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1.0. Goals and objectives

The overall goal in this proposal was to develop a novel model-aware RL (MARL) framework
for nonlinear systems in continuous time and space specifically f ocused o n m itigating large
modeling errors and maintaining closed-loop stability during the learning phase. The original

scope of work was to focus on the development of model-aware RL methods that utilize

parametric models of the environment, are robust to modeling errors, and can adapt online to

changing models and objectives. Data-driven adaptive estimation techniques were proposed

to achieve online model estimation. Novel real-time model validation methods were proposed

to gauge the quality of the estimated models. Development of fall-back policies was proposed

to achieve robust learning in the presence of inaccurate models. In addition, the development

model-aware RL methods that utilize non-parametric models such as Gaussian Processes

(GPs) was proposed along with the use of the confidence bounds o btained for t he G Ps to
guide model-aware virtual exploration. The development of model-aware RL techniques that

utilize local parametric and non-parametric models was also proposed to synthesize locally

optimal policies.

2.0. Findings of the investigators

Over the course of this project, the investigators made progress along three principal re-
search directions, safety-aware model-based reinforcement learning, system identification, and

learning-based control using output feedback. Published and in-review research articles that

were supported, in part, by this grant are summarized below, followed by a brief description

of the progress in each of the three areas above.

3.0. Published and accepted articles partially supported by this grant

[1] J. A. Rosenfeld, R. Kamalapurkar, B. Russo, and T. T. Johnson, “Occupation kernels
and densely defined Liouville operators for system identification,” in Proc. IEEE Conf.
Decis. Control, 2019, pp. 6455-6460.

[2] M. Abudia, M. Harlan, R. V. Self, and R. Kamalapurkar, “Switched optimal control
and dwell time constraints: A preliminary study,” in Proc. IEEE Conf. Decis. Control,
2020, pp. 3261-3266.

[3] M. L. Greene, M. Abudia, R. Kamalapurkar, and W. E. Dixon, “Model-based reinforce-
ment learning for optimal feedback control of switched systems,” in Proc. IEEE Conf.
Decis. Control, 2020, pp. 162-167.

[4] R. Kamalapurkar, W. E. Dixon, and A. R. Teel, “On reduction of differential inclusions
and Lyapunov stability,” ESAIM Control Optim. Calc. Var., vol. 26, 2020.

[5] S. M. N. Mahmud, K. Hareland, S. Nivison, Z. [. Bell, and R. Kamalapurkar, “A safety
aware model-based reinforcement learning framework for systems with uncertainties,”
in Proc. Am. Control Conf., 2021, pp. 1979-1984.

[6] S. M. N. Mahmud, S. A. Nivison, Z. L. Bell, and R. Kamalapurkar, “Safe model-based
reinforcement learning for systems with parametric uncertainties,” Front. Robot. Al
vol. 8, no. 733104, pp. 1-13, 2021.
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(7]
8]

[9]

[10]

[11]

3.1.

1]

2]

[3]

[4]
[5]

4.0.

J. A. Rosenfeld and R. Kamalapurkar, “Dynamic mode decomposition with control
Liouville operators,” in IFAC-PapersOnLine, vol. 54, 2021, pp. 707-712.

G. Rotithor, D. Trombetta, R. Kamalapurkar, and A. P. Dani, “Full and reduced order
observers for image-based depth estimation using concurrent learning,” IEEE Trans.
Control Syst. Technol., vol. 29, no. 6, pp. 2647-2653, 2021.

J. A. Rosenfeld, R. Kamalapurkar, L. F. Gruss, and T. T. Johnson, “Dynamic mode
decomposition for continuous time systems with the Liouville operator,” J. Nonlinear
Sci., vol. 32, no. 1, pp. 1-30, 2022.

R. V. Self, M. Abudia, S. M. N. Mahmud, and R. Kamalapurkar, “Model-based inverse
reinforcement learning for deterministic systems,” Automatica, vol. 140, no. 110242,
pp. 1-13, 2022.

T. E. Ogri, S. M. N. Mahmud, Z. I. Bell, and R. Kamalapurkar, “Output feedback
adaptive optimal control of affine nonlinear systems with a linear measurement model,”
in Proc. IEEE Conf. Control Technol. Appl., 2023, to appear.

