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ABSTRACT

The study of the dependence of angle and range sen-
sitivities of a tracking radar on the design of antenna feed
is continued. A less approximate solution allows the spe-
cification of the size and position of the elements in the
feed. Applications have been made to two types of experi-
mental radars now operating. An application to a simple
feed has been verified experimentally.

PROBLEM STATUS
This is an interim report on one phase of this prob-
lem,
AUTHORIZATION

NRL Problem No. R12-01D (BuOrd request No. 020).
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ANTENNA FEEDS FOR TRACKING RADARS - Il

INTRODUCTION

In a previous report’, the influence of the antenna feed design on certain character-
istics of a lobing radar was discussed. Of particular interest were the on-target angle
and range sensitivities. The discussion assumed uniform intensity of illumination of a
lens or reflector by the feed, expanded the expression for the secondary patterns of each
lobe about the on-target position, and combined these expressions in a manner correspond-
ing to the behavior of a number of radar systems with various types.of antenna feeds. The
results were applicable only close to the on-target position and for small primary feed
apertures. The positions of feed aperture for certain desired characteristics were de-
termined, but the study could not give any information about optimum size of primary
aperture.

The more general analysis of the present report assumes uniform intensity of illumi-
nation, not of the lens or reflector, but of the primary aperture, suchasafeed horn. The
results are general enough to apply to any of the feeds previously described, and not being
restricted to small angles about the on-target position, can predict the secondary antenna
patterns and the angluar error signal over a wider range of angles. Such error signal
functions have been calculated to determine the most desirable feed design for two radar
systems of particular interest and for a simple two-aperture system to check with experi-
mental measurements.

SECONDARY PATTERN FROM A NUMBER
OF PRIMARY APERTURES

Radiation of uniform intensity and wave-
length ) falls on a number of rectangular
apertures n with sides 2a x 2b in the x;,y;
plane, one aperture only being shown in
Figure 1. The intensity at the apertures is
such as to maintain constant total power
through the plane, so that the intensity is
proportional to 1/abn. The field is then
proportional to 1/yabn. The centers of
apertures are at gy,hy, where k = 1,2,...n.
The radiation may be completely out of
phase at certain apertures; a factor ay,
having values of +1, allows this. If r; is
the distance between any point P(x,,y:) and any point P(x2,v2) in a plane parallel to the
X,,¥: plane and distant R, from it, the field at the point P(x.,y.) due to the radiation from

Fig. I - Primary and
Secondary Apertures

! Hastings, A. E., “Antenna Feeds For Tracking Radars,” NRL Report R-3268, 20 March 1548
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an element of area dS at x,,y, in the x,,y, plane is

“27ir, /
o me‘j,)\ds.

abn

tafe
.

t
Bu Fy = [{xa—x1}2+(yz-y;)"’+R3]

I x:<<Ro and ¥1 << Ry, and if

R, = ]:Rﬁ +X22+Y§:|

[

r, becomes with approximations

r =R -x:1%/Ri-y1¥2/R; .

If a lens is used with aperture ¢ x c¢ in plane X;,y., a flat phase front is produced, and
the electrical path R, is constant and equal to the focal length of the lens R;. The effect
of the radiation in the x,,y, plane is then

gk+a h'k+b
i -271Ro/A 271 %,%2/RoX 27iy:y2 /RoX
E(Xs,y2) =  ¢® ¢ o= &5 e
k=1 abn gk_a k =B

_2 i s
s R% A%e R |:e2 rrixa(gk+a)/Ro\_ezﬁixa(gk-a)/ﬁoﬂ

4 7% %5 y2)/abn
[eZ‘n'iyz(hk+b) /RoX_ 2 Tiya(ty -b) /Ro x] ,

If, as in Figure 2, a parallel plane xs;¥s
is set up at distance R; from the plane of
the lens, the distance from any point P(xz,¥z)
to any point P(xs,ys) is as before

r; = Rs - X3%3 / Ry - Y2¥3/Ra ;

where

|
Rs 2[1222*'7‘123‘*‘}'23] A .

