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ABSTRACT

A theoretical analysis is made todetermine the optimum form
for radar-reflecting materials. It is found that the bestutilization
of material for the frequency range 10° to 10'° cps is obtained
from a netting made of wires of high conductivity having a radius
of 3 x 10~° cmand spaced 1.5 to 3 mm apart. The volumeof ma-
terial required to produce a given echo is found to vary inversely
with the conductivity but is independent of the permeability. It is
shown that, under “ideal” conditions, one ounce of aluminum ma-
terial can be made to simulate the echoes from more than 2000
Flying Fortresses or Liberator bombers. Ideal conditions (never
possible to achieve in actual operation) assume the netting to be
in theform of a perfectly flat sheet oriented normal to the direction
of radar energy.

PROBLEM STATUS

This is aninterim report; work on this problem is continuing.

AUTHORIZATION

NRL Problem No. R06-26R.
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OPTIMUM CHARACTERISTICS FOR RADAR-REFLECTING MATERIALS

INTRODUCTION

The problem of producing false radar echoes resolves itself into one of making the
largest possible echo with the least possible material both in regard to mass and bulk.
Recent developments in reflectors’ show a trend toward the use of conducting mesh in the
form of sheets, corners, and spheres. These meshes have been made of many materials.
Initially, fine wires were woven at intervals in ordinary cotton fabric. Subsequently,
netting was metalized by the Suchy process. A review of the work leads to speculation
as to what extent wire diameter and conductivity may be decreased without destroying its
effectiveness as a reflecting medium.

Preliminary experiments at the Naval Research Laboratory have indicated that a
surprisingly small amount of material can produce large echoes. It was found that lines
ruled in silver ink on paper as well as metallized condenser paper were excellent re-
flecting media. At the same time it was noted that certain materials, notably glass and
polystyrene, were either commercially available in the form of fine fibers or could
readily be put into that form. The combination of these two ideas leads to the concept
of a new form for reflecting material. By metallizing such fibers or by use of a process
which would render the fibers conducting, a “cobweb” or ball of “fluff” might be produced
which would have a reflection efficiency comparable to the silver-ruled lines.

Such a material would have several outstanding advantages:

(1) Due to its extremely light weight, it would have a very slow rate of fall
and remain in the air over extended periods of time.

(2) Since it would be non-resonant over a wide band of frequencies, it could
be used effectively without advance knowledge of the characteristics of the enemy
radar.

(3) Finally, there is the possibility that it might be loaded into a shell in very
compact form and exploded into its final form at some point in front of the air-
craft or ships being protected.

Before attempting to produce materials of this kind, it is desirable to provide for the
development a theoretical foundation which will assist in establishing the specifications
for the material and indicate the directions along which the research should proceed.

']

! Great Britain - Director of Misc. Weapons Dev., Technical History No.X, “Radar
Reflectors,” Secret (n.d.)
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The present report consists of a mathematical treatment of the problem and gives the con-
clusions which may be drawn from that analysis.

HISTORICAL BACKGROUND

Since the time of Hertz it has been known that a series of parallel wires a short dis-
tance apart make a very effective reflector for electromagnetic waves, provided that the
direction of polarization is parallel to the direction of the wires. A mesh is derived from
a pair of such grids oriented so that the wires in one are at right angles to the wires in
the other. Such an arrangement is insensitive to direction of polarization. Analysis of
the reflection from the mesh, however, resolves itself into analysis of the grid, because
the two components of the incident wave parallel to each of the grid directions can be
treated separately.

Shortly after the experiments of Hertz, Thompson? and Lamb® published mathematical
analyses of the reflection efficiency of a grid assuming infinite conductivity for the wires.
Subsequently, the reflectivity of fine wire grids made of various metals was measured
experimentally by Schaefer and Laugwitz.® They demonstrated that a drop in the reflec-
tivity of the grid was experienced when wires of lower conductivity were used. An extension
to the theory of grids to include the effect of conductivity was made by Gans.®’® His theo-
retical results did not check the Schaefer-Laugwitz experiments, but it was later shown by
Schaefer 7 that the discrepancy was due to erroneous reporting of the earlier experimental
work. A very extensive treatment of the grid reflection problem has been made by
Ignatowsky.®

Since this general theory takes into account all possible current distributions around
the circumference of the wire, it is considerably more complicated than necessary for the
present work. A different approach to the problem has been made by Wessel.®? He re-
stricted himself to the first approximation of the Ignatowsky theory where a uniform
current distribution on the wires is assumed. A feature of Wessel’s work is the use of
an integral equation method rather than a boundary value method to solve the problem.
His results are of particular interest for the region where the spacing between wires
approaches a wavelength in magnitude.

2 J. 7. Thompson, “Notes on recent researches in electricity and magnetism,” Oxford

University Press, (1893), pp 425 ff.

* H. Lamb, Proc. London Math. Soc., 29, 523-544, (1898).

* C. Schaefer and M. Laugwitz, Ann. d. Phys., Series 4, 23, 951-956, (1907).
® R. Gans, Ann d. Phys., Series 4, 61, 447-464, (1920).

® R. Gans, Ann d. Phys., Series 4, 66, 427-28, (1921).

" C. Schaefer, Ann. d. Phys., Series 4, 74, 275-284, (1924).

® W. von Ignatowsky, Ann d. Phys., Series 4, 44, 369-436, (1914).

® W. Wessel, Hochfreq. u. Elekakus., 54, 62-69, (1939).
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A summary of the more recent work on the reflecting properties of gratings is given
by Gooden '° where curves of percent reflection as a function of a large range of wire 3
diameters and spacmgs are presented. The data for the relatively large wire diameters
is derived from Hayes, ' and the data for the smaller wire diameters is derived from a
report by the T.R.E. Mathematical Group!®’ The later work is based on the results of
Wessel.