Under-review papers partially supported by this grant

M. L. Greene, M. Seyed Sakha, R. Kamalapurkar, and W. E. Dixon, Approzimate
dynamic programming for practical stabilization of switched systems, Submitted to IEEE
Transactions on Automatic Control.

S. M. N. Mahmud, M. Abudia, S. A. Nivison, Z. I. Bell, and R. Kamalapurkar, Safe
adaptive output-feedback optimal control of a class of linear systems, submitted to
International Journal of Robust and Nonlinaer Control.

S. M. N. Mahmud, M. Abudia, S. A. Nivison, Z. I. Bell, and R. Kamalapurkar, Safe
adaptive output-feedback optimal control of second order nonlinear deterministic systems,
submitted to IEEE Transactions on Automatic Control.

T. E. Ogri, Z. 1. Bell, and R. Kamalapurkar, State and parameter estimation for affine
nonlinear systems, submitted to IEEE Conference on Decision and Control.

J. A. Rosenfeld, B. Russo, R. Kamalapurkar, and T. Johnson, The occupation kernel
method for nonlinear system identification, arXiv:1909.11792, Submitted to STAM
Journal on Control and Optimization.

Safety aware model-based reinforcement learning

Safety awareness is critical in reinforcement learning when task restarts are not available
and /or when the system is safety critical. Safety requirements are often expressed in terms
of state and/or control constraints. In the past, model-based reinforcement learning (MBRL)
approaches combined with barrier transformations have been used as an effective t ool to
learn the optimal control policy under state constraints for systems with fully known models.
In this project, the investigators primarily focused on the development reinforcement learning
techniques that utilize novel filtered c oncurrent learning m ethods t o realize simultaneous
learning and control in the presence of model uncertainties and using partial state feedback
for safety critical systems.

2
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A MBRL approach to address the state-constrained optimal control problem appeared in
[1], where the results in [2] are extended to soften the restrictive persistence of excitation
requirement. However, the methods developed in [2] and [1] require fully known models,
which are often difficult to obtain. In this paper, a MBRL technique is developed for barrier
transformed, safety critical systems, which utilizes a novel filtered concurrent learning method
to realize simultaneous learning and control in the presence of parametric uncertainties. The
inclusion of filtered concurrent learning makes the feedback controller robust to modeling
errors and guarantees closed-loop stability under a finite (as opposed to persistent) excitation
condition. A Lypaunov-based analysis proves the developed MBRL technique is stable and
guarantees safety requirements are satisfied. Simulation results are provided to demonstrate
the performance of the developed MBRL approach compared to an existing optimal control
method. The idea, published in [3] is summarized below.

Consider a nonlinear dynamical system of the form

i = f(2)0+ gla)u, (1)

where x = [z1;...;2,) € R" with ¢ = 1,2,...,n is the system state, § € RP are the
unknown parameters, u € R? is the control input, and the functions f : R® — R"*P and
g : R" — R"*7 are known, locally Lipschitz functions with f(x) = [fi(x); - ; fu(z)] and
g(z) = [g1(x); -+ ; gn(x)]. The notation [a; b] denotes the vector [a b]7.

The objective is to design a controller u for the system in (16) such that starting from
a given feasible initial condition z°, the trajectories z(-) decay to the origin and satisfy
x;i(t) € (a;, A;),Vt > 0, where a; < 0 < A;.

Using a barrier transformation of the form

Ala —
s; = bxy,ai, 4;), @ =0b"Y(s;,ai, 4;), bz, a,A):=log ﬁ, z € R, (2)
it can be shown that the system in (16) can be transformed into
§ = P(s) + Gls)u = y(s)9 + Gls)u, (3)

where

y(s) = [F1;...; F,) e R™P G(s) = [Gy;...;G,) € R

The idea is then to formulate and solve an unconstrained optimal control problem to design
an adaptive feedback controller u (t) = ¢ (¢, s(t)) for the transformed system, and use the
barrier transform to get the adaptive feedback controller w (t) = ¢ (¢, x(t)) = ¢ (¢,b(z(t))) for
the original system.