If angular coordinates §=xs/Rs and

_ ¢ = ys/Rs are used, and if x3 < < Rz and

Fig. 2 - Secpnd?.ry Aperture and ¥s << Ra, the field pattern effectively being
Point in Space measured on a constant radius Rs, then

rs =Ra-Xp 6- Y2¢ .
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Tke effect of the radiation from an element dS in plane x;,y ; is

-27irs/2 -ZwiRg/Ae2ﬂi8 Xz/A ez.—;myz/adhdyz

E( x3,¥2) € dS = E(x3y2) €

Substituting for E(Xs,y2) the sum already derived, and neglecting phase factors and ampli-
tude constants, the total effect at angles # and ¢ is proportional to

o ’¢)ZY R% )\

k=1 2miVabn

c/2 c/2
j ezﬂixz(ROG"‘gk*a)/Rah 51}_2‘{ eZHin{Ro%gk-a)/Roxdx

X o o
-C/z 'C/Z Xe
c/2 c/2
J e T T 5 37iye(Roo+ b -b) /Roxdy,
-0/2 —3/2 ¥2_J
The integrals are of the form
e ¢ P
imx

[ o e
-c/2 X

Let x = mx ', dx = mdx’. Then the limits become + cm /2, and the integral is

cm /2 cm/2 cm/2

ix
g S 9§= cosxg:— +iJ' sin x =
—-emy/2 % -em/2 ' -em/2

Since cos X is an even function, it has the same value at both limits, and the first integral
is zero. Since sin x is odd, the result is

cm/2

21J sinxd—x' =2isi(em/2)
= x

Applying this simplification to the expression for E(8,3),

E (6 ¢") =2;11 E—%—T%’:(Q’ + gk +a’) = si(&“’ + gk -a’)]
[si@’ +hic +b’) - si (¢’ + h -b")] (1)

n;gLihuﬁsh,-fihmﬂ
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acteristics. Within the approximi

aperture in the X2,¥z plane.

SEQUENTIALLY-LOBED RADAR®

This radar uses the antenna feed shown in Figure 3, called a 5-aperture diamond. The
center aperture is used for transmission, either the center aperture or the other apertures
in succession for range reception, and the outer apertures in opposite pairs for angle re-
ception. Three field patterns are then required. For the single central aperture, n= i,

? “Tables of Sine, Cosine, and Exponential Integrals,” 3 Vols., Federal Works Agency
(1940).

3 Foin, Jr., O. F. and Allen, P. J., “An Electronically-Lobed Trackmg and Guiding Radar,”

NRL Report R-3116, June 1947.
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Tke effect of the radiation from an element dS in plane x;,y; is

=2 7irs/A

-27i i 27i A
E( X2,¥2) © ds = E(Kﬂa) e ZﬂlRa/’\ezinSXz/J\ & T1¢Y2/ dx.dy, .

Substituting for E(=Xz,¥2) the sum already derived, and neglecting phase factors and ampli-
tude constants, the total effect at angles # and ¢ is proportional to

< Y R32?
Ee s —————
k=1 2niVabn

c/2 /2
j e21rlXa[R08+gk +a)/Rox g_gl‘ e2ﬂix3(&9+gk'a]/m"dx,

X2 —
—C/Z {.‘:/2 Xp
c/2 c/2
J ezn1Yz(Rn¢+hk+b}/HoAdy25 eﬂ#iY2(Rn¢+hk-b)/RoRdyg
-c/2 ¥z c/2 ¥eulke
The integrals are of the form y
c/2 7
J‘ eimx d_x;
-('./2 X

Let x = mx’, dx = mdx'. Then the limits become + ¢m /2, and the integral is

em/2 em/2 em/2

ix
g = gx;= [ eosxd—:- +i‘{ sin x @—
-cm/2 & -cm/2 ; -cm/2 4

Since cos x is an even function, it has the same value at both limits, and the first integral
is zero. Since sin x is odd, the result is

cm/2

21.[ sinxd—xi-=2153 (em/2)
0 X

Applying this simplification to the expression for E(6,9¢),

E (6,4") =%: %%Ez(eugg va) - 516 + g a)]