The curves presented by Gooden were used to calculate the volume of material re-
quired to give a certain percentage reflection. There was a marked decrease in volume
as the spacing (i.e., wire size) was reduced, but as the smaller spacings were reached
the curves tended to level off. These results confirmed earlier expectations and in-
dicated that the region of very small wire diameters and spacings was of primary interest
in this work. The Gans theory was applicable in this region and provided the basis for
the present analysis.

DEVELOPMENT OF THE GANS THEORY

Assume that we have an infinite grid
arranged as shown in Figure 1. The radius,
a, of the grid wires is small in comparison
with their spacing, which in turn is small with
respect to a wavelength. A plane electro-
magnetic wave polarized in the direction of
the z-axis approaches the grid along the pos-
itive x-axis. It is partly reflected and partly
transmitted. The transmitted portion econ-
tinues moving along the negative x-axis. Four
different regions are recognized in the devel-
opment of the theory. They are:

N
| R =, - WOREN, NI 3
x

7
2
_ 1. The region inside the wires them- L
selves.
II. The region in the immediate vicinity
of the grid (marked by two bounding planes

parallel to the grid and a long distance from

it in comparison to the spacing but a short
distance from it with respect toa wavelength).
REGION I y

———

% RecioN T

III. Theregion outside the bounding plane
in the direction of the positive x-axis.
IV. The regionoutside the bounding plane

in the direction of the negative x-axis. Fig. 1 - Graphic representation of

assumed grid structure

J. S. Gooden, “Reflecting properties of metal gratings,” Australia Council for
Scientific and Industrial Research, Radiophysics Laboratory, Report No. R.P. 215, JEIA
5677, 31 July 1944, Confidential.

11 W, D. Hayes, “Gratings and screens as microwave reflectors,” Radiation Laboratory
Report 54-20, 1 April 1943, Unclassified.

12 Mathematical Group T.R.E. Swanage, “The elements of wave-propagatwn using the
impedance concept T.R.E. Report 261, 1 December-1941. .
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A solution to the problem is obtained in each of these areas, and the results are
equated at the boundaries in order to determine the coefficients of the equations.

From Maxwell’s equations it can be shown that the wave equation for a conducting
region containing no charge takes the form

V’E=,uait(crE+eﬁ%). (1)

If we assume a sinusoidal wave of frequency f cps, we have electric field intensity given

by

E=E_elt @)

where w =271,

Substitution of equation (2) in equation (1) yields

7 Em = (juow - € pw?) Em (3)

2 2 *
or vV Em+ k Em =0 (4)
where k* = (epw?- juow). (5)

In region I, the conductivity o is so much greater than the dielectric constant € that
the first term in equation (5) is negligible, hence

k! T 6)

1

Since the wires have cylindrical symmetry, the solution to equation (4) for this region is in
terms of cylindrical harmonics, That is,

o
Em=n?o C,7,(k,r)cosne (7)

where r and 6 are polar coordinates from the axis of the wire (see Figure 1), The factors
C, are arbitrary constants and the J, terms are Bessel functions of the first kind of order
n. Bessel functions of the second kind do not appear in equation (7) because they become
infinite for r = o.

In region III, the conductivity is zero and the permeability and dielectric constants are
Ko and €. Equation (1) becomes
PR BE Y (8)
oo at? i

We can assume that the field intensity here varies in a sinusoidal manner and drops off
exponentially as the origin is approached. Thus

E = E oM rE o)

et g R
oy T
e

,-W
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Substitution of (9) into (8) yields

2 2 iy
Y +w 60[.10«-0
and _ y=tlo Ve =2 4= =1j3T (10)

where c is the velocity of light and X ; the wavelength in free space, and where the positive
sign corresponds to the incident wave and the negative sign to the reflected wave. Con-
sequently, the field intensity in region III can be written

wt

-E o 27x
E-Em .~Ee (e

27X =3
[l S § J oy

e Ae G ) (11)
where A represents the fraction of the incident wave which is reflected. A similar situ-
ation exists in region IV except that here the transmitted wave exists alone. That is,

= jwt _ jowt 27X
E=E e =E_e (Bel & ) (12)

where B is the fraction of the incident wave transmitted through the grid.

The first two terms of the series expansion for eX can be used to represent the .
function if x is sufficiently small, Thus an approximate expression for the coefficient
Ep, in equation (11) becomes

E =E (1+j2% .5 ja2%

Ao Xo
(13)

2%
_Eo(1+A+jT0- [1-A]).
Similarly an approximate expression for Em in equation (12) is
L 27x

Em-EOB.(1+j 10)‘ (14)

In considering region II, we can approximate the wave equation (4) by the Laplacian
2 =
V?E =0 (15)

because k is a small number, The validity of this approximation has been discussed by
Schaefer.!”” He compares the exact theory for dispersion by a cylinder with a solution
based on the above. The results show that the approximate solution is appropriate for
wires having good conductivity or for fibers having a high dielectric constant. Since the electric
field intensity is independent of z, the Laplacian can be written in two dimensional form:

*E 9’E
= 4 ay’f‘ = 0. (16)

ax?

3 Schaefer, op.cit. S i

(BRumeNeED. 0  DECLASSIFIED
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We require solutions to equation (16) which will satisfy equation (7) on the surface of
the wires and at the same time will go over into the form of equation (13) for large positive
values of x or equation (14) for large negative values of x. Three functions which satisfy

these requirements are
=

2rx

QL L 7a’® S
i b cosh 2? - COoSs —1211;

[ =% ln-%— (coshlg—xF - cosg—gj—) T (17)

o X

. _X+La2 sinh b
3 e -

B coshzzfx - cos-z%x &

It will be noticed that these functions are repetitive in character, i.e., they are the same
at periodic values of y corresponding to the individual grid wires. For small values of u,
sinh u=~u, coshu=~1 + u®/2, and cos u=1- u®/2; hence, for small values of x and y
equations (17) reduce to

a’x aly a?
Mt e e e !
2 2
bortmet @30 Lk 19
a®x
¢s=x+x2+y2 =cos 0 (r +—)

where r and @ are the polar coordinates from the axis of the wires as shown in Figure 1.

