(2s 

23 

2 2 2 
+ s ( 3c - s ) s 

34 

+ 
2 

s(s -s ) +cs 
2 

s C 
25 46 28 

+ 
2 

+ + s C s ( S 2 5 346) s 
26 

+ 2 2 
s C 

3 
(s -s ) · s s 

35 46 36 

3 
+ 

2 
s cs ( s + s 

315 36 45 

3 4 3 
s + C s -2c s s 

3 
2csS 

) 

22 
s ( 2s + 

23 
s )-2cs 

44 24 33 34 

2 2 2 2 2 
- cs(c -s )(2s +s ) + s (3c -s )s 

23 44 24 

3 2 2 2 
+2c s s + c (c -3s ) 

33 
5

34 

2 3 
cs (s +s )·s s + 

25 46 26 

3 
C s ·C 

35 

2 
s(s + s ) 

38 45 

3 
C S 

se 

s 

2 2 2 2 2 
s 4 c s (s + s •2s )+ (c -s ) s + 4cs(c2 -s2)(s -s ) 

44 22 33 23 4 4 3 4 2 4 

11 <: 
::; 
<"' 
r 
:t: 
< 
'1 

r 
~ 

24 
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2 2 2 2 
s 2c s (s -s ) + 2cs (s -s ) + (c -s )(cs -ss ) 

45 35 25 28 38 45 48 

I 
s 

46 

I 
s 

55 

s 
58 

s 
ea 

2 2 2 2 
2cs (s •s ) + 2c s(s -s ) + (c -s )(s s +cs ) 

35 25 36 28 45 46 

2 2 
cs(s -s )+(c•s)s 

55 ea se 

s 
58 

The elastic stiffness coefficients for a similar rotation about the 
X axis will become: 

C C 
11 11 

I 2 + 2 + C = C C s C 2cs 
12 12 13 

I 2 2 
C s C + C C -2cs 

13 12 13 

cs(c -c ) + C = (c 
14 13 12 

c c·c - s c 
15 lfj 16 

c
1 

SC + CC 
16 16 18 

I 

C 
22 

C 
14 

C 
14 

2 2 
-s )c 

14 

I 
C 

2 2 4 
C S ( C + C - 4c ) + ( C + 

23 22 33 44 

2 2 
+ 2c s (c + 2c ) 

23 44 

4 • 2 2 
s )c + 2cs(c -s )(c -c ) 

23 34 24 

I 

C 
24 

3 
~cs 

2 2 
c + cs(c -s )(c + 2c ) + 

22 23 44 

3 
CS C + 

33 

2 2 2 
c (c - 3s ) C 

24 

C 
26 

C 
28 

I 

C 
33 

I 

C 
34 

+ s 2 (3c 2 -s2 )c 
34 

s + 2 3 + 2 
C C cs (c -2c )•s c C s(2c -c ) 

25 35 46 36 45 2 a 

3 + 3 + 2 + 2 
C C s C cs ( C 38 2c 

45) 
+ C S( C + 2c 48) 28 36 26 

4 + 2 2 3 3 4 
s C 2c S ( C + :2c )-4 cs C - 4c s C + C C 

22 23 44 24 34 33 

3 2 2 3 
-cs c -cs(c -s )(c + 2c ) + c s 

2 2 2 
c+s(3c-s)c 

22 23 44 33 24 



13 
C 

I 2 
(c + 

3 + 3 2 + C = cs 2c )-s C C C -c s( C 2c 45) !35 25 40 20 35 30 

' 3 + 2 + 3 + 2 
C = s C cs (c -2c ) C C C s( C -2c 48) 30 25 20 45 :38 :3 IS 

I 2 2 2 2 
e = C S ( C + C - 2c ) + 2cs(c -s )(c -c ) 
44 22 33 23 34 24 

+ 2 2 2 
(C -S ) C 44 

I 2 + 2 
S( C - C )+( C 

2 2 
C = cs (c -c ) C - S ){ C C -s c40) 46 26 36 35 25 45 

2 2 2 2 
c cs (c -c ) + c s(c -c )+(c -s )(s c +cc) 