[si@’ + hi; +b’) —si@' + hif —b')] (1)

_ NECL ASAEIED
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where
=g s - TC a=1%a
= s Bl ™ X ng! lRo 2
e JLC v _TC P e
$=S5d, W =gl MegaP

In certain types of feeds the sides of the primary rectangular apertures are not
parallel to one of the radar coordinate axes but are oriented at an angle 8. The pre-
ceding analysis can be used with a change of coordinates. If g, and hi are specified
as before with reference to axes x,; and y,; parallel to the aperture sides, results can
be obtained in new coordinates §” and ¢”, rotated at an angle B with respect to 8’and
¢’'. Let Y=0"+i¢’and 1;'/‘ "+ ig”. But y"=y'e 8 and

"+ i¢"= (¢'sinpB+ 8 cosB) + i (p'cos -8’ sinp) .

Then
6"=¢'sin B + 6’ cos B

2 ¢"= ¢p'cos B -0'sinf.

If 8 =7/4, as is common,

7= ('+ 6") V2

and

o= (d1-0)/ V2.

H¢"=0, 8= ¢ = 9"/}/‘2_. Equivalent transmitting patterns as a function of angle 8 off
target can be found by making this substitution in the previous analysis.

The parameters gf, hg, a’, and b’ generalize the descriptionofa feed by limiting
the effect of the factors c, R,, and A to one of pattern amplitude only. The expression
(1) for the field pattern can be applied to a particular arrangement of primary apertures
in an antenna feed. The sine integrals can easily be evaluated numerically from tables,
curves can be plotted, and values of the parameters can be found for desired radar char-
acteristics. Within the approximations, the analysis applies equally well to a reflecting
aperture in the x,,y. plane.

SEQUENTIALLY-LOBED RADAR®

This radar uses the antenna feed shown in Figure 3, called a 5-aperture diamond. The
center aperture is used for transmission, either the center aperture or the other apertures
in succession for range reception, and the outer apertures in opposite pairs for angle re-
ception. Three field patterns are then required. For the single central aperture, n=1,

* “Tables of Sine, Cosine, and Exponential Integrals,” 3 Vols., Federal Works Agency
(1940).

® Foin, Jr., O. F. and Allen, P. ]J., “An Electronically-Lobed Trackmg and Guiding Radar,”

NRL Report R-3116, June 1947.
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" Ek=hk=0,a=1,a =b. Then neglecting
i parameters ¢, Ro, and A, a substitution in
(1)gives

w

! Es= _EF[Si (8’+_a’]-si (B'-a’)]si [

‘ Since the variation with ¢’ is the same as
== d that with 8, ¢ 'is taken as zero. On-target
signal is then proportional to E% for ' = 0,
or to

L
(x] -
on
h—
-1

(=]

- 186 i
Er—?si (a’) .

-— 09

If range is received on the outer aper-
tures in sequence, the on-target received
4 pattern is obtained from the substitutions
gk =d’; hg = 0,ax=1, ¢' = #= 0. This gives
an equivalent transmitted pattern

Pt E, =%7 [Bi(d’+a') -si(d’-—a’)} si@) .
Fig. 3 - Five-Aperture The range signal is proportional to |[Es E,|
Diamond Feed forg = 0 or to

Er=%"i si(d'+a’) - si(d’ - a')|.313(3-')-

For angle reception in the #’ coordinate, apertures 1 and 3 are used, n=2, and the par-
ameters are given by

Aperture 1 3

ﬂ'k 1 -1 L
g!k d’ -d’
h' B

From (1) the equivalent transmiited pattern is

E:-a =V__2..__

5 [si( '+ d’ +a’') - si(6'+ d’ -a’) - si(@-d’ + a’) + si(g’ -d’ .—a’)] si(a’) .
The angular error signal is proportional to the product |Es IE1_3 or to

E =%;V¥_[si(9'+d' +a’) -si(8% d -a’) -si(6’-d’ +2a’) +si(6’'-d" - a’)]
a -

lsi{8’+ a’) - si(6%-a’)| si*(a).