On the surface of the wires where r = a, equations (18) reduce to

X a¢, _
$,=0 ¥ T =2 cos 6
1
62 =g e (19)
< 7 a3 _
¢3-2ac059 ﬁ'—“on

These functions are valid on all the wires of the grid because, it will be noted, the equations
(17) are periodic with respect to the spacing of the wires and take on the same values at
each wire,

For very large positive values of u, sinh us cosh use%/2, Consequently for very
large positive values of x equations (17) become

2
¢1=x" Trba
2nx
b,=3lnteD -IX o (20)

7a2

- = = . ‘ : w'..— 1
B ot & 5
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For large negative values of u, cosh us-sinh us e”%/2, Consequently, for vQ
negative values of x, equations (17) become

7
SE&IIE%SSIFIED

-

ma?
o i
B =% S
¢2 ='2- lnT e b ='F— -11‘12 >' (21)
2
¢, =x -5

e

At the boundary between the wires and the surrounding space the tangential components
of both the electric and magnetic field intensity must be continuous, In terms of the present
problem, the z components of electric field intensity and the § components of magnetic
field intensity must be the same on both sides of the boundary. Since the polarization was
assumed to be parallel to the z-axis, Ez = Em and, at r = a,

Em (outside) = Em (inside). (22)

The complete solution to the Laplacian is a linear combination of the functions (61 4 ¢az s By
and a constant. Thus,

E =0¢ +B+7$,+00,. (23

At r = a, equation (23) must be equal to equation (7). From equations (19), (22), (23), and
(7) we have at r = a

yln_-"'lr)—a +62acos€+ﬂ=co 'To (k,2)+ G J, (k,3) cos 6. (24)

Only the first two terms of equation (7) are used because there are no cos 26, cos 34, or
higher terms on the left side of equation (24).

From Faraday’s law,

V xE =-u-§% (25)

which, written in cylindrical coordinates, gives

3E 3E 3E 2Hg
8Ey  _ z) - _%9Ez _ _,9Ho
(az a,) or ol T L (26)

The requirement for the continuity of the tangential magnetic field intensity and the above
equation leads to

1 3Ep, (outside) .1 B3Em (inside) 27)

for r = a, The combination of equation (27) with equations (19), (23), and (7) gives

%5 Y _L[ : -
= [2ac059+3] - Cokl.To(kla)+ClklIl(kla)cosG] . (28)

- = DECLASSIFIED
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The coefficients of the cosine terms on each side of equations (24) and (28) must be equal
as must the constant terms; hence,
~

B+ -yln%a =Cy I, (k 2)

2a6 =C, J, (k,a) :
L (29)

B Y '
_“0 2a = C,k,J, (k,a) . )
The elimination of C - between the above equations gives
ma :
B+ylnT=
A g JQ (kia) _ :
Y T koak, Jg(k,a) - o i
Similarly, the elimination of C, leads to
_E_ |23 B (kla). Tl - (31)

a =J-l0k13. 5’ (kia)

From the definitions of 7o and 7,, as given in equations (30) and (31), we have

y =~ —“_waﬁ s b= e (32)
In3= - To
Substitution in equation (23) gives
E =as,+8-——F _ g +ar, ¢s. (33)
5 b

At the boundary between region II and region III equation (33) must be equal to
equation (13), At this boundary the functions @,, @2, and @ are at their upper limit of
usefulness, and therefore equation (20) applies. So

2 2
a(x-f%)+ﬁ-mﬂ_a‘8_ (-? -In2)+ a7 (x+£?'r)
b o
(34)
=E0(1+f\+j.2_)l’£."T [1-4]) .

Similarly, at the boundary between region II and region IV the application of equations (14),
(21), and (33) leads to

2 2
a(x+£;——)+ﬁ- + {-Fbl -ln2)+ a1, (x-%)
#p - To (35)

- .m__Wmﬂ""‘- .
T . 2mx
=E,B(1+ i—).
Ao

o
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The boundaries between region II and the exterior regions are indefinite, Thus, equations
(34) and (35) are essentially valid for all values of x. Equating coefficients of like terms
on each side of these equations leads to

F.Ic,(l+.|A)—mm (1- 7)+8+8 - 7
ln?-'ro
< T
v
j). ES (1-A)=a(l+7, )'—ﬁ——— k (36)
]."B—-To
a? In?
EOB= a_]‘.';_ (1-7,)+B+8 T
b "o
B_”...
JE‘T-EB i e O b
Int -7
b 0
By addition and subtraction of equations (36) by pairs we obtain
2ma
m< -7
E (1+A+B)=28+28— 183 _o5. 0 B )
i mi=_ 7 m2 5
b o b o
wa?
EO(B-A-1)=20‘—6—(1-71)
(37)
jEE E (B-A+1)=2a(l+ 1) r
Ag © 1
25
iy b
JT; EO(B+A-I)-1“1’E,_ .
B =

Equations (37) give the following ratios:

2
7a
B-K=1 v s2m =) _1211‘22.2(1-71)
. B-A+1 I3, " 2a{l+7) 'agp (T+7)

(38)
28 m——z““ -1,
P B b ),

The coefficient of the right side of the first of equations (38) is essentially zero because
the radius of the wires is assumed to be very small in comparison with the spacing and
the wavelength, Hence,

Bk =150 or Bkt (39)

(ommmeng,
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From equation (39) and the second of equations (38) we have

2A + 2
2A

=-jA (40)
where
% b Pkl
A_—’G (1nm +T)=u+jv. (41)

The factor A was defined as the ratio of the reflected electric field intensity Er to the
incident electric field intensity Ej. Solving equation (40) for A and substituting we have

A—np Lot = (42)

Power is proportional to the square of the electric field intensity. Consequently, the
reflection efficiency 7, which is defined as the ratio of the reflected power to the incident

power, is given by

Br EeT 1 (43)
7:";;._Pi TTEi 1P (@-v)2+uz’