46 3 5 25 36 26 45 46 

I 
C 

55 

2 2 
c cs(c -c ) + (c -s )c 

50 5 5 e0 58 

I 

C 
68 

c + c
2

c 
s0 00 

The above expressions may be used for a rotation about the Y or the Z 

axis by a cyclical permutation of the subscripts on both sides of each 
equation according to Table 2, The permutat i on is achieved by substitu,ing 
the digits in the second row (rotation about Y axis), or in the third ro w 
(rotation about Z axis), for the corresponding digits in the first row. 

X 

y 

z 

1 

2 

3 

TABLE 2 

2 

3 

1 

3 

1 

2 

4 

5 

6 

5 

6 

4 

6 

4 

5 
I I As an illustration, the s equation will yields for a rotation about the Y axis, 

as follows: 
34 16 

I 
s 
15 

3 2 2 2 2 2 
-2cs s -cs(c -s )(2s + s ) + s (3c -s )s 33 13 55 86 

2 2 2 3 
+ c (c -3s )s + 2c s s 

15 11 

PIEZOELECTRIC TRANSFORMATION 

Rotation About All Three Axes 

The generalized expressions for the transformed piezoelectric strain 
coefficients are given, as follows: 

I 
d 

11 

3 
a 

1 
d +··+ a 

11 1 

2 
a. 

2 
d 12 

+• ·+ a 
1 

2 a 
3 

d + .• 
13 

.... 



14 

d' 
16 

2 2 2 
a /3 d +··+ a /3 d +··+ a /3 d +•• · 

1 1 11 1 2 12 1 3 13 

+a/3/3d +··+a/3/3d + .. •+a/3/3d +·· 
1 2 3 14 1 1 3 15 1 1 2 16 

2 2 2 ayd +··+ayd +··+ayd +••· 
1 1 11 1 2 12 l 3 13 

+ayyd· +··+ayyd +··+ayyd +•• 
l 2 3 14 1 1 3 16 1 1 2 16 

2a /3 y d + • • + 2a B y d + • • + 2a. /3 y d + • • • 
1 1 1 11 11 2 2 12 1 3 3 13 

+ a. (/3 y + /3 y )d +••+ a. (/3 y + /3 y) d +•• 
1 2 3 3 2 14 1 3 1 1 3 16 

+ a (/3 y + /3 y )d +•· 
1 1 2 2 1 16 

2 
2a. y d + • • + 2a a y d + • • + 2a. a y d + • ·• 

1 1 11 1 2 2 12 1 3 3 13 

+ a. (a y + a y )d +··+ a (a y + a y )d +·• 
1 2 3 3 2 14 1 1 3 3 1 15 

+ a (a y + a y )d +·· 
1 1 2 2 1 16 

2a
2

/3 d +••+ 2a a /3 d +··+ 2a. a. /3 d +•• 
1 1 11 1 2 2 12 1 3 3 13 

+a (a /3 + a /3 )d +•·+ a (a /3 + a /3 )d +·· 
1 2 3 3 2 14 1 1 3 3 1 15 

+ a (a /3 + a /3 )d +·• 
1 1 2 2 1 16 

The rule following the s exp~~ssion is employed for filling in missing 
58 

terms indicated by dots. A cyclical permutation of the direction cosines 
and subscripts of the primed pie~oelectric strain coefficients according to 
the taole below will yield equations for all 18 transformed constants. 