To cope with the uncertain parameters, 6, a novel system identifier was developed. Estimates
of the unknown parameters, 6 € RP are generated using the filter

. Y| <Y
y — y(S), || || - Y(O) — O7 (4)
0, otherwise
3
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: YTY, Y| <Y}
¥ = { A=Yy 0 =0 )
0, otherwise
. <Y;
¢ = {G(S)“’ W= Y7 gy 0) =, ©
0, otherwise
. _JYT(s=s"=Gy), [Y7lI<Y;
Xi= ’ - X£(0)=0 7
! {0, otherwise’ 10)=0, (M)
where s° = [b(2?);...;b(z?)], and the update law
0 = BiY] (6)(Xs(t) — Y7(1)6), 6(0) =06", (8)

where 3, is a symmetric positive definite gain matrix and Y} is a tunable upper bound on
the filtered regressor Y;. Provided there exists a time instance 7' > 0 such that Y;(T) is full
rank, the estimates, f can be shown to converge to their true values, 6.

Provided the optimal control policy exists, the value function of the optimal control problem,
defined as -
Vi(s) = min [ r(6(r,s,u0), u()dr ©
u(- t
where ¢(7, s, u(-)) denotes the trajectory of (17), evaluated at time 7, starting from the state s
and under the controller u(-), is characterized by the corresponding Hamilton-Jacobi-Bellman
(HJB) equation
0=min (Vs V(s) (F(s)+G(s)u)+s"Qs+u” Ru) , (10)
ue
where V = %. If the value function is continuously differentiable, then it can be shown
to be the unique positive definite solution of the HJB equation in (42), and provides the
optimal closed-loop policy u* : R* — R? defined as u*(s) := —3R~1G(s)"(V,V*(s))". The
development in REF then shows that by approximating the optimal value function and the
optimal control policy using a basis o as

14 (3, Wc) = W0 (s), (11)
i (5,W,) = —%R—IGT (s) V.07 (s) W, (12)

the HJB equation can be exploited to drive the weight estimates W, and W, to their ideal
values while keeping the system in (17) stable, thereby estimating the optimal controller

online and in real time.

5.0. System identification

In addition to the work on reinforcement learning above, the investigators have also made
inroads into an alternative method for system identification that could potentially be integrated
into the learning framework. The new technique is developed in the framework of reproducing
kernel Hilbert spaces and allows for accurate identification of unknown p arameters in the
system model.

4
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Definition 1. A RKHS, H, over a set X is a Hilbert space of real valued functions over the
set X such that for all x € X the evaluation functional, E, : H — R, given as F,g := g(z) is
bounded.

The Riesz representation theorem guarantees, for all x € X, the existence of a function
k. € H such that (g, k,)g = g(x), where (-, -) g is the inner product for H [4, Chapter 1|. The
function k, is called the reproducing kernel function at =, and the function K (z,y) = (ky, kz)u
is called the kernel function corresponding to H.

Each kernel function has an associated feature mapping, ¥ : X — (?(N), such that K(x,y) =
(U(x),¥(y))em. The feature map can be obtained by using an orthonormal basis for H,
and if K : X x X — R can be represented through a feature mapping, then there is a unique
RKHS for which K is its kernel function [5].

To establish a connection between RKHSs and nonlinear dynamical systems, the following
operator is introduced, which is inspired by the study of occupation measures [6].

Definition 2. Let & = f(x) be a dynamical system with the dynamics, f : R" — R™, locally
Lipschitz continuous, and suppose that H is a RKHS over a set X, where X C R" is compact.
The Liowville operator with symbol f, Ay : D(Ay) — H, is given as

Arg:=V,9- f,

where

D(As) ={9e€ H:V,g-fe H}.

Associated with Liouville operators in particular are a special class of functions within the
domain of the Liouville operators’ adjoints, and these functions are also the main object of
study of this part of the project.

Definition 3. Let X C R" be compact, H be a RKHS of continuous functions over X, and
v :[0,T] = X be a continuous trajectory. The functional g — fOTg(’}/(T))dT is bounded

over H, and may be respresented as fOT g(y(1))dr = (g9, u, for some I'y, € H by the Riesz
representation theorem. The function I'; is called the occupation kernel corresponding to
in H.

The following relationship between the adjoint of the Liouville operators and the occupation
kernels is exploited below for system identification.

Proposition 4. Let H be a RKHS of continuously differentiable functions over a compact set
X, and suppose that f : R™ — R"™ is Lipschitz continuous. If v : [0,T] — X is a trajectory as
in Definition 3 that satisfies v = f(7), then I, € D(A}), and AT, = K(-,~(T)) — K(-,7(0)).