The factors u and v are defined by equation (41). The defining equations for other terms
required in the evaluation of u and v have been given earlier and are repeated here for
convenience in reference:

25 J.0 (kl a) (30)

L i ko k,a J4 (kya)

k= V-jpow (6)
Tables are available'® which give the value of the function

2 I, 2
e (9

for various values of r. The factor 7o can be evaluated by use of these tables because the
minus sign in l/—_isimply changes the sign on the angles 5 and 8;. Let

k,a =}y powa? V-i=ry-i (45)

Then from equations (30), (44), and (45),

oot ERE VG Lo 8 by Yeh
0 kot V1 Tg TVFD) 2uo LriF TilryD)

= 2 b
= e e

(46)

** E. Jahnke and F. Emde, “Tables of Functions with Formulae and Curves,” Dover
Publi¢ati6HS, New York, (1943) pp. 266 -267.
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The symbol L as used above conforms with the practice followed by the reference tables
and signifies right angle units, Thus

0.5L = 45° =% radians,

SIMPLIFICATION OF THE GANS FORMULA

From tne theory of Bessel functions we have the expansion,

E & &
oy Bl ) i
- 2 12 " 48 180 ° (47)

which can be used to obtain an algebraic expression for T

o+ Inthe region where r is
small, we have

_- 1 JoEV)] -al2arld el
o =g [‘rl/-“l Jf(;vti)] 'u;:)[ s ryﬁi]‘ 5

Substitution of equation (47) into equation (48) yields

A __.H:. 21 [ el | ]
2x4 12x16 48x64

o S I A 2i .i_r_] (49)
o 4 1536 T *rz T 06

Ak
“o 4 g

Substitution of equation (49) into equation (41) gives

TR R TN L Y '
e s e § e M (50)

When r is sufficiently small the imaginary term is very much larger then the real terms
in equation (50), so we have

3 A e AD L

A= l-i—""; o )Loawa.*p.o B (51)
A further simplification of equation (51) is possible by recognizing that A,f = ¢ = 3 x 10°

meters per second, the velocity of light, and making the numerical substitution for pg =

47 x 10”" henry per meter. Then

ib

S07%0at" (52}

A.z_

From equation (43) we find that the reflection efficiency for normal incidence becomes

«omismesd Ay INE
= b =
1+ Gﬂrrﬂaa‘g

£ W"

(BRI DECLASSIFIED
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Under the conditions assumed it will be noted that the reflection efficiency is independent
of the permeability p of the wires making up the grid. Also the reflection efficiency is
independent of frequency. The later result must be used with caution, however, because
the magnitude of r is a function of frequency, and for certain frequencies r would no longer
be very small,

CORRELATION OF GANS FORMULA WITH OTHERS

The Gans formula is limited in its application to those cases where A>> b>>a., It is
of interest, however, to consider situations where the spacing is nearly equal to a wave-
length., A comparison of the Gans formula with others covering this region is desirable.
The development of Wessel '* is useful in this respect because it covers all spacings
including multiples of a wavelength, However, our interest is confined to the region below
one wavelength because all grids become transparent at multiples of a wavelength spacing.
In a practical application it would be unwise to have such regions of zero response in the
design band of frequencies.

If we assume that the conductivity of the wires in the grid is infinite, it can be seen
from equation (45) that the variable r also becomes infinite, The function in equation (46)
approaches zero for large values of r; hence, the factor 7, approaches zero in the limit.
For infinite conductivity, equation (41) becomes

[
o

A=

|

b
mm - (54)

-

o

Wessel defines the term —gelﬁ as the ratio of the reflected electric field intensity to
the incident electric field intensity, Thus his term -gel® corresponds to the term A used
in this report. The reflection efficiency becomes

6,2 Rowo |2
o= |AI2 = lge®| = |TFI (55)
from Wessel’s equation (59) where he defines Z as the impedance of the grid per unit
length, It is important to note that this impedance is different from the grid impedance
used in the transmission line analogy of T.R.E.'® The factor Rw is defined as the real

portion of Z for infinite wavelength; however, it is constant for all wavelengths greater
than the spacing of the grid. Hence, from equation (55) we have

= 2F <lerrecl =1+(—_;§_;5= o

for wavelengths greater than the grid spacing b (Wessel’s symbol d). A comparison of
equation (56) with equation (42) shows that

A=Reo ° (57)

1 Wessel, op. cit.

¢ T.R.E. Report 261, op. cit.
TR R gy AT
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From Wessel’s equations (56) and (57) we have

wfbfs -2 (e )]

cb

!

AIrITecRIAMD

b

(58)

2 fh 54 G )
b RN R Y pars v

Comparison of equation (58) with equation (54) shows that the effect of greater grid spacings
appears as an additive series in the equation. Wessel also indicates the procedure for
handling grids of finite conductivity, but the added complication is not warranted for our
present purposes.

One other limitation on the Gans development is the assumption that the wave arrives
at normal incidence. An analysis of oblique incidence has been made by T.R.E.'” using
the impedance concept. The results show that the shunt reactance of the grid is independent
of the angle of incidence, when A>> b >> a,i.e., in the region of applicability of the Gans
formula. On the other hand, the surge impedance normal to the grid becomes Z sec 6,
where Z, is the surge impedance of free space and 8 the angle of incidence.