B ¥ | A —
DECLASSIFIED
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SIMULTANEOUSLY-LOBED RADAR*

This radar at present uses the antenna feed shown in Figure 4, called a 4-aperture
square. All four apertures are used for transmitting and range reception. Here a=b,
n = 4, and the other parameters are given by

Aperture 1 2 3 4

o 1 1 1 1
g!’; a’ =d’ -=d’ d’
h.!k d! d! _'dl __d.l
¢
Again for ¢’= 0,
2 | Ejiziaea = %, [si(9’+ d’' +a’) - si(8+d’ -a')+
2 si(#-d’' +a’) -si(¢’- d’ - a')] {s i(d’ +a’) -
)
1 g si(d’ - a')}
3 4 2a On-target range signal is then proportional to
i l Eim;su
for =0 or to
"2 q ‘-{ <+ d = 4 : 4 4
Er > [sn(d’ +a')-si(d’ - a’)] .
Fig, 4 - Four-Aperture For angle reception all four apertures are again
Square Feed used for the 6’ coordinate according to

Aperture 1 2 3 4

e 1 -1 -1
gi’[ d.f _'d’ _df df
"1’{ d.f d’ _df -d'

This gives an equivalent transmitted pattern of
E j-2-344 =$ [51{9’ +d" +a') - si(6’+d’ -a’) -si(f'-d' +a') +si(p’-d' -a’ )]

[si(d' +a') -sild - a’)]

s Gerwin, H. L. and Hastings, A. E., “Further Design and Development of Components
for Simultaneous Lobing Radar TAB,” NRL Report R-3221, 13 January 1948,

= olciE
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The radar system which uses this feed has an angular error signal proportional to
B sisee E; 2-344, Orto

Pl

3
Ea == [si(g’-rd’ +a) -si(g’'+d'-a’) +si(f-d’ +a’) -si(8’'-d’ -a’)}
[si(e'-s- d’ +a) -si(8’+d" -a’') -si(8’'-d’" +a’) + si(g’'- a* —a’)] [si(d' +al) -

si(ar-a9]" .

Another feed, called a 4-aperture diamond, which has been proposed for use with
this radar, is shown in Figure 5. As before, all four apertures are used for transmission
and range reception, and the same expression for range signal applies. For transmission,
a’=b’,n=4, and @ = ¢’= 6”/V2. The other parameters are given by

Aperture 1 2 3 4
$ Qe [ [ |
gl’: d -d" -d* &
h]; d’ d -d' -d

=

The transmitted pattern is then
Eji2+344 :El'a'j [5 i{s"/V!!_ +d +a’)-
/<>§\ _}e si(g~ /V2_+ a’ - a’) + si(e7/ V2 - d' + a’)-
2
AW q/bA Si(eh/ﬁ_ d.i' P al')J ’
4 For angle reception in the #"coordinate,
'< apertures 1 and 3 are used, a‘’=b/ n = 2,
> ¢ "= 0, and 6= ¢'= §”/¥/2. The other par-

ameters are given by

Aperture 1 3

: A 3 U |
Fig. 5 ; Four-Aperture
Diamond Feed =8 d’  -d
: h& d -d’.
The equivalent transmitted pattern is

10 2
Ei-3 = ﬁ;{[si{&” /V2+d’' +a’) - si(”/ V2_+d‘-a')] - [51(9” /V2-d'+a’) -
The angle signal is proportional to E%:;+344 E;_s , or to

B, = :2_ [51(9"/V§+d'+a)—si(a/l’r+d* a)+s1(9"/l/_-d’+a)—51(9"/1/2_—11’ a)]

{[si(@" /Vf+d’+a*} - si{&"/]@+d’ —a’]s- [31(9” / V-’ +a’) - si (9"/}/2-—(1' —a')r}.