Proposition 4 completes the integration of nonlinear dynamical systems with RKHSs. In
particular, valid trajectories for the dynamical system appear as occupation kernels within
the domain of the adjoint of the Liouville operator corresponding to the dynamics. This
intertwining allows for the expression of finite dimensional nonlinear dynamics as linear
systems in infinite dimensions.

5
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Moreover, the relation

(Arg, Ty = g(v(T)) — g(~(0)) for all g € D(Ay)

uniquely determines I',. Consequently, this relation will be used subsequently to establish
constraints for parameter identification in a system identification setting.

The occupation kernels themselves can be expressed as an integral against the kernel function
in a RKHS as demonstrated in Proposition 5.

Proposition 5. Let H be a RKHS over a compact set X consisting of continuous functions
and let v : [0,T] — X be a continuous trajectory as in Definition 3. The occupation kernel
corresponding to v in H, I',, may be expressed as

M@= [ K, (13)

Thus, to compute occupation kernels and inner products of functions against occuption kernels,
one simply needs to integrate numerically along the trajectories of the system leveraging, for
example, quadrature techniques for integration.

In a gray box system identification setting, the system dynamics, f : R" — R", is pa-
rameterized in terms of a collection of basis functions, Y; : R* — R"” for 7 = 1,..., M,
as

flz) = Zem<x). (14)

The goal of the system identification problem given a collection of trajectories,

{v; }j-vzl, satisfying the dynamics as in Definition 3, is to determine the values of the parameters,
0; for t =1,..., M, such that (14) may be used to reproduce the trajectories.

For a compact set X C R™, let {v; : [0,T] — X}}_; be a collection of trajectories satisfying

the dynamics & = f(z) = Y1, 6;Y;(z), and let '), be the corresponding occupation kernels
inside a RKHS, H of continuously differentiable functions over X. Suppose that {¢,}32, C X
is dense. Constraints on 6, are then established as

<AfK('7CS)7 FW]‘)H = 261<AYZK(7 CS>7F'YJ'>H = K(VJ(T)vcs) - K(’}/j(O),Cs),

foreach s=1,...,0cand j=1,..., N.

After the selection of a finite and representative collection of centers, {cs}Y_;, () may be
expressed as a matrix equation. Let {n;}-) be an enumeration of {(s, j )}f;q7j:1, then the
matrix equation in (15) holds.

6
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A6 =K(T)—K(0), where (15)

A= <<AY1K(7 C?’lj71)7 F'ynj72>H> :7 ' € RSNXM, 6= (01 s 0]\/[) € RM, and

K('ynszv,z (t)v Cnsz\m)

Since the matrix A must be numerically estimated, written as A, the parameter values
obtained using this method are approximate, and will be represented as €, obtained via

0 := (ATA)TAT(K(T) — K(0)).

For further details, see the published article [7]. The investigators have also extended the ideas
presented here to nonparametric system identification through dynamic mode decomposition
(DMD), see [8] for further details.

Safe output feedback adaptive optimal control

The ability to learn and execute control policies safely is critical to realization of complex
autonomy, especially when task restarts are not available and/or the systems are safety-critical.
Safety requirements are often expressed in terms of state and/or control constraints. Methods
such as barrier transformation and control barrier functions have been successfully used in
conjunction with model-based reinforcement learning, for safe learning in systems under state
constraints. However, existing barrier-based safe learning methods rely on full-state feedback.
In this line of enquiry, we develop output-feedback safe model-based reinforcement learning
techniques using novel dynamic state estimators to implement simultaneous learning and
control for a class of safety-critical systems with partially observable state.

We started the enquiry by developing adaptive observers for specific classes nonlinear systems.
The first class considered was systems in a Brunovsky form where the state is comprised of
the output and its derivatives. While adaptive observers for this class of systems were already
available in results such as [9, 10], integration of such observers with the barrier transformation
framework described above presents several technical challenges related to discontinuity of
the transformation at the boundary of the barrier. To address these challenges, we developed
a novel barrier-aware adaptive observer as follows.

We consider the following continuous-time affine nonlinear dynamical system in Brunovsky
canonical form.

T =Ty, Do = f(x)+ g(v)u, (16)

where x = [x1; 73] € R?" is the system state, u € R™ is the control input, and z; € R™ is the
output. The drift dynamics, f : R?® — R”, and control effectiveness, g : R?*" — R™*™  are
known, locally Lipschitz continuous functions. Let Z; and Z5 be the estimates of x; and x5
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respectively and & = [£1; o). The notation [v;w] is used to denote the vector [ w?]?, and
the notation z;; is used to denote the jth element of the vector z;. The notation I, denotes

the identity matrix of size o.