A few fundamental ideas from the theory of reflection based on the impedance concept
will assist in the utilization of these results. An obstruction such as a grid in space is
analogous to an impedance shunted across a transmission line, The reflections produced
by the grid are the same as those which would be produced by a transmission line ter-
minated by a load consisting of the parallel combination of the surge impedance of space
and the surface impedance of the grid. For infinitely conducting grids with a spacing of
less than a wavelength,

Ej £ Er _ Et
Yo+ (Yo +1BQ Yo-(Yo+iBg) 2Y,

(59)

where Ej = incident wave, Ey = reflected wave, Et = transmitted wave, Y, = surge ad—
mittance of space, and Bgis the surface susceptance of the grid. Equation (59) reduces to

Er_ -JBG = 16 60
B SYy.eaing " TE v e

From Wessel’s equations (32) and (46) we have

0 _2
g e

=

|

1
% “gb We: joL (61)

o

' Mathematical Group T.R.E. Malvern, “Surface impedance of an infinite parallel wire

grid of oblique angles of incidence,” T.R.E. Report 52/GGM, 26 November 1942,

e TR
s %
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where Z is the impedance of the grid in the Wessel sense. The combination of equations
(60) and (61) leads to

e
o - AR L e L
2Y, +j Bg ¢cb Row + jwL zi+j§{G
0
DECLASSIFIED (62)
¥ __29_2__ p: 1 = 20 ( 1 )
Z,+j2Xg 1+2]Z§G cb Ro 1+j£
Since Rw = 27 /cb, equation (62) shows that
2 wL
or
1 b b
XG = 5 ZDA = ZOTO In m (64)

when the spacing is sufficiently small to be able to neglect the additive series in equation
(58). Equation (64) is the grid reactance used by T.R.E. in their analysis.

For oblique incidence, the impedance of space used must be that normal to the grid.
Consequently Z, sec § must be substituted for Zg in equation (62). As indicated above, the
reactance of the grid is essentially constant. From equations (55), (61), and (62) we have
for normal incidence

2 2

s Zg . Z
"o Zo+ti12%g| ~ Zot4Xg (85)
and for oblique incidence
2 - 2
kg Zosecb | _ . Z‘.} sec 0 = (66)
] Zoa-*.t=.-c6!+,|21(g Z.’ sec B+4Kg

From equation (65),

X = Ot (67)
g_no 0 =

Substituting equation (67) in equation (66), we have

: (68)
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ECHO PRODUCED BY NETTING IN VARIOUS CONFIGURATIONS

There are two commonly accepted methods of expressing an area which would give
an echo equivalent to that from a given target. These are (a) the effective area Ae based
on an equivalent flat sheet % and (b) the cross sectional area o of an equivalent isotropic
reflecting surface,'?’?® Both concepts will be used in this report, but the major emphasis
will be placed on (a) since it is better adapted to an analysis of reflectors of the conventional
type.

Friis  has reported a simple transmission formula which is very useful in correlating
(a) and (b) above. The effective area of any antenna is defined as the ratio, Pr/S, where Pr
is the power available at the output terminals when the antenna is receiving a wave having
an incident power density S. For a small uniform current element, i.e., the Hertz doublet,
output power is equal to the induced voltage squared divided by four times the radiation
resistance. That is,

E?dl?

e oo

(89)

where E = electric field intensity, dl = length of current element, and R = radiation
resistance = 807°d1% /x 2ohms. The incident power density is equal to the electric field
intensity squared, divided by the impedance of free space:

E 2
S =207 ° (79)
Hence, from the definition given above, the effective area of a Hertz doublet is
B Y
Avertz=§ "~ 8r ° (71)
An isotropic antenna has 2/3 the gain or effective area of a Hertz doublet. That is,
S22 BN X
MNa™ 358 5, 47 L

If we assume a transmitter of power P feeding an isotropic antenna, the power density at
a receiving antenna a distance d away is

P,
Sr = Etc'l_z . (73)

18 3. D. Robertson, Bell System Tech. J. 26, 852-869, (1947).

19 Martin Katzin, “Special report on radar cross section of ship targets,” NRL report
RA3A213A, 24 January 1944, Secret.

20 g A, Norton and A. C. Omberg, Proc. L.R.E., 35, 4-24, (1947).

2 {, T. Friis, Proc. LR.E., 34, 254-256, (1946).
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From the definition of effective area of an antenna, the power picked up by a receiving
antenna is

PiAr
Pr = ArSr == (74)

where Ar is the effective area of the receiving antenna. If the transmitting antenna is re-
placed by one having an effective area At, the power received will be increased by the ratio
At/Aiso- The simple transmission equation follows directly:

Pr  _AriA; _ Ar At (75)
Pt  47d®Ajq d* A%

Consider a large, flat, perfectly reflecting sheet oriented normal to the direction of
incidence. The power density at the reflector is

A
s

Sr (76)
47d?

The intercepted power Pr’ is equal to the product of the incident power density and the
effective area Ae of the flat sheet. Since a reflection efficiency of 100% is assumed, the
reradiated power Pt is equal to the intercepted power. Thus,

Pr =Sr Ae=Py{ . 77

The returned power density at the transmitter is

; Ae At Ae?
Py e BE xe——s
Sr = AiSQ o Ajso?® : (78)
47d? (47d*)?

and the received power is

2 2
p;-:SrAt:_gtiLéE__

2y2 ( A2¢
(47d®)® (Z)
A (79)
Pr _ At*Ae?
Py -~ ans

which is the radar equivalent of the Friis transmission formula. When a flat sheet is very
large in comparison with a wavelength, its effective area Ae is equal to its physical area A.
For that reason the concept of effective area is especially useful in evaluating the perform-
ance of reflectors made of flat surfaces.

On the other hand, consider the performance of a spherical reflector. A sphere has
the property of reradiating equally in all directions the energy intercepted by it. It is an
isotropic radiator. As before, we can say that the power density of the radiation incident
on the sphere is given by equation (76). The power intercepted by the sphere, assuming

~pmenes=it {§"Tdrge in comparison with its wavelength, is equal to the product of its cross sectional

DECLASSIFIED _
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area, o, times the incident power density. In this case, o= 7a®, where a is the radius of
the sphere, and is not to be confused with the definition of 0 when discussing conductivity.
If 100% reflection efficiency is assumed, this is also equal to the reradiated power Pt.
So therefore

Pr =Sro=Srma®=P{. (80)

Since the sphere reradiates the power in an isotropic manner, the returned power density
at the transmitter is

A
’ Pt
S R tAiso’
T 4 dz » (81)
. (4ma2) 2
and the received power is
Pt Atzﬂ'
Prefrfi=——20 , (82)
(4n¢)* ()
or
Pr _ Affo)?