-

DECLASSIFIED
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Still another proposed feed includes a fifth aperture for transmission and angle re-
ception as shown in Figure 6. The transmitting pattern and the range signal are then as
described in the sequentially -lobed radar system. Angle reception is as in the 4-aperture,
square feed just described. Then the angle signal is proportional to ES E, 2344, O t0

3
Ea = ;8;4 si(g+a’) -si(g’- a’)] l:si(9'+d'+a’) - si(g’+d’ -a’) -si(g’ -d’ +a’) +si(p’-d’' -a’ )]

[si{d' +a’) -si(d’-a'] si%(a’) .

EXPERIMENTAL TEST RADAR

A radar set up to check the results of this analysis uses the feed of Figure 7. Trans-
mission oceurs on both apertures in phase. Then n = 2, the apertures are in contact so

that d’ = a’, and the other parameters are given by

¢

& Aperture 1 i

20 » 0 .
l " T For ¢
- d
3 T 4 l
| . 2}‘:_ Eitz VaD [si(e’+za si(g-2a ):l si(b’)
e— P g—> be— (0 ———

Fig. 6 - Five-Aperture Square Feed

Fig. 7 - Two-Aperture Feed |:> -

— == a3 ACRIER
UL Aauail i
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Angle reception occurs on both apertures, one out of phase with the other. Then the
parameters are given by

Aperture 1 2

For ¢’= 0, the equivalent transmitted pattern is

43
Ei2 Sz, [si (6'+2a’) +si(g’-2a’) - 231(9'):|si(b' %

The angular error signal is proportional to the prodnct]EuﬂE;-g , and

Ea =5.2,—b,[si(9‘+2a’)+ si(g’-2a’) - Zsi(e’J-I[si(S' +2a’) - si(g' -2 a']l si?( b’).

4

IDEAL RADAR

A number of variations of feed arrangement have been suggested to improve the
sensitivities of the radars described. One such variation uses dielectric rods to obtain
the effect of overlapping primary apertures. The evaluation of this and other schemes is
not easily carried out analytically without approximations of unknown degree. A valuable
concept to have, then, is that of an ideal radar, which is not too limited by practice and
which can give a measure of the maximum improvement that can be expected in existing
radars. This ideal radar transmits and receives range on a single on-axis primary
aperture. Since the only requirement of this aperture is that it produce maximum field
Et along the axis, its dimensions can be determined from

d E -
-——E :-.a_.,, =, si(a’) si(b’)|=0 = £

If the differentiation is carried out under the integral sign and the result is integrated, the
conditions require si (a’) = 2 sin a’and si (b’) = 2 sin b/, or a’=b’ = 2.15. The square
aperture of this dimension results in a range sensitivity of 27, and E¢ = 5.17. Angle re-
ception in the ideal radar takes place on two opposite apertures, not restricted by each
other or by the transmitting aperture. The equivalent transmitted pattern from these
receiving apertures is

Ei-2 =V2/a’p’ [si(e' +d’+2a’) -si(p’ +d’' -a’) -si(9’ -d’+a’) + si(g’ - ta')] si (b’).

This expression maximizes with b’ for b’/ = 2.15. For small angles off target the angle
signal becomes for a sequentially-lobed radar.

8.33
E = E - Eia2= ﬁ [si(9'+d'+a’) -si(g’ +d’'-a’') -si(g’'-d’+a’) +si(g'-d’ -a’)].

For a simultaneously-lobed radar the numerical constant is 223. If this expression is
maximized for both d’ and a’,d = 2.i7,a’= 1.65, and E; = 14.5 for the sequentially-lobed
radar and 387 for the simultaneously-lobed radar.

DECI AcSIriT.
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RESULTS OF APPILICATIONS

Figures 8 and 9 show the calculated angular error signals of two radar systems
as functions of angle off target for three values of a’, the parameter determining size
of primary aperture. The spacing d of the primary apertures is chosen so that the edges
of the apertures are in contact. The curves indicate for each system a value of a’for
which the angular sensitivity, defined as the slope of the curve at the origin, is a maximum.
Figures 10 and i1 show the variation, expressed in db down from the values for the
ideal radar, of angle and range sensitivities with a for the first two radars. Range
sensitivity is defined as range signal on target.