The objective is to design an adaptive estimator to estimate the state online, using input-
output measurements, and to simultaneously estimate and utilize an output feedback optimal
controller, u, such that starting from a given feasible initial condition z°, the trajectories x(-)
decay to a neighborhood of the origin and satisfy x;,(t) € (ai;, 4;;), ¥t > 0, where i = 1,2,
Jj=1,...,n, and the constants a;, <0 < A;, define user-specified safety constraints.

To transform the dynamics in (16) using the BT, the time derivative of the transformed state,
s = [s1; o] € R?", can be computed as

$1=H(s), $=F(s)+G(s)u, (17)
where (H(s));, = By, (s1,)b""(s2,), (F(s)); = Ba(s2,) (f(b7'(5)));, and (G(s)); =
By, (s2,) (9(b7'(s))); -

The estimator is given by
1 = B, $;2=f(53)+9(f)U+V1, (18)

where, v; = [v1,;...;11,] € R" is a feedback term designed in the following. The design
of 11 is motivated by the need to establish bounds on the state estimation errors in the
transformed coordinates. To facilitate the design of v, let the state estimation errors be
defined as #; = 2, — 21, and Zy = x3 — . The feedback component vy, where j € {1,...,n}
is designed as

- o?(b(zy,) — b(dy,)) — (K +a+ B1)g
] Blj (b (ilj)) ’

where the signal ¢; is added to compensate for the fact that xo; is not measurable, and

S . —8; .
a2 e i —2a; A; +A2 e U
J I ’j

B (si,) = &) . - is the reciprocal of the derivative of the barrier function.
J J Aij ay 7al‘j Ai .
J

(19)

Based on the stability analysis, the signal ; is designed as the output of the dynamic filter

=~k B — (k4 @) (baw) — D(@n,)) — ko () —b3n)) 5 (0) =0, (20)

where «, k, and f; are positive constants. The signal ¢; can be implemented, without
numerically differentiating b(z,), via the filter,

g;j =—(k+ 51)@' — ka (b (xlj) —b (jlj)) ’ g(o) =0,
Gi(t) =5(t) — (k +a) (b (21,(£)) = b (21, (8)) = b (21, (0)) + b (21,(0)) ) 21)

where, ¢; is an auxiliary signal.

To facilitate the analysis, which is done in transformed coordinates, an equivalent expression
of the state estimator in the transformed coordinates is needed. To transform the state
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estimator using the BT, let 5;, = b(a%ij), and 8;, = s;; — 8;;. The state estimator can then be
expressed in transformed coordinates § == [51; 5] € R*", as

§ = H(3), & =F(8)+G(3)u+ vy, (22)
where v = [1y,;...;1,] € R is given by 15, = B (§2j)(B§ij (_é(lk;mrﬂl)m), where n = [n1;. .. ;M)
is the output of the dynamic filter Y
ij= b —kr—as;, 1(0)=0, (23)
and the error signal r = [ry;...;r,] is given by
r =5 +as +1. (24)

Using (23), the time derivative of r is given by
= Fy(s,8) + Fs(s,8) + G1(s, 8)u — o®5; — kr + (k + a)n, (25)

where Fy(s,8) = Fy(s) — Fy(8), Fs(s,8) = Fy(s) — F5(3), G1(s,8) = Gi(s) — G1(5). The
design of the estimator is motivated by the need to get the following bound.

Lemma 6. Let V, : ]R — ]R>0 be a continuously differentiable candidate Lyapunov function
defined as Vie(Z1) = 31 S1+ 3rTr+4n"n, where Zy = [T, r",n"]. Provided s, § € B(0,X),
where B(0, ) is the closed ball of radius x > 0 centered at the origin, the orbital derivative
of Vie, along the trajectories of (17), (22), (23), and (25), under the approzimate optimal
controller, defined as Vie(Z1,5,5,W,) = WBST(Z”(H(S) — H(s)) + avsggzl)r-, + avse(zl)n, can be
bounded as

Vie(Z1, 8,8, Wa) < =a®(|51]* = (k—woreo) || [|* = (Bi =) [Inl* +o1 (1 + @4 + wac)) |73
+ @iy [rflnll + @27 {[[[Wall + (7|

The general idea behind the developed technique is the fact that (see [11, Lemma 1]) if a
feedback controller that practically stabilizes the transformed system in (17) is designed,
then the same feedback controller, applied to the original system by inverting the BT, also
achieves the control objective as stated above.