Py Tds s 47 (83)

Comparison of equation (83) with equation (79) gives the relationship between cross sectional
area and effective area. Thus,

2
—g?"- - Ae?® (84)
o0 o5 47Ae?
S E R (85)

Also, from equation (84) we find, on substitution for o, the effective area of a spherical
reflector. That is,

_ax
Ae-2 .

(86)

Several important facts are illustrated by the above development. Targets which consist
primarily of curved surfaces, such as aircraft, have a cross sectional area which is inde-
pendent of wavelength, but their effective area is directly proportional to wavelength,
Conversely, targets consisting of flat sheets or combinations thereof have effective areas
independent of wavelength, but their cross sectional area is inversely proportional to
wavelength squared.

Consider a flat sheet of netting having a physical area A and reflection efficiency 7.
The power intercepted would be : 2
Pr =Sr A. (87)

From the definition of reflection efficiency, the power reradiated would be

pti A

’ ’ 3 ¢ . T
Pt =NPr = %‘}Tsd-Q!_ n .W-M#'TB‘ES’

ouiBRAL cnsat

ATy
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The returned power density at the transmitter becomes
P2 Dy b A
Ajso _ Ajso 7
47d2 (dnd?) 2 !

Sr = (89)

since the directivity of the returned beam would be proportional to the physical area of the
reflector. The received power becomes

Pr = Sr At

Oi‘
Pr At A?
By Rt .- (90)

Comparison of equation (90) with equation (79) leads to the expression for the physical area
A of a semi-reflecting flat sheet in terms of its effective area Ae:

A
A g 02)

In a similar manner the relationship between the physical area and the effective area of
semi-reflecting material in spherical form can be determined. The power intercepted
by the sphere is

Pr = Sr ma?, (92)
and the power reradiated is
Py = M, Pr'. (93)

Justification for using the reflection efficiency for normal incidence lies in the fact that
the energy returned to the radar is from the portion of the sphere where normal incidence
occurs. To avoid undue complication, we will neglect the energy transmitted through the
surface of the sphere and reflected from the inside area on the opposite side of the sphere.
The power density returned to the transmitter from the isotropic radiation of the sphere
would be

' ‘ét- Pt ﬂa’
& A
Sr = dzdz " &ﬂd”j z ’?O: (94)
from which P
2 A% A
pr M )
B avaE My (95)

Thus the effective area of the sphere becomes

Ae=22V7,, (96)

s~ hut the physical area is

v

A =47’ (97)

DECLASSIFIED
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Substitution of the radius a in (96) for the radius in (97) gives

167Ae 2 -
A==t (98)
X2,

The angle of incidence on a dihedral oriented for maximum reflection is 45°, Hence
the reflection efficiency from equation (68) becomes

_ M, sec? 45° 27,

5" N tan?45° +1 - W +1 (99)

The incident wave undergoes two reflections before being returned. Thus the ratio of
incident to reflected power is proportional to the reflection efficiency squared. The
physical area of the material making up the dihedral is V2 times the intercept area.
Consequently, in a manner similar to the above, we find that

R V2 Ae _ Ae (75 +1) ! \ 100
745 V2T, G

A corner reflector viewed along its axis of symmetry has an angle of incidence of 54,74°.
Hence, the reflection efficiency becomes

(Lasiyry. | . 3,
n54.74 _50 1.41dz+1 ~ 27?0+ T (101)

Accordmg to Robertson,?? a corner reflector 1.86a units on edge has an effective area of
a® units. The physical area of the material making up such a reflector would be

1. 869.

A= = =2.59 a2, (102)

The returned beam would undergo a triple reflection; therefore the returned power would
be proportional to the reflection efficiency cubed. Consequently, in 2 manner similar to
that followed for a flat sheet, it develops that

/2
2.5 Ae  _ 2.59 Ae (2 7 + 1)*/2 (103)

3/2 (3 TIO) 3/2
54 T4

=

VOLUME OF MATERIAL

The volume of each wire in a net of lengthlis 7a®/l. There are w/b wires in a width w.
The volume of each cross wire at right angles to the first set is 7a*w, and the number of
wires in a length 1 is 1/b, Thus, the total volume V of material makmg up a mesh 1 units
by w units is

2
v=na=1%‘i+ﬂa2wbi=2Tfa~ A (104)
when A is the physical area of the mesh.
2  See footnote 18, page 15,

Qconemurmuisj DECLASSIFIE™
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An expression for the volume of material required to produce A square meters of
mesh having a reflection efficiency 7, can be found by combining equation (104) with
equation (53):

1 _ _ (30m0V)?
2r7a?A )2 ~ (307moV + A2 ° (105)
60720V a2

’?0:
(e

.In order to simplify manipulations, let = 30m0. From equation (105) we have

n_(Y2V? + 20AV + A2) =2V 2

2 (106)
2

Y3(N,-1) V2 29An V+ AN =0,

Solving by the quadratic formula,

_ =2y At V(@Y n,A)®- 4A% 1y 2 (7, - 1)
2‘;/2(’70 ‘1)

=[7n(_ﬁ.‘" ?;-'O'fﬁ ] A.

