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1. Introduction and Motivation

Recently there has been great interest in modeling dynamic spread of a
contagion across either a technological or social network. We are moti-
vated by two scenarios, one in which we wish to contain the spread of a
virus in a time-sensitive manner. The other scenario in which we wish for
information to be distributed as quickly and as widely as possible across
a network. Modeling these dynamics over a probabilistic network data
structure is a strong choice in that we are able to capture information
of differing probabilities of transmission between different units. We are
also motivated by the potential of making interventions in both situa-
tions to help achieve the desired level of spread. In both scenarios, we are
operating with a limited amount of resources to distribute to the units,
with the idea that these resources are able to increase or decrease the
transmission rates through that particular units on the network, we can
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think of these resources as either medical supplies, campaign personnel,
funds. We will assume that we have some prior knowledge of about the
likelihood of transmission with and without interventions. If we are mod-
eling this network in a geospatial context, this prior knowledge could be
some function of distance, or how well connected two locations are (how
many airline flights travel between these major cities). Furthrmore, since
the event horizon for such dynamics over a network may be uncertain, we
consider how to intelligently reallocate these resources at discrete time
points as well.

In trying to minimize or maximize the transmission across a network
by allocating resources, we can formulate this as an optimization prob-
lem. These problems have been previously studied under largely separate
domains, commonly known as problems in control theory as “influence
maximization” or “immunization in networks”. In the literature of im-
munization of networks, this context of problem has been studied with
slight modifications of whether directionality of transmission, and under
various epidemic Susceptible-Infected related stochastic models. Focus
in the influence maximization has been on complexity theory or com-
putational algorithms. There has been little work at the intersection of
these two fields, yet, there is good reason to believe there is a strong rela-
tionship between these two dynamics across a network. Should the same
units on a network deemed important for targeting in both objectives?
Does the amount of resources that we spend at each of the nodes may
be more dependent on the structure of the network rather than the rates
of transmission? These are just a few of the many questions we hope
to answer, but we must have some way of relating these two objectives
in order to adequately study these interactions. Here we offer a unified
convex framework to relate these dynamics in terms of optimal resource
allocation.

The organization of the following will be a formulation of the problem
with notation used in the next section. Next, we examine some of the
key results that our framework utilizes. Finally, we discuss the simulation
results and the implications for controlling network dynamics.
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2. Notation and Preliminaries

2.0.1. Graph Theory
Let the weighted edge, undirected, no self loops graph, G be denoted
by the triple (V, &, W) defined to be the set of vertices, edges, and edge
weights respectively. We have V = {v1,va,...,v,} with |[V| = n nodes
and |E| = m edges. The related adjacency matrix of a graph G is
denoted by the Ag £ [@ijlnxn;- In which each entry a;; in the matrix is
the weight of the edge between the nodes v; and v;. We then denote the
eigenvalues of a square (symmetric) matrix A by A1(A), A2(A),...\n(A)
in decreasing order. At first, we consider the structure of the graph to be
fixed throughout the time period we are considering, and we will discuss
relaxing this assumption later.

[[Perhaps more details of eigenvalue properties we use in the proofs
to come.]]

2.0.2. Epidemiology Models
There are a couple of epidemiological models that we consider for the
dynamics of minimizing the spread over a network. Among the most
popular are the compartmental models, in which each unit belongs to
some category, either a susceptable group (those that still can get the
virus), or an infected group (those that have been infected by the virus
and can transmit to others. This abbreviated is known as an SI model.
We could further extend this with another category known as the “recov-
ered” group (those that have recovered from the virus, are unable to get
it again, and also will not transmit). This is known as the SIR model.

We study the network dynamics with a mean-filed approximation,
which is commonly used in this field due to the fact that the number of
states that this stochastic process can take grows exponentially with the
number of nodes in the network.

[[Perhaps more details needed of estabilished results in these fields, for
example the markov differential equation, and stochastic approximation]]

We only consider the possibility of a node to be affected or unaffected,
there is no partial state for each unit in the node, however each node may
be allowed to receive a fractional amount of intervention. In fractional
immunization, we intervene at a certain time ¢ , and have some budget C;
to allocate to each of the nodes, with some overall budget C' = ), C; over
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the entire time horizon. In real scenarios, the distribution of resources to
one area of the network may be more difficult than distributing resources
to another area. Furthermore, there may be a scaled effort in that once
some resources are distributed to one unit of the network, it costs less to
provide resources to a node that has already received resources comapred
to allocating the same amount of resources to a new unit in the network.
To account for the flexibility of these scenarios, we allow for each unit
in the network to have a monotonically increasing/decreasing function
(depending on the problem objective) f;(5;) describing how efficiently
we can distribute resources to this area and how much impact those
resources would have in changing the transmission rate. Furthermore,
each node will also allow for the possibility of a distinct lower and upper
bound on the amount that an intervention would help. That is, these
bounds signify what the transmission rate look like for that unit in the
network if it had an infinite amount of resources.

The convex optimization framework depends on an exponential sta-
bility condition, which serves as a restriction on the large eigenvalue of a
matrix relating the transmission rates and the network structure. In the
context of fractional immunization, we carry forward a similar framework
as outlined by |Preciado et al. (2014).

maximize &
subject to A\ (BAg) < —¢

B, < Bi < B;
Zfi(ﬂi) <C

This optimization problem is extended with slight modification to the
SIR model under the following optimization problem, where §; denotes
the recovery rates of each node v;, and g¢;(d;) denotes the monotonically
increasing efficiency function of distributing resources to node v;.
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maximize &
subject to A\ (diag(pB;)Ag — diag(d;)) < —¢
B, <Bi<B;

Z fi(Bi) +gi(6;) < C

The formulation of the opposite problem of maximal influence in this
convex optimization statement.

minimize A (diag(8;)Acq)
subject to QZ < Bi <B;

Zfi(/Bi) <C

[Proof that both of these frameworks are convex. In short, the second
one because we're simply minimizing the spectral radius of a symmet-
ric matrix, proof by perron-frobenius, also in convex optimzation book.
Proof of the other is somewhat similar.]

[TODO: Discuss the implications of time in this framework.] [TODO:
Discuss the overlap of nodes targeted]

3. Results

3.1. Simulation Results

Fig. 1. Graphic showing intersection of identified nodes of importance for both
objectives

Fig. 2. Graphic showing infection across many network topologies
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3.2. Stability

In this section, we discuss some of the stability problems of such an
optimization procedure. We note specifically that the solution to both
optimization problems is unstable when there is not enough resources to
be distributed. In such a scenario, the takeaway is that no matter how
the resources are allocated, there will be very little impact on the overall
dyanmics of the problem if any at all.

3.3. Real Dataset Results
4. Conclusions

5. Appendix

5.1. Proofs
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