TABLE 3 

SUBSCRIPTS OF PRIMED COEFFICIENTS DIRECTION COSINES 

11 12 13 14 15 16 a /3 y 

22 23 21 25 26 24 /3 y a 

33 31 32 36 34 35 y a /3 

For example, .in order to obtain the expression for d I we first 
I 26 

write the equation for d 
15 

as follows: 



I 
d 

16 

2 2 2 
= 2a yd + 2a yd + 2a yd + 2a a yd 

1 1 11 2 2 22 3 3 33 1 2 2 12 

+ 2a a yd + 2a a yd + 2a a yd + 2a a yd 
2 3 3 23 1 3 1 31 1 3 3 13 1 2 1 21 

+ 2a a yd + a (a y + a y )d + a (a y + a y )d 
3 2 2 32 1 2 3 3 2 14 2 3 1 1 3 26 

+ a (a y + a y )d + a (a y + a y Id 
3 1 2 2 1 36 1 1 3 3 1 16 

+ a (a y + a y )d + a (a y + a y )d 
2 2 1 1 2 26 3 3 2 2 3 34 

+ a (a y + a y )d + a (a y + a y )d 
1 1 2 2 1 1R 2 2 3 3 2 24 

+ a (a y + a y )d 
3 3 1 1 3 35 

l 
We then substitute /3 for a and a for y to yield the expr~ssion ford as 

26 

follows: 

d 2/3 (a /3 d + a /3 d + a3/33d13) 26 1 1 1 11 2 2 12 

+ 2/3 (a /3 d + a /3 d + a /3 d ) 
2 1 1 21 2 2 22 3 3 23 

+ 2ft ( a /3 d + a /3 d + a /3 d ) 
3 1 1 31 2 2 32 3 3 33 

+ p1 [ (a /3 + a ft )d + (a ft+ a /3 )d + (a /3 + al/32 )dl e] 3 2 2 3 1. 4 3 1 1 3 15 2 1 

+ p2 [ (a /3 + a /3 )d + (a /3 + a ft )d + (a ft+ a ft )d ] 
1 3 3 1 25 1 2 2 1 26 3 2 2 3 24 

+ /3 [(a ft+ a /3 )d + (a /3 +aft )d +(aft+ a ft )d ] 
3 2 1 1 2 36 2 3 3 2 34 1 3 3 1 35 

The corresponding expressions for the transformed piezoelectric stress 
coefficients are obtained directly from the eQuations for the piezoelectric 
strain coefficients by merely writing ebk in place of dhk when h=l, 2, 3 

and k=l, 2, 3; and by writing 2ehk in place of dhk when h=l, 2, 3 and 

k = 4, 5, 6 . 

I 
In accordance with this rule, we write the eQuation for e , as follows: 

26 

I 
e 

26 
/3 (a ft e + a /3 e + a /3 e ) 

1 1 1 11 2 2 12 3 3 13 

+ ft (a /3 e + a /3 e +aft e ) 
2 1 1 21 2 2 22 3 3 23 

+ /3 (a /3 e + a /3 e +aft e ) 
3 1 1 31 2 2 32 3 3 33 

+ ft [(a ft+ a ft )e + (a /3 + a /3 )e + (a /3 ta /3 )e J 
1 3 2 2 3 14- 3 1 1 3 15 2 1 1 2 16 



16 

+ /3 [Ga /3 + a /3 )e + (a /3 + a /3 )e + (a /3 + a /3 )e J 
2 1 3 3 1 25 1 2 2 1 26 ~ 2 2 3 2 

+ /3 [(a /3 + a /3 )e + (a /3 + a /3 )e + (a /3 + a /3 )e ] 
3 2 1 1 2 36 2 3 3 2 34 1 3 3 1 38 

Rotation About a Single Axis 

As before, expressions for rotation about a single axis are obtained 
from the general equations given above by assigning proper values to the 

direction cosines, 

For a rotation through an angle 0 about the Z axis, the direction cosines 
reduce to: a, /3 =cos e = C 

1 2 

Thus, in 

I 
d 

11 

d 
12 

d 
1 3 

d 
14 

I 

d 
15 

I 

d 
16 

d 
22 

a 
2 

-/3 
1 

sin 0 s 

y = 1 
3 

a /3 = y = y = o 
3 3 l 2 

the case of the piezoelectric strain coefficients, we have: 

c3d + s 3 d + cs 2 (d + d ) + c2s(d + d 
11 2~ 12 26 16 21 

2 2 = c d -s d + cs(d -d ) 
14 25 24 15 

= 

2 2 
c d + s d + cs(d + d ) 