The negative root of this expression has no physical significance. Since 7, is a number
less than one, Y% 4> 7. Consequently, the negative sign on the radical is the only one
which will give a positive value to the expression

V_'no'l/”_o Al Mo +¥7o A
10 D] 2= T,  Sow -

It will be noted that the volume of material required to produce a given area of netting with
a certain reflection efficiency is independent of the dimensions. That is, in the region of
the Gans formula, the same reflectivity can be obtained by using fine wires spaced close
together or coarser wires spaced farther apart. Equation (108) also shows that the volume
of material varies inversely as the conductivity, so that high conductivity materials should
be used wherever possible.

v
(107)

(108)

An expression for the volume of material required to produce an effective reflecting
area Ag when the netting is in the form of a flat sheet can be found by substituting equation
(91) in equation (108):

(f1at sheet) V = %Vrg—g- V%'?T: S (109)

Similarly, the substitution of equation (98) in equation (108) gives the result for a spherical
configuration:

’70 + Vﬁ; 167 éez

(spherg) V= a -_’E)_ X1, 30m (110)
Equations (100) and (108) give the results for a dihedral: .
] LMy YR (e 1 As. (111)
(dihedral) V = —&—_—no%?- o 30r0

DEGLASSlHEE
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Finally, from equations (103) and (108) we have

o

{
1
>
.
Lrs

kil ¥R 2,59 (275 + 1)° Ae
(corner reflector) V = {=Tig) (312 3070 (112)

AFT ITAATTALA

Rationalized MKS units have been used throughout the derivation, so the volume V is
in cubic meters when Ag is in square meters and o in mhos per meter cube. Tables give
the resistivity of copper at 20°C as 1.77 x 10" ® ohm-cm. The conductivity is the reciprocal,
Thus, ¢ = 0.565 x 10° mho-cm.™ Converting to MKS units gives o = 5.65 x 10”7 mho-
meter ~\. Similarly, for aluminum at 20°C ¢ = 3.54 x 10” mho-meter™?, and for silver at

18°C o= 6.15 x 107 mho-meter ~*,

100 =ﬁ.__-___. — 4. Te O e Ued ale[d
--""‘“-.‘ -..""'h. &-F::-:i:."l-‘h a= ‘0-‘ |
; 90\\ -...__\\ '1\\ 3 ] B il o=@
' N (o A =300cm.
S 80F \ \\ b e \\
N ° N
E \\ \ \ \\l. \ lO-‘
70 N N . @
): 60 \ \\\ \L\ 3!'0-5\\ 3 \\
2 I "WIRe RaDIUS N\ i, YN Mo N
w N em \ \ 10 axio® N\ \
o 50 \ . =4
o -8 3x10°% \ 4 a=10
W |0 . ..a_-w
s T X N YN[ A=3em]T]
] S \ N\ AR A
E \\ \ N \ \-
E 20 ‘\ \\ \ \‘\\ \
o N \\ N RS
il . \""«-. N N . \":-. :
\"-—- i
0
0.000I 0.00I 0.01 0.1 |

WIRE SPACING, CENTIMETERS

Fig. 2 - Reflection efficiency as a function of wire size and spacing for
high conductivity metals (i.e.0 = 5 x 10" mho-meter ). Solid curves
are for A = 300 cm and dashed curves are for A = 3 cm., Dotted
curves are for infinite-conductivity material

RESULTS

A series of curves have been plotted in Figure 2 showing the reflection efficiency of
various size grid wires as a function of the spacing. A conductivity of 5 x 10" mho-
meters~" has been assumed. It can be seen from the above that this figure is a good
mean value to use to represent the good conducting materials. There may be some
question about using the d-c conductivity for very high frequencies, but the work of Serin,®

———nr

.23

B. Serin, Phys. Rev., 72, 1261-1262, (1947).
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tbgether with that of Pippard, Reuter, and Sondheimer,” indicates that this procedure is
valid in the normal range of temperatures The curves at the left of Figure 2 were cal-
culated using equation (53). The curves on the right show how the situation changes when
the approximate equation is no longer valid. The frequency limits used in the calculations
were 10° cps (3 meters) and 10'° cps (3 cm). On the left side the curves are common

to both of these frequencies, but on the right they separate and so the upper frequency
curves have been dashed. These curves have been plotted by use of equations (41), (43),
(45), and (46). Sample computations are seen in the Appendix. The change in the shape
with increased frequency is due principally to the poorer utilization of the material
because of skin effect. The curves for infinite conductivity (dotted) are based on equations
(43) and (54), and the effect of the poorer utilization of the material is clearly demonstrated.

In all the curves of Figure 2, the radius of the wires is small in comparison with
the spacing, but the curves on the extreme right side do not fulfill the condition in the
Gans development of spacing small in comparison to a wavelength. It is important to
check the order of magnitude of the deviation in this region. Equation (58) (derived from
Wessel) is valid for all spacings up to a wavelength. Tablel gives a comparison between
the magnitude of the logarithmic terms which constitute equation (54) (derived from Gans)
and the correcting series in the region of questionable values. The results show that the
correction is of negligible magnitude.

TABLE 1

Radius a = 10-* cm ; wavelength A = 3 cm; conductivity 0 =

b L= 2]
bcm In 55 E= . VT -1
1 7.36 .063
0.7 7.01 .028
0.5 6.67 | 014

Figure 3 gives the reﬂectwn efficiency curves for a low conductivity material with
o= 3.33 x 10° mho-meter ™', approximately that of carbon.

Figure 4 is a plot of equations (109), (110), (111), and (112) for an assumed effective
area of one square meter, a conductivity of ¢ = 5 x 10" mho-meter-', and, in the case of
equation (110), a wavelength of one meter.

Equation (109) has been rearranged in the following manner:

7}0+'n0 1 Ae

2 109
: (1-mn5) ¥i, 30m0 i

Mo+ Vg 1 30m _ oV
1-n,) Vu, 1 Ae

= ro (113)

* A, B.Pippard; G'E.H*Reuter, and E. H. Sondheimer, Phys. Rev., 73, 920-921, (1948).
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WIRE SPAGING, GENTIMETERS

Fig. 3 - Reflection efficiency as a function of wire size and spacing
for low conductivity materials (i.e., o= 3.33 x 10° mho-meter™ ¥
Solid curves are for A = 300 cm and dashed curve is for A = 3cm

Fig. 4 - Volume-Conductivity Produet Curves,
To find the volume of material required to
produce an echo area of Ag square meters,
multiply by Ae and divide byo, except in the
case of the sphere. In the latter case, mul-
tiply by Ae/A* and divide byo.