In the following, a controller that practically stabilizes (17) is designed as an estimate of a
controller that minimizes the infinite horizon cost!

J(u()) = / " o(d(r, 8, u()), ulr))dr, (26)

over the set U of piecewise continuous functions ¢ — u(t), subject to (17), where ¢(7, s°, u(-))
denotes the trajectory of (17), evaluated at time 7, starting from the state s°, and under the
controller u(+). In (26), c(s,u) = Q'(s) + u’ Ru, with Q'(s) : R* — R, and R € R™™ is a
symmetric PD matrix. For the optimal value function to be a Lyapunov function for the
optimal policy, the following assumption is needed [13].

LA state penalty function z — E(z), given in the original coordinates, can easily be transformed into
an equivalent state penalty Q(s) = E(b~!(s)). Since the barrier function is monotonic and b(0) = 0, if
E is positive definite (PD), then so is . Furthermore, for applications with bounded control inputs, a
non-quadratic penalty function similar to Eq. 17 of [12] can be incorporated in (26).
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Assumption 7. One of the following is true:
1. Q" is PD.
2. @' is positive semidefinite (PSD), and s; — @’ (s) is PD for all nonzero s, € R".

3. Q" is PSD, sy +— @' (s) is PD for all nonzero s; € R™ and F (s) # 0 whenever s; # 0.

Assuming that an optimal controller exists, let the optimal value function, denoted by
V*:R"™ x R? — R, be defined as

V(s):= min / (S(7, 5,100 (), u(-))dr, (27)
()€U 00) St

where u; and U; are obtained by restricting the domains of v and functions in U; to the

interval I C R, respectively. Assuming that the optimal value function is continuously

differentiable, it can be shown to be the unique PD solution of the Hamilton-Jacobi-Bellman

(HJB) equation [14, Theorem 1.5]

min (Vi, (H(s)) + Ve (F(s) 4+ Gl9)u) + Qs) + w'Ru) = 0, (28)
where V() = —, and V(. = V(,V. Furthermore, the optimal controller is given by the

feedback policy u( ) = u*(é(, 5, upy))) where u* : R® — R™ defined as
* 1 — *
u*(s) = —§R LG (s)T(V,V*(s)T. (29)

The following theorem establishes global asymptotic stability of the closed-loop system under
optimal state feedback (see [11]).

Theorem 8. If the optimal state feedback controller (43) that minimizes the cost function in
(26) ezists and if the corresponding optimal value function is continuously differentiable and
radially unbounded, then the origin of closed-loop system $; = H(s) and $3 = F(s)+G(s)u*(s)
15 globally asymptotically stable.

The design of the controller is similar to the safe controller described above except that it uses
state estimates instead of state measurements. The analysis utilizes the bound in Lemma
6 along with a Lyapunov function that guarantees stability of the optimal state feedback
controller. Such a Lyapunov function is guaranteed to exist by the converse Lyapunov
theorem for asymptotic stability. See [11] for details.

A similar modified barrier-aware observer was developed for linear systems, with a more
general linear measurement model, based on the Luenberger observer, and used in a similar
fashion to develop safe output feedback adaptive optimal controllers in [15].

To enable output feedback adaptive optimal control in nonlinear systems with linear mea-
surement models, we integrated the bounded Jacobian observer technique with a critic-only
saturated adaptive optimal controller for nonlinear dynamical systems of the form,

&= f(z) +g(2)u, y=Cr, (30)
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where © € R" is the system state , u € R is the control input, C' € R?" is the output
matrix, and y € R? is the measured output. The functions f : R® — R"”, and g : R® — R™*™,
denote the drift and the control effectiveness matrix, respectively. In the bounded Jacobian
technique, we assume the following.

Assumption 9. The functions f and g are known, their derivatives exist on a compact set
C C R, and satisfy the element-wise bounds

d(f(z)):
(Mf1)w < d(.CE)j < (Mfz)zjv (31)
(M!h)wk < d(ggi;])m < (Mg2)i,j,k= (32)

forallz € C,i,j=1,...,nand k = 1,...,m, where (-);;, and (-);;, and (-); denote the
element of the array (-) at the indices indicated by the subscript.