15 24 14 26 

2 2 2 
2cs (d -d ) + 2c s(d - d ) + c(l - 2s )d 

22 21 12 11 16 

2 
-s(l - 2c )d 

26 

3 3 2 2 
c d -s d -c s(d + d ) + cs (d + d ) 

22 11 12 26 21 16 

C d - s d 
23 13 

C 2d + 2d + s -cs(d d ) 
24 15 14 25 



1 2 2d d = C d - s + cs(d -d ) 
215 25 14 24 15 

2s
2
)d + 

2 2 
d = C ( 1 - s( 1 -2c )d + 2cs (d -d ) 

28 28 18 11 12 

2 + 2c -d s (d22 21) 

I 

c
2

d s
2

d d + + cs d 
31 31 32 38 

I 2 2 
d = s d + C d -cs d 

32 31 32 36 

d d 
33 33 

I 

d C d s d 
34 34 36 

1 

d s d + C d 
36 34 36 

2 2 + 2cs ( d -d ) d (c -s )d 
36 36 32 31 

The corresponding expressions for the transformed piezoelectric stress 
coefficients are obtained directly from those above by writing ehk for dhk 

when h = 1, 2, 3 and k = 1, 2, 3; and 2ehl<: for dhk when h = 1, 2, 3 and 

k = 4, 5, 6. 

17 

Separate rotations about the X and Y axes may be performed by employing 

Table 2. 

As an illustration, 

the Y axis, as follows: 

the d 
1 

18 
equation will yield d 

' d 
2 2 

2cs (d -d ) + 2c s ( d -d ) 
11 13 31 33 

35 
2 2 + c(l - 2s )d -s(l -2c )d 35 15 
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APPENDIX A 

I.R.E. DESIGNATION FOR ANGULAR ROTATiON 5 

F,mploying the conventional I.R.E. designation for orientation of angles 
¢,, 0,ip, a triple rotation will yield direction cosines of the X

1 y 1 z' 
axial system with respect to the XYZ axes, defined acc-:>rding to the 
accompanying matrix, as follows: 

where 

X 

y 

z 

X 

a 

a 

a 

I 

1 

2 

3 

y I z' 
/31 y 1 

/32 y2 

/3 3 ')'3 

a = cos ¢ cos 0 cos 

"' 
• sin ¢ sin 

"' 1 

a = sin ¢ cos 
2 

0 cos 

"' 
+ cos <P sin 

"' 
a -sin 0 cos 

"' 3 

/31 • COS ¢ cos 0 sin 

"' 
-sin ¢ cos 

"' 
/3 2 

= •sin ¢ cos 0 sin "' +cos ¢ cos"' 

/3 s sin 0 sin 

"' 
')'1 = cos ¢ sin e 

y2 = sin </> sin e 

'Ys cos 0 

The following diegrams (Figure 1) depict a typical triple rotation in 
terms of the I.R.E. angles¢, 0 and 1/J 

15 W. G. Cedy, op. cit., p, 83 
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X 

z 

z 
y 

X 

FiRure 1 - I.R.E. Direction Angle■ for Initial Position (0,0,0) and 
for Fin&l Po■iti~n (¢, 8, ~) 

A rotation about one o~ two axe• i• readily •••n t o be a c~eci ■ l ca1e of 

the above. For a double rotation where ~= oo, the direction cosines will 
reduce to 

a.1 = cos ¢ cos 0 S1 -■ in <p 'Y1 = COi ¢ sin 0 
a. 2 lin ¢ COi e S2 = coa q; ')'2 = sin ¢ tin e 
a o == -sin e a3 = 0 ')'3 = COi e 

• • • 