0 "_T: —— o2
| L RANGE ON

> % CENTER APERTURE
; 5 / _\k
= \
2 ‘\ANGLE
- -1

10
== |
<
g /_
s 5 o
o bt \
o / — RANGE ON
- OUTER APERTURE
.
a, * \| SEQUENTILY-LOBED RADAR
= \5- APERTURE DIAMOND FEED WITH
© EQUAL SQUARE APERTURES

IN GONTACT
[t
05 1.0 1.5 2.0 2.5

I
a

Fig. 10 - Relative Sensitivities vs Size of Primary Aperture

By further calculations, it has been shown for the system with 4-aperture, square
feed that spacing of apertures exceeding that to produce contact results in a similar vari-
ation with a’, but with a lower maximum of angle sensitivity. Similarly the effect of
increasing the size of the central aperture in the system with 5-aperture feed has been
investigated for various aperture spacing, the apertures remaining in contact. The optimum
arrangement for maximum angle sensitivity is shown to require all horns to be equal.

Measurements on an experimental system have been made to check the application of
this analysis. Two rectangular horns, mounted at the foecal point of a circular lens, were
connected to a rat-race, and sum and difference r-f receiving patterns were measured.
Measuring equipment was calibrated by the use of a standard receiving horn. Angular
error signal was calculated from the sum and difference patterns. All this was repeated
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Fig. 11 - Relative Sensitivities vs Size of Primary Aperture

for a number of pairs of horns, each pair differing from the others in one dimension only.
Angular sensitivity is shown as a function of @ bythe points in Figure 12. A similar
function, calculated from the analysis presented here and also shown as a curve in
Figure 12, indicates agreement within experimental error.

DISCUSSION

Two assumptions have been made in order to simplify the analysis: uniform illumi-
nation and zero coupling of the apertures. The assumption of zero coupling, discussed in
a previous report’ , appears to hold quite well, but uniform illumination of the primary
apertures is not easily obtainable in both planes. Experimental secondary patterns indicate
some degree of continuous phase shift with angle, which the analysis does not explain
(except for reversal of sign at nulls). This phase shift may be a result of actual illumi-
nation or of some other cause such as lack of symmetry in the antenna assembly. The

angular error function of an actual system may then differ considerably from the theoretical
one at large angles.

The analysis applies strictly to a system with a square secondary aperture ¢ x c,
oriented with its sides parallel to those of the rectangular primary aperture. In practice,
apertures are sometimes circular or differently oriented. Since this affects radiation
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Fig. 12 - Angular Sensitivity of Experimental
System vs Size of Primary Aperture

through a small part of the aperture only, the analysis probably applies quite well. The
circular secondary aperture in the test system appears to have produced results close to
those predicted for a square aperture.

In calculating range sensitivities, it has been assumed that all comparison of lobe
signals in the radars is done simultaneously. To have included the actual operation of
radar systems would have complicated the applications with signal-to-noise considerations,
which are the subject of a separate study to be reported soon. This assum ption does not
allow comparison of widely different systems, as the first two described here, but the
comparison of feed types of a single system given in either Figure 10 or Figure 11 is
valid and useful.

meEc] ACSIEIED
vECLRoairicy



s PeeRAE=IreETY

T e U

14 NAVAL RESEARCH LABORATORY *

The design of an antenna feed is a compromise involving angle sensitivity, range
sensitivity, and perhaps amplitude of side lobes. The latter is of importance in deter-
mining the effectiveness of false on-target positions. Using the analysis described here,
calculations of the expected behavior of a system with an assumed type of feed allow
a suitable compromise of characteristics to be made.

ACKNOWLEDGMENT

Much help throughout the study was obtained by frequent discussions with Mr. J. E.
Meade. The experimental verification was carried out under the direction of Mr. H. L.

Gerwin.

* %k ¥

e

PANC-B103-11-10-45-280 "