The bounded Jacobian assumption is used to express the system model in the form

i = Mz + Myux + f(x) + gu(r,u), (33)

where
f(z) = —=Mpz+ f(z), and (34)
) = =My + 300, )

and the derivatives of f and g satisfy the element-wise inequalities

d(f(=))s
Cd(x);
d(gu(z,u))ik
Tx)j < [(Mgy)ijk — (Mg, )ikl (W), (37)

where ¢,7 == 1,...,n, and k := 1,...,m. Thus, ]\7[f1 = Opxn, My
OanXm aIld Mg2 - Mg2 - Mgl'

< (Mf2) (Mfl)iyj and (36)

2 = My, — My, Mgl =

Using the derivative bounds, a state estimator with three correction terms is designed as

T = Mpi + Myui + fli + H(y — C2)] + gult + K (y — C2),u] + L(y—Cz), (38)

where € R" is the estimate of x, H € R"*?, K € R and L € R"*? are observer gains,
H (y — Cz) and K (y — C't) are nonlinear injection terms and L (y — C'%) is a linear correction
term. Standard Lyapunov methods are then used to conclude that if the system state and
the control input remain bounded, then the estimator results in asymptotic convergence of
the state estimates to the true state (see [16].
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To ensure boundedness of the control input, the controller is designed by minimizing the
non-quadratic cost functional

_ / QT 1wy ())) + Uur))dr, (39)

over the set U piecewise continuous functions t — u(t), Vt € [0,00) where ¢(t, z,u(-)) is
a solution of (30) under control signal u(-) starting from z, @ : R — R is a continuous,
positive definite function and U : R™ — R, introduced to address the saturation constraint
on the control, is defined as

Ulu) = 2 / (3 tanh " (/A)" Rdv, (40)
0
where R = diag(ry, ..., n). Assuming the optimal controller exists, then let the optimal
value function, V* : R” x R™ — R, be expressed as
Vi) = min [ QU () + Ula(r)dr (a1
[t,00)

where u; and U; are obtained by restricting the domains of u and functions in U; to the
interval I C R, respectively. Assuming that the optimal value function is continuously

differentiable, it can be shown to be the unique PD solution of the Hamilton-Jacobi-Bellman
(HJB) equation, [14, Theorem 1.5],

min (vzv (f(z) + g()u) + Q(z) + U(u)) —0, (42)

uER™

where V() = %.

Therefore, the optimal controller is given by the feedback policy, u(t) = u*(¢(t, x, upy))
where u* : R — R™ defined as

u*(z) ;== —Atanh(D*), (43)

where D* = (1/2\)R~'g(z)"V,V*(x) € R™. Substituting equation (43) in (40), the function
U is given as

Uu*) = AV, V*T(2)g(x) tanh(D*) + N2R1n(1 — tanh?(D*)), (44)
where R == [ry,...,7,] € R™™ and 1 denotes a column vector having all of its elements equal
to one. Substituting optimal control input, (43) in (42), the following equation is obtained,

VoV (f(2) + g(x)u’(x)) + Qz) + U(u") = 0 (45)

The design of the approximate optimal controller is then similar to the designs detailed above,
and uses Bellman error extrapolation and minimization. The controller saturation obviates
the need for the actor network, and as a result, stability guarantees can be obtained using a
single critic network that approximates the optimal value function. For further details, see
[16].

We are currently in the process of extending the above result to systems with uncertain
dynamic models. To that end, we have developed an adaptive observer using the bounded
Jacobian technique in a paper under review for possible presentation at the 2023 IEEE
Conference on Decision and Control (see [17]).
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6.0. Reasons why established goals were not met

One of the goals in year 1 was to develop fallback controllers and switching based methods
that utilize the fallback controllers to achieve safe reinforcement learning. The authors
surmised that the barrier transformation approach presented above was a more effective way
to achieve safe reinforcement learning. Furthermore, the fallback controller approach has been
extensively investigated by other researchers using interval reachability and Hamilton-Jacobi
reachability. Similarly, results are now available in the literature on model-based reinforcement
learning using Gaussian processes.