YOLUME-GONDUGTIVITY PRODUGT (v o)=CUBIC METERS x MHO-METER-I PER

SQUARE METER OF EFFEGTIVE RADAR AREA.
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where (vo) is called the volume-conductivity product expressed in cubic meters X mho-
meter "' per square meter of effective radar area. The plots of equations (110), (111),
and (112) have minima which indicate optimum reflection efficiency for netting in the
various configurations,

In the case of the sphere, the minimum has been determined by differentiating
equation (110) with respect to 7,. We let
1/2

1+ g
V=ﬁ)——K (114)

where K is a constant including the remaining terms of equation (110). Then

1 ., -8/2 /2
av (1-To) 5 Mo )+ +70 )
=K =0 (115)
from which
(9, o My 2 =0
G Fasg)i i) (B i) (116)
Only positive values are of interest ; hence
Mgt/2 = 2 or Ty = 4. (117)

Thus the minimum occurs at a reflection efficiency of 25%.

It is desirable now to compare the reflection from a grid of metal such as aluminum
with the reflection from a known target such as a B17 bomber. To do this the radar cross-
sectional area of a B17 bomber must be determined. Independent investigators have re-
ported considerable difficulty in making these measurements chiefly because of the extreme
variation of radar cross section with the aspect of the aircraft. The spread of values is
between 75 and 115 square meters. For the purposes of this report the value of 75 square
meters® will be used. Since the aircraft surfaces are spherical in form, the radar cross
section o is essentially independent of frequency. From equation (85) the equivalent
effective flat sheet area at three meters wavelength is

3. .oy - T5x9
bo T 1T 47 (118)

Ae =17.33 square meters.

The reader’s attention is again (see page 17) directed to the fact that, for spherical
or quasi-spherical objects, radar cross section is independent of frequency even though
the effective area of the objects, when equated to a flat sheet, is dependent thereon.

T———25 N Ridénour; “ Radar System Engineering,” McGraw-Hill, New York (1947), p. 78.
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An assumption of reflection efficiencyfrom the aluminum grid must be made. As can
be seen from Figure 4, a flat sheet reflector has no minimum on its volume-conductivity
product curve. However, there is a practical lower limit since for an extremely low value
of volume-conductivity product, a flat sheet would become inordinately large. Thus a
reflection efficiency of 25% yielding a volume-conductivity product of 0.021 is assumed.

The essential constants for aluminum are:

.54 x 10" mho-meter~*

Conductivity at 20°C 5
.70 grams/c.c.

o=
Density d=

Substitution of these values into equation (113) yields

V= (w}'% = % = 43,5 x 107*° cubic meters

=43.5x 107 c.c.

Weight = dV = 2.70 x 43.5 x 10”* = 11,74 x 10~° grams.

This amount of aluminum in the form described would produce reflection equivalent
to a B17 bomber. Since one ounce = 28,35 grams, reflection from one ounce of aluminum

i 28.35 -
= m:s = 2410 Flying Fortresses.

CONCLUSIONS

As noted following the development of equation (108), the volume of material required
to produce a given radar effective area becomes independent of the wire size and spacing.
Consequently there is no advantage in striving for smaller wire sizes than those small
enough to permit the use of the approximate Gans equation (53). From Figure 2, it can
be seen that the transition from the exact to the approximate formula for good conductors
occurs at a wire radius of 3 x 10™° cm. The curves in Figure 4 indicate that the best
utilization of material will occur if the reflection efficiency is made somewhere between
20 and 40%. Again from Figure 2, this reflection efficiency would give a wire spacing
of from 1.5 to 3 mm for the 3 x 10~ cm radius wires. Since equations (109) to (112)
show that the volume of material required to simulate a given echo varies inversely as
the conductivity, it is desirable to use materials of the highest possible conductivity.

ACKNOWLEDGMENT

The author wishes to express gratitute to Sam K. Brown, Jr. of the Radio Counter-
measures Section of this Laboratory for his assistance in checking the mathematical
treatment.

 DECLASSIFIED

A3 1T L2090 TAAD






APPENDIX
Sample Computations of Reflection Efficiency Versus Wire Size and Spacing
For convenience in arriving at the relationship between reflection efficiency and the
various parameters of a grid, sample computations are presented here using the exact
and the approximate Gans formulae.

1. From Exact Gans Formula

We have the following equations from the body of the report:

k,a= Viowa?V-i =rV-i; (45)

£
2 b 5“4 (o=
e e el (46)
2b b R
A = o (In a— To) =u + jv; and (41)
e 43)

0" (1-v)2+u2’
Reflection from high conductivity metal will be assumed where

o=5x%x10" mho-meter~*.

Radius of grid wire:
a = 10" 7 meters.

Also
f = 10*° cycles per second;

i = 47 x 10”7 henry /meter.

Substitution of the above into equation (45) yields

Varx10 "x5x 10° x 2r x 10°° x 107"

V'3.96 x 107> = 0.199.

L |
n
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By means of the Jahnke and Emde tables (reference 14) and the value of r, the
functions of equation (46) are determined.

o= -103.01 |0.51 + 0,5024

-51.505 |1.0024"=-51.505 [90.216

0.208 - j51.504.
Assume a wire spacing:

b = 0.,0001 meters.

Then
2b  2x0,0001 _
1—0- A T e 0.006667
ln—-bL L 0.0001 - 5.089.

2ra - " Zwx 107
Substituting into equation (41) gives
A = 0.006667 (5.069 + 0,208 - j51.504)
= 0.006667 (5.277 - j51.504)
= 0.03518 - j0.3434 =u + jv,

and

1 -
To = {1+ 0.3439)2 + (0.03518)F ~ 2>4%-

2., From Approximate Gans Formula
This relation appears as equation (53) of the report where
1

n =
o b 2=
1+ 6011'20'3?}

. Using the same values for b, a, and o as used in the exact formula, substitution is
made into (53):
1
o = 1 10 -4 i
" B0rzx5x107 x 10 ¥

= 0.558 or 55.89, .

Extension of these calculations leads to the curves of Figures 2 and 3 (see text).

* ¥ %
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