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Final Report: Award W911NF2010045
Numerical Parallel Scalability of the Shifted Boundary Method

Summary

Thanks to the support if ARO Award W911NF-18-1-0308, the PI’s research team at Duke
University developed a new embedded/immersed framework for computational solid mechanics,
aimed at vastly speeding up the cycle of design and analysis in complex geometry. See the final
report on that project for more details

Thanks to this DURIP award, the PI’s research team was able to perform large scale three-
dimensional computations and in particular to show that the Shifted Boundary Method (SBM)
is as fast as a body-fitted displacement based finite element, on computational grids up to and
above 20 million element in size. This is a very important result, since the setup phase of the
SBM (comprising geometry acquisition, mesh generation, geometric immersion and definition
of boundary conditions data structures) is only seconds or minutes, compared to hours, days or
months in the case of body-fitted meshing.

1. Performance Assessment: Accuracy vs. computing time

To start, we present an accuracy test three dimensions, in which the efficiency of the SBM is
compared against a standard, body-fitted, FEM, relying on a primal displacement formulation with
piecewise-linear interpolation spaces and strong boundary conditions. We compare only the time
required to assemble and solve the algebraic systems of equations, and point the reader to Sec-
tion 2 for a comparative analysis of the simulation setup time, required to acquire the geometrical
information and build the appropriate data structures.

1.1. Three-dimensional SBM performance test: A rectangular cuboid with holes
We consider here a three-dimensional non-convex domain with a boundary that includes smooth

surfaces as well as sharp corners. As shown in Figure 1a, the linear isotropic elastostatics equa-
tions are computed in the domain Ω = Ω1 \ (Ω2 ∪Ω3), where Ω1 is a rectangular cuboid centered at
[0, 0, 0] of length L = 5, width W = 3.5 and height H = 3.5, Ω2 is a cube of side of length S = 1.5
and centered at [−1.25, 0, 0] and Ω3 is a sphere centered at [1.25, 0, 0] with diameter D = 1.5. Con-
sequently, we set l̄(Ω) = 5 which is the longest dimension of the bounding box of Ω. We consider
the following manufactured solution

u =


ux

uy

uz

 =
1

10


− cos(πx) sin(πy) cos(πz)

sin(πx/7) sin(πy/3) cos(πz/5)
sin(πxyz/2)

 , (1)

with a Young’s modulus E = 200 · 106 MPa and a Poisson’s ratio ν = 0.3. We apply the method of
manufactured solutions. Figure 1b depicts, on a coarse grid, the surrogate domain, the surrogate
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Figure 1: Three-dimensional test: Problem setup, displacement magnitude, convergence rates and
computing times for the SBM formulation. Results with a primal body-fitted FEM with strong
boundary conditions are plotted for reference.



boundary, and the layer of elements Ω̃`
h attached to the surrogate boundary, used in the SBM

formulation.
In this test, the boundary ∂Ω2∪∂Ω3 are immersed while ∂Ω1 is body-fitted. Dirichlet boundary

conditions are strongly enforced on ∂Ω1, while Neumann boundary conditions are enforced on
∂Ω2 ∪ ∂Ω3 using the SBM approach. Also in this case, computations are performed on a single
computing core, since both the SBM and the body-fitted FEM utilize the same procedures for
parallelization, and a comparative study of parallel scalability is beyond the scope of this project.

Figure 1d shows that optimal L2-convergence rates for the displacement is obtained using
the SBM formulation, despite the theoretical estimate of 3/2 in [3]. Note that, the SBM L2-
displacement error is lower than its body-fitted counterpart. This can be attributed to the slightly
poorer mesh quality of the body-fitted meshes that are automatically generated to fit the bound-
aries. With respect to the corresponding SBM background grids, the body-fitted meshes have at
least 1.5 times more elements with a ratio of the circumscribed/inscribed sphere diameters larger
than two. This also seem to affect the overall computing time of the primal body-fitted FEM, as
observed in Figure 1e: The SBM and body-fitted FEM have virtually the same rate and constant in
the plot of the error versus computing time. This indicates that, for a desired level of accuracy, the
SBM and the body-fitted FEM require the same computing time.

This test, despite its simplicity, is very important for understanding the performance of the
SBM formulation with respect to a standard FEM formulation in practical applications. In a body-
fitted grid, some nodes must lie on the boundaries, and this constraint inevitably has an effect on the
mesh quality, and ultimately the overall computational efficiency of the algebraic solve. This trend
is more pronounced for grids of larger size, often required in practical large-scale simulations.

2. Three-dimensional, complex-geometry, large-scale simulations

We consider next three tests with geometries that are progressively challenging for existing
body-fitted mesh generation tools, and are representative of typical computational scenarios in the
study of solid micro-structure, in biomedical design, and in geomechanics.

Table (1) shows the setup times for each of the three-dimensional tests. The SBM setup time
includes the time it takes to: a) compute intersections between the STL surface that defines the
boundary and the background grid; b) generate the surrogate domain and boundaries; and c) calcu-
late the distance vector d along the surrogate boundary. To have a reference, the SBM setup time
must be compared with the time it takes, in a body-fitted computation, to convert STL to CAD
format, including geometry cleanup operations, and the time it takes to mesh the geometry.

Geometry No. elements
No. active
elements

No. cores
No. true surface

facets
setup time

(s)
Sponge (Section (2.1)) 11,498,942 5,758,480 288 138,078 77
Stent (Section (2.2)) 66,023,424 10,303,826 600 46,484 91

Porous rock (Sec. (2.3)) 5,229,000 3,458,639 240 112,629 217

Table 1: Setup times for the three-dimensional tests.