On the other hand, the output feedback adaptive optimal control problem has not seen much
attention in the literature, and has potential applications in multi-agent systems. As a result,
the fallback controller approach was not investigated in this effort a nd w e f ocused i nstead on
the output feedback problem. However, since the barrier transformation approach requires
a well-parameterized system, the PI believes that there is still value in a fallback-based
approach with online monitoring for model mismatch. The PI will continue to investigate
this approach in upcoming years.

13
Distribution A



7.0. References Cited

1]

2]

3]

[4]

[5]
[6]

[7]

[8]

9
10]

[11]

[12]

[13]

[14]

M. L. Greene, P. Deptula, S. Nivison, and W. E. Dixon, “Sparse learning-based
approximate dynamic programming with barrier constraints,” IEEE Control Syst. Lett.,
vol. 4, no. 3, pp. 743-748, 2020.

Y. Yang, K. G. Vamvoudakis, H. Modares, W. He, Y.-X. Yin, and D. Wunsch, “Safety-
aware reinforcement learning framework with an actor-critic-barrier structure,” in Proc.
Am. Control Conf., 2019, pp. 2352-2358.

S. M. N. Mahmud, S. A. Nivison, Z. I. Bell, and R. Kamalapurkar, “Safe model-based
reinforcement learning for systems with parametric uncertainties,” Front. Robot. Al
vol. 8, no. 733104, pp. 1-13, 2021.

V. 1. Paulsen and M. Raghupathi, An introduction to the theory of reproducing kernel
Hilbert spaces. Cambridge University Press, 2016, vol. 152.

C. M. Bishop, Pattern recognition and machine learning. Springer, 2006.

J. B. Lasserre, D. Henrion, C. Prieur, and E. Trélat, “Nonlinear optimal control via
occupation measures and LMI-relaxations,” SIAM J. Control Optim., vol. 47, no. 4,
pp. 1643-1666, 2008.

J. A. Rosenfeld, R. Kamalapurkar, B. Russo, and T. T. Johnson, “Occupation kernels
and densely defined Liouville operators for system identification,” in Proc. IEEE Conf.
Decis. Control, 2019, pp. 6455-6460.

J. A. Rosenfeld, R. Kamalapurkar, L. F. Gruss, and T. T. Johnson, “Dynamic mode
decomposition for continuous time systems with the Liouville operator,” J. Nonlinear
Sci., vol. 32, no. 1, pp. 1-30, 2022.

R. Kamalapurkar, “Online output-feedback parameter and state estimation for second
order linear systems,” in Proc. Am. Control Conf., 2017, pp. 5672-5677.

R. Kamalapurkar, “Simultaneous state and parameter estimation for second-order
nonlinear systems,” in Proc. IEEE Conf. Decis. Control, 2017, pp. 2164-2169.

S. M. N. Mahmud, M. Abudia, S. A. Nivison, Z. I. Bell, and R. Kamalapurkar, Safe
adaptive output-feedback optimal control of second order nonlinear deterministic systems,
submitted to IEEE Transactions on Automatic Control.

Y. Yang, D.-W. Ding, H. Xiong, Y. Yin, and D. C. Wunsch, “Online barrier-actor-critic
learning for Hoo control with full-state constraints and input saturation,” J. Franklin
Inst., vol. 357, no. 6, pp. 33163344, 2020.

R. V. Self, M. Harlan, and R. Kamalapurkar, “Model-based reinforcement learning for
output-feedback optimal control of a class of nonlinear systems,” in Proc. Am. Control
Conf., 2019, pp. 2378-2383.

R. Kamalapurkar, P. Walters, J. A. Rosenfeld, and W. E. Dixon, Reinforcement learning
for optimal feedback control: A Lyapunov-based approach (Communications and Control
Engineering). Springer International Publishing, 2018.

14
Distribution A



[15]

[16]

[17]

S. M. N. Mahmud, M. Abudia, S. A. Nivison, Z. I. Bell, and R. Kamalapurkar, Safe
adaptive output-feedback optimal control of a class of linear systems, submitted to
International Journal of Robust and Nonlinaer Control.

T. E. Ogri, S. M. N. Mahmud, Z. I. Bell, and R. Kamalapurkar, “Output feedback
adaptive optimal control of affine nonlinear systems with a linear measurement model,”
in Proc. IEEE Conf. Control Technol. Appl., 2023, to appear.

T. E. Ogri, Z. 1. Bell, and R. Kamalapurkar, State and parameter estimation for affine
nonlinear systems, submitted to IEEE Conference on Decision and Control.

15
Distribution A