Observe that the setup time for the porous rock problem is higher - in a relative sense - than
the other problems. This is due to the fact that the rock surface is obtained from segmenting a CT-
scan image, which contains several geometric artifacts. In particular, some disconnected pockets



are present on the rock surface and need to be removed in a preprocessing phase. We point out
that this initial geometry cleanup phase is completely automated and parallelized, as opposed to
the typical geometry cleanup in body-fitted grids and/or CAD models, which requires the direct
intervention of the user.

In any case, since all setup times fall below 4 minutes, it is fair to state that the setup phase
for the SBM is smaller, by one to two orders of magnitude, than the typical, current setup times
required by CAD and body-fitted grid generation tools.

For all tests described below, the material is isotropic elastic with bulk and shear moduli equal
to 1 GPa and 100 MPa, respectively. The corresponding Poisson ratio is 14/31(≈ 0.452).

All computational results were obtained using the SBM formulation. Note also that the stresses
shown in the figures are obtained from the displacement gradients as piecewise constant elemental
quantities.

2.1. Sponge-like solid
In this section, we consider a domain with a sponge-like geometry [4], shown at the top left

of Figure 2, as a representative of microstructures in porous media, weaved materials, and the
like. The computational domain is the box Ω = [−10,−10] × [−10,−10] × [−10, 6] mm3 with the
surrogate boundary is shown at the top right of Figure 2.

The displacement on the left side surface is set to uT = {−0.04 , 0.0 , 0.0 } mm, while the
solid is clamped (u = 0) at the opposite surface (not seen). Traction-free boundary conditions are
imposed elsewhere.

Numerical results, in terms of the magnitude of displacements, the volumetric stress, and von
Mises stresses are shown in the three bottom rows of Figure 2. The smoothness of the computed
fields indicates that the SBM can robustly address solid mechanics applications across very com-
plex geometries and in scenarios beyond the hypotheses of applicability of the theoretical analysis
of the SBM.

2.2. Stent specimen
As a prototypical geometry from biomedical applications, we consider here the stent [1] shown

in Figure 3. The computational domain is immersed in a hollow cylindrical mesh with the surrogate
boundary shown at the top right of Figure 3.

The displacement on the right end surface (not seen in Figure 3) is set to

u = {2.5y mm , −2.5x mm , −0.5mm }T ,

while the solid is clamped (u = 0) at the opposite surface. Traction-free boundary conditions are
imposed elsewhere.

Numerical results, in terms of the magnitude of displacements, the volumetric stress, and von
Mises stresses are shown in the three bottom rows of Figure 3, and are again characterized by a
smooth behavior.

2.3. Porous rock
Finally, we consider a domain with a geometry that has been obtained via imaging tech-

niques [2]. As shown at the top left of Figure 4, we consider a sample of a porous rock, that
is the domain Ω = [0, 0.3] mm × [0, 0.5] mm × [0.2, 0.47] mm, that has been subdivided in voxels



of size 8.33 · 10−03 mm × 8.33 · 10−03 mm × 8.33 · 10−03 mm, by CT-scan techniques. The voxel
representation of the sample has then been segmented, to represent the interface between the rocks
and the voids in STL format (i.e., a set of disconnected triangular facets, which do not necessarily
combine to form a water-tight surface).

The displacement on the top side surface is set to u = {0.0mm , −5.4 · 10−04mm , 0.0mm }T ,
while the solid is clamped (u = 0) at the bottom surface. Traction-free boundary conditions are
imposed elsewhere.

As apparent, the geometric features of this problem include a large number of fissures, holes
and cracks which make body-fitted meshing very challenging, particularly since the (computa-
tional) interface rock/void is not water tight. It is in this situations that the power of an im-
mersed/embedded solid mechanics method becomes clear, since the intersection of the interface
solid/void with the background grid is an operation that is inherently parallelizable and much more
robust and efficient than body-fitted mesh generation.

Numerical results are computed using the SBM formulation over the surrogate domain shown
at the top right of Figure 4. The three bottom rows of Figures 4 display the displacement magnitude,
volumetric stress, and von Mises stress, respectively. Much like in the previous three-dimensional
tests, the numerical solution is smooth and well-behaved, indicating that the SBM can serve as a
valuable tool in the emerging imaging-to-computing field.



Geometry of the sponge-like domain Ω. Surrogate domain Ω̃h.

Displacement magnitude.

Volumetric component of the stress (pressure).

von Mises stress.

Full view. xz-cross section. yz-cross section. xy-cross section.

Figure 2: Sponge-like domain test. The geometry of the true domain Ω, the surrogate domain Ω̃h,
and contours of the displacement magnitude, the volumetric (pressure) stress and the von Mises
stress, for various cross-sections (mid-planes).



Geometry of the domain Ω. Surrogate domain Ω̃h.

Displacement magnitude.

Volumetric component of the stress (pressure).

von Mises stress.

Figure 3: Stent domain test. The geometry of the true domain Ω, the surrogate domain Ω̃h, and
contours of the displacement magnitude, the volumetric (pressure) stress and the von Mises stress,
and a close-up view on high-stress regions.



Geometry of the porous rock domain Ω. Surrogate domain Ω̃h.

Displacement magnitude.

Volumetric component of the stress (pressure).

von Mises stress.

Full view. xz-cross section. yz-cross section. xy-cross section.

Figure 4: Porous rock domain test. The geometry of the true domain Ω, the surrogate domain Ω̃h,
and contours of the displacement magnitude, the volumetric (pressure) stress and the von Mises
stress, for various cross-sections (mid-planes).
